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Chapterr 1 

Introduction n 

1.11 Statistical mechanics and the partit ion 
function n 

Statisticall  mechanics is the branch of physics that studies systems with a very large 
numberr of degrees of freedom. It tries to explain the macroscopic properties of 
suchh a system from the laws that govern the microscopic degrees of freedom. As an 
example,, consider the archetypical phase behaviour of a pure material. 

Macroscopically,, a sample of the material can be described by a few parameters, 
suchh as pressure and temperature. It will be solid at low temperature and high 
pressure,, gaseous at high temperature and low pressure, and liquid at intermedi-
atee temperature and pressure. These three phases form well-defined regions in the 
temperature-pressuree space, as illustrated in Figure 1.1. When heat is supplied to or 
withdrawnn from the sample, or when its volume is increased or decreased, the tem-
peraturee and pressure change gradually until a phase boundary is reached. There 
thee temperature and pressure remain constant until the whole sample has changed 
too the new phase. Then the gradual change of temperature and pressure resumes. 

Microscopically,, the sample is fully described by the positions and velocities of 
alll  its N composing particles (molecules). (It is assumed for simplicity that these 
particless are spherically symmetric and without internal degrees of freedom. It is 
alsoo assumed that quantum effects can be ignored.) The potential energy of the 
systemm depends on the positions qi, q2,  QN of the particles. For instance, when 
theree is only an isotropic two-particle interaction with potential U, it is given by 

EEPP = Ep(qi,...,qN) = ^ t / f l g i ~ Qj\)-
i<j i<j 

Thee kinetic energy of the system is given by 

EEkk =Ek(pi,...,pN) = V — N 2 , il—'' 2rn 
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T T 

Figuree 1.1: Temperature T and pressure P determine the phase of a (pure) material. 
Twoo phases can coexist when (T, P) lies on the line separating two phase regions. 
Thee three coexistence lines meet in the triple point, where all three phases can 
coexist.. The gas-liquid line terminates in a critical point (indicated by the bullet), 
wheree the distinction between gas and liquid disappears. 

wheree m is the particle mass and pi = mqi is the momentum of particle i. From the 
potentiall  energy and the kinetic energy, the equations of motion can be obtained 
throughh the usual Hamiltonian or Lagrangian formalism. Solving this system of 
coupledd differential equations is impossible, if only because they are so numerous. 

Inn order to compute macroscopic properties of the system as averages over its 
microscopicc states, it is not necessary to know how the system evolves through 
thee space of states, but only the probability of finding the system in any given 
state.. In the canonical ensemble, where the number of particles, the volume and 
thee temperature are prescribed, the probability of a state is proportional to the 
Boltzmannn weight exp(—H/kT), where H = Ek + Ep is the Hamiltonian of the 
systemm and k is the Boltzmann constant. A central role is played by the partition 
functionn Z(N, V, T), which is the sum (or integral) of the Boltzmann weight over all 
microscopicc states. It immediately gives the (Helmholtz) free energy F(N, V, T) = 
—kT\ogZ(N,V,T).—kT\ogZ(N,V,T). Phase transitions are characterised by singular behaviour of 
thee free energy and hence of the partition function (strictly speaking only in the 
thermodynamicc limi t N —> oo and V —> oo at constant N/V). 

Forr the system described above, the canonical partition function is 

z^^=^M/ R/-7R>-"^/ v--7v
d*---^« p(-#)--

Heree h is the Planck constant, d denotes the dimensionality of the system, and the 
factorr 1/JV! arises because the particles are indistinguishable. The integration over 
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thee momenta can be readily carried out, yielding 

Z{N,V,T)Z{N,V,T) = \-dNZconf(N,V,T), 

wheree A = yÖjrmkT/h is the thermal wavelength and 

Zcon!Zcon! (N, V, T) = — ƒ  dq1 ... dqN exp 

iss the configurational partition function. This thesis is entirely devoted to the compu-
tationn of the partition function, and resulting thermodynamic properties, of specific 
systems. . 

Whenn the sample was described above in terms of particle positions and mo-
menta,, it was assumed to be a classical system, whereas in reality molecular systems 
aree quantum mechanical. However, for most of those systems their quantum mechan-
icall  nature is not essential for the thermodynamic behaviour. Also, colloidal particles 
cann be large enough to behave classically and yet small enough to be described by 
aa partition function. Therefore studying the partition function of classical systems 
doess make sense. No quantum mechanical models are considered in this thesis. 

1.22 Critical exponents and universality 

AA critical point ends the gas liquid coexistence line of the phase diagram in Fig-
uree 1.1. In Figure 1.2 this branch of the phase diagram is represented in terms of 
temperaturee and density (instead of pressure). When the temperature increases, the 
densitiess pc and ph of the coexisting phases change; the gas becomes denser, the 
liquidd less dense. At the critical temperature Tc the density difference vanishes. The 
asympoticc behaviour is characterised by the critical exponent 0: 

PL-pG~{TPL-pG~{Tcc-T)-T)lili  fovT]Tc. 

Otherr critical exponents describe the vanishing or divergence at the critical point of 
variouss other quantities. 

WThenn a system at the critical density is cooled to the critical temperature, the 
(isochoric)) specific heat diverges, 

ccvv ~ (T - Tc)'
a for T | Tc and p = pc, 

andd so does the isothermal compressibility, 

K-TK-T ~ (T - Tc)~
7 for T [Tc and p — pc. 

Att the critical temperature itself density and pressure are related by 

{p{p - pc)
S ~ P - Pc for P -> Pc and T = Tc. 

kT kT 
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Figuree 1.2: In the temperature-density plane the gas-liquid line from Figure 1.1 
becomess expanded to a region. The coexisting gas and liquid phase on either side 
off  this region are tied by vertical lines. The region ends at the critical temperature. 

Consider,, at a more miscroscopic level, the (connected) two-point correlation func-

tionn G 2) ) definedd by 

G?\rG?\ruurr 22) ) <0(ri)<Kr2)>-(<Mri))<0(r2)), , 

wheree the order parameter 4> is the local particle density and the brackets denote 
(Boltzmann-weighed)) averaging over all configurations. Away from the critical point 
thee correlation decays exponentially with the distance, 

G}r'{ri,G}r'{ri,  r2) ~ exp(-r /£) for r = \r\ — r2| —> oo. 

Whenn the critical point is approached the correlation length £ diverges, 

ii  ~ (T - Tc forr T [Tc and p = pc 

Att the critical point itself the correlation decays algebraically, 

GiGi22\\riri ,r,r22)~r-()~r-(dd--2+2+^ ^ forr r nn - r 2 

I tt is found that for many different substances the gas-liquid critical exponents 
takee the same value, a phenomenon known as universality. The above critical expo-
nentss can also be defined for several other critical points than that of the gas-liquid 
system.. Again many different systems share the same values for their critical expo-
nents.. Critical points can be grouped into a small number of universality classes, 
eachh with its own values for the critical exponents. This means that although the 
macroscopicc behaviour of a system is ultimately determined by its microscopic in-
teractions,, the nature of a critical point does not depend on the details of those 
interactions. . 
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1.33 Scaling 

Criticall  systems are scale invariant, as is corroborated by the divergence of the cor-
relationn length and the appearance of algebraic decay of correlations. Divide space 
intoo cells whose size is, say, a few times the microscopic interaction distance. Such 
cellss interact with their neighbours through the interactions between the particles 
(orr other microscopic entities) they contain. When the cells are grouped into larger 
blocks,, by the same token these blocks interact. By scale invariance, the interaction 
betweenn the blocks is the same as the interaction between the single cells. 

Thiss is no longer true for systems that are not scale invariant. However, the scal-
ingg hypothesis postulates that the interaction between the blocks and the interaction 
betweenn the single cells are of the same kind but differ in strength. This concept 
iss formalised in the renormalisation group, that describes the transformation of the 
system'ss thermodynamic parameters under a change of scale. 

Renormalisationn group theory can be used to derive scaling laws that reduce 
functionss of several variables to functions of one variable less. For example, the free 
energyy (per unit volume) as a function of 

t=(T-Tt=(T-Tcc)/T)/Tcc and u = (p - pc)/pc 

takess the form 
f(t,u)~\t\f(t,u)~\t\aas(\t\s(\t\bbu).u). (1.1) 

(Moree precisely, different functions s+ and s have to be used for positive and 
negativee values of t, respectively.) From this scaling law the exponents a, /?, 7 and 
66 can be expressed in terms of a and b; as a result they satisfy 

2/33 + 7 = 2 - a, 

2(352(35 - 7 = 2 - a. 

(Historicallyy such scaling relations between critical exponents were observed before 
theyy were derived from scaling laws like (1.1), and such scaling laws in turn were 
proposedd before they were derived from renormalisation group theory.) 

Ass another example, take a system in a geometry that has finite size L in one or 
moree dimensions. The finite-size scaling of the free energy per unit volume is given 
byy [75] 

f(L,t)~f{po,t)f(L,t)~f{po,t) + L-ds{l}l''t), 

whichh relates to the scaling law 

udud = 2 — Q. 

Ass a special case consider a critical (t — 0) two-dimensional system on a cylinder of 
circumferencee L and infinite length. Conformal field theory predicts that [17, 1] 

f(L)f(L) = ƒ (00) + y L-2 + o(L-2) for L - 00. 

andd therefore s(0) — 7rc/6, where c is the so-called central charge. In Chapter 3 
aa simple derivation of the finite-size scaling function of a commonly studied two-
dimensionall  model is given. 
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1.44 Lattice models 
Forr the theoretical study of some physical phenomenon real systems are generally 
lesss suitable because they are too complex. Instead theoreticians consider models 
thatt contain (hopefully) all the essential ingredients for the phenomenon studied, 
withoutt the distracting idiosyncrasies of a real system. When all is well such an 
idealisedd system has essentially the same physics as the real system it models. For 
criticall  behaviour, the universality hypothesis states that certain properties do not 
dependd on the details of the system, so it may be considered as a justification for 
studyingg simple models. 

AA common step in modelling statistical-mechanics systems is passing to a lattice. 
Forr example, for the gas-liquid-solid system considered in Section 1.1 this means 
thatt the positions of the particles are restricted to the sites of a regular lattice. This 
iss incompatible with continuous motion of the particles, but only the configurational 
partitionn function needs to be considered, so the kinetic energy term in the Hamilto-
niann can be discarded. Each lattice site carries a variable that can take two values, 
"empty'11 or "occupied ,̂ and these variables completely specify the state of the sys-
tem.. In general the Hamiltonian of a lattice model is a function of variables living 
onn the sites, edges or faces of the lattice. Sometimes such variables are referred to 
ass "spins" (for what might be called historical reasons). All models studied in this 
thesiss are lattice models or can be formulated as such. 

1.55 The transfer matrix and solvability 

Evenn for very simple two-dimensional lattice models it is generally not possible to 
computee the partition function exactly. When such a computation is possible the 
modell  is called solvable. The solution usually involves the so-called transfer matrix, 
thatt wil l now be described. 

Considerr a lattice model on a vertical strip of finite width, with periodic or other 
boundaryy conditions in the horizontal direction. Assume that this strip can be 
dividedd into (identical) layers, such that (i) the Hamiltonian of the whole system is 
thee sum of contributions from each layer, and (ii) the "spins" on the upper and lower 
boundaryy of a layer contain sufficient information to determine the contribution of 
thee layer to the Hamiltonian. (In particular, the range of the interactions in the 
verticall  direction may not exceed the layer height.) More formally, 

 ~ / „  h<rt + itrf! 
t t 

wheree the summation runs over all boundaries between the layers, these boundaries 
aree numbered - 2, - 1 , 0, 1, 2, . .. from bottom to top, at encodes all the 
"spins""  on the boundary t, and hT(T denotes the Hamiltonian of a layer with lower 
boundaryy in state cr and upper boundary in state r . Summing exp(-HfkT) over 
alll  possible states of the boundaries between the layers gives the (configurational) 
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partitionn function 
ZZ = " 'Z^Z^Z^'" [[T(rt  + i<rt 

erer - i (To er  i t 

withh TTtT — exp(—hT(T/kT) (where T in the LHS is newly defined and T in the RHS 
iss the temperature). The Boltzmann weights TT(T are the entries of the transfer 
matrixx T, whose rows and columns are labelled by the possible states of a layer 
boundary.. In the above expression for the partition function each summation over 
thee states of a boundary between two layers represents a matrix multiplication. More 
precisely,, when periodic boundary conditions in the vertical direction are imposed, 
thee expression becomes 

ZZ = trTM 

wheree M is the number of layers. Hence the partition function can be expressed in 
termss of the eigenvalues of the transfer matrix. In particular, it is asymptotically 
determinedd by the largest eigenvalue when the number of layers tends to infinity. 

Thee construction of the transfer matrix is not restricted to solvable models. 
Solvingg a model amounts to finding the largest eigenvalue of the transfer matrix. 
Sometimess its eigenvectors can be obtained by a so-called Bethe Ansatz, explained 
inn the next section. For other models transfer-matrix eigenvalues have been found 
indirectly,, for example from a functional relation they satisfy. 

Thee above discussion of the transfer matrix and solvability focusses on two-
dimensionall  lattice models. One-dimensional lattice models (with finite-range inter-
actions)) can always be solved by the transfer-matrix method, but their behaviour 
iss not very interesting. In three dimensions some solvable models have been found, 
butt either their Boltzmann weights are not real and positive or their interaction is 
essentiallyy anisotropic. This thesis studies only two-dimensional models and their 
transferr matrix. Except in Chapter 2 all models studied are solvable. 

1.66 Bethe Ansatz 

Bethee Ansatz [15] is a common technique to diagonalise the transfer matrix, but it 
doess not work for all models. It tries to find eigenvectors by taking superpositions 
off  plane waves. These plane waves are often defined in terms of the coordinates of 
"excitations""  that are conserved by the transfer matrix. Therefore these excitations 
needd to be identified before the Ansatz can be formulated. The interaction between 
thee excitations determines the ratios of the coefficients of the plane waves that 
makee up the eigenvector. Together with the boundary conditions this gives a set of 
equationss for the momenta of the plane waves. Solving these so-called Bethe Ansatz 
equationss gives the eigenvalues. For the interested reader this is illustrated by a 
simplee example below. Chapters 3 6 contain more complicated instances of Bethe 
Ansatz. . 

Considerr coverings of the triangular lattice by rhombi that each occupy two 
triangularr faces. Equivalently, each edge of the lattice is either "blank" or "drawn" 
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Figuree 1.3: A rhombus covering of the triangular lattice, deformed to a square 
lattice. . 

andd a configuration of these "spins" has weight 1 if 

eachh triangular face has one blank edge and two drawn edges (1-2) 

andd weight 0 otherwise. For practical reasons deform the triangular lattice to a 
squaree lattice with added diagonals. A typical configuration of this model is shown 
inn Figure 1.3. 

Dividee the lattice into layers one square high, bounded below and above by a row 
off  horizontal edges. Given the state, that is the configuration of blank and drawn 
edges,, of the row below and of the row above a layer, count the configurations 
off  blank and drawn vertical and diagonal edges inside the layer that satisfy (1.2). 
Thesee numbers are the entries of the transfer matrix. It is easily seen that the 
numberr vanishes if the row above and the row below contain an unequal amount of 
drawnn edges. In other words, the transfer matrix conserves the number n of drawn 
edgess in a row. It therefore has a block-diagonal structure with a block for each 
valuee of n. 

Forr n = 0 there is only one row state, and for the edges in the lattice layer 
immediatelyy below a row in this state only one configuration is possible, 

AA vector spanning the n = 0 sector is therefore an eigenvector with eigenvalue 1 of 
thee transfer matrix. 

Ann n = 1 state of a row is specified by the position x (measured in lattice 
units)) of the single drawn edge. For the layer immediately below such a row two 
configurationss are possible, 

xx x +1 

Thee action of the transfer matrix T on a vector ip in the n = 1 sector is therefore 
givenn by 

{Tif)){Tif)) xx = ipx +ipx+v 
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Thee plane wave tpx — zx is an eigenvector, with eigenvalue A = 1 + z. This form 
off  ip is consistent with periodic boundary conditions, where the possible values of x 
becomee restricted to 0, 1, . . ., L — 1, if  UT/>L" — i>o-, that is if zL — 1. 

Ann n — 2 row state is specified by the positions x\ < X2 of the two drawn edges. 
Thee action of the transfer matrix on an n = 2 vector is given by 

{Tlp)xi{Tlp)xi x2 — ^xi x2 + Ipxi x2 + l + tpxi + lx2 + lftxi+lx 2 + l-

absentt if 
XX22=X\+1 =X\+1 

Thee plane wave ipXl X2 = z*1 z%2 is an obvious candidate eigenvector, with eigen-
valuee A = (1 + z\)(l + z2)- It indeed satisfies (Ttp)Xl X2 — AtpXl X2, except that when 
thee two drawn edges are adjacent an unwanted term arises: 

\1\1 W)x\ X2
 = ^-WXi X2 ~ Z\ 22 " 2 1+1,22

Exchangingg z\ and Z2 gives another almost-eigenvector il ,xxx2 — ZVzi21 with the 
samee eigenvalue, and also with an unwanted term when x2 — X\ + 1. For the linear 
combination n 

^ X̂lX2XlX2 = Al2zllzl7 + A21z2
Clz*2 

thee unwanted terms cancel when A\2/A2\ = — 1. This eigenvector is consistent with 
periodicc boundary conditions if "ipx L" = i'Ox- that is 

AAl2l2z^Z2z^Z2 + AiYz%z\ = Al2z'2 + A2Xz\, 

forr all 0 < x < L - 1. This holds if z[ = Ai2/A21 and z\ = A2i/A12. 
Forr n > 2 a, row state is specified by the positions x\ < ... < xn of the drawn 

edges.. The candidate eigenvector is 

ll>ll> XlXl...x...xnn = 2 j ^ 7 r ( l ) . . . 7 r ( n ) 4 ( l) ' ' ' Zl\nY ( h 3 ) 

wheree it runs through all permutations of 1, . . ., n; its eigenvalue is A = (1 + 
z\)...z\)... (1 + zn). The eigenvalue equation 

(Tip)(Tip)XlXl.„.„ XnXn = A.il>Xl...Xn 

iss threatened by unwanted terms whenever two drawn edges are adjacent, xl+ \ = 
X{X{ + 1. These unwanted terms cancel if ^ ( 1) /A\ ,..n = sgn(7r). Fortunately, 
thee eigenvalue equation is then also satisfied when three or more drawn edges are 
together,, xi+x — xt + 1, Xi+2 — xz + 2, and so on. The eigenvector is consistent with 
periodicc boundary conditions if 

z\z\ = ( - ) n _ 1 for each i. (1.4) 

Thereforee zt can take the values exp(27rfci/L) with k integer if n is odd and k half-
integerr if n is even. The z*'s must be all different because otherwise the vector (1.3) 
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vanishes.. The largest eigenvalue is obtained by taking all z'a with |1 -f z\ > 1 and 
noo 2's with |1 + z\ < 1. 

Thee rhombus tiling is only a very simple example of a Bethe Ansatz. Usually 
thee ratio A12/A21 that makes the unwanted terms cancel is not simply —1 but a 
functionn 5(21,22)) so that (1.4) becomes 

z\z\ = TTS(2i,2j) for each i. 

Inn special cases these Bethe Ansatz equations can be solved in the thermodynamic 
limit .. Sometimes a Bethe Ansatz involves more than one type of excitation: this 
thesiss contains examples of such models in Chapters 4 and 5. 

1.77 Hard-core repulsion and tilings 

Thee molecules in a real gas. liquid or solid have attractive Van der Waals forces 
and,, wThen two particles are very near, a repulsive force that increases steeply with 
decreasingg distance. This repulsion can be modelled by assuming that the molecules 
havee a hard core and these cores cannot interpenetrate. In a system where this hard-
coree repulsion is the only interaction between the particles the potential energy takes 
onlyy the values 0 and +00. Because there are no finite energies the behaviour of 
thee system is then entirely driven by the entropy. The temperature plays no role 
andd the system is controlled exclusively by the pressure or, equivalently, the particle 
density. . 

Hard-coree repulsion may seem a very simple interaction, yet it can give rise to 
non-triviall  phase behaviour. For example, (monodisperse) hard spheres have a tran-
sitionn between a low-density disordered phase (gas) and a high-density phase with 
long-rangee translational order (solid). Another example is a system of (monodis-
perse)) long, thin hard rods; it has a low-density isotropic phase and a high-density 
nematicc phase (that is, where all rods have approximately the same orientation). 
Al ll  the models studied in this thesis have hard-core repulsion, except for the Ising 
modell  considered in Chapter 3. 

Hard-coree repulsion means that the particles cannot overlap, in other words that 
anyy piece of space is occupied by at most one particle. A much stronger requirement 
wouldd be that each piece of space is occupied by precisely one particle. The particles 
thenn cover the entire space without overlap or empty pieces. Of course this can only 
bee realised for suitable particle shapes. A classic example is the dimer problem, 
wheree a lattice (or another graph) is completely covered by particles that each take 
twoo adjacent sites. Other examples are tilings of the plane with rectangles and 
triangless of appropriate sizes. All the hard-core models in this thesis can be viewed 
ass tilings. 
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1.88 The topics of this thesis 
Thiss thesis studies a number of topics from statistical mechanics that are connected 
byy several common features which were already mentioned above. The models are 
alll  defined on two-dimensional lattices and, with one exception, are determined by 
hard-coree repulsions and can be viewed as random tilings of the plane. The models 
aree studied through their transfer matrix, whose largest eigenvalue or largest few 
eigenvaluess are computed, in most cases by means of a Bethe Ansatz. For three 
modelss the finite-size scaling is considered, either to study the model's phase diagram 
orr for its own sake. The individual topics are now briefly described. 

Chapterr 2 studies the phase behaviour of a model with two types of particles, 
largee and small hexagons on the triangular lattice. The largest few eigenvalues of the 
transferr matrix for small system width are determined numerically. The finite-size 
scalingg of the gaps between these eigenvalues gives information about the nature of 
thee phase transitions. 

Chapterr 3 first considers the rhombus tiling, a model where the triangular lattice 
iss covered with tiles that occupy two lattice faces. The model has several phases 
andd a critical point. The transfer matrix is diagonalised by a very simple Bethe 
Ansatzz and the finite-size scaling of the largest eigenvalue is determined for each 
phase.. Second, some of the techniques used for the rhombus tiling are employed to 
obtainn finite-size scaling functions of the zero-field Ising model. 

Chapterr 4 briefly reviews the square-triangle random tiling, a model where the 
planee is covered with squares and equilateral triangles. The results discussed are 
almostt all from the literature. A lattice formulation of the model is given and a 
Bethee Ansatz for periodic boundary conditions is described. These results are used 
inn Chapter 6. 

Chapterr 5 introduces a new solvable model, a covering of the triangular lattice 
withh triangular trimers. Its transfer matrix for periodic boundary conditions is 
diagonalisedd by a Bethe Ansatz and from this the free energy is computed. The 
computationn is very similar to that for the square triangle tiling. 

Chapterr 6 again considers the square-triangle tiling from Chapter 4 and the 
trimerr model from Chapter 5, but now with "reflecting" boundaries. For both mod-
elss the Bethe Ansatz for periodic boundary conditions is adapted to the reflecting 
boundaryy conditions. 





Chapterr 2 

Largee and small hexagons 

2.11 Introduction 
Thee phase behaviour of hard particles, in particular spheres, as a simple model of in-
teractingg particles, has received much attention. Computer simulations of monodis-
persee hard spheres in three dimensions show a first-order transition between a dilute 
disorderedd phase (fluid) and a dense ordered phase (solid) [89, 4, 49]. The continuous 
translationall  symmetry of the Hamiltonian remains intact in the fluid, but is broken 
too a discrete subgroup in the solid. Although a rigorous proof is lacking, this phase 
transitionn in the hard-sphere model is now generally accepted. For bidisperse hard 
spheress the situation is more complicated. The existence of several solid phases has 
beenn established; see, for example, [30] and the references therein. The behaviour 
inn the fluid phase, however, is not known. Using the Percus-Yevick closure of the 
Ornsteinn Zernike equation, Lebowitz and Rowlinson [64] found miscibility in all 
proportionss for all diameter ratios. More recently however, Biben and Hansen [16], 
usingg the Rogers-Young closure, found a spinodal instability when the diameter 
ratioo exceeds 5. Even so it might be that the fluid-fluid transition is pre-empted 
byy the fluid-solid transition, so that the former does not actually occur. Thus it 
remainss an open question whether bidisperse spheres can show a fluid fluid phase 
separation.. More generally one may ask if gas liquid-solid behaviour can occur in 
binaryy mixtures with only hard-core repulsion. 

Motivatedd by this interest Van Duijneveldt and Lekkerkerker [28, 29] studied a 
two-dimensionall  binary hard-core lattice model. This model, introduced by Frcnkel 
andd Louis [37], consists of large and small hard hexagons on a triangular lattice, see 
Figuree 2.1. Every site can be empty or occupied by a large or small hexagon, and 
iff  it is occupied by a large hexagon all its direct neighbours must be empty. When 
thee small particles are omitted, one regains the hard hexagon model [20], which has 
beenn solved exactly by Baxter [9, 10]; it has a second-order ordering transition. Van 

Thiss chapter is a slightly reworked version of the following paper: A. Verberkmoes and B. Nienhuis, 
Evidencee against a three-phase point in a binary hard-core lattice model, Phys. Rev. E 60(3), 2501 
(1999),, ©1999 The American Physical Society. 
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Figuree 2.1: A typical configuration of large and small hexagons. 
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Figuree 2.2: Phase diagram in the z\— z<z plane calculated by Van Duijneveldt and 
Lekkerkerkerr [28, 29] from Monte Carlo simulations. The letters F, G, L and S 
indicatee the fluid, gas, liquid and solid phase, respectively. 

Duijneveldtt and Lekker kerker studied the binary model by means of Monte Carlo 
simulation.. They found three phases: dilute disordered (gas), dense disordered 
(liquid),, and ordered (solid). Figure 2.2 shows this phase diagram, represented in 
termss of the fugacities z\ and Z2 of the large and small hexagons, respectively. 

Inn this chapter we study the same model by different methods. Our interest is 
inn the qualitative, rather than quantitative, aspects of the phase diagram. We do 
nott address the general question whether gas-liquid-solid behaviour is possible in 
binaryy hard-core mixtures. The chapter is organised as follows: First, we briefly 
revieww the Monte Carlo approach of Van Duijneveldt and Lekkerkerker, and we give 
somee exact results. Then we describe our numerical transfer matrix calculations. 
Next,, we discuss the relation of the model with an exactly solvable restricted solid-
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on-solidd (RSOS) model and with the dilute three-state Potts model. Finally, we 
proposee an explanation for the discrepancy between our results and those of Van 
Duijneveldtt and Lekkerkerker. 

2.22 Monte Carlo simulation and exact results 

Beforee we review the Monte Carlo method of Van Duijneveldt and Lekkerkerker [28, 
29]]  and discuss some exact results, we make the following notational conventions: the 
subscriptss 1 and 2 refer to the large and small hexagons, respectively; the superscript 
00 refers to the pure hard hexagon model; the symbol iV without subscript is the 
numberr of sites and is generally omitted as an argument of the thermodynamic 
quantities. . 

Wee consider the semi-grand canonical partition function Z(Ni, z2) of large hex-
agons,, whose number TVi is fixed, and small hexagons, whose fugacity z2 is fixed, 
onn N lattice sites. We may view the small hexagons as causing an effective so-
calledd depletion interaction [6] between the large hexagons. The question is then 
whetherr this attractive depletion interaction is strong enough to induce a fluid 
fluidfluid  transition. The effective interaction can be expressed in the number of sites 
availablee for small hexagons, once the large hexagons have been placed on the lattice. 
Interestingly,, the sites available for small hexagons are exactly the sites where an 
additionall  large hexagon could be inserted. Such sites are called free. It is easy 
too express the semi-grand canonical partition function Z(Ni,z2) in terms of the 
canonicall  partition function Z°(Ni) of the hard hexagon model and the probability 
distributionn p(N{\Ni) for the number Nf of free lattice sites in the hard hexagon 
model, , 

Z(NZ(Nuuzz22)) = Z°(N1)Z'(Nuz2), 

where e 
Z'(NZ'(N11,,Z2Z2)) = Y,p(Nf\N1)(l + z2)

N<. 
NNf f 

Afterr taking logarithms this gives the free energy, 

F(NF(N uuzz22)=F°(N)=F°(N11)) + F'(N l:z2). (2.1) 

Vann Duijneveldt and Lekkerkerker determine the probability distribution p from 
canonicall  Monte Carlo simulations of the hard hexagon model. To determine ac-
curatelyy the wings of the distribution an umbrella sampling technique is employed. 
Theyy calculate F' from p, and for fixed z2 fit a polynomial in p1 :=  Ni/N to this 
quantity.. They obtain the free energy F from (2.1), using Baxter's exact result [9, 10] 
forr F° and the fitted polynomial for F'. The fugacity z\ of the large hexagons and 
thee pressure P are calculated in the usual way from F. Finally phase equilibrium is 
determinedd by looking for phases with equal z\ and P but different p\. As this cal-
culationn is carried out for fixed z2, z2 is also equal in the phases. The resulting phase 
diagramm is shown in Figure 2.2. It has three branches: liquid-solid, gas-solid and 
gas-liquid.. The branches meet at the three-phase point, at z\ = 22.5 and z2 = 1-89. 
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(Vann Duijneveldt and Lekkerkerker use the term "tripl e point", but as that suggests 
thee coexistence of three phases where three first-order transit ions meet we prefer to 
usee the term "three-phase point".) The gas liquid end point is located at z\ = 13.3 
andd 22 — 1-36. 

Expandingg Z' to first order in z2 gives 

Z'{NjZ'{Nj,, z2) = 1 + z2(N()°Ni + o{z2). (2.2) 

Forr a finite system we could have written 0(z2) instead of 0(22)5 but in the thermo-
dynamicc limi t this is not valid at the phase transit ion of the hard hexagon model. 
Lekkerkerkerr [65] found that the average pf : = {Nf/N)°N can be calculated exactly, 
ass follows. Adding one hexagon to a configuration of Ni hexagons can be done in 
JVff  ways. By doing this to all configurations of  hexagons each configuration of 
7V"ii  + 1 hexagons is obtained exactly N\ + 1 times. Hence, 

{Nf){Nf)00
NlNlZZ00(N(N11)) = (N1 + l)Z°{N1 + l), 

whichh in the thermodynamic limi t yields 

PiPi =  P~- (2-3) 

Th iss is an example of Widom's famous particle-insertion formula [85]. In Ap-
pendixx 2.A we apply this exact result in the method of Van Duijneveldt and Lek-
kerkerker.. In part icular, we show that the existence of a Van der Waals loop cannot 
bee concluded from its presence in the first-order approximant (2.2). 

A ss the first derivatives of the thermodynamic functions with respect to z2 are 
knownn in this way, we shall now at tempt to calculate the locus of the phase transit ion 
inn this order. The difference between the large and small hexagons is that two small 
hexagonss may occupy neighbouring sites, whereas two large ones may not. At small 
222 the density of small hexagons is low, so that they wil l generally occur isolated. 
Thuss they cannot be distinguished from the large ones. For the grand canonical 
par t i t ionn function this implies 

Z(zZ(zll,Z,Z22)=Z°(z)=Z°(z11+Z+Z22)+o(z)+o(z22).). (2.4) 

Thiss suggests that the locus of the phase transit ion is given by 

z\z\ =z\ -z2 + o{z2), (2.5) 

wheree the superscript c refers to the critical point of the pure hard hexagon model. 
Thee particle densities follow also, 

Pi(z i,, z2) = ^—pi(zi + 22) + 0(22) 
Z\Z\ + z2 

forr the large hexagons, and similarly for the small ones. Combining these results 
yieldss the density of the large hexagons at the phase transit ion, 

PiPi = ( l - Zj^jp\ + o{z2). (2.6) 

Equat ionss (2.5) and (2.6) cannot be derived rigorously from (2.4) alone, but we 
conjecturee that they are nevertheless valid. 
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Figuree 2.3: The transfer matrix adds one layer (shaded) to the system. 

2.33 Transfer-matrix approach 

Noww we study the model through its row-to-row transfer matrix. For practical 
reasons,, we work with sawtooth rows as shown in Figure 2.3. One advantage is that 
thee high-density ground state of the hexagons fits on the lattice (which has an even 
numberr of sites), whereas for straight rows it does so only when the system size is a 
multiplee of 3. Another advantage is that the layer between two successive rows can 
bee built up by repeatedly adding a pair of triangular faces, without increasing the 
numberr of external sites; this makes the transfer matrix easy to generate in numerical 
computations.. Periodic boundary conditions are imposed on the rows. The number 
off  "teeth" is denoted by W, so a row contains 2W sites and has length L = W\/2>. 
Thee largest few eigenvalues of the transfer matrix (in the zero-momentum sector) 
weree calculated numerically for W = 2, . . ., 5, using the power method. 

Inn the ordered regime there are in fact three coexisting ordered phases, corre-
spondingg to the three sub-lattices of the triangular lattice. They give rise to three 
eigenvectorss of the transfer matrix, dominated by these ordered phases: one symmet-
ricc and two asymmetric for permutations among the ground states. The symmetric 
vectorr has the largest eigenvalue A0. The asymmetric vectors have a complex conju-
gatee pair of eigenvalues AM and AM . In the relevant region of the phase diagram the 
largestt eigenvalues turn out to be A0, AM and AM , and another real eigenvalue AT-
Thee phase behaviour can be diagnosed from the behaviour of the gaps between the 
eigenvalues,, A M : = log |A0/A M | and A T : = log |A0/A T |, as the system size L tends 
too infinity. 

Thee gap Ax is an inverse correlation length between density fluctuations. In the 
absencee of a phase transition, the bulk (L = oo) value of this length is finite and 
thee value for finite L approaches this bulk value when L tends to infinity. Hence A T 
tendss to a non-zero limit . At a critical point the bulk correlation length diverges 
andd the value for finite L is proportional to L. As a consequence of scale invariance 
A TT decreases as l/L. At a first-order transition with a change in the density, 
however,, A T is not an inverse correlation length. The eigenvalues Ao and A T are 
thenn asymptotically degenerate. Their gap A T is related to the interfacial tension 
betweenn the coexisting phases. More precisely, A T decays as exp(—crL), where a is 
proportionall  to the interfacial tension [33]. 

Forr the gap A M the situation is analogous. In the disordered regime, it is an in-
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(a) ) (b) ) 

Figuree 2.4: (a) Phase diagram with a fluid and solid phase. The critical line (fat) 
terminatess at a tricritical point where the phase transition becomes first-order (dou-
blee line), (b) Phase diagram with gas, liquid, and solid phases. The critical line 
(fat)) meets the first-order transition (double line) at the three-phase point. 

versee correlation length, here between fluctuations in the sub-lattice ordering. Thus 
thee gap approaches a non-zero value as L grows. At a first-order transition be-
tweenn two disordered phases this correlation length is generally different in the two 
phases.. Therefore, the value of AM undergoes a sharp change through the tran-
sition,, approaching a jump as the system size L increases. At a critical point the 
bulkk correlation length diverges, so that AM decays as 1/L when L increases. In the 
orderedd regime three phases coexist, and the eigenvalues Ao and AM (and AM) are 
asymptoticallyy degenerate: A M decays exponentially with L. At a first-order tran-
sitionn between an ordered and a disordered phase by the same token A M vanishes 
exponentiallyy with L. 

Wee shall now distinguish between two scenarios: (i) there are two phases (fluid 
andd solid) as in Figure 2.4(a) and (ii) there are three phases (gas, liquid and solid) 
ass in Figure 2.4(b). The gaps should behave as follows. At fixed Z2, the gap A M 
decreasess with increasing z\, whereas A T has a minimum at the phase transition(s). 
Forr low zi, see the lower dashed lines in Figures 2.4(a) and 2.4(b), the scaled gaps 
L A MM and LA x will  tend to a non-zero value when L —+ oo at the critical line. For 
highh 22, see the upper dashed lines, this is no longer the case: both scaled gaps 
tendd to zero when L —» oo at the phase transition, which is now first-order. On the 
middlee dashed line in Figure 2.4(b), A M changes rapidly at the gas-liquid transition. 
Furthermore,, Ax has two minima: at the gas-liquid transition and at the liquid-
solidd transition. When L —> oo, the minimum of the scaled gap LA x tends to zero at 
thee gas-liquid transition, but to a non-zero value at the liquid-solid transition. Thus 
thee gas-liquid transition in Figure 2.4(b) can be recognised from the appearance of 
aa sudden change in A M and a second minimum of Ax

Forr z<2 = 0.0, 0.1, . . ., 3.0 the scaled gaps L A M and LA x were plotted as a 
functionn of z\ for W = 2, . . ., 5. Figures 2.5-2.8 show examples of this. We found 
noo indication that Ax has two minima. One could argue that two minima might 
bee fused to a single one for these relatively small systems; however, the sharpest 
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Figuree 2.5: The scaled gaps L A M as a function of z\ on the line z2 = 1.7. 
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Figuree 2.6: The scaled gaps LA x as a function of z\ on the line z2 = 1.7. 

andd deepest minimum (at the gas-liquid transition) is clearly absent. This pleads 
againstt the three-phase scenario in favour of the two-phase scenario. We also saw 
noo sudden change in AM - However, even if a gas-liquid transition were present, the 
signall  in AM might be hard to detect. 

Thee three-phase scenario can be obtained by introducing an extra parameter 
intoo the model. Assign a weight K to every lattice edge joining a small hexagon 
andd an empty site. For K = 1 one recovers the original model. For K = 0 any 



200 Chapter 2. Large and small hexagons 

5 5 

4 4 

3 3 

2 2 

1 1 

0 0 
00 10 20 30 50 50 

Figuree 2.7: The scaled gaps LAM as a function of z\ on the line z-i = 2.3. 
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Figuree 2.8: The scaled gaps L A T as a function of z\ on the line Z2 = 2.3. 

contactt between a small particle and an empty site is forbidden. In this limi t the 
modell  either contains no small hexagons at all or is completely filled with them. The 
regimee without small hexagons still exhibits the hard hexagon transition as long as 
11 + Z2 is smaller than the partition sum per site of the hard hexagon model. Beyond 
thiss value the phase filled with small particles takes over. Thus the ordered and 
disorderedd hard hexagon phases meet with the pure small hexagon phase, where the 
phasee transition between them terminates in a three-phase point. For K close to 
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Figuree 2.9: The scaled gaps LAx as a function of z\ on the line 22 = 1-3 in the 
modell with extra parameter K = 0.6. The inset shows the deep minima in more 
detail. . 

zero,, the model will still obey the three-phase scenario. Here Ax is indeed found 
too have two minima, see Figure 2.9. (The maxima in this figure at first sight seem 
too be crossings of eigenvalues, but a very close look reveals that they are, in fact, 
rounded.)) This supports our interpretation of the absence of a second minimum in 
Axx as evidence against the three-phase scenario. 

Thee locus in the z\-z-i plane of the phase transition can be estimated, for exam
ple,, as the location of the minimum of Ax- For fixed 22 the value of z\ at which 
thiss gap takes its minimum was determined. The results for W = 5 and W = 6 are 
plottedd in Figure 2.10. In order to obtain the locus in the pi-22 plane the density 
off large hexagons was computed using 

PiPi = zx— (-logAo) . 
OZ\ OZ\ 

(Itt should be noted that for such small W this does not seem to be very accurate.) 
Figuree 2.11 shows the result. We observed that for fixed 22 the graphs of p\ versus 
Z\Z\ for different system sizes pass approximately through one point. One could ask 
whetherr this is the critical point, as would be the case in a self-dual model. The 
locuss of the intersection of the graphs for W — 5 and W — 6 is shown in Figure 2.11. 
Figuress 2.10 and 2.11 also show the phase diagrams given by Van Duijneveldt and 
Lekkerkerkerr [29]. 

First-orderr and second-order transitions are not easily distinguished from each 
otherr by the numerical data. In both cases Ax has a minimum, only the dependence 
onn L of the depth of the minimum is different. For 22 = 1.7, the graphs of the LAM 
passs approximately through one point, see Figure 2.5. The LAx have a minimum 
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Figuree 2.10: Locus in the Zy-Z2 plane of the minimum of the gap A T for W = 5 
(+)) and W = 6 (x) and phase diagram of Van Duijneveldt and Lekkerkerker (solid 
line).. The asymptote (2.5) is also shown (dashed line). 
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Figuree 2.11: Locus in the pi~z2 plane of phase transition calculated from W = 5 
(+)) and W = 6 (x), locus of the intersection of the graphs for W = 5 and W — 6 
off  pi versus Zi (0), and phase diagram of Van Duijneveldt and Lekkerkerker (solid 
line).. The asymptote (2.6) is also shown (dashed line). 
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thatt increases slowly with L and may converge to a non-zero value, see Figure 2.6. 
Thiss points to a second-order transition. For z<i — 2.3, the graphs of L A M do not 
passs neatly through one point, see Figure 2.7. The minimum of L A T decreases 
withh L and may vanish asymptotically, see Figure 2.8. This points to a first-order 
transition.. The behaviour of L A M and L A T changes gradually between z  ̂ — 1.7 
andd z-i — 2.3. Thus the value of z-i at the tricritical point is estimated roughly to lie 
betweenn 1.7 and 2.3. 

Byy universality the limit values of L A M and L A T at the phase transition are 
27TXM27TXM and 2-KX  ̂ respectively, with XM = 2 / 15 and XT = 4/5 on the hard hexagon 
criticall  line (c = 4/5), and I M = 2/21 and x  ̂ = 2/7 at the hard hexagon tricritical 
pointt (c = 6/7), see, for instance, [39]. On the critical line close to the critical 
pointt one expects to find the tricritical values for small system sizes, but the critical 
valuess for large sizes. The limits were also estimated from the graphs of L A M and 
L A TT for z<i — 0.0 (not shown) and zi — 1.7. For 22 = 0.0 we found xu ~ 0.14 
andd £T ~ 0.80. This is in good agreement with the critical values XM = 2/15 and 
%T%T — 4/5. For 22 — 1.7 we found XM « 0.13 and XT ~ 0-3. This agrees reasonably 
withh the tricritical values XM = 2/21 and x  ̂ = 2/7, which are expected for small 
systemm size near the tricritical point. 

2.44 Relation to an A^] RSOS model 

Somee properties of the large-and-small hexagon model are common with an exactly 
solvablee model. In order to make use of the exact solution we investigate whether the 
twoo models are ever parametrically close. The sites of the large-and-small hexagon 
modell  can be in three states: 0 (empty), 1 (large hexagon), or 2 (small hexagon). 
Forr neighbouring sites the combinations 1-1 and 1-2 are excluded. The same is 

(2) (2) truee for the L — 7 case of the exactly solvable A2 restricted solid-on-solid model 
off  Kuniba [63, 62]. This is an interaction-round-a-face model on the square lattice. 
Forr a suitable choice of its spectral parameter, the condition on neighbouring sites 
extendss to one of the diagonals of the square face. The Boltzmann weight of the 
squaree face then factors into weights of the composing triangles: 

(d_(d_ c\ (d. \ /d__..c\ 
WW ) = W I  ) w [ 

\a\a bj \a bj \ b) 

andd these triangle weights are invariant under rotation, 

/cc \ (c b\ /b \ (b a\ (a \ (a c\ 

W ii  J = W { J = W U J = W { '•c)=W\> J = W { J ' 
soo that the model is isotropic on the triangular lattice. The model still has one 
parameterr (the elliptic nome), but this solvable line stays away from our phase 
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diagram.. For example, at the critical point the triangle weights are 

ww I J = l , w ( ] =4.412, 

ww ( ] = 3.903, w\ ] = 3.129, w [ ) = 3.761, 
\ 22 0/ \2 2/ \ 2 2 

whichh is not of the form 

oo \ /o 
WW \ . 1 = 1 , W \ 1 = 2 

,00 0/ \1 0 

1/6 6 
11 ' 

Applicationn of the numerical transfer-matrix method from Section 2.3 to this critical 
modell  shows that it is in the tricritical three-state Potts universality class. 

2.55 Relation to the dilute three-state Potts model 
Thee large-and-small hexagon model is intimately related to the dilute three-state 
Pottss model [14]. Because this relation gives insight in the phase diagram we will 
considerr it here in more detail. On every site j of a two-dimensional lattice with 
coordinationn number v lives a variable Sj that can take the values 0, 1, 2, 3. Of these 
thee states Sj > 0 take the role of local occupancy of one of the three sub-lattices of 
thee hard hexagon model, and the state Sj = 0 is neutral or vacant. The Hamiltonian 
off  the dilute Potts model is 

HH = - 2 (S'i,Bk+K6ai,05akio)-LYl8si,o, (2-7) 
<j,k><j,k> j 

wheree the first sum is over nearest neighbour pairs of sites. In the parameter space 
(K,L,T)(K,L,T) the model has a line of tricritical points as well as a line of critical end 
pointss [14], see Figure 2.12. As we wil l argue below, it is fairly clear where these 
comee together, namely, in the critical point of the four-state Potts model, K — 0, 
LL = 0 and T = Tc, where all the four states are treated identically. 

Att T = 0 there is a dilute phase with Sj = 0 when vK + 2L > 0, while the three 
dense,, or ordered phases associated with Sj = 1, 2, 3 coexist when vK + 2L < 0. 
Thesee phases extend to non-zero temperatures so that a first-order surface separates 
thee dilute region from the dense coexistence region. This first-order surface will not 
remainn precisely at vK + 2L — 0 for T > 0, but by symmetry it does include the 
TT axis, K = L — 0. At high temperature the coexistence region is bounded by a 
surfacee of three-state Potts critical points, shaded gray in Figure 2.12, where the 
linee tension between the coexisting dense phases vanishes. This critical sheet must 
joinn with the first-order surface in a line of multicritical points, as they both form 
boundariess to the coexistence region. 
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Figuree 2.12: A qualitative picture of the phase diagram of the dilute three-state 
Pottss model. The dense coexistence region (back) and the dilute region (front) are 
separatedd by the three-state Potts critical surface (shaded) and the lower part of the 
first-orderr surface (not shaded). These surfaces meet at a line of three-state Potts 
tricriticall  points (left) and a line of three-state Potts critical end points (right). 
Thee upper part of the first-order surface (not shaded) separates a dilute and a dense 
disorderedd phase. It is bounded by a line of Ising critical points. The bullet indicates 
thee four-state Potts critical point. 

Thee nature of this multicritical line depends on the sign of K, as follows. Along 
thee first-order sheet we can distinguish two line tensions, namely, that between 
twoo different dense phases and that between a dense and the dilute phase. When 
KK < 0 the interface between the dilute and the dense phases costs less energy 
thann that between two of the dense phases. However, on the critical surface the 
linee tension between the dense phases vanishes. As a consequence, all line tensions 
vanishh simultaneously where the critical and first-order sheets meet as K < 0. The 
separatrixx between these two types of phase transition is thus a tricritical line. 
Whenn K > 0 the dense-dense interface costs less energy than the dense-dilute 
interface,, so there remains a positive line tension between the dilute phase and the 
densee phases where the first-order sheet meets the critical surface, and the dense-
densee interfacial tension vanishes. This results in a critical-end-point scenario: The 
three-statee Potts critical sheet terminates where it hits the first-order sheet. The 
first-orderr sheet extends beyond this line, separating a disordered dense phase from 
thee dilute phase. Obviously, at K = 0 the two scenarios come together, and we 
concludee that the tricritical curve and the critical-end curve as well as the critical 
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linee terminating the dilute-disordered phase transition all meet in the four-state 
Pottss critical point, marked as a dot in Figure 2.12. This qualitative description of 
thee phase diagram of (2.7), though not rigorous, is the simplest possible scenario, 
andd has been corroborated by numerical studies [14]. 

Thesee considerations are of interest for the large-and-small hexagon model be-
causee that can be mapped onto a model sufficiently similar to the dilute Potts 
Hamiltoniann (2.7) that the arguments can be carried over. We divide the triangular 
latticee into triangular blocks of three sites each, indicated in Figure 2.13(a). Each 
blockk then has three sites, which we label 1, 2, and 3. We assign a spin variable 
SjSj to each block, as follows. When the site a in block j is occupied by a large 
hexagon,, the spin variable takes the value Sj = a, while in all other cases Sj = 0. 
Forr convenience of notation we consider one block variable so, in interaction with six 
neighbourss Sj with 1 < \j\ < 3, as shown in Figure 2.13(a). The blocks j with j > 0 
containn two sites neighbouring the site j of the central block, and the block — j sits 
inn the opposite direction. To give an expression for the interaction we introduce the 
variables s 

PiPi = (öSl,o + <5Siii) (1 - Ss_^j) (1 - 6s_kjk) , (2.8) 

wheree i, j , k is a permutation of 1,2,3. Note that pi can only take the values 0 and 1, 
andd it signals if site i of the central block is free. The spin states 1, 2, and 3 have 
weightt z\. but are excluded by some configurations of the neighbouring blocks by 
thee factor 

1 - < W 1 - P J )-- (2-9) 

Inn other words the state SQ = j is not allowed when pj = 0. The weight of the spin 
statee SQ = 0 depends on the surrounding blocks and is given by the expression 

(l(l  + z2)
Pl+P2+P3. (2-10) 

Iff  this model would be precisely the dilute Potts model with Hamiltonian (2.7) we 
couldd simply read off the value of K and its sign would conclusively decide between 
aa tricritical point versus a three phase point. The interaction is, of course, much 
moree complicated than that of the dilute Potts model, but the overall effect is that 
somee combinations of unequal nearest neighbours are excluded or suppressed. As 
thee state 0 is treated altogether different from the states 1, 2, and 3, it is difficult to 
judgee the sign of the effective coupling K in (2.7). 

However,, this problem can be resolved because there is a model in the universality 
classs and with the symmetry of the four-state Potts model which can be mapped 
too a very similar model. Consider a one-species lattice gas on the triangular lattice 
inn which not only first neighbours but also second neighbours (at distance \/3) 
cannott be occupied simultaneously. We will refer to this model as the big-hexagon 
model.. For large values of the fugacity z this model will be in an ordered phase 
inn which one out of four sub-lattices is occupied preferentially. At low fugacity the 
symmetryy between the sub-lattices is unbroken. The phase transition is known to be 
inn the four-state Potts universality class from the symmetry of its Landau-Ginzburg-
Wilsonn Hamiltonian [26, 27]. We are not aware of studies giving the critical fugacity 
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(a) ) (1>) ) 

Figuree 2.13: (a) The large-and-small hexagon model can be mapped onto a Potts-
likee model by grouping the sites into blocks of three. The numbers indicate the 
labellingg of blocks and of the sites within the blocks, (b) The big-hexagon model 
cann be mapped onto a Potts-like model by dividing the sites into blocks of four. 
Thee numbers indicate the labelling of the sites within the blocks. The blocks are 
numberedd as in (a). 

off  this model, but we have seen numerically that it is about half the value of the 
hardd hexagon model. 

Thee big-hexagon model can be mapped exactly onto a Potts-like model very 
similarr to the model above, as expressed in (2.9) and (2.10). Now we take blocks 
off  four sites as shown in Figure 2.13(b), one in each sub-lattice. It is convenient to 
labell  the spins in each block by the numbers 0, 1, 2, 3 as indicated. When the site j 
inn a block is occupied, the block variable takes the value j . In addition, when none 
off  the sites are occupied, the block variable is taken to be 0. Therefore, the weight 
off  the states j > 0 is z and the weight of state 0 will again depend on the states 
off  the neighbouring blocks. We again consider a block variable s0 interacting with 
itss neighbours, which are labelled in the same way as in the previous case. We will 
usee again variables pt defined by (2.8). The central site of the block 0 is free if and 
onlyy if pi = p2 = pa = 1. Some combinations of states of neighbouring blocks are 
excluded,, described by precisely the same expression (2.9) as before. However, also 
somee combinations of next-neighbouring blocks are excluded. For example, site j 
off  block - j and site k of block — k in Figure 2.13(b) are second neighbours, so the 
combinationn s-j — j and s_£ — k is excluded. We introduce a variable 

11 - Ss_,iSs ,2^s_3,33 ~ £«_3,3<5s_i,l + 2<5S_1 ,l^ s_2,2«5s 

Notee that q can only take the values 0 and 1; it signals if there are no pairs s__, = j 
andd s_fc = k. If s0 / 0 then S-j = j or s_fc = k is already excluded by the interaction 
betweenn the neighbouring blocks 0 and -j or -k. Therefore, the exclusion of the 
combinationn s^j = j and S-k = k can be taken into account by including a factor q 
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inn the weight of block 0 in state 0. This weight is then given by 

q(lq(l + z)PlP2P3. (2.11) 

InIn this way any exclusion between sites of next-neighbouring blocks is absorbed in 
thee weight of state 0 of the intervening block. 

Thiss resulting model is strikingly similar to the Potts-like model above. The 
exclusionn rules for pairs of neighbouring blocks are identical and when we choose 
z\z\ = z. the weight of the spin states 1, 2, and 3 is the same. In both models the weight 
off  the state 0 depends on the configuration of its six neighbours, via expression (2.10) 
andd (2.11), respectively. When we further specify (1 + z2)

3 = (1 + z) the weights 
forfor so = 0 are equal in the case that px = p2 = Pz and q=\. In particular they are 
equall  when the surrounding blocks are also in state 0, because then pi = p2 — p:i = 1 
andd q = 1. 

Itt is the exclusion and suppression of configurations with unequal neighbours 
thatt determines an effective temperature T and coupling K in (2.7). The large-and-
smalll  hexagon model and the big-hexagon model with the parameters as set above 
wil ll  have the same effective temperature T, as all configurations involving only spin 
statess s > 0 have the same weight between the two models. Only when a block has 
55 = 0, while one or more of its neighbours have s > 0, the configurational weights 
betweenn the two models can be different. In all such cases the weight in the big-
hexagonn model is smaller than that in the large-and-small hexagon model, which is 
easyy to see from direct comparison of the expressions (2.10) and (2.11). Therefore, 
wee can confidently claim that the effective coupling K is the greater in the big-
hexagonn model, as configurations with unequal neighbours of which one 5 = 0 are 
moree strongly suppressed than in the large-and-small hexagon model. However, since 
thee big-hexagon model has the symmetry of the four-state Potts model, clearly its 
effectivee coupling K — 0. Therefore, the effective K in the large-and-small hexagon 
modell  is necessarily negative, which, as argued above, results in a tricritical scenario. 

2.66 Discussion 

Thee results of our transfer-matrix calculations provide evidence against the three-
phasee scenario of Figure 2.4(b) in favour of the two-phase scenario of Figure 2.4(a). 
Thiss contradicts the earlier findings of Van Duijneveldt and Lekkerkerker [28, 29]. 
Wee propose the following explanation. Van Duijneveldt and Lekkerkerker effectively 
calculatee the free-energy difference between the binary mixture and the pure hard 
hexagons.. They then look for phases of equal pressure and fugacities but different 
composition.. They do not calculate the order parameter for the mixture. Their 
methodd has some drawbacks. Firstly, it cannot detect second-order transitions, 
becausee these do not involve a jump in the particle densities. Secondly, it uses a 
polynomiall  fit  for the free-energy difference, so that the total free energy still seems 
too possess the singularity of the pure hard hexagon model. Thirdly, whether P 
exhibitss a Van der Waals loop or not may depend sensitively on p(N{\N{). Thus the 
locuss of the liquid-solid branch in their phase diagram is a spurious consequence of 
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thee implicit assumption that the ordering transition remains at fixed p\ for small 
valuess of z2. Their qualitative conclusion that a gas-liquid transition is present relies 
onn quantitative properties of the calculated phase diagram, viz. the locations of the 
variouss branches. Figure 2.10 suggests that their gas-liquid and gas-solid branch 
togetherr form the true fluid-solid line and that the critical point of their gas-liquid 
branchh is in fact the tricritical point. This agrees well with the fact that Figures 2.10 
andd 2.11 show enhanced size dependence of the phase diagram near their gas-liquid 
criticall  point. However, this point is located at Z2 = 1.36 (and z\ — 22.5), whereas 
wee estimate roughly 1.7 < z2 < 2.3 for the tricritical point. Being unable to present 
aa satisfactory explanation for this discrepancy, we stress that our data do not signal 
aa clearly determined locus of the tricritical point. It should also be noted that in 
ourr transfer-matrix calculations only very small system sizes have been considered. 
Goingg to significantly larger systems might allow for more definitive quantitative 
statements,, but this requires much greater computational resources. 

Otherr evidence comes from the relation with the dilute three-state Potts model. 
Thee large-and-small hexagon model can be mapped onto a Potts-like model. Another 
model,, the big-hexagon model, whose phase behaviour is known, can also be mapped 
ontoo a Potts-like model. A comparison of the effective temperature and coupling 
constantss between the large-and-small hexagon model on the one hand and the big-
hexagonn model on the other hand indicates that the large-and-small hexagon model 
shouldd follow the two-phase scenario. 
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2.AA First-order approximant and Van der Waals 
loop p 

Itt is instructive to follow the method of Van Duijneveldt and Lekkerkerker using 
(2.2)) and (2.3) instead of Monte Carlo results. Calculating the pressure from (2.2) 
gives s 

PP = P°+(pt-^)z2 + o(z2). (2.12) 

Baxterr [10, p. 451] lists expansions around the critical point of several thermody-
namicc quantities of the pure hard hexagon model. Combining these expansions with 
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(2.3)) and (2.12) yields 

P = { P C + 2 5 (2 ^ " 1 ) s g n ( P l" ^ ) l p l ~ ^ | 3 / 22 + Q ( ( p l J ^ ) 2 ) } 
++ lmfz^

l)2\pi-ti\l/2 + 0(p1-pl)\z2 +o(z2). 

Thiss suggests that for small non-zero values of z2 the pressure P would exhibit a 
Vann der Waals loop, so that the transition becomes first-order as soon as z2 becomes 
non-zero.. That this argument is not valid can be seen by considering, for example, 

ffzz{x){x) = (x- zf, 

whichh we view as a function of x, parametrically dependent on z. Expanding ƒ to 
firstt order in z gives 

ffzz(x)(x) — x3 — 3x2z + o(z) 

andd for all non-zero values of z the function a-3 — 3x2z of x is decreasing between 
xx = 0 and x — 2z. It is, however, a first-order approximant of fz{x), which for all 
valuess of z is an increasing function of x. 
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Rhombii  and the Ising model 

3.11 Introduction 
Accordingg to the universality hypothesis several quantities in a critical model do 
nott depend on the details of the model's interactions, but are determined solely 
byy its dimensionality and the symmetry of its order parameter (and perhaps a few 
otherr properties). These universal quantities include central charge, critical expo-
nents,, amplitude ratios, and scaling functions. Critical models are thus grouped into 
universalityy classes; the members of such a class share the same values of the uni-
versall  quantities. The universality hypothesis is "explained" by the renormalisation 
groupp [87], but has not been (mathematically) proven. 

Universall  quantities have been computed using renormalisation group theory [88], 
conformall  field theory [21] or Coulomb gas arguments [68]. In some cases a universal 
quantityy is computed directly from (the exact solution of) a lattice model; a fine 
examplee is the calculation by Klümper and Pearce [61] of the central charge and 
criticall  exponents of two critical Andrews Baxter Forrester models [5]. Such calcu-
lationss can provide a useful test of the universality hypothesis: one takes two models 
thatt should (on account of their dimensionality and the symmetry of their order pa-
rameter,, say) be in the same universality class, computes some supposedly universal 
quantityy for both models, and inspects if the two values obtained are equal. This 
testt is particularly strong if that universal quantity is a scaling function, because a 
functionn contains much more information than a single number, such as a critical 
exponent. . 

Renormalisationn group theory tells how in the scaling limit a thermodynamic 
functionn of several variables can be reduced to a function of one variable less. For 
example,, for a thermodynamic function f(x, y) of two variables, in the scaling limi t 
onee has 

f(xf(xiyiy)) = \x\as (\x\by), 

wheree the scaling function s+ is used for positive values of x and s_ for negative 
values.. Scaling functions involving two thermodynamic parameters, such as a tern-
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peraturee and a field, appear to be less tractable and more interesting than those 
involvingg one thermodynamic parameter and one geometric parameter. For exam-
ple,, the free energy of the zero-field, square-lattice Ising model on a rectangular 
toruss can be computed for all temperatures and torus sizes [58]. This has been used 
byy Ferdinand and Fisher [32] to obtain finite-size scaling functions for the internal 
energyy and the specific heat. In the universality class of the Ising model there is also 
aa model that can be solved for a magnetic deviation from criticality [84]. On the 
otherr hand, no solvable model in the Ising universality class is known that is both 
thermallyy and magnetically away from criticality. Similarly, the scaling function 
describingg the free energy when both the temperature and the magnetic field tend 
too their critical value is not known. 

Althoughh scaling functions involving a thermodynamic and a geometric param-
eterr are less appealing than those involving two thermodynamic parameters, they 
aree still of interest. It should also be noted that functions of a thermodynamic pa-
rameterr may be related to functions of a geometric parameter. For some models the 
one-pointt function of the off-critical model in the thermodynamic limi t takes exactly 
thee same form as the scaling function describing the same model at the critical point 
onn a finite torus with boundaries [77]. The argument of the former function is ther-
modynamicc (describing the off-criticality), that of the latter function is geometric 
(thee aspect ratio of the torus). 

Thee modest aim of this chapter is to recalculate finite-size scaling functions of the 
zero-fieldd two-dimensional Ising model. These describe the asymptotic behaviour of 
thee energy levels of the row-to-row transfer matrix when the temperature approaches 
thee critical temperature while the row size tends to infinity. This scaling involves 
onee thermodynamic parameter (the temperature) and one geometric parameter (the 
roww size). 

Hamerr and Barber [46] studied the finite-size scaling of the Hamiltonian field 
theoryy analogue of the two-dimensional Ising model. Using free-fermion techniques 
ass in [78] they express the energies of the eigenstates as sums over fermion wave 
numbers.. Their analysis of these sums leads to an expression of the scaling function 
inn terms of so-called remnant functions. These functions have arisen in several 
calculationss in statistical mechanics. More information about them can be found 
inn [34]. 

Henkell  [48] has done similar calculations on a model that contains an extra 
parameter.. His main interest was to study the universality with respect to this 
parameter. . 

Moree recently Pearce and Nienhuis [73] studied the finite-size scaling of the 
Andrews-Baxter-Forresterr models [5] in statistical mechanics. Starting from the 
fusionn hierarchy of Bazhanov and Reshetikhin [12], they derive that in the scaling 
limi tt the finite-size corrections are described by the thermodynamic Bethe Ansatz 
(TBA)) equations of Zamolodchikov [91, 92]. These are coupled non-linear integral 
equations.. In the Ising case they reduce greatly, leading to a simple integral expres-
sionn for the finite-size scaling function. 

Inn this chapter we study the finite-size scaling of the statistical mechanics Ising 
model.. We use the free-fermion techniques employed by Hamer and Barber and by 
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Figuree 3.1: An example configuration of the rhombus tiling model. The + and — 
rhombii  (shaded) form zigzagging domain walls that run from the bottom to the top 
off  the lattice. These walls separate domains consisting of 0 rhombi. The meaning 
off  the indications +, 0 and — is explained in Figure 3.2. 

Henkel,, but our mathematical analysis leads to the expression of the scaling function 
ass a TBA integral. 

Firstt however we consider the rhombus tiling model, because it provides an 
opportunityy to introduce the methods we apply to the Ising model. The transfer 
matrixx of the rhombus tiling model can be diagonalised by means of Bethe Ansatz. 
Likee the Ising model it is a free-fermion model. We study the finite-size correction 
too the ground-state energy. This requires different techniques in the various phases 
off  the model. For instance, in one phase it is fairly natural to write the free energy 
ass an integral. The same technique is then applied to the Ising model. Starting from 
itss free-fermion formulation an integral representation for the free energy is derived. 
Takingg the scaling limi t immediately leads to the expression of the scaling function 
ass a TBA integral. 

3.22 Rhombus tiling model 

Considerr tilings of the triangular lattice with rhombi consisting of two lattice trian-
gless each. These tiles cover the lattice without overlap or empty space. An example 
configurationn is shown in Figure 3.1. The rhombus tiling model is an alternative 
representationn of the dimer problem on the honeycomb lattice. 

Thee rhombi come in three different orientations, that will be designated +, 0 and 
—— as indicated in Figure 3.2. It is possible to cover the lattice completely with the 
rhombii  of one orientation. We also group the rhombi in three sub-lattices, as follows. 
Thee sites of the triangular lattice can naturally be divided into three sub-lattices. 
Thee three sites around each face belong to different sub-lattices. For a rhombus the 
twoo sharp corners are on one sub-lattice, while the two obtuse corners belong to 
thee other two sub-lattices. We assign each rhombus to the sub-lattice of its sharp 
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Figuree 3.2: The rhombus tiling model features rhombi of three orientations. These 
orientationss will be denoted +, 0, and —. 

corners.. It is possible to cover the lattice with all rhombi on one sub-lattice. A 
weightt wr e is given to each rhombus of orientation r on sub-lattice I. 

Pickk a row of horizontal lattice edges and number the edges . . ., —2, —1, 0, 1, 
2,, . .. from left to right. The horizontal edges in the two neighbouring rows then 
havee to be numbered . . ., — |, — \, |, | , . .. because they are displaced half a lattice 
spacing.. For the next rows the numbering . . ., —2, —1, 0, 1, 2, . .. has to be used 
again.. And so on, and so forth. The division of the rhombi into sub-lattices can also 
bee described in terms of these coordinates. The sub-lattices then are labelled by the 
congruencee classes modulo 3. As representatives of these congruence classes we may 
choosee 0, 1 and 2. For example, \ = 2 (mod 3). A rhombus of orientation 0 with 
internall  horizontal edge at x belongs to sub-lattice x (mod 3). A  rhombus with 
upperr and lower horizontal edge at x and x  ^ respectively belongs to sub-lattice 
xx  1 (mod 3). 

Thee model without sub-lattice structure was first solved by the Pfaffian meth-
odd [56]. Being a five-vertex model it can also be solved with Bethe Ansatz [50]. The 
modell  with sub-lattice structure has been solved by the Pfaffian method [70]. We 
showw that it too can be solved using Bethe Ansatz. 

Anyy configuration of the model consists of domains of rhombi of orientation 0 
separatedd by zigzagging walls made up of  rhombi. These walls run without inter-
ruptionn from the bottom to the top of the lattice. This is illustrated in Figure 3.1. If 
aa horizontal edge is the internal edge of some rhombus, this rhombus has orientation 
0,, so it is in a domain; such a horizontal edge wil l be called empty. If a horizontal 
edgee is not the internal edge of a rhombus it forms the boundary between two
rhombi,, so it is in a domain wall; such a horizontal edge will be called occupied. 

Considerr a row of horizontal edges and assume that the covering of the lattice 
beloww that row is given. We want to add another layer to the existing configuration. 
Becausee the configuration below is given it is known which of the horizontal edges 
aree empty and which ones are occupied. On top of each empty edge we must put the 
upperr half of a 0 rhombus. On top of each occupied edge a + or — rhombus must be 
placed.. We are free to choose between + and — rhombi, under the constraint that 
thee rhombi do not overlap. The remaining space must be filled with lower halves 
off  0 rhombi. It follows that for the addition of a new layer to the lattice it suffices 
too know the state, empty or occupied, of the row of horizontal edges on top of the 
existingg configuration. This allows for the introduction of a transfer matrix T that 
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connectss successive rows of horizontal edges. 
Thee rows of lattice sites in the model come in two types, call them A and B, that 

aree shifted with respect to each other. The rows of type A and B alternate. Hence 
theree are in fact two transfer matrices, TAB for layers with upper row of type A and 
lowerr row of type B, and TBA for layers with upper row of type B and lower row 
off  type A. The products TAB^BA

 a nd ^BATA B are double transfer matrices that 
actt between rows of equal type. Take a lattice consisting of 2M layers and impose 
periodicc boundary conditions in the vertical direction, that is, identify the lower and 
upperr row. As usual the partition function of the model on this lattice is 

ZZ = tr ( T A B T B A ) M = tr ( T B A T A B ) M • 

Inn the limit that M tends to infinity the partition sum is dominated by the largest 
eigenvaluee of T A B?BA or T B AT A B-

Thee matrices TAB and TBA can be combined into a single matrix 

TT = f ° TAB\ 
\T\TBBAA 0 J 

actingg on vectors 

- (£) ) 
wheree ^A and ipB are "wave functions" on the rows of type A and B, respectively. 
Iff such a vector is an eigenvector of T with eigenvalue A then ip&  and ipQ are 
eigenvectorss of TAB^BA and TBA?AB> respectively, with eigenvalue A2. 

Somee identification of the row types A and B could have been chosen in order 
too avoid the complication discussed. This amounts to skewing the lattice or, equiv-
alently,, the transfer matrix direction. Because it breaks a mirror symmetry of the 
systemm we have avoided this solution. 

3.33 Bethe Ansatz 

Inn the previous section a transfer matrix T for the model was introduced. We shall 
noww diagonalise this transfer matrix by means of Bethe Ansatz. First we show that 
thee transfer matrix has a conserved quantity that can be interpreted as a particle 
number.. Then we determine the eigenfunctions in the zero-particle and the one-
particlee sectors. Finally we show how the many-particle eigenfunctions are built up 
fromm one-particle eigenfunctions. 

3.3.11 Particles 

Imposee periodic boundary conditions in the horizontal direction, so that each row 
off the lattice forms a circle. Let L denote the number of lattice sites or horizontal 
edgess per row. In order to get a consistent definition of the three sub-lattices, L 
mustt be a multiple of three. 
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Thee transfer matrix connects successive rows of horizontal edges. These edges 
cann be in two states: empty or occupied. The empty states belong to the domains, 
thee occupied ones to the domain walls. It was observed that the domain walls run 
withoutt interruption from the bottom to the top of the lattice. Hence each horizontal 
linee through the lattice meets all domain walls once. Therefore the number of 
occupiedd edges is the same in each row. In other words it is a conserved quantity of 
thee transfer matrix. It wil l be denoted n. 

Vieww the horizontal and vertical lattice direction as '"space" and "time", respec-
tively.. The occupied horizontal edges then are "particles" in a time slice, and the 
domainn walls are the world lines of these particles. The transfer matrix describes 
thee evolution of these particles from one time slice to the next. 

3.3.22 No particles 
Obviouslyy there is only one possible row without occupied edges. The layer between 
twoo such rows is covered by L upper and L lower halves of 0 rhombi. The weight of 
thiss row is t0' , where we have introduced 

^ 0 = ^ 0 , 0 ^ 0 , 1 ^ 0 , 2-- I 3- 1) 

Thiss is the eigenvalue of the transfer matrix T in the 1-dimensional n — 0 sector. It 
-- L/3 ~ 

iss convenient to define a "reduced" transfer matrix T by T = tD T. 

3.3.33 One particle 
AA row in the n = 1 sector is specified by the position x of its occupied edge. The row 
underr it has its horizontal edge at  | . The layer in between contains a  rhombus 
withh upper and lower horizontal edge at x and x  \ respectively. This rhombus 
onn sub-lattice x  1 (mod 3) takes the place of the lower half of a 0 rhombus on 
sub-latticee x (mod 3) and the upper half of a 0 rhombus on sub-lattice x=F 1 (mod 3) 
comparedd to a row in the n = 0 sector. It follows that the action of the reduced 
transferr matrix T on the "wave function" is given by 

im{x)im{x) =  W l Mx + \) + --*- 1 iix - i ) . (3.2) 
y/y/ww0,x0,xWW0,x-l0,x-l y/W0,xw0,x+l 

Thee eigenvalue equation Tip — Xip is solved by the Ansatz ip(x) = axz
x where 

aaxx only depends on the equivalence class x (mod 3). Substituting this Ansatz and 
(3.2)) into the eigenvalue equation gives 

i nn - _ i 
Q-xQ-x + lZ 2 = Ada; .2 

WW+,x+,x + l 
fl.T-fl.T-

V/ W0,*™0,*-1 1 

^^  , W~,x-l 
-- \ **  i 

V /U;0,xT%a;;  + l 
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forr all x. After cancelling zx on both sides this takes the matr ix form 

/ / w w - , 2 2 W W 
ZZ 2 

++ ,1 2 ^ 2 2 

w w ++ ,2 4-1 

V™o,o™o,i i 

^ 0 , 0 ^ 0 ,1 1 

0 0 

w. . 
zz 2 ++ .0 

\ V W 0 , 0W 0 , 22 ^ 0 , 1 ^ 0 ,2 

Thee characteristic equation is 

Z ^ 2 2 

v / ^ 0 , 0 ^ 0 ,2 2 

V ^ O ,, 1^0,2 

0 0 

a0 0 

Oi i 

«2 2 

VV / 

== A 

/ a 0 \ \ 

ai i 

^2 2 

vv y 

(3.3) ) 

to to 
A 3 - - A -- IÏLZS + _ z - S 

to o to o 
(3.4) ) 

with h 

w>. . t f n r ^ n + ^ i W n . W . ii  + W ++ ,0^0,0 

« V . O ^ r , ! ^ ^ 

++ , 1 " / 0 , 1' ++ , 2W J 0 , 2w - , 2 ' 

(rr  = +,0, - ). 

Notee that to w as already introduced in (3.1). The weights wr e enter in (3.4) only as 
thee ratios between s, £+, t_ and to, so the model has effectively three parameters. 
Fromm the inequality of ar i thmetic and geometric mean it follows that s > 3 (£+£o t - )3 , 
wit hh equality if and only if w+0w00w_ Q — w+ lw01w_1 = w+ 2yJo,2w- 2-

Forr each value of z there are three solutions of (3.3), and hence three eigenfunc-
tionss of T. On the other hand each such solution occurs for three different values 
off  z, as 

tp(x)tp(x) = axz
x = [uj~xax){u)z)x = (wxax)(uj~lz)x 

withh UJ = e27n, /3, and uj^xax and uxax depend only on x (mod 3). 
Thee boundary conditions determine which values for z are possible. The periodic 

boundaryy conditions require that ip(x + L) — ip(x), so zL — 1. If instead antiperiodic 
boundaryy conditions ip(x + L) = —ip(x) are imposed on the wave function, the 
conditionn on z is zL = — 1. 

3.3.44 Many particles 

Inn the previous subsection the behaviour of a single particle was analysed. If the 
systemm contains n particles, each of them behaves exactly as in the one-particle case, 
wit hh the only proviso that two particles may not be on the same edge. As a conse-
quencee an eigenfunction for n > 1 is the antisymmetrised product of n one-particle 
eigenfunctions.. This many-particle eigenfunction must satisfy the periodic boundary 
conditions.. For odd n this is fulfille d if the composing one-particle eigenfunctions 
satisfyy periodic boundary conditions too; for even n the one-particle functions must 
bee antiperiodic. In summary, the composing one-particle eigenfunctions must have 

== ( - ) "
(3.5) ) 
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AA row in the n-particle sector contains n particles distr ibuted over L sites. There 
aree ( ) such rows, which gives the dimension of that sector. We have constructed 
eigenvectorss in this sector by combining n of the L one-particle eigenvectors. This 
cann be done in (n) ways, and by a Vandermonde determinant argument all these 
n-part ic lee eigenvectors are independent. Therefore they exhaust the eigenvectors in 
thee n-part icle sector. 

3.44 Thermodynamic limi t 

Inn the previous section the eigenvectors and eigenvalues of the transfer matr ix were 
found.. From this we calculate the free energy of the model in the thermodynamic 
l imit .. Then we describe the phase diagram of the model. 

3.4.11 Free energy 

Thee eigenvector with the largest eigenvalue is obtained by including as many one-
part iclee eigenvectors with |A| > 1 and as few one-particle eigenvectors with |A| < 1 
ass possible. Of course these one-particle eigenvectors have to satisfy (3.5). The 
largestt eigenvalue is therefore 

AA — ƒ 3 A — t3 

nmaxx — •'O max — cg nn* * 
A I > 1 1 

wheree the product is over all roots z of (3.5), provided tha t the number of factors 
AA is consistent with (3.5). The exponent ^ compensates for the fact tha t each one-
particlee eigenfunction occurs a t three values of z. The free energy is 

FF =  - l o g | A, L\ogtL\ogt00 + Yl H e(P) 
zz e(p)<0 

;3.6) ) 

wheree e(p) — — log |A|. For each z the three values of A are given implicitly by (3.4). 
Thiss can be solved using Cardano's formula, but it then is difficult to decide which 
solutionss have |A| > 1. However, note tha t 

/ / 

nn dq ; JlogM if H > 1, 
—— log eq -w\ = < 
2TTT & I ' | 0 i f | u ; | < l 

(3.7) ) 

forr any complex number w not on the unit circle. Therefore 

*(p)<oo |A|>1 

nn dq 

.„.„  2TT 
log g ^ q i i 

e*'e*' - —z* + 
*0 0 

t+t+  3 t — 

to to to to 
-Z-Z 2 

(3.8) ) 
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Substitutee this into (3.6) and write z — epi. In the thermodynamic limit the sum 
overr z in (3.6) becomes an integral over p. This results in the expression 

F = " ff  ƒ * i ƒ ' ^ >°S Itoe** - «"  - *+«S* - *-e-*- | (3.9) 
forr the free energy. This effectively reproduces the expression obtained from the 
Pfaffiann method [70]. 

3.4.22 Phase diagram 

Thee integrand in (3.9) is singular if for some z = e?1 a root A lies on the unit circle. 
Thee distinct phases of the model differ in the occurrence of such singularities. In 
[70]]  it is shown that the model has the following five phases: 

•• The 0 phase: t0 > s + t+ + £_. For any value of z the three solutions A of 
(3.4)) lie all inside the unit circle. The system contains no domain walls, so it 
iss filled completely with 0 rhombi. 

Thee + phase: t+ > s + to + £_. All A lie outside the unit circle. The system is 
completelyy filled with domain walls, and these consist exclusively of + rhombi. 

•• The — phase: t- > s +1+ + tG. All A lie outside the unit circle. The system is 
completelyy filled with domain walls, and these consist exclusively of — rhombi. 

•• The flat phase: s > t+ + t0 + £_. For any value of z precisely two solutions 
AA of (3.4) lie outside the unit circle. The system is filled for two thirds with 
domainn walls. The +, 0, and — rhombi occur in equal amounts. 

•• The rough phase: each of s, t+, t0 and t- is smaller than the sum of the 
otherr three. Part of the A lie outside the unit circle. How large this fraction 
iss varies with s, t+, to and £_. Therefore the number of domain walls and the 
amountss of rhombi of the different orientations also depend continuously on 
thee parameters. 

Thee names "flat phase" and "rough phase" originate from the solid-on-solid inter
pretationn of the model [18], which we shall not discuss. Figure 3.3 shows a section 
off the phase diagram at constant ratio s/(t+tot-)z. 

3.55 Finite-size correction 

Inn Subsection 3.4.1 the free energy per layer F = — logAmax was computed in the 
thermodynamicc limit. The result was of the form F — Lf^. For finite system size 
LL one has 

FF — — log Amax = Lfoo + finite-size correction. 

Inn this section we calculate the leading term of the finite-size correction. These 
resultss are not new, except perhaps for the anomalous scaling in Subsection 3.5.3. 



40 0 Chapterr 3. Rhombi and the Ising model 

logg to 

Figuree 3.3: A section s/(t+toi_)3 = constant of the phase diagram of the rhombus 
tilin gg model. Without loss of generality we can take t+tot- = 1. The three axes 
thenn correspond to logt+, log f o and logti. The shaded region is the rough phase. 
Thee central facet is the flat phase; it is absent if s = 3( i+t0t_)3. 

Theyy serve however as a prelude to the calculation of the finite-size scaling function 
inn Section 3.6. 

3.5.11 Frozen phases 

Inn the 0 phase all A lie inside the unit circle. Hence the n = 0 vector is the transfer 
LIS LIS 

matrixx eigenvector with the largest eigenvalue. Its eigenvalue is Amax = t0 , 
L L 

so o 

logg An logg to-

Thereforee the finite-size correction is zero. 
Inn the + phase all A lie outside the unit circle. There are two candidates for 

thee largest eigenvector: (i) the vector obtained by combining all L one-particle 
eigenvectorss satisfying (3.5) with n—L and (ii) the vector obtained by combining 
alll  L one-particle eigenvectors satisfying (3.5) with n = L — 1 omitting the one with 

~~ r In T In 

thee smallest eigenvalue, Am;n. The eigenvalues of these vectors are (i) t+ ' +t_ and 
_.L/3,.L/3 _.L/3,.L/3 (ii )) (t 

Therefore e 

L/33 ,L/3 tjtj  )/Amin- Obviously (i) has the largest eigenvalue Ar 

logg Ar logg t+ - log 11 + (fe) ) login n (fe) ) 
soo the finite-size correction decays exponentially with L. The behaviour in the 
phasee is fully analogous. 
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Figuree 3.4: The phase diagram of Figure 3.3. The regions I, IIA and IIB are indi-
cated.. The bullets indicate the points with anomalous finite-size correction. 

3.5.22 Rough phase 

Inn the rough phase the fraction p of one-particle eigenvalues that lie outside the unit 
circlee depends continuously on the parameters of the model. This fraction ranges 
betweenn 0 on the boundary with the 0 phase and 1 on the boundaries with the + 
andd — phases. The one-particle eigenvalue A is a continuous (triple-valued) function 
off  z = epl. The locus of A in the complex plane can be (I) one closed curve or (II) 
twoo closed curves. The regions corresponding to the cases I and II in (s : t+ : to : t-) 
spacee are separated by the surface 4s3 = 27to(t+ + t-)2. In case II we distinguish 
twoo subcases: (A) 0 < p < | and (B) | < p < 1. In the phase diagram these cases 
aree separated by the flat phase region. The location of the cases I, IIA and IIB in 
thee phase diagram is indicated in Figure 3.4. 

Figuress 3.5 and 3.6 show plots of e(p) = — log | A| as function of p for the 
casess I and II , respectively. The shape of such a plots depends only on the ra-
tioss s/(t+tot-)ï and t+/t-. Therefore along a vertical line (t+/t- = constant) in 
Figuree 3.3 (s / ( i+ i o t - ) 3 = constant) or Figure 3.4 only the zero level of the vertical 
(energy)) coordinate in Figures 3.5 or 3.6 varies. 

Wee now proceed to calculate the finite-size correction of the largest eigenvalue. 
Recalll  that for each value of z = epl there are three one-particle eigenfunctions 
whilee each one-particle eigenfunction occurs for three values of z. Therefore we may 
restrictt the range of p to —7r/3 < p < 7r/3. This avoids the multiple occurrence of 
thee eigenfunctions, except that the eigenfunctions for p = —TT/3 coincide with those 
forr p = 7r/3. 
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e(p) e(p) 

1 1 

3 3 

2 2 

1 1 
I I 

3 3 

i i 

2 2 

1 1 

Figuree 3.5: The one-particle energy e(p) in case I. The figures indicate the different 
branches.. The zero level lies between the minimal and maximal value taken by e(p). 

Figuree 3.6: The one-particle energy e(p) in cases IIA and IIB and in the flat phase. 
Thee figures indicate the different branches. In case IA the zero level lies between 
thee minimal and maximal value taken by branches 1 and 2 of e(p). In case IIB it lies 
betweenn the minimum and maximum of branch 3. In the flat phase it lies between 
thee maximum of branches 1 and 2 and the minimum of branch 3. 

Casee I 

Figuree 3.5 shows e(p) as a function of p, on —7r < p < IT. This function has three 
branches,, e\(p), £2(p) a nd ^ip), whose numbering is shown in the figure. The 
restrictionss of these branches to —7r/3 < p < TT/3 can be glued together to a single 
smoothh function eusip) o n ~TT < p < n, 

£1233 (?) 

ee22(p+f)(p+f) f o r - 7 r < p < - f, 
ei(p)) f o r - f < p < f, 

[e3(p-f)) for f < p< 7T. . 
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Figuree 3.7: In case I the three branches of e(p) can be combined to a single function 
ei23(p)) on —7T < p < IT. It has zeroes —po and po. 

Thee graph of this function is shown in Figure 3.7. Effectively we have for each value 
off  p selected one of the eigenvalues A. Consider the function ei23(p) on —IT < p < TT. 
I tt takes negative values for -p0 < p < p0, where p0 is its positive zero. 

Forr system size L the possible values of p are 2kn/L with k half-odd-integer if 
nn is even and k integer if n is odd. We shall simultaneously determine the largest 
eigenvaluee for even n and the largest eigenvalue for odd n. Define 

i p o ii  , 1 I 
UU - J L 2TT ^ 2 J 
^ m ax x II  ElLk I 

LL  2TT J 

| _ ^—— \\ + \ if n is even, 

iff  n is odd 

andd the corresponding momentum pn 

betweenn —po and po are 

-̂TTT J ^iiiax] i^max t j , . . . , -

(3.10) ) 

27rfcmax/L.. The possible values of p 

2 ''  2 ,,  , (fcn l),fen n 

LL 1 - fcmax,-( /Cmax ~ 1), . . . , - 1 , 0, 1, . . . , ( fcm ax - l ) , f c 

iff  n is even, 

iff  n is odd. 
(3.11) ) 

Thee number of these values is 2/cmax + 1, which is an even integer if n is even and 
ann odd integer if n is odd. Therefore the largest eigenvalue with even n or with 
oddd n is obtained by including all the one-particle momenta (3.11) with fcmax given 
byy (3.10). For both even and odd n the energy level is given by 

(3.12) ) 

Heree p takes the values given by (3.11), so it runs from - pm ax to pm ax with steps 
2TT/L. 2TT/L. 

Byy means of the Euler-Maclaurin series the sum in (3.12) can be expanded in 
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powerss of L ] . 

7Wxx £ /"Pmax i 

5 ^^ ei2.'i(p) = 7T e] 2 3 ( p) dp + - [ei23{Pmax) + e i2 3 ( - Pr 

^^  27r i - P m . 2 
P = - Pn n 

P = - Pn n 

++ ~ [423(pmftx) " 6i23(-Pmax)] + 0 ( ^ -2 ) - (3-13) 

Thee sum is approximated by an integral with end points - pm ax and pm a x. and the 
errorr is expressed in terms of the function €123 (p) and its derivative evaluated in 
thesee end points. These end points also depend on L. We would prefer to have 
ann expression involving an integral with end points -p0 and p0. and the function 
€1233 (p) a i1^ its derivative evaluated in these points, because they do not depend 
onn L. This can be achieved by using appropriate Taylor expansions, as follows. We 
usee throughout that po _ Pmax < 2TT/L. 

Thee integration interval of the integral in the RHS of (3.13) is split into three 
pieces:: from - pm ax to - p0 , from -p0 top0, and fromp0 topm a x. On the left interval 
(fromm -p,„ax to -p0) the integrand is written as a Taylor series around - p0 , and 
onn the right interval (from p0 to pmax) as an expansion around p0. The ei23(Pmax) 
andd e'123(pmax) terms in the RHS of (3.13) are Taylor expanded around p0 and the 
ei23(—Pmax)) a n ci ei23(_Anax) terms are expanded around - p0 . Substituting the 
resultss of these Taylor expansions into (3.13) gives 

YlYl f 123(P) =2^ £123(P) dp + f - - bj [ei23(Po) + Cl23(-Po)] 

++ T ( è "  s6 + H [e'i23(po) ~ e'i23("po)]+0(L_2)'  (3-14) 
wheree we have introduced 

bb = — ( P 0 - P m a x) = T ; fcmax- (3.15) 

Thiss quantity lies between 0 and 1; it depends on L because pm ax does. Equa-
tionn (3.14) can be simplified by noting that e123(-p0) = <ü23(Po) = ° an<d t n at 

e'123(—po)) = -e'i23(Po)- Substituting the result into (3.12) gives 

FF = - | log*o + ^ / P ü c123(p) dp + — Q - 6 + Ö2) e'123(po) + 0 (L" 2) . (3.16) 

Thiss can be written as 
F ^ L ^ - ^ f + ^ L - 2 )) (3.17) 

with h 
Cefff = (-2 + 126 - 12b2) e'123(p0). (3.18) 

Thee factor e'123(po) is the Fermi velocity of the fermions: it depends on the anisotropy 
off  the system. The quantity b that appears in the factor - 2 + 126 - 1262 depends on 
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Figuree 3.8: The expression (3.18) for ceff and its analogues for cases II A and IIB 
containn a factor - 2 + 126 — 1262. This factor depends on the fractional part of 
PoL/2irPoL/2ir and on the parity of n. The graph shows the maximum over the parity of 
n,n, as function of the fractional part of poL/2n. 

thee fractional part of poL/2n and the parity of n. Recall that (3.16) describes the 
leadingg finite-size correction both on the largest eigenvalue for even n and on the 
largestt eigenvalue for odd n. For large L the overall lowest energy level is that with 
thee largest value of - 2 + 126 - 12b2. The dependence of this value on the fractional 
partt of PQL/2TT is shown in Figure 3.8. Where it does not attain its maximum value 
1,, this reflects the incommensurability of the "ideal" particle density p and the finite 
systemm size L. 

Casee II A 

Figuree 3.6 shows e(p) as a function of p, on —n < p < n. This function has three 
branches,, ei(p), e2(p) and e-s(p), whose numbering is shown in the figure. The 
restrictionss of branches 1 and 2 to -7r/3 < p < n/3 can be glued together to a single 
smoothh function ei2(p) on — 27r/3 < p < 2TT/3, 

ei2(p) ) 

Q(p+ f) ) 
dip) dip) 

MP~MP~22-Ï) -Ï) 

forr -

for r 
lor r 

-f<P< -f<P< 
- ff  <P< 

11 <P< 
3 ' ' 

27T T 
33 -

(3.19) ) 

Thee restriction of branch 3 to —7r/3 < p < n/3 cannot be glued to the other two 
branches.. The graph of the functions £12(j>) and e3(p) are shown in Figure 3.9. 

Inn case II A the fraction p of momenta p with e(p) < 0 does not exceed |. 
Thereforee eJ2(p) takes negative values for —p0 < p < p0, where p0 = pir is its 
positivee zero, whereas e3(p) is positive everywhere. The situation is fully analogous 
too case I, except that the role of £123 {p) is now played by ei2(p). Therefore the 
leadingg finite-size correction on the lowest energy level for even n and the lowest 
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Figuree 3.9: In case II A two of the three branches of e(p) can be combined to a single 
functionn £12 (p) on — 27r/3 < p < 2ir/3. It has zeroes —po and po- The remaining 
branchh e^p) is positive on —7r/3 < p < 7r/3. 

0 0 

e(p) ) 

- ff  -po 0 po f 
P P 

Figuree 3.10: In case IIB two of the three branches of e(p) can be combined to a 
singlee function «12 (p)- It is negative on —27r/3 < p < 27r/3. The remaining branch 
€3(p)) has zeroes —po and po-

energyy level for odd n is again described by (3.17), where ceff is given by (3.18) with 
e'i23(Po)) replaced by e'12(p0). 

Casee II B 

Againn Figure 3.6 shows e(p) as a function of p. As in case II A the branches 1 and 2 
aree glued together according to (3.19). The graphs of ei2(p) and ez(p) are shown in 
Figuree 3.10. 

Inn case IIB the fraction p of momenta p with e(p) < 0 is at least |. Therefore 
ei2(p)) is negative everywhere, while ez{p) is negative for —po < p < po, where 
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PoPo = (P - f)71" is its positive zero. Hence the energy level is given by 

FF = -- logt0 + Y, €^(p) + J2 63^)- (3-2°) 
pp p 

Inn the first sum p takes all values 2k-KJL in the interval -2TT/3 < p < 2n/3, where 
PP = - 27T /3 and p = 27r/3 describe the same eigenfunction. Both for even n and for 
oddd n the sum has 2X/3 terms. Because it runs over the full period of the function, 
applicationn of the Euler-Maclaurin series gives 

Y,ci2(p)Y,ci2(p) = 0(L-2). (3.21) 
p p 

Thee second sum in (3.20) can also be treated by the method used above for cases 
II  and IIA , 

Z2^(P)Z2^(P) = ^ J e3(p)dp+ ( - -bj [e3(po) + €3(-p0)] 

Thiss can be simplified because e3(-po) = ^(Po) = 0 and €'3(-p0) = -e'3(p0). Sub-
stitutingg (3.21) and (3.22) into (3.20) yields that the leading finite-size correction 
onn the lowest energy level for even n and the lowest energy level for odd n is again 
describedd by (3.17), where ceff is given by (3.18) with c'123(po) replaced by e3(p0)-

3.5.33 Anomalous scaling 

Everywheree in the rough phase the leading finite-size correction on the lowest energy 
levell  is described by (3.17). Here ceff is given by (3.18) with £123(^0) replaced 
byy e...(po), where c...(p) is the appropriate combination of branches of e(p). The 
momentumm p0 is such that e...(p0) = 0 and e' (p0) > 0. Hence the leading finite-size 
correctionn is determined solely by the dispersion relation 

C-.(P)) =-t'..(Po)(Po-p) + 0[(p0-p)2} for plpo (3.23) 

andd its analogue for p [ —po-
Thee value of e' (p0) is a function of the ratios of 5, £_, t0 and t+. On the 

boundaryy between the rough phase and the 0 phase, p = 0; this corresponds to 
PoPo = 0 in cases I and IIA . On the boundary between the rough phase and the + and 
-- phases, p = 1; this corresponds to p0 = n in case I and p0 = ir/3 in case IIB . On 
thee boundary between the rough phase and the flat phase, p = |; this corresponds 
too po = 27r/3 in case IIA and p0 = 0 in case IIB . It follows that e' (p0) — 0 on all 
thesee boundaries. 
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Theree are, however, exceptional points on the boundary of the rough phase and 
thee flat phase, viz. the points where the cases I, II A and II B all meet. These points 
aree indicated by bullets in Figure 3.4. They are characterised by 

ss = M0 and t+ +1_ = 2t0- (3.24) 

Att these points A = 1 is a double zero of (3.4) when p is a multiple of 27r/3. The 
situationn can be viewed as case I with p0 — 27r/3. or case II A with p0 = 27r/3, or 
casee II B with p0 = 0. We choose the first point of view. Figure 3.11 shows the graph 
off  ei23(p)- Because A = 1 is a double zero of (3.4) for p = 0, the derivative e'123(f>) 
divergess when p tends to - Therefore the dispersion relation (3.23) makes no 
sense.. It is easily shown that instead one has 

timip)timip) = ~2 
*o o 

(poo -p)= +0 [(p0 - p) = for p]po (3.25) 

andd similarly for p j —p0. As a consequence the leading finite-size correction on the 
lowestt energy level is not given by (3.17) but by 

FF = Lf00-(^)ka-l>Q t- ^2+0(L~% (3.26) 

wheree C is the Hurwitz generalised zeta function. The derivation of this result is 
givenn in Appendix 3.A. If n is even then b = |, so 

«-I.6,, = «- i . i ) - (^- . )c( - i ) = ( i - i ^ ) i « ; 
3 3 

2 2 

Iff  7i is odd then 6 = 0, so 

0.0608885. . 

<(-\-b)<(-\-b) = C ( - ^ 0) = C(-\) = - ^ C ( ^ ) « -0.207886. 

Thereforee even n gives the overall largest eigenvalue when L is large. 

3.5.44 Flat phase 

Againn Figure 3.6 shows e(p) as a function of p. As in case II A the branches 1 and 2 
aree glued together according to (3.19). The graphs of ei2(p) and e3(p) are shown in 
Figuree 3.12. 

Inn the flat phase p = §, so ei2{p) is negative on -27r/3 < p < 2TT/3 and e3(p) is 
positivee on —7r/3 < p < n/3. We treat even n and odd n separately. 

nn even 

Forr even n there are 2L/3 values of p = 2k-n/L between -27r/3 and 27r/3, which is 
ann even number. Therefore the lowest energy level is given by 

FF = -~\ogt0 + J2^(p) (3-27) 
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Figuree 3.11: The special points (3.24) can be viewed as case I. The function €123 (p) 
hass zeroes —p0 = -2n/3 and p0 = 2n/3. The derivative e'123(p) diverges at these 
zeroes. . 

Figuree 3.12: In the flat phase two of the three branches of e(p) can be combined to 
aa single function e^ip)- It is negative everywhere, whereas the remaining branch 
es(p)es(p) is positive everywhere. 

wheree p runs through all values between —27r/3 and 2ir/3. The sum can be analysed 
byy the Euler-Maclaurin method of Subsection 3.5.2. This gives 

E^(p )) = ^ / ^ i2 (p )dp+Q-^ [ e i 2( f ) + e12(-f)] 

2TTT / 1 
++ T V12 
L L 

2^ ^ 

b+^)[e'b+^)[e'1212(f)-e'(f)-e'1212(^)]+0(L (^)]+0(L 

ee1212(p)dp(p)dp + 0(L-'), 

-2> > 
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becausee b = | and e'12(—2TT/3) = e'12(27r/3) = 0. In fact the Euler Maclaurin series 
cann be used to obtain an expansion of the sum in (3.27) in powers of L. Because all 
oddd derivatives of €\2(p) vanish at p = 3 all terms have coefficient 0. Therefore 
thee finite-size correction on the energy decays faster than any power of L. This 
suggestss that the finite-size correction is exponential, as in the + and — phase. We 
noww show that this is indeed the case. 

Recalll  that there are three solutions A to (3.4) for each value of p, and that each 
solutionn A occurs also for momentum p  2n/3. It follows that 

€i2(p)) + ) = ei ( P )+ 62 ( p )= Y^ €(PÏ-
e(p)<0 0 

soo (3.27) can be written 

FF = ^gto^gto + ̂ Yl 12 c(p)" (3.28) ) 
PP e(p)<0 

Noww we can apply (3.8). In order to perform the summation over p in (3.28) it is 
howeverr convenient to factorise the argument of the logarithm in (3.8). For each 
valuee of p one has 

e(p)<0e(p)<0 J * 

log g y/üt-y/üt-
to to 

-0(Q) -0(Q) (*-f-(ïr)*™-1 1 

( z i - £ ) W ' ' 

wheree 3{q) is defined by 

P(q)+P(q)-P(q)+P(q)-11 = to to Jqi Jqi 
y/t+t-y/t+t- \ to 

andd \0(q)| > 1. It can be shown from s > t+ + to + £_ that 

\P(Q)\\P(Q)\ >( tr tY and \P(q)\ > ( ^ ) t. t. 

(3.29) ) 

(3.30) ) 

(3.31) ) 

Wee substitute (3.29) into (3.28) and then use that z  ̂ — e^pi runs through the ( ^ ) t h 
rootss of — 1. This gives 

FF==LfLf--\LM--\LMXog Xog 

- i ff  l̂og 

11 + 

11 + (li )) *««)-' (3.32) ) 



3.6.. Finite-size scaling function of the Ising model 51 1 

with h 

foefoe = - i log(M-) ~\f_^ lQg 1 )̂1 

Itt follows from (3.31) that the integrals in (3.32) vanish as L —> oo. The asymptotic 
behaviourr of these integrals is analysed in Appendix 3.B. The result is 

FF = Lf0 2 , ^ ^ L L 
B-B- B-1 

wheree B is defined by 

ï>ï> + £ - ^ ( l + o { l ) ) ,, (3.33) 

BB + B'1 = 2 
3(t+t3(t+t00t^)* t^)* 

andd B > 1. Obviously the factor between square brackets in (3.33) is dominated by 
onee of the two terms, unless t+ — £_. 

nn odd 

Forr odd n there are 2L/3 values of p = 2k7r/L between -2n/3 and 27r/3, where 
pp = —2ir/3 and p — 27r/3 are considered to be the same. This is an even number, so 
ass we are considering odd n the lowest energy level does not contain ei2(-27r/3) = 
fi2(27r/3).. The lowest energy level is again given by (3.27), but now p runs through 
alll  values between -27r/3 and 27r/3 exclusive. The sum can be analysed by the 
methodd used above for even n. This leads to 

r .. r r , ^ x /„  B + B'1 

FF = LfO0- Cl2( —) + I 27T B _ B  ̂ L 
U" U" 
ll-J -J ) •• + 1 1 (r r \\LL+ + 

B-B-22-r(l+o(l)). -r(l+o(l)). 

Itt follows that, at least for large L, even n yields the overall lowest energy level. 

3.66 Finite-size scaling function of the Ising model 

Wee consider the zero-field Ising model [66, 52] on a two-dimensional square lattice. 
Lett K\ — Ji/kT and K2 — J2/kT denote the (ferromagnetic) couplings along 
thee horizontal and vertical bonds, respectively, and let the dual couplings K*  be 
definedd by sinh 2K{ sinh 2K* = 1. In the low-temperature regime K{ < K2, in the 
high-temperaturee regime K{ > K2- These regimes are separated by a critical line 
wheree K{ — K2. Impose periodic boundary conditions on the rows and assume for 
conveniencee that the row size L is even. 

Wee shall calculate the finite-size scaling function of this model. First we recall 
thatt the Ising model can be formulated as a free-fermion model. Next we derive 
integrall expressions for the largest eigenvalues. Finally we take the the scaling limit-
inn those integrals. 
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3.6.11 Free-fermion formulation 

I tt is well-known that the row-to-row transfer matrix can be rewritten in terms of 
fermionicc creation and annihilation operators [78]. The fermions are distinguished 
byy their momentum p. For each value of p there can be at most one fermion present. 
Thee eigenvalues of the transfer matrix are 

AA = (2sinh2i\ i )̂  exp X/(p)K- i i 

wheree nv is the number of fermions of momentum p. Which values for p are possible 
dependss on the total number of fermions 

J2J2nnp p 

accordingg to 
^^ for neven. 

0 > ?7rr fornodd. 

Forr p ^ 0 the energy e(p) is the positive solution of 

coshe(p)) = cosh2(X* - K2) + smh2Kl sinh2ü:2(l - cosp). (3.34) 

Forr p = 0 the energy is e(0) = 2{K[ — K2)\ taking the positive solution of (3.34) 
wouldd have given e(0) = 2\K\—Ki\ instead. Note that cosh2(X1*  - K2) is a measure 
off  the distance to the critical line (where K{ = K2) and that 

sinhh 2K2 sinhh 2K: sinh 2K2 = — — - / 
smhh 2K i 

measuress the anisotropy of the couplings. 

3.6.22 Largest eigenvalues 

Thee largest eigenvalue for even n belongs to the state where there are no fermions 
present.. The energy level is 

F++ = ~ log(2sinh2«'1) - ^ £ > f r ) - (3-35) 
p p 

Thee higher states are obtained by introducing an even number of fermions. For 
example,, the first higher state with n even contains the fermions with p = —n/L 
andd p — +7r/L. Its energy is 

Thee next state contains one of the fermions with p =  and one of the fermions 
withh p — ; thus it is fourfold degenerate. 
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Thee largest eigenvalue for odd n belongs to the state that only contains the 
fermionn with p — 0. Its energy level is 

F-F- = ~ log(2sinh2#i) - i Y, <P) +  e(°)- (3.36) ) 

Thee first higher state with n odd contains one fermion with p —  it is twofold 
degenerate. . 

Thee expressions (3.35) and (3.36) can be unified to 

FF  = —\ogi2siDh2K!) - i ^ | e ( p ) | + p, (3.37) ) 

wheree we have introduced 

99 = 
00 if n is even {F+), 

|| + e(0)] if n is odd (F" ). 
(3.38) ) 

Thee term g takes into account that for odd n the p = 0 fermion is present, and that 
e(p)e(p) is positive except for e(0) in the low-temperature regime. 

Wee shall now derive an integral representation of \e(p)\ similar to (3.29). It 
enabless us to perform the summation in (3.37). Applying (3.7) to w — e'^p^ > 1 
andd w — e~ 'e^ ' < 1 leads to the following integral expression for |e(p)|, which is 
alsoo valid for p = 0: 

mm = f_ log g 

log g 

( t * * <P)\ <P)\ 
dq dq 

2n 2n 

== fn dq 

==  log(sinh 2K* sinh 2K2) 

) (
>>[[qq _ p-k (p) l 

ee[q[q - 2 [cosh 2 ^ *  - K2) + sinh2K\ sinh2K2(l - cosp)] + e_i<i 

+ + rr  ̂  log g 
, i PP _ 2M , coSh2(Ki-K2)-CQsq] ,p 

11 sinh2X1*sinh2i:s:2 J 

== log (sinh 2K\ sinh 2K2) 

++  f  ̂ log|a(9) (e"*  - a(q)-1) (ei p - a(q)-1) (3.39) ) 

with h 

a(q) a(q) 11 + 
coshh 2(K* — K2) — cos<? 

sinhh 2K* sinh 2K2 

+ + 11 + 
cosh2(/£77 — K2) — cosq 

sinhh 2K* sinh 2K2 
(3.40) ) 

Notee that a(q) is expressed in terms of cosh2{K{ - K2) and sinh 2K\ sinh 2K2l 

likee e(p). 

file://�/ogi2siDh2K
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Substitutingg the integral expression (3.39) for \e(p)\ in (3.37) and using the fact 
thatt ei; j runs through the Lth roots of — 1 if n is even and through the Lth roots of 
unityy if n is odd yields 

FF  = -- log(2sinh2JfC2) 

- & & 

777 dq 
log g <*(q)<*(q)  {c~ip - a(q)-1) (J* - aiq)-1) 

logg (2 sinh 2X2) 
11 r dq 

==  Lfoc+g- j * 9 ) - L ] 

a(q)a(q)LL LL) ) 

++  9 

++  9 

(3.4i; ; 

wheree we have introduced the bulk value 

1 1 
22 / ^ l o S Q ( 9 ) -

dq dq 

2TT T 
/occ = - 2 l o ê (2 s i n h 2Ki, 

Notee the similarity between (3.41) and (3.32). 

3 . 6 .33 S c a l i ng l i m i t 

Lett K\ and K2 denote the couplings at some point on the critical line. Recall that 
K\*K\*  = Kf2. We now let L -• oo and Ki -> Kf such that L(Kf - Kt) remains 
constant. . 

KiKi  = Kci + DiV (3.42; ; 

Inn order to find the scaling behaviour of the free energy we want to determine the 
scalingg behaviour of e(p) and a(q). so we want to find the scaling behaviour of 
cosh2(A'ii — K2) and sinh2K{ sinh2K2. From sinh2/sTi sinh2/C* = 1 one can show 
that t 

K*K*  « K\*  - 2Di sinh 2K\* L~l, 

so o 

so o 

K{K{  - K2 crZT1. . 

coshh 2 ^ * -K2)&1 + -a2L~2, 

(3.43) ) 

(3.44) ) 

wheree we have introduced 

<r<r  = 2{D1smh2Kt* + D2) 

(Whenn D\ s i n h 2 ^ * + D2 = 0 the critical line is approached in the tangent direction; 
onee then has to replace (3.42) with Ki = Kf + DtL~  ̂ in order to obtain scaling as 
inn (3.43) and (3.44).) Obviously 

sinhh 2K{ sinh 2K2 « A2, (3.45) ) 
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where e 
AA = ^/sinh 2Kf* sinh 2K\ = smh2Kc

l*  = s inh2i .̂ 

I tt wil l turn out that a and A play the roles of scaling variable and non-universal 
metricc factor, respectively. Guided by the wish to have cosp and cosg scale similarly 
ass cosh 2{K{ — K2) we write p = ^ and q = ^ p , which leads to 

c o s p ~~ i _ _ ( 7 r ^ ) 2 L - 2 i ( 3 4 6 ) 

cosgg » 1 - -(irk)2A2L~2. (3.47) 

Thee factor A in the scaling of q is introduced for later convenience. Physically it 
arisess because p and q are wave numbers of waves running in the horizontal (finite) 
andd vertical (infinite) direction of the system, respectively, and the couplings in these 
directions,, Kx and K2, are different. Combining (3.34), (3.44), (3.45), and (3.46) 
yields s 

f (p )«« ^(a/AY + i^YAL-1 (3.48) 

forr p ^ 0, whereas 
e{0)^-(a/A)AL~Ke{0)^-(a/A)AL~K (3.49) 

Fromm (3.38), (3.43) and (3.49) it follows that 

gg « (\<T/A\ -a/A)AL~l if n is odd. (3.50) 

Combiningg (3.40), (3.44), (3.45), and (3.47) yields 

a(q)a(q) « 1 + y/io/AY + ikirYL-1. (3.51) 

Wee now return to the largest eigenvalues for even n and for odd n. For even n 
substitutingg the scaling (3.51) for a(q) into the free energy (3.41) gives 

/

'' Adk r , i 

—— log [ l+expf-^M)* + (**)*) ] 
LfLfxx + l ~ f dfclog [l +exp ( -v / ( c rM) 2 + (A)TT)2)] XAL'1. (3.52) 

(Thiss derivation is not really correct, because (3.47) and hence (3.51) is valid only 
whenn k <C L. A more rigorous treatment is presented in Appendix 3.C.) The higher 
statess are obtained by introducing an even number of fermions. The energy level of 
suchh a state is 

FF = F + + £ > < ( £ ), (3.53) 
e e 

wheree £ runs through the odd integers (between — (L — 1) and L - 1, inclusive), and 
ann even number of the ne are 1 while the others are 0. If the set of £ for which ri( = 1 
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iss fixed and then L is taken to infinity, the energy level (3.53) is 

dkdk log ll  + e x p ( - v V M )2 + ( ^ ) 2 ) 

++  Ytnly/(*/A)* + {ew)AAL-1. 

Forr odd n substituting the scaling (3.51) of a(q) and (3.50) of g into the free 
energyy (3.41) gives 

F-F- « Lf  ̂ + d/clog g l-exp(-yJ{a/A)l-exp(-yJ{a/A)22 + {kir)2) 

++ 1. (3.54) ) 

Thee higher states contain an odd number of fermions instead of the single fermion 
withh £ = 0. The energy of such a state is 

FF = F - - e ( 0) + ̂ n , e( 
£TT. £TT. 

(3.55) ) 

wheree £ runs through the even integers (between — (L — 2) and L, inclusive), and an 
oddd number of the ri£ are 1 while the others are 0. In the same limi t as described 
forr even n above, the energy level (3.55) is 

FF « Lf  ̂ + d/elog g 11 - exp(-y/{(r/A)2 + (kn)2) 
11 f° 

++ \(\^/A\ + a/A) - n0(a/A) + ̂ ney/(<T/A)* + (&02 }AL~1 . 

Wee have obtained the leading finite-size scaling behaviour of the energy of the 
groundd state and excited states in the scaling limi t (3.42), 

F*sLfF*sLf0000+S{afA)AL-+S{afA)AL-11. . (3.56) ) 

Thee function S{a/A) depends on the state considered; Figure 3.13 shows graphs of 
thiss function for the ground state and some low-lying excitations. The finite-size 
scalingg (3.56) is the same as the usual scaling behaviour in a critical point. There 
thee ground state energy is 

Agroundd ~ ^ /oo  ̂ •™-'-J ' (3.57) ) 

wheree j x is the bulk free energy per unit area, c is the central charge determined 
byy the universality class of the critical point, and A is a geometric factor due to the 
anisotropyy of the system. The gap between an excited state and the ground state is 

•''excitedd — -Aground ~ ZTTXALi , 
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-100 -5 0 5 10 
a/A a/A 

Figuree 3.13: The leading finite-size scaling (3.56) of the energy levels in the scaling 
limi tt involves a scaling function S(a/A). The figure shows graphs of this function 
forr the ground-state (no particles present) and several excitations. 

wheree x is the critical exponent of the excitation, so that 

( 7TCC \ 

- —— +2TTXJAL-1. (3.58) 
Itt is seen that (3.56) is analogous to (3.57) and (3.58), except that the central charge 
cc and the critical exponents x are replaced with functions of a and A. 

3.77 Conclusion 

Thee transfer matrix of the rhombus tiling model was diagonalised by means of Bethe 
Ansatz.. From this solution the leading finite-size correction to the ground-state en-
ergyy were computed. The techniques used and the results obtained differ from phase 
too phase. In each of the three frozen phases of the model, the ground-state energy 
hass a very simple expression; the finite-size correction is zero or decays exponentially 
withh the system size L. In the rough phase the finite-size correction decays as L _ 1; 
thee effective central charge is proportional to the Fermi velocity e' (po)-

Theree are exceptional points on the boundary of the rough phase and the flat 
phasee where the finite-size correction decays as £~5; this behaviour is connected to 
thee anomalous dispersion relation Ae ~ (Ap)5 around the Fermi level. Albertini, 
Dahmenn and Wehefritz have found this dispersion relation at special points of the 
asymmetricc six-vertex model [2, 3]. They have established its relation with L _5 
scalingg of the energy gaps between the ground state and excited states. We have 
foundd the same dispersion relation in a simpler model and shown its connection with 
L~22 scaling (3.26) of the ground state energy. 
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Inn the flat phase an integral representation was obtained for the ground-state 
energy.. From this it was shown that the finite-size correction decays exponentially 
withh L. The same technique was applied to the Ising model. In this way we found 
thee leading finite-size scaling of the ground state and of the first excited state. The 
finite-sizee correction on the energy of the ground state (no fermions present) is 

FF++  - Lf0 \L \L dHog g 'l'l  + exp(-y/{a/A)2 + {kn)2) AU AU (3.59) ) 

Ann equivalent integral expression arises from the Ising case of Zamolodchikov's TBA 
equationss obtained by Pearce and Nienhuis [73]. The gap between the first excited 
statee (containing only the £ — 0 fermion) and the ground state is 

if. if. d/clog g 

++ 2(kMI 

ll  + exp(-y/(cT/^)2 + (fc7r)2) 

11 - e x p ( -v / ( a / ^ )2 + (/c7r)2) 

CT/AUAL-CT/AUAL-11. . (3.60) ) 

Wee have checked numerically that this expression agrees with the results of Hamer 
andd Barber [46] and Henkel [48]. Without using the integral representation method 
wee found that the gap between the second excited state (containing the two fermions 
withh £ = — 1 and £ — +1) and the ground state is 

2^{a/A)2^{a/A)22 + 7r2AL- (3.61) ) 

Thiss also follows from the results of Henkel. 
Notee that the scaling functions in (3.59), (3.60), and (3.61) do not depend on a 

andd A separately but only on the combination a/A. Henkel made a similar obser-
vationn for the model he studied. It is also noteworthy that the derivation of these 
scalingg functions shows that they are determined by the dispersion relation (3.48) 
forr small momenta. 

Takingg a —• 0 in (3.59), (3.60), and (3.61) we get the finite-size correction at the 
criticall point, 

FF++  - L ƒ«, 

F~-FF~-F+ + 

IT IT 

12 2 
7T T 

AL~\ AL~\ 

AL' AL' 

FF22-- F+ «27TAIT1, 

correspondingg to the central charge c = | , the magnetic exponent x — | , and the 
thermall exponent x — 1, respectively. 

3.AA Derivation of (3.26) 

Inn Subsection 3.5.3 the lowest energy level for even n and for odd n is again given 
byy (3.12). We want to calculate the leading finite-size correction. At the end points 
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Poo a nd — po the dispersion relation is 

ei23(p)) = -K(po ~P)* +0 {po-p)? for p T P o, 

ei23(p)) = -K(p0+p)z +0 {po+p)2 for p I-po, 

with h 

** = 2 
uu -t. 

to to 
(3.62) ) 

Thee Euler-Maclaurin method of Subsection 3.5.2 cannot be applied at once, because 
thee derivative e'l2Z(p) diverges at p = 0. To overcome this problem we write 

ei23(p)) = h(p) - K{p0 - p)2 - K{po + p) =. (3.63) ) 

Thee three terms in the RHS of (3.63) are treated separately. The derivative 
h'{p)h'{p) is finite at p = 0, so the Euler-Maclaurin method of Subsection 3.5.2 can 
bee applied to this function. This yields 

Pmaxx L fPo / l \ 

EE h(p) = v~ h(p)dp+(--b){h(Po) + h(-po)} 

++ T (h ~ \b+H [/l>o) -/l/(_po)]+0(L_2) 

==  ̂ J h(p)dp+(--b\2K(2po^+0(L^). (3.64) 

Thee second term in the RHS of (3.63) gives 

Pmaxx fcmax 

p = - pn n 

2TT T 
\Amaxx + 0 ^) 

2A;n n 

f=0 0 

(3.65) ) 

Inn [47, pp. 332-333] or [19, pp. 38-40] it is shown that 

mm 1 2 3 1 1 

Y^êY^ê = - m § + - m 5 + C ( - -) + 0(m-2), 
£=0 0 

wheree £ denotes the Riemann zeta function. A straightforward modification of their 
argumentt proves that 

mm 2 / l \ 1 

file:///Amax
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wheree ( is the Hurwitz generalised zeta function. I t is convenient to apply Taylor 

expansionss around m + 2b. yielding 

(=o (=o 

22 / 1 \ i 1 
£ ( **  + &)*  = ^ (m + 2&)» + ( - - & ) ( m + 2&)5+C(-2'6) + 

O O (mm + 26)-2 

Subst i tut ingg this in (3.65) gives, after some algebra, 

Pniaxx r rp0 

J2J2 -K{po-p)* = ^j -K(Po-p)ïdp- ^--bjK(2Po)ï 

^•)\(-\,b)K^•)\(-\,b)K + 0(L-': (3.66) ) 

Forr the third term in (3.63) a fully analogous result holds. Combining (3.64), (3.66). 
it ss analogue for the third term of (3.63), and (3.62) gives 

Y^Y^ fi2s(p) = —_ I ci23(p)dp- ( — J C ( " ' 6 ) 
2TT T L L 

t+t+ - t. 

to to 
++ 0(L-% 

Notee that the terms of order L°, originating from the function values of h(p), 

-K(po-K(po - p)5 and —K(p0 + p)3 at p = 0, all cancel. 

3.BB Derivation of (3.33) 

Inn Subsection 3.5.4 an integral expression (3.32) is derived for the lowest energy level 
inn the flat phase. The integrals giving the finite-size correction are oscillatory. In 
thiss appendix we determine the L -*• oc asymptotics of these integrals. 

Considerr the first integral in (3.32), 

First ,, note tha t 

Next,, pass to w = eqi as integration variable. This gives 

== Re * 
J\w\J\w\ = l 

d « i l ,, f \/t 
-Z-.-Z-. ~ log <1 + 
Z7T11 W 

fe?r> fe?r> (3.67) ) 
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Fromm (3.30) j3 is given by 

PP + 0~l = 
VUT-VUT-ww w 

to to 
soo it is a double-valued function of w. This gives rise to three branch cuts for the 
integrandd in (3.67); they may be chosen to correspond to \j3\ = 1. If t+ > t- there 
alsoo aree branch cuts due to the logarithm. The integration contour may be deformed, 
withoutt meeting the branch cuts, to the hyperbola parametrised by 

w w == ) cosh a; + i\/3sinh:r 
VV 3tn ' L 

withh x real. This leads to 

da;; sinh x + i\/3 cosh x 
22 Re ƒƒ ^ 

7-ooo 2?ri coshh x + i\/3 sinh x 
logg < 1 + (r)^ 1 1 

(3.68) ) 

(3.69) ) 

Thee factor 2 arises from the fact that the hyperbola has two branches, corresponding 
too the 4- and — sign in (3.68). On the hyperbola, 

/33 + / r1=T2 L3(Mo*-)*J J 
cosh3:r, , 

soo j3 is real, and the integrand in (3.69) is not oscillatory. When L —• oc the integral 
inn (3.69) is dominated by the piece around x = 0, where 

^TB(l+?^x22 + 0(/ for r xx — 0 
22 B-B-1 

withh B the value of |/3| at x — 0. The asymptotic behaviour of (3.69) is therefore 

•t. •t. 

2TT2TT V 2TT 2 B-B-1 3 CtY*-CtY*-1 1 ( l + o ( l ) ) ) 

== L (^y(^yBB-^(i-^(i++ oo{{ i)). i)). B-B-B-B-1 1 

Thee treatment of the second integral in (3.32) is fully analogous. 

3.CC Derivation of (3.52) and (3.54) 

Inn this appendix we sketch a mathematically more rigorous derivation of (3.52) 
andd (3.54). The integral 

JJ ^ log [1  a(q) L}=  J — log 
-L/A -L/A 2L 2L 

,Ak7V,-L ,Ak7V,-L 

) ) (3.70) ) 
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inn (3.41) is split into pieces: 0 < \k\ < L* and L* < \k\ < L/A. We show that on 
thee first piece the estimates from Subsection 3.6.3 are good, and that on the second 
piecee the integrand is very small. We introduce the notation 

r,(k)r,(k) = y/{v/A)* + (fcTr)2. 

Firstt we deal with the piece 0 < \k\ < L*. On this piece 

c oss ^pL = i _ hk7r)
2A2L-2 + 0(k4L-4) = 1 - hk7r)2A2L-2 + 0(L~3) 

 Zt Zi 

uniformlyy in k. Combining this with (3.40) and 

cosh2(XÏÏ  -K2) = l + \o2L-2 + 0 (L -3 ) , 

sinh2Jft:*sinh2^22 = A2 + 0{L~1), 

yieldss after some computation that 

a(^)a(^) = l+r 1(k)L-'+0(r1(k)2L-2), 

(3.71) ) 

(3.72) ) 

Akn,Akn, -L' 

andd hence 

L ]] 7(A:)) ] +0(exP(-77(fc))7?(A:) 2L- 1) 

uniformlyy in k. Since 

// x dk exp(-r}(k))rj(k)2 < dk exp(-r/(fc))ry(fc):: 

thiss shows that 

<< oo 

L L dkdk log 
fc|<L4 fc|<L4 

ii  j _ (Akn.-L 

[[  i dk log [1  exp(-r){k))] + 0{L~l). (3.73) 

Nextt we deal with the piece L* <\k\ < L/A. Combining 

c oss 6£l < cos(Tr^L-t) = i _ \K2A2L--I + 0(L~3) 

withh (3.40), (3.71), and (3.72) yields after some computation that 

a(——)a(——) > 1 + T T L " + 0(L~*) . 
Ld Ld 
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Thereforee a(^-) L and hence log [l  a ( ^2 L ) L]  decays faster than any power of 
LL so 

[[ L ] = 0 ( L " 1 ) . (3.74) 
JLï<\k\<L/AJLï<\k\<L/A L *->  J 

Finallyy note that 

ff dA; log [1  exp(-77(fc))l = 0(L~l). (3.75) 

J\k\>L/A J\k\>L/A 

Combiningg (3.70), (3.73), (3.74), and (3.75) gives 

/
nn dv 1 f°° 

££ log [1  a(q)-L]  =-j  dk log [1  exp(-r/(A;))] AL~l + 0(L~2). 





Chapterr 4 

Thee square—triangle tilin g 

4.11 Introduction 
Thee aim of this chapter is to provide a short review of the square-triangle random 
tilingg model. Much of it will be referred to in Chapters 5 and 6. All results here are 
fromm the literature, except that we give the coordinate Bethe Ansatz for somewhat 
moree general tile weights. 

Thee square-triangle random tiling was introduced by Collins [25] as a model for 
thee melting of close-packed crystals. The configurations of the model are tilings 
off  the plane with squares and equilateral triangles whose edge lengths are equal. 
AA typical configuration is shown in Figure 4.1. A configuration where the squares 
predominatee has rectangular domains consisting of squares separated by walls con-
sistingg of triangles. When the triangles predominate there are hexagonal domains 
off  triangles separated by walls of squares. Example configurations of this fourfold 
symmetricc phase and sixfold symmetric phase are shown in Figures 4.2(a) and (b), 
respectively. . 

4.22 Lattice representation 

Thee corners of the tiles do not form a regular lattice or a subset of a lattice. (Unless 
thee tiling contains only squares or only triangles.) Nevertheless the model can be 
convenientlyy formulated as a lattice model, as follows. The diagonals of the squares 
comee in six different orientations. Select one of these orientations as well as the 
twoo orientations that are rotated by +7r/3 or by —7r/3 from it. Then each square 
inn the tiling has precisely one diagonal whose orientation is selected. Draw this 
diagonall  in each square, as shown in Figure 4.3(a) for a part of the configuration 
fromm Figure 4.1. Then the edges of the tiles together with the added diagonals make 
upp a deformed triangular lattice. The deformation is fully specified when for each 
edgee in the regular lattice the orientation of the corresponding edge in the deformed 
latticee is given. For each of the three orientations of edges in the regular lattice, 
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Figuree 4.1: A typical configuration of the square-triangle random tiling. The plane 
iss covered by squares and equilateral triangles fitted together along their edges. 

(a)) (b) 

Figuree 4.2: Configurations of the square-triangle tiling can be viewed in terms of 
domainss and walls in two ways, (a) When the density of the squares is high, most 
off  them are in large rectangular domains that are separated by walls made up of 
triangles,, (b) When the density of the triangles is high, most of them are in large 
hexagonall  domains that are separated by walls made up of squares. 
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A A 
+ + 

/V-7VV + ^ T U 7 V ~ ^ 

// V  \l  \ ¥ ,- + + o + + + o + + -

/>- -^ \ // \ / '  / \ / + . - - . . - + + 0 + + + 

(a)) (b) 

Figuree 4.3: (a) A configuration of the square-triangle tiling can be turned into 
aa deformed triangular lattice by adding all square diagonals (dashed) of certain 
orientations,, (b) The deformation of the regular lattice is fully specified by giving 
eachh edge a label 0, + or —, depending on the orientation of the corresponding edge 
inn the deformed lattice. 

theree are three corresponding orientations in the deformed lattice: one selected 
square-diagonall  orientation and the two tile-edge orientations nearest to it. Each 
edgee in the regular lattice is given a label 0, + or - describing the orientation of the 
correspondingg edge in the deformed lattice: 0 for the square diagonal, + for the tile 
edgee rotated by +TT/12 from that square diagonal, and - for the tile edge rotated 
byy —7r/12 from it. These labels completely determine the deformation of the lattice, 
andd hence the configuration of the square-triangle tiling. Figure 4.3(b) shows the 
labellingg that corresponds to the configuration from Figure 4.3(a). A mapping of the 
square-trianglee tiling on a lattice model was first given by Oxborrow and Henley [72], 
butt the mapping described here is due to Kalugin [54]. 

Inn the square-triangle tiling the squares occur in three different orientations 
andd the triangles in four. Figure 4.4 shows the tiles in their different orientations 
togetherr with the corresponding edge labellings in the triangular lattice. Each face 
off  the triangular lattice is given a Boltzmann weight w(ca

b) or w(&c) that depends 
onn the labels a, b and c of its edges. The weight of a tile in the square-triangle tiling 
iss then determined by its shape and orientation. The weights of the squares are 

M 0
+X_+o),, w(VM +°- ) and u.(+:>(0-+) 

andd those of the triangles are 

w ( ¥¥¥ w (_--_), w(A) and w (-*-). 
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- o -- ( - 0 -) + 0 + + + - - + + .- -
^^ + A \ 7 A_A/ L + A V V ^ _A 

Figuree 4.4: The square tiles occur in three different orientations and the triangular 
tiless occur in four different orientations. A square tile corresponds to a pair of 
adjacentt faces in the triangular lattice. Both these faces have edge labels 0, +. — 
(inn anti-clockwise order), with their common edge, that corresponds to the diagonal 
off  the square tile, bearing label 0. A triangular tile corresponds to a face labelled 
withh all +'s or all —'s in the triangular lattice. 

4.33 Bethe Ansatz 

4.3.11 Transfer matr ix, vacuum and particles 

Considerr the square-triangle tiling represented on the triangular lattice as described 
inn the previous section. The lattice can be divided into horizontal layers that are 
onee triangular face high. It is obvious how to define the transfer matrix T for such a 
layerr that connects two rows of labelled horizontal edges. This transfer matrix can 
bee diagonalised by means of a coordinate Bethe Ansatz. An elementary counting 
argumentt shows that the numbers of 0, + and — labels of horizontal edges are 
conservedd between the rows. The row with all edges labelled 0 will serve as the 
referencee state or vacuum in the Bethe Ansatz, while the labels + and — represent 
particless of two different types. 

Theree is only one configuration where all horizontal edges bear label 0. It consists 
off  faces "0

+ and +°-_. The corresponding configuration of the square-triangle tiling is 
aa regular covering with tiles of a single orientation. Define the "reduced" transfer 
matrixx by 

ff =T/[w(-*)w(M L, 
wheree the denominator is the weight of one layer of the triangular lattice in this 
configuration.. Here L denotes the number of horizontal edges in a row and periodic 
boundaryy conditions in the horizontal direction are assumed. Similarly define the 
reducedd weight of a face of the triangular lattice by 

WCWC11*)*)  = u>(r?)/w^), (4-1) 
wUr)wUr) = w(£c)/w(+%_). (4.2) 

I tt turns out that in the reduced transfer matrix these weights occur only in the 
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followingg four combinations: 

tt++=ü(=ü(++
++

++)MS)MS++),), (4-3) 
t-t- = w{-s)w{sj, (4.4) 

ss++  = w(°+-)w(-+o), (4-5) 

S__ = w(^°)w(0-+). (4.6) 

Thee former two are the reduced weights of mirror-image pairs of triangular tiles, 
whereass the latter two are the reduced weights of square tiles. Different choices for 
thee weights are found in the literature. Widom [86] and Kalugin [54] assign weights 
11 and ) to the squares depending on their orientations and weight 1 to the 
triangles,, such that in our notation 

t+=t-t+=t-  = l, s+ = e4>, s_=e_ <^ . 

Nienhuiss [69] assigns different weights to the squares on one hand and the triangles 
onn the other hand, irrespective of their orientation, such that 

t+t+  = t- = t, s+ = s_ = 1. 

Wee describe the Bethe Ansatz for general weights, which means only a very slight 
modificationn of the results in the literature. 

4.3.22 One-particle transfer-matrix eigenfunctions 

Numberr the horizontal edges in each second row . . ., —2, — 1, 0, 1, 2, . .. from left to 
right.. Number the horizontal edges in the other rows . . ., — |, — ^, |, |, . .. from left 
too right. (This is just as described in Subsection 3.2.) Consider a row of horizontal 
edgess with one label + at position x and all other edges labelled 0. Denote this row 
statee ®x. There is only one way to label the edges in the lattice layer below this 
row,row, which is shown in Figure 4.5. This can be formulated in terms of the reduced 
transferr matrix as 

(f^){ex)(f^){ex) = t+^(® x + \). 

Thee solution to the eigenvalue equation Tip — Aip is a plane wave 

ip(®ip(® x) = Auu
x 

with h 
AA = t+u* 

andd Au an arbitrary amplitude. Similarly when there is one label — amidst all 0 
labelss the reduced transfer matrix is given by 

M e j f ) = L ^ ( e j - j ) . . 

Thee solution of the eigenvalue problem then is 

^ ( 00 y) = Avv
v, 
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++ - + - + + + - + - + 

Figuree 4.5: When a row of horizontal edges has all labels 0 except for one +, the 
latticee layer below that row has only one possible configuration of edge labels. The 
lowerr row also has a + label, displaced \ step to the right. The + labels on the 
horizontall  edges belong to a domain wall, made up of triangles, that runs from 
bottomm right to top left. 

4.3.33 Many-particle transfer-matrix eigenfunctions 

Inn the previous subsection the eigenfunctions of the one-particle transfer matrix 
weree derived. For the many-particle case the derivation is more complicated, so 
wee only give the resulting eigenfunctions. The transfer matrix of the system with 
severall  + and — particles has eigenfunctions that are linear combinations of piece-
wisee many-particle plane-wave functions, which will now be described. Consider 
configurationss of a row of horizontal edges with n+ labels + and n_ labels —. 
Denotee the positions of the + particles by x\ < X2 < • • • < xn+ and those of the — 
particless by y\ < 2/2 < • • • < 2M_ • A many-particle plane wave is of the form 

n++ n_ 

«/'(particlee positions) = A Y[ u*' J^[ vf, (4.7) 
i = ii  j = i 

wheree A is a constant amplitude. It involves n+ exponentiated wave numbers u\, 
i(2,, • • •, un+ for the + particles and n~ exponentiated wave numbers v\, V2, • • •, vn_ 
forr the — particles. 

Byy a piece-wise plane wave we mean a function that is of the form (4.7) where 
AA now depends on the pattern in which the + and — labels alternate. We represent 
thiss alternation by the corresponding sequence of the exponentiated wave numbers. 
Thee eigenfunction is obtained by symmetrising this piece-wise plane wave over all 
++ particle wave numbers and over all — particle wave numbers: 

^(particlee positions) = J ] J^ A- HuZ\i) H vl'<jy (4-8) 
nn a i=l j — 1 

Heree 7r and a run through all permutations of {1, 2 , . . . , n+} and of {1, 2 , . . . , n_} , 
respectively.. The + particle with coordinate Xi has exponentiated wave number 
uff(j)) and the — particle with coordinate yj has vau). 

Thee amplitude A.,, in the summand depends on, and is labelled with, the se
quencee of wave numbers corresponding to the sequence of the particles when the 
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roww of horizontal edges is traversed from left to right. This sequence contains un^^ 
11^(2)111^(2)1 • • • i w7r(n+) in that order and i ^ i ) , va(2), • • •' vo(n-) in that order, but the 
u^su^s and the Vj's interlace according to the alternation of + and — particles. The 
changee of the amplitude A... when in the sequence of u^s and Uj's two consecutive 
memberss are interchanged is given by 

(4.9) ) 

(4.10) ) 

(4.11) ) 

J 1 . . . ü , ü , / .. . 

A A 
--rr^...U^...Uii lUilUi  .. 

A A 
••rr*...VjVy*...VjVy .. 

A A 
•^...Vj/Vj.. •^...Vj/Vj.. 

A A 

A A 

-- = - 1 

-- = 1 

'' — <? 
" U ,, Vj ) 

where e 
S-S- s+ _ : 

SuvSuv = ~U + —V . 
t __ t-j -

(4.12) ) 

Thesee relations determine the amplitude A,,, for all sequences of u^s and v^s up to 
ann overall factor. 

Thee eigenvalue of the reduced transfer matrix for the eigenfunction (4.8) is 

A=n*+«?? i i *-*;* (4.13) ) 
J = I I 

4.3.44 Bethe Ansatz equations 
Thee form (4.8) of the eigenfunction is consistent with periodic boundary conditions 
iff the Bethe Ansatz equations are satisfied: 

nn+ + 

«Ï«Ï = (-: l l ^ U i V j " " 

(4.14) ) 

(4.15) ) 
2 =1 1 

Thesee equations determine the u^s and Vj's and hence the eigenfunction (4.8) with 
itss eigenvalue (4.13). It is convenient to substitute 

s+t. s+t. 

S-S- t+ 

Uponn this substitution (4.12) becomes 

and d 
ss++ t-

(4.16) ) 

On, On, 
ss++ s_ 
JZtZ JZtZ 

it-ri), it-ri), 
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whichh displays a symmetry between £ and r\ and hence between u and v. The BAEs 
(4.14)) and (4.15) become 

(Sr) i ""(zfef 5-H - r+ " ,n (4'-^ )-- (4'17) 

Inn the thermodynamic limi t a set of two coupled integral equations can be de-
rivedd from these BAEs. These integral equations can be solved by exploiting the 
monodromyy properties of the functions they involve. This leads to an expression for 
thee entropy of the model as a function of the triangle density. Remarkably this so-
lutionn only covers the twelvefold symmetric point and the sixfold symmetric regime, 
wheree the triangles predominate and the density of Bethe Ansatz particles + and — 
iss high; an exact expression for the entropy in the fourfold symmetric regime seems 
too be out of reach. 

AA Bethe Ansatz for the square-triangle tiling (in a lattice representation) was 
firstt obtained by Widom [86]. The solution of the BAEs in the thermodynamic limit , 
whichh we have not shown, is due to Kalugin [54]. A didactic exposition of the entire 
solutionn was given by Nienhuis [69]. 

4.44 Relation to the A;, model 

Thee existence of a coordinate Bethe Ansatz for the square triangle random tiling 
modell  can be explained from its relation to the A2 model. The latter is a vertex 
modell  on the square lattice with three edge states. For a special value of the spectral 
parameter,, its (four-leg) vertex weight factorises into two three-leg vertices. This 
yieldss a vertex model on the honeycomb lattice. When this model is represented on 
thee dual (triangular) lattice, each lattice face has a weight depending on the state 
off  its edges. The three possible states of an edge can be mapped to 0, + and — in 
suchh a way that the allowed face configurations are those of Figure 4.4 as well as 
thee up and down triangle with a 0 on all edges. In a suitable limi t the weights of 
thee all-0 faces vanish. In summary, the square-triangle tiling is a special case of the 
AA{{

22
]]  model. 

Thee vertex weights of that model are associated with the affine Lie algebra A2 . 
Thee model admits a solution to the Yang-Baxter equation [24, 22, 74]. In general a 
solutionn to this equation implies the existence of an algebraic Bethe Ansatz [80, 81]. 
Inn such a Bethe Ansatz there are conserved "particle" numbers, but generally these 
"particles""  cannot be identified with certain local configurations of the model. 

Thiss connection between the square-triangle tiling and the integrable A2 model 
wass found by De Gier and Nienhuis [43]. 
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4.55 Yang-Baxter equation 

Ass sketched in the previous section, the square-triangle tiling can be obtained from 
thee A2 model by first giving the spectral parameter a special value and then sending 
somee of the fields to zero and others to infinity. The model that results from taking 
thiss limit has no spectral parameter left. This can be improved upon, however, by 
simultaneouslyy sending the spectral parameter of the A2 model to its special value 
andd the fields to zero and infinity [41]. The resulting model still has a spectral 
parameterr and satisfies the Yang-Baxter equation. 

Inn this section it wil l be assumed that the weights of the square-triangle tiling 
representedd on the triangular lattice have the symmetry 

ü{ü{cc?)?) = w{f:c), 

soo that 

w{--w{--00+)+)  = w(^-) = 1, 

to(V)) = w(+\) = 4 

w(s)w(s) = w(_-_) = tl 

w(°r)w(°r) = w(*n) * 
++ ' 

w(w(++ L°)L°) = w(Q-+) = si 

forr other values of a, b, c. 

(4.19) ) 

(4.20) ) 

(4.21) ) 

(4.22) ) 

(4.23) ) 

(4.24) ) 

Wee return to the simultaneous limit of the spectral parameter and the fields of the 
AA22 model. For the appropriate choice of the ratios between the rates at which the 
thesee quantities approach their limiting values, the weights of the resulting model 
withh new spectral parameter u are given by 

wwuu(+(+  + +) 

VJu{-VJu{-++
00+) +) 

11 ° 't 

wwuu{-~-) {-~-) 

™u(°~™u(°~++ ~) ~) 

Wu{\°) Wu{\°) 

wwuu(+l+) (+l+) 

Wu(%- ) ) 

wwuu(dy) (dy) 

== Wu(+0
+~) 

==  Wu(-+_°) 

== *+, 
l l 

—— t2 

== 1, 

== *- , 
ll  l 

—— s+> 

== s-, 

== s+u, 

—— 0 for other values of a, b, b, c,, d. 

(4.25) ) 

(4.26) ) 

(4.27) ) 

(4.28) ) 

(4.29) ) 

(4.30) ) 

(4.31) ) 

(4.32) ) 

(4.33) ) 
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Thiss square weight can be factorised into two triangle weights, 

(4.34) ) 

thatt are given by 

wwuu(( ) = wu(,+_) = s\ur' 
»„(?)) = w„(&)=^ ' forr other values of a, b, c. 

(4.35) ) 

(4.36) ) 

AA new edge state * has been introduced in (4.35). The weight w(ca
b) in (4.36) is given 

byy (4.19)-(4.24). The weights (4.25)-(4.31) represent the square-triangle tiling on 
thee square lattice. As expressed by (4.34) and (4.36), this representation is obtained 
fromm that on the triangular lattice by grouping pairs of faces into squares. With 
(4.32)) the spectral parameter introduces a new tile into the square-triangle tiling, a 
rhombuss with angles 7r/6 and 57r/6 that occurs in only one orientation. The limiting 
proceduree used to obtain the above weights can also also be applied to the R-matrix 
off  the A\ ' model. The entries of the resulting R-matrix are given by 

Wu(!o;)) = 

wwuu(%)(%) = 

WuitX)WuitX) = 
{{  d- c \ 

«MA )) = 

—s—s++  t_ 

-s+u, -s+u, 

—— S+ S-

<5<j,66 Sd, 

Y Y 

-t+V V 
& & forr other values of a, b, c, d. 

Thee weights and the i?-matrix satisfy the Yang-Baxter equation, 

(4.37) ) 

(4.38) ) 

(4.39) ) 

(4.40) ) 

(4.41) ) 

Thee faces with weight given by (4.34) with (4.35)-(4.36) have been drawn as rhombi, 
too indicate their factorisation into two triangles. The faces representing the .R-matrix 
givenn by (4.37)-(4.40) have been given a mark in the top corner, to distinguish them 
fromm other R-matrices that will  be denned below. Both sides of (4.41) are to be 
readd as partition sums of the patches depicted, where the dashed lines indicate 
thatt two edges are identified and the quantities written inside the faces are spectral 
parameters.. The spin values a, b, ..., ƒ on the external edges are kept fixed, while 
thee spin values on the (three) internal edges are summed over. The above Yang-
Baxterr equation therefore means that 

£,m,n £,m,n 

forr all a, 6, . . . , ƒ. 
r,s,t r,s,t 
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Thee i?-matrix also satisfies the inversion relation, 

SSaa,b,b 5d,c (4.42) ) 

Reflectionn symmetry (which involves exchanging s+ and s_, and t+ and £_) yields 
anotherr set of weights, described by 

e e 

insteadd of (4.34), with the triangle weights given by 

ii  i 

WuC^6)) = Wu(i,ac) = w(c^6) for other values of a, b, c, 

insteadd of (4.35)-(4.36). The i?-matrix for this set of weights is given by 

(4.43) ) 

(4.44) ) 

(4.45) ) 

wwuu((
++<>l) <>l) 

wwuu(°<X) (°<X) 

-S--S- t+ u, 
-s__ u, 

-s-s++  s- tZ u, 
wwu{£i)u{£i) = öa,böd,c for other values of a, b, c, d. 

Off  course these weights and this fi-matrix satisfy the analogues of (4.41) and (4.42): 

(4.46) ) 

and d 

<>a,b<>a,b S, d.c-d.c- (4.47) ) 
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Thee iï-matrices occurring in the Yang-Baxter equations (4.41) and (4.46) were ob-
tainedd from the A)p model by taking a special limi t [41]. By direct computation, or 
byy a modification of the limi t procedure from [41], we can also obtain the R-matrix 
forr the "mixed" case, 

(4.48) ) 

Thiss _R-matrix is given by 

w«(-0+) ) -s+-s+ S- u, 

y~]]  w{a
e
b)w(de

c) for other values of a, b, c, d, 

wheree the triangle weights in the second equation are given by (4.19)-(4.24). Note 
thatt this i?-matrix, like the weights given by (4.34) with (4.35)-(4.36) and the 
weightss given by (4.43) with (4.44)-(4.45), represents the square-triangle tiling with 
aa new tile. This i?-matrix does not satisfy an inversion relation like (4.42) and (4.47) 
ass it is not invertible at all. 
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Triangularr tr imers 

5.11 Introduction 
Inn the course of years many exactly solvable lattice models in statistical mechanics 
havee been found, but only a few of them have an appealing physical interpretation. 
Thee prime example is the Ising model [52], proposed in 1920 by Lenz [66] as a model 
off  a ferromagnet. The zero-field, two-dimensional (square-lattice) Ising model was 
solvedd in 1944 by Onsager [71]. It has a transition between a low-temperature 
spontaneouslyy magnetised phase and a high-temperature disordered phase. The 
Isingg model can also be interpreted as a lattice gas. Each site is then either empty 
orr occupied by a single particle. The fact that two particles cannot be on the same 
sitee represents a hard-core repulsion. There is also an attractive nearest-neighbour 
interaction,, which corresponds to the ferromagnetic coupling in the spin formulation. 
Inn the lattice gas picture the model exhibits gas-liquid coexistence below the critical 
temperaturee and a single fluid phase above. 

Anotherr example of a lattice gas is the hard hexagon model [20]. This model was 
solvedd in 1980 by Baxter [9]. It consists of particles on the triangular lattice such that 
twoo particles cannot be on the same site or on adjacent lattice sites. Therefore the 
particless can be viewed as hexagons, each occupying six lattice triangles, that may 
nott overlap. At full packing these hexagons form a perfect honeycomb structure. 
Thee particle centres then occupy one of three sub-lattices of the triangular lattice. 
Thee model has a phase transition between a high-density phase where one of the 
threee sub-lattices predominates and a low-density phase where the three sub-lattices 
aree evenly occupied. 

Ass a final example we mention the dimer problem. A dimer is a particle that 
occupiess two adjacent sites of a lattice, a monomer is a particle that occupies one 

Muchh of this chapter was taken from the following two papers: A. Verberkmoes and B. Nienhuis, 
TriangularTriangular Trimers on the Triangular Lattice: An Exact Solution, Phys. Rev. Lett. 83(20), 3986 
(1999),, ©1999 The American Physical Society; A. Verberkmoes and B. Nienhuis, Bethe ansatz 
solutionsolution of triangular trimers on the triangular lattice, Phys. Rev. E 63(6), 066122 (2001), ©2001 
Thee American Physical Society. 
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Figuree 5.1: A typical configuration of the trimer model. Each lattice site belongs to 
preciselyy one trimer. 

site.. In the dimer-monomer model dimers and monomers are placed on a lattice 
suchh that they cover all sites, without overlap. Equivalently the monomers can be 
viewedd as empty sites; the lattice is then partly covered with dimers. This model 
wass introduced to describe diatomic molecules adsorbed on a substrate [36]. It has 
beenn studied extensively, see for example [60] for a short survey and more references. 
Thee work done on this model includes an exact solution [45] that however turned 
outt to be incorrect [35, 57]. The special case that there are no monomers (empty 
sites)) is known as the dimer problem. There the dimers cover the lattice completely 
andd without overlap. One may divide the lattice edges into different sub-lattices 
andd assign chemical potentials to the dimers on these. The dimer problem has 
beenn solved for planar lattices, independently by Kasteleyn [55] and by Temperley 
andd Fisher [82]. Their solution is based on the possibility to express the partition 
functionn of the model as a Pfafnan. For many planar lattices the dimer problem 
cann also be solved by means of Bethe Ansatz; an example of this is discussed in 
Sectionn 1.6. Depending on the lattice type and the choice of sub-lattices, the model 
mayy or may not have phase transitions. A review of the dimer problem is given 
inn [67]. 

Inspiredd by the solvability of the dimer model, we consider lattice coverings by 
trimers.. A trimer is a particle that occupies three lattice sites. We only consider 
triangularr trimers, which live naturally on the triangular lattice. As in the dimer 
model,, we require that these particles cover the lattice completely and without 
overlap.. Thus every lattice site is covered by precisely one trimer. Figure 5.1 shows 
aa typical configuration. 

Ass will be shown in Subsection 5.2.2 this model has a structure of domains sep-
aratedd by rigid walls. The domains are hexagonal, and the domain walls form a 
honeycombb network. Similar domain-wall structures are used to describe an in-
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commensuratee phase of a monolayer of a monoatomic gas adsorbed on a hexagonal 
substratee [83]. The entropy of such a network is largely due to the "breathing" of 
thee cells: it is possible to blow up a domain and simultaneously shrink its six neigh-
bours,, or vice versa. For low domain-wall density p this entropy can be estimated 
fromm the following argument [83]. The entropy contribution per domain depends on 
thee linear dimensions of the domains, and is roughly proportional to - log p. The 
numberr of domains is approximately proportional to p2. Hence the "breathing" 
entropyy is given by 

SS « -Kp2 log p, (5.1) 

wheree K is some (positive) proportionality constant. If a chemical potential p is 
givenn to the trimers in the domain walls, the free energy for low p is 

FF « —pp + Kp2 log p. 

Stilll  for small p, this is an increasing function of p for p < 0 and a decreasing function 
forr p > 0. Hence the free energy takes its minimum either at p = 0 or at a large 
valuee of p, for which the approximation (5.1) is not valid. For small p there are no 
domainn walls, but when p passes some threshold, p jumps to a positive value. This 
iss a phase transition between a phase without domain walls and a phase that has a 
finitee domain-wall density. 

Hexagonall  domain-wall structures also occur in the square^triangle random tiling 
modell  [59]. For that model a coordinate Bethe Ansatz was found by Widom [86]. 
Thee resulting Bethe Ansatz equations were solved analytically in the thermodynamic 
limi tt by Kalugin [54]. In this chapter an exact solution of the trimer model is 
presented.. It is very similar to that for the square-triangle tiling, and we closely 
followw Kalugin's arguments. The outline of our calculation is as follows. A transfer 
matrixx for the model is formulated. After the choice of a reference state two types of 
elementaryy excitations are found. They are closely related to the above-mentioned 
domain-walll  structure of the model. In order to diagonalise the transfer matrix 
aa coordinate Bethe Ansatz is set up in terms of the elementary excitations. In 
thee thermodynamic limi t the Bethe Ansatz leads to a set of two coupled integral 
equations.. These can be solved in a special case. From their solution the relevant 
physicall  quantities are computed. The results of the calculation are summarised in 
Subsectionn 5.6.5. In particular the entropy is found as function of the density of 
downn trimers. The model undergoes two phase transitions in the density of down 
trimers;; these phase transitions are of the type discussed above. 

Finallyy we discuss the relation between the trimer model, the square-triangle 
randomm tiling model, and yet another solvable model with a hexagonal domain-wall 
structure. . 
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Figuree 5.2: A regular configuration in which the trimers occupy a sub-lattice of the 
faces.. There are six such sub-lattices, numbered 0, 1, . . .. 5. 

5.22 Preliminaries 

5.2.11 Sub-lattices 
Figuree 5.2 shows a very regular configuration of the model, in which the trimers are 
positionedd on a sub-lattice of the triangular faces. There are six such sub-lattices, 
whichh we number 0, 1, . . ., 5 as indicated in the figure. Note that the even-numbered 
sub-latticess consist of the up triangles while the down triangles constitute the odd-
numberedd sub-lattices. For a given configuration let iV denote the total number 
off  trimers and let Ni denote the number of trimers on sub-lattice i. We wish to 
computee the entropy per trimer as a function of the sub-lattice densities 

NN00 Nx _ N5 
PoPo = ~N' P l " l v ' '•• ' P 5 ~ A T 

Thesee densities satisfy the obvious linear constraint 

P0+P1+P2P0+P1+P2 +P3 + P4 + P5 = 1- (5-2) 

Inn Subsection 5.2.5 it will be shown that when toroidal boundary conditions are 
imposedd the densities also satisfy a quadratic constraint: 

P0P2P0P2 + P2P4 + P4P0 = P1P5 + P3P5 + PbPi- (5-3) 

Hencee of the six sub-lattice densities only four are independent. In order to be able 
too set up a transfer matrix we pass to the grand canonical ensemble. The trimers 
onn each sub-lattice i are given a fugacity w; = exp(/x,). After the transfer matrix 
hass been diagonalised we shall Legendre transform back to the canonical ensemble. 
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Figuree 5.3: The configuration from Figure 5.2 admits line excitations. These domain 
wallss can meet in Y's (top) and upside-down Y's (bottom). The Y's are chiral; the 
mirrorr image of the Y shown here contains a trimer on sub-lattice 4 instead of 2. 
Thee upside-down Y's are achiral. To guide the eye the trimers not on sub-lattice 0 
aree shaded lighter; the numbers indicate their sub-lattices. 

5.2.22 Domains and walls 

Occupyingg sub-lattice 0 completely while leaving the other five sub-lattices empty 
resultss in the configuration of the model shown in Figure 5.2. This arrangement 
doess not admit local changes. However, it is possible to flip a whole line of trimers. 
Suchh a line can be viewed as a wall separating two domains consisting of trimers on 
sub-latticee 0. These domain walls come in three types (orientations), corresponding 
too the three odd-numbered sub-lattices. When two walls of different type meet a 
walll  of the third type is formed. A trimer on sub-lattice 2 or 4 occurs when three 
domainn walls of different type meet in a Y, but this does not happen at an upside-
downn Y. Figure 5.3 show examples of how the three types of domain walls can meet. 
Inn a general configuration the domain walls form a hexagonal network. 

5.2.33 Transfer matr ix 

Inn an allowed configuration of the model each lattice site belongs to precisely one 
trimer.. This trimer sits either on one of the three lattice faces above the site or on 
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Figuree 5.4: Spins for the configuration from Figure 5.2. For clarity the edges of the 
triangularr lattice have been largely omitted. 

onee of the three faces below the site. Label the site with a "spin" f or j accordingly. 
Considerr a horizontal row of lattice sites and assume that the trimer configuration 

beloww that row is given. It determines the spins on that row. The sites occupied by 
aa trimer below have a spin J., while those not occupied by such a trimer must carry 
aa spin t- Now consider the next layer of lattice faces, above this row. In order to 
decidee what trimer configurations on this layer are possible, it is sufficient to know 
whichh sites are already covered. This is precisely the information encoded by the 
spins. . 

Thiss shows that the model can be described in terms of a transfer matrix that 
connectss two consecutive rows of spins. Let a denote be the spin configuration on 
thee lower row and r the spin configurations on the upper row. Consider all trimer 
arrangementss (without overlaps) on the layer in between that are compatible with 
thee spin configurations <r and r . (Generally there is at most one such arrangement.) 
Thee sum of their Boltzmann weights is the transfer matrix element TTcr. 

5.2.44 Conserved quantities and elementary excitations 
Inn the configuration obtained by fully occupying sub-lattice 0, each row of spins 
consistss of repeating blocks TIT- Therefore we group the sites into blocks of three, 
ass in Figure 5.4. Number the blocks in a row from left to right. 

Considerr a trimer configuration on a layer of the lattice. Let L denote the 
numberr of blocks per row and let no, fii , . . ., n$ denote the number of trimers on 
eachh sub-lattice. The horizontal and vertical lattice direction are viewed as "space" 
andd "time", respectively; the lower and upper row of the layer then are time slices 
att times t and t+1. Counting the number of | spins in the lower row, distinguishing 
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byy the position inside the block, gives: 

nn00 + ni + n2, 

ri2ri2  + n3 + n4, 

nn44 + us + no-

Fromm this we get 

nnl„l„  +  ni t « = L ~ no ~ «l + ™3 + n4, (5.4) 

nni\{i\{  + n. t» = L ~ no + n2 + n3 - n5. (5.5) 

Countingg the number of J, spins in the upper row gives: 

((tt +  l) 

C+1) ) 

((( + !) 

Fromm this we get 

n ^  ̂ - L-n0-ni+n^ + nA, (5.6) 

n i >> - L-n0 + n2+n3-n5. (5.7) 

Comparingg (5.4) with (5.6) and (5.5) with (5.7) we see that the quantities n m̂ + 
n# |.. and n.#j + n.j» are conserved between rows. 

Thesee conserved quantities are nonnegative. The only row of spins for which 
bothh are zero consists entirely of blocks | | t- There is only one way to fit a layer of 
trimerss above this row. Of course the row of spins above that layer consists again 
entirelyy of blocks TIT- This row state will be chosen as the "empty" or reference 
statee for the Bethe Ansatz in Section 5.3. 

AA row of spins with n j . . -f- n . j , = 1 and n . .| + n# j . = 0 is obtained by replacing 
onee block, say at position x, in the reference state with J,XT- There is only one 
possiblee configuration of trimers on the layer above, see Figure 5.5. The row above 
consistss of blocks Ti-T except for one block l i t at position x — \. Thus the transfer 
matrixx has shifted the block | | | in the lower row half a step to the left in the upper 
row.. This block is a left-moving elementary excitation of the reference state. It 
wil ll  be called an L particle. Similarly the block t i l is an elementary right-moving 
excitation,, or R particle. The conserved quantities n |„  + n#f# and n „ | + n# j # are 
thee number n  ̂ of L particles and the number n^ of R particles, respectively. 

Thee particle content of the blocks t i t , l i t and t i t has now been determined. 
Forr each of the other five blocks both HL and nR are greater than zero. Therefore 
thesee blocks are combinations of the elementary excitations. They will be discussed 
inn more detail in Subsections 5.3.3-5.3.5. 

Wee have found no other conserved quantities than UL and HR (except in the 
speciall  case when HL = 0 or «R = 0). 

"1 »» ~ 
(0 0 

«(00 -

n^n^l)l) + 

+ + 
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44 1 \-- kri I- ••! A I' 
I—WW I V 'I I W - d 

Figuree 5.5: There is only one way to fit trimers below a row consisting of one block 
l i tt amidst blocks f J, f. It leads to another such row of spins below. 

Figuree 5.6: Decompose the triangular lattice into hexagonal patches such that the 
lowerr middle triangle of each patch belongs to sub-lattice 0. The other triangles, in 
counterclockwisee order, then belong to subdattice 1, 4, 3, 2 and 5. These patches can 
bee decorated with the world lines of the L particles (solid) and R particles (dashed). 

5.2.55 World lines and quadratic constraint 

Dividee the lattice into hexagonal patches containing one face from each sub-lattice, 
inn such a way that the lower middle triangle of each patch belongs to subdattice 0. 
Theree are six trimer configurations possible on such a patch. Decorate each patch 
accordingg to this configuration as shown in Figure 5.6. It is straightforward but te
diouss to verify that the decorations of the patches making up the lattice fit together, 
yieldingg a set of solid and dashed lines running from the bottom to the top of the 
lattice.. It can also be checked that the crossings of these lines with the lattice rows 
correspondd to the locations of the L particles (solid lines) and R particles (dashed 
lines).. Hence these lines are the "world lines" of the L particles and R particles 
wheree the horizontal and vertical lattice direction are viewed as "space" and "time", 
respectively. . 

Imposee toroidal boundary conditions. We now derive the quadratic constraint 
(5.3)) by the same method as that used for rectangle-triangle random tiling models 
inn [42] and [44]. Cut the torus open along a horizontal row of sites, so that the 
modell is now on a cylinder. By stacking a number of copies of the configuration on 
topp of each other we can achieve that each world line winds around the cylinder an 

0 0 
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integerr number of times. Let 2M be the number of rows. In each row we can count 
thee number of L particles and R particles: 

nLL = L - n0 - m + n3 + n4, 

nnRR = L - no + n2 + n3 — n5. 

Summingg over the entire lattice yields 

2Mn2MnLL = 2LM - N0-Ni + Ns + N^, (5.8) 

2Mn2MnRR = 2LM - N0 + N2 + N3 - N5. (5.9) 

Sincee the world lines of the L particles do not cross each other, they all have the 
samee winding number W^. In order to compute this winding number consider the 
totall  leftward movement of the L particles. There are n  ̂ such particles, each of them 
windss around the cylinder W  ̂ times, and each winding constitutes a movement of 
LL blocks to the left, so the total leftward movement amounts n^W^L blocks. It 
cann be seen from Figure 5.6 that an L particle moves half a block to the left at a 
trimerr on sub-lattice 2 or 5, while there is no horizontal movement of L particles 
att a trimer on another sub-lattice. Summing over the entire lattice shows the total 
leftwardd movement of the L particles to be \(N2 + N5) blocks. Hence 

nnLLWWLL 22 + N5). (5.10) 

Fullyy analogously one has 

nnRRWWRRL=^(NL=^(Nll + N,). (5.11) 

Noww consider the number of crossings of L-particle lines and R-particle lines. There 
aree n-  ̂ L particles each winding leftward around the cylinder W  ̂ times, and nR 

RR particles each winding rightward around the cylinder WR times, so the number 
off  crossings is n^n^W ̂ + WR). From Figure 5.6 it is seen that crossings occur 
preciselyy at trimers on sub-lattice 2 or 4, so that the number of crossings is N2 + N4. 
Equatingg these two expressions for the number of crossings gives 

ttttLLnnRR(W(WLL + WR) = N2 + N4. 

Substitutingg into the above equation first (5.10) and (5.11), then (5.8) and (5.9), 
thenn multiplying by 2LM and finally using 

2LM2LM = N0 + Nl+N2 + N3+NA + N5 

yields s 
JViAT33 + N3N5 + iV5iVi = A W + A W + AW 0. 

Dividingg by A^2 gives (5.3). For the sake of the argument we have stacked a number 
off  copies of the original configuration on top of each other, but the resulting (5.3) is 
nott affected by this. 
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5.33 Bethe Ansatz 
Inn this section we describe a Bethe Ansatz (BA) that diagonalises the transfer matrix. 
Sincee the particle numbers HL and MR are conserved quantities the transfer matrix 
iss block diagonal. We begin by considering the sector with n  ̂ — 0 and TIR — 0 and 
thenn pass to sectors with higher particle numbers. 

5.3.11 No particles 

Thee only state in the sector n  ̂ = 0, OR = 0 is the reference state which consists 
entirelyy of blocks | | 1\ so this sector is one-dimensional. Therefore the transfer matrix 
actingg on this sector is trivially diagonal. The layer between two consecutive rows 
inn the reference state consists of L trimers on sub-lattice 0, so its Boltzmann weight 
iss WQ . It is the eigenvalue of the transfer matrix in this sector. For convenience we 
definee the ''reduced" transfer matrix T to be the transfer matrix T divided by w  ̂. 

5.3.22 One L particle 

Considerr a row of spins containing a single L particle ([[])  at position x. The 
transferr matrix has shifted this particle from position x + | in the row below half 
aa step to the left, see Figure 5.5. The layer between the two rows contains L — 1 
trimerss on sub-lattice 0 and one trimer on sub-lattice 5. Hence the action of the 
(reduced)) transfer matrix on the "wave function" is given by 

(Wee use HI x as notation for the row configuration that has a block [{}  at position 
xx and blocks TIT at the other positions.) The solution of the eigenvalue problem 
TipTip = Ati> is 

^(UTT  x) = Auu
x, 

wheree Au is some constant, and 

AA = —K 2. 

5.3.33 One L particle and one R particle 

Considerr a row of spins containing an L particle (|J,t) at position x and an R particle 
(Til )) a t position y. with x < y. If the particles are apart, this situation was formed 
byy shifting the L particle to the left and the R particle to the right: 

( T W U TT *, Ti l y) = ^ r - t f ' Ü i T * + i Ti l v - |) if j , - 1 > 1. (5.12) 
WQ WQ 

(Wee write the arguments of ip in order of increasing position; for example, the 
notationn in the LHS of (5.12) implies that x < y.) If, however, the particles are next 
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too each other, the situation was formed from a "bound state1' ( | | | . ), s ee Figure 5.3 
(top): : 

( TWUTT 2 - è. TU z + |) = ^ V ( I U ^). (5.13) 

Thiss bound state was formed from another type of bound state (TTT): 

ifif  Mill  *) = — W T T z - \) + = U ^ ( T TT * + I ) . (5-14) 
woo  W(] 

Thee two terms correspond to two chiral configurations one of which is depicted in 
Figuree 5.3. This bound state was formed from an R particle and an L particle next 
too each other, the R particle sitting to the left of the L particle: 

(2V)(TTTT *) = —MUl z - i , u t z + i ) . (5.15) 

Thiss configuration can have arisen from the same bound state again. The alternation 
off  this bound state and the situation where the R particle and L particle are next 
too each other (| j j . | | |) corresponds to the vertical domain wall in Figure 5.3. The 
configurationn where the particles are next to each other can also have arisen by 
shiftingg the R particle half a step to the right and the L particle half a step to the 
left,, see Figure 5.3 (bottom): 

(TV)(TUU z-lau+i) = W30(TTT z) + ^w(Ui z - i,UT z + l). (5.16) 

Finally,, a configuration where the particles are apart was formed by shifting the R 
particlee half a step to the right and the L particle half a step to the left: 

(Tty)(TUU y,lit  x) = ^ ^ ( T U y-^UU + k) itx-y>i. (5.17) 
w, w, 

Wee want to solve the eigenvalue equation Tip = Aip for (5.12)-(5.17). The eigenvalue 
equationn for (5.12) and (5.13) is satisfied by 

1>UlU,niv)1>UlU,niv) = Auvu
xvy, 

milmil z) = Auvu
zvz 

withh eigenvalue 

AA = —w2 —v 2. 
WoWo w0 

Similarlyy the eigenvalue equation for (5.15), (5.16), and (5.17). with the same value 
forr A, is satisfied by 

1>{Uly,UU)=1>{Uly,UU)=  AvuVyU
x iïx-y>h 

v(mz) v(mz) 
^(TUU  + k)= BVUAVUVZ~ÏUZ+ 

,, n rz-z 

'vu-'vu-rlrl vu' vu' 
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where e 

BBvuvu==  [l-A-iu-'v 22 2 

Ü{W£ Ü{W£ 

DD = 

Thee eigenvalue equation for (5.14) is satisfied too if 

A A 
•™-VU •™-VU 

—— Q 
" J u t ! ! 

where e 
Wr Wr W4 W4 ww2 2 .u- ii  + v i _ 

W\W$W\W$ \W5 W\ / \ w*w 
UU V 22 2 

(5.18) ) 

(5.19) ) 

(5.20) ) 

Thee above analysis suggests to interpret the bound state HI asLR (in that order) 
andd the bound state TT| as RL. The eigenfunction is then written 

^(LL  x,Ry) = Auvii
xvy, 

AAvuvuvvyyuuxx \ix-y>2, 

1/7(RR y,L x) = < BvuAvuv
yux if x - y = 1, 

DBDBvuvuAAvuvuvvyyuuxx if x - y = 0. 

5.3.44 Two L particles and one R particle 

AA similar but more tedious analysis can be carried out for the sector with two L 
particless and one R particle. There is a new bound state ( l i t ) that can be interpreted 
ass LRL. A solution of the eigenvalue problem Tip = Ktp is given by 

V>(LL x i ,L x2,R y) = 5ZJT ^iMniM 

E. . 
VKLL Xi,R y, L z2) = { E?v # 

v/Xll ?/12 vy 

2)V2)Vuu
7r7r{i){i)

aa
7r7r(2)(2)uu • 

Au^vu^K^vyul^Au^vu^K^vyul^ if x2 - y > 2, 

™ , r ( 2 ) / 1 ^ ( l ) ' " l , ( 2 )) f ( l ) 7T(2) 

VV  DB A vXl vyvX2 

'£„ „ 

(2) ) 

AA vyvXl nX2 

^ i m 7 r ( 1 )u 7 r ( 2) ( // u7r ( l ) a7r (2) 

^(RR y,LxuLx2) = -J E . ö™w(1 A ^ ( 1 )uw ( 3 )v
v t # ( 1 )< ( 2 ) 

. E ïTT ^ > ^ " i r ( l ) ^ « « W ( l ) « W ( 2 )1 / ! / U 7 r ( l ) U 7 r( ( 1 ) ^ ( 2) ) 

iff  x2 - y = 1, 

iff  ^2 — y — 0, 

iff  xi - y > 2, 

iff  xi - y = 1, 

iff  xl -y = 0, 

wheree 7r runs through the permutations of {1,2} . The amplitudes must satisfy 

== - 1 
AA A 
••rLrLuulluuiiii V •rLVU-lUil 

~A~A _ 4 
44 4 

llVUVU11UUiil l j i u . '' vu. 

(i(i Ï Ï) 

(5.21) ) 

(5.22) ) 
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wit hh SUiv given by (5.20). Note that the ampli tude ratio in (5.21) does not depend 
onn v and that the ampl i tude ratio in (5.22) does not depend on U{>.  The eigenvalue 
iss given by 

AA = —u{ 
ww0 0 ww0 0 ww0 0 

5.3.55 Arbitrary particle numbers 

Wit hh two L particles and two R particles, there is a new bound state ( H I ) that 
cann be interpreted as LRLR. This completes the list of possible blocks and their 
interpretationn in terms of particles, see Table 5.1. 

Tablee 5.1: The three-spin blocks. 

spins s 

TIT T 
I1T T 
TU U 
II I I 
TTT T 
ITT T 
TTI I 
ITI I 

particles s 
none e 

L L 
R R 

LR R 
RL L 

LRL L 
RLR R 

LRLR R 

Thee solution given above of the eigenvalue problem Tip — Kip for two L particles 
andd one R particle generalises to the higher sectors. Before describing this generali-
sationn we introduce a notat ional convention. The index i, running from 1 to m,, wil l 
bee used to number L-particle positions and BA variables. The index j , between 1 
andd nR , wil l refer to R particles. Now consider a succession of L particles with coor-
dinatess x\ < X2 < • • • < xnv and R particles with coordinates y\ < y2 < . .. < ynR. 

(Notee that xi — xl+i can arise only from a block LRL or LRLR, so x\ 
forr some yj.) The value of the wave function is given by 

ip ip (particlee sequence) = \_\ / _, TT (-^ a nd B...) A... TT uuxx).,)., and vyj
(., 

VjVj — %i+\ 

)) , (5.23) 

wheree n and a run through all permutat ions of {1 , 2 , . . ., n^} and {1 , 2 , . . ., U R } , re-
spectively.. We shall now describe the factors in the RHS of (5.23). For each segment 
RR yj, L xt in the particle sequence with xt - y3• = 1 there is a factor BVtr u . For 
eachh such segment with xt - y3• — 0 there is a factor DBV u . The ampli tude 
AA...... depends on the sequence of the variables u and v corresponding to the sequence 
off  L particles and R particles. The u are in the order u„^,un(_2): • • • 'u7r(nL) and 
thee v are in the order tVfi) , *V(2): • • - utr(nR). but the two sequences interlace. The 
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amplitudess A... are denned up to an overall factor by the conditions 

(i(i  ? i'), (5.24) 

Ü V / ) ,, (5-25) 

(5.26) ) 

withh SUiVj given by (5.20). Finally comes the product of all the w^U and vyJ,.y The 
eigenvaluee for the eigenfunction v is given by 

A=n-»?n-v-- (5.27) 
LiLi;; WQ X  WO J 

Wee have no rigorous proof that the above solution is correct for all sectors, but using 
computerr algebra we have verified it for n  ̂ + HR < 5. 

I tt should be noted that the formulation of the solution depends on the particle 
interpretationn of the three-spin blocks. The particle content of each three-spin block 
iss determined by n-  ̂ — n m̂ + n , |, and nR = n . .j + n# j # , but the order of the 
particless within a block can be chosen. For example, we could interpret XTT as 
LLR,, LRL or RLL. The choices in Table 5.1 lead to a simple description of the 
eigenfunctions;; each factor D or B depends only on two successive particles. Other 
choicess than those in Table 5.1 would make the formulation of the eigenfunctions 
moree cumbersome; there would be more factors than just D and B, and some would 
dependd on non-successive particles. 

5.3.66 Bethe Ansatz equations 

Imposee periodic boundary conditions in the horizontal direction. This means that 
thee wave function must not change if the leftmost particle (L at X\ or R at y\) is 
movedd to the corresponding position at the other (right) side of the system: 

ip(Lip(L xi,...) = ip(... ,L xi + L), 

^ ( R ! / 1 , . . . ) = ^ ( . . . , R ï / i + L ). . 

Thee eigenfunction ip given by (5.23) satisfies these conditions if the Bethe Ansatz 
equationss (BAEs) hold: 

uff  = (-)»'--1IIStM; ,, (5.28) 
33 = 1 

v}v} = {-)n«-1f[S-1vr (5-29) 

A A 
••rlrl..,u..,ulluull>... >... 

A.. A.. 
A.. A.. 
A.. A.. 
A. A. 

u i i 

.Vj .Vj 

• V J J 

..u ..u 

u,... . 

vy... vy... 

VjVj... ... 

Vj... Vj... 



5.4.. Thermodynamics 91 1 

Notee that although the description of an eigenfunction in terms of the u and v 
involvess factors (5.18) and (5.19), the BAEs only contain factors (5.20). 

Uponn substitution of 

/»>^yy and „ / W ^ y , 
\w\w11ww22w^Jw^J \w$w2w3J 

thee expression (5.20) for Suv simplifies to 

__ / WQW2W4_Y ^ - ^ 
\WiW\WiW33WW55)) l + £ 7 j ' 

Thee BAEs (5.28) and (5.29) can then be written 

fufasmV"fufasmV" fmvM\*n« L = ( . r a- i n , - iH< i (5.31) 

jj  = l 

w?u>4u>5// \w0w2w4J
 J f\ V+Z-1 V } 

Thesee equations can be considered the key result in the exact solution of the model. 
Theyy determine the possible values for the £ and the the r\. These in turn determine 
thee eigenvalues and the eigenfunctions of the transfer matrix, 

LL fw3w4w5y"L fwiw2w3\ 

°° \WQWiW2J \WQW4W5J 
(5.33) ) 

wheree we have reintroduced the factor WQ that was omitted as of Subsection 5.3.1. 
Ass a check on the Bethe Ansatz we determined the eigenvalues of the transfer 

matrixx for small system size by (brute force) numerical diagonalisation; the same 
eigenvaluess were obtained by numerically solving the BAEs. 

5.44 Thermodynamics 

Wee are interested in the behaviour of the model as a function of the sub-lattice 
densities,, that is, the canonical ensemble. In order to set up a transfer matrix 
wee have passed to the grand canonical ensemble, which is controlled by sub-lattice 
weightss (or chemical potentials) instead of sub-lattice densities. In this section it 
turnss out that the transfer matrix leads to a semi-grand canonical ensemble. It is 
controlledd partly by densities (essentially the two conserved quantities) and partly by 
chemicall  potentials. We describe the Legendre transformation from this ensemble 
backk to the canonical ensemble. We also look into the symmetries between the 
sub-latticess and how they appear in the semi-grand canonical ensemble. 
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5.4.11 Legendre transformation 

I nn passing to the grand canonical ensemble each tr imer on a sub-latt ice i was given 
aa weight Wj = exp(/zt). Certain combinations of these weights occur in the BAEs 
(5.31)) and (5.32) and in the expression (5.33) of the transfer matr ix eigenvalue 
inn terms of the BA roots. I t is convenient to assign names to the corresponding 
combinat ionss of the chemical potentials fxt — logw,-, 

4>L4>L = 2 [( 3^o - Mi - A*2 + M3 + M4 - 3//5) + PR (~Mo + Mi - M2 + M3 - M4 + Ms)], 

<?RR = 2 K 3^ 0 ~ 3^ / ] + ^ 2 + ^3 - P4 - Ms) + ML ( - M O + Mi - M2 + M3 - M4 + Ms)] • 

MLL = T (-Mo - Mi - M2 + M3 + M4 + Ms) • 

MR R -- (-Mo + Mi + M2 + M3 ~ /J4 - Ms) 

wheree p  ̂ — n^/L and pR = n^/L denote the densities of the particles L and R. 
Wi t hh these definitions the BAEs (5.31) and (5.32) can be writ ten 

j = ii  t<  + % 

(***Vjt(***Vjt = H L+riR-L+riR-iimr mr 
1=1 1=1 

vv33 - & 

(5.34) ) 

(5.35) ) 

whilee the eigenvalue expression (5.33) becomes 

AA = exp(LMo + "LML + TIRMR) 

TILL riR 

n>> n<-i>: 
*=11 j = l 

(5.36) ) 

Takingg the logarithm, dividing by L, and letting L to infinity gives the free energy 
perr trimer in the thermodynamic limit: 

^ ( M L - M R ; M O , M I ^ - - I M 5 )) = ^ ( M L , P R ; < ^ L , 0 R ) - M L M L - M R M R - M O . 

where e 

1 1 
$(ML,MR;</>L,0R)) = - Hm T l o g 

nnLL nR 

(5.37) ) 

_ t= ii j = i 

Itt is the free energy in a semi-grand canonical ensemble where the numbers of trimers 
onn the different sub-lattices may vary but are subject to the constraints imposed by 
fixingg the particle densities 

MLL = 1 - Po - Pi +M3 + P4, 

P RR = 1 - Po + P2 + P3 - P5-

(5.38) ) 

(5.39) ) 
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Inn order to do the Legendre transform to the canonical ensemble the derivatives of 
f££ with respect to p.®, ji\, ..., (j,§ have to be taken. This gives the ensemble-average 
densities s 

// 3 1 \ 0$ / 3 1 \ d$ 1 1 , 
Po={-Po={-22 + -2PK) d^+{-2

 + 2^) W^~~^~ iPR + L (5-40) 

// 1 1 \ d<5> ( 3 1 \ <9$ 1 1 , 
Pii  - [+- 2 ~ 2PR) WL + [+ï  ~ ~2PL) ^ - 5 PL + 4*R, (5.41) 

// 1 1 \ 9$ / 1 1 \ d<$> 1 1 , 
P2P2 = ( + 5 + 2PRJ % : + 1 " 2 + 2PL) d^~iPL + Ï ^ R ' (5-42) 

// 1 1 \ d$ / 1 1 \ d<£> 1 1 , 
P33 = ( ^ - ^PRJ WL + { - 2 - ÏPL) ^ + ~4PL + 4PR, (5.43) 

// 1 1 \ d$ / 1 1 \ 0$ 1 1 , 
p44 = ^ -2 + ̂ J ^ + (+2 + 2pL) d^ + 4PL~ 4 ^ ' (5'44) 

// 3 1 \ d$ ( 1 1 \ d$ 1 1 , 
p55 = ( +5 - ~2PK) Ö L̂ + { + 2 - 2 * J ^ + 4 ^ - 4 ^ (5"45) 

Inn Subsection 5.2.1 it was seen that because the sub-lattice densities satisfy two 
constraints,, four of them are independent. Equations (5.40)-(5.45) express the sub-
latticee densities in terms of only four quantities, namely p^, PR, J^- and J^-. 
Thereforee these four quantities must be independent, and the sub-lattice densities 
givenn by (5.40)-(5.45) must satisfy the two constraints, (5.2) and (5.3). This can 
alsoo be verified by direct computation. The entropy per trimer is 

S{po,Pi,...,ps)S{po,Pi,...,ps) = -Q + y^pene = - $ + ^ — 0 L + ^—-</>R- (5.46) 

I tt is remarkable that the chemical potentials p,o, ^L and p.R that occur in the expres-
sionn (5.36) for the eigenvalue have disappeared in the Legendre transformation. As 
aa consequence $ and hence the densities po, pi, . . ., p$ and the entropy S are now 
functionss of four parameters: the particle densities PL and JOR and the potential-like 
quantitiess <̂>L and 0R. These are just the parameters that govern the BAEs (5.34) 
andd (5.35). This agrees with the fact that the canonical ensemble also has four 
parameters. . 

5.4.22 Symmetries of the parameter space 

Forr the reference state of the BA sub-lattice 0 was chosen. Since the model is invari-
antt under horizontal translations over a single lattice edge sub-lattice 2 (or 4) could 
havee been chosen instead. The original situation can be regained by renumbering 
thee sub-lattices i —> i — 2 (mod 6). The sub-lattice densities p[ in the new numbering 
aree related to the densities pi in the old numbering by 

Poo = P2, P i = p 3, etc. (5.47) 
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andd analogously for the chemical potentials p .̂ From this one computes 

p'p'hh = 2-pR, p'R = l + pL-pR, (t)'h =-&L + 4>R, (PR = -<PL-

Similarlyy the model is invariant under reflection in a horizontal line. The corre-
spondingg sub-lattice renumbering is i —> i + 3 (mod 6). This gives: 

PLL = 2 - pL , p'R=2- pR, 0L = 0L, 0R = 4>R-

Thee model is also invariant under reflection in a vertical line. For the line passing 
throughh sub-lattices 0 and 3 the renumbering is i —> — i (mod 6). Obviously this is 
nothingg but interchanging left and right, so 

PLPL = PR; PR = PL, 4>L = ^R» 4>R = 0L-

Togetherr these three transformations generate a group of order twelve. In Subsec-
tionn 5.6.3 we shall find four "families" of points in the parameter space where the 
entropyy of the model can be computed exactly. These four families turn out to be 
relatedd by symmetries from this group. Note that under this symmetry group the 
freee energy Q, and the entropy S are invariant, so <3> transforms in a certain way. For 
example,, for the translation (5.47) the transformation is 

$ ( 2 - pR , ll  + PL - PR] -0L + <̂>R, -<Ph) = $(PL,PR;</>L,4>R) ~ ^(j>L-

Finallyy the model is invariant under some rotations. As an example, consider the 
rotationn over 2-7r/3 about an up triangle of the lattice. The sub-lattice renumbering 
is:: 1 —• 3 —• 5. This does not give a simple transformation of PL, PR, 4>h and <f> R. This 
cann be explained as follows. In the definition of these four parameters the direction 
inn which the transfer matrix acts plays a special role. Rotations do not preserve 
thiss direction, in contrast to the translation and the two reflections described above. 
Thee symmetry group generated by all these operations is of order 36. 

5.55 Integral equations 

Inn Section 5.3 two sets of BAEs were derived. These equations can be solved numer
ically,, for system size L up to a few hundred, say. This can be done essentially in 
thee full parameter space. (The regions where numerical complications arise can be 
mappedd to regions without such difficulties by means of symmetries from Subsec
tionn 5.4.2.) We however want to get analytic expressions for the physical quantities 
off the model in thermodynamic limit. In the present section the BAEs in the ther
modynamicc limit are turned into two integral equations for two complex functions. 
Thesee functions are multivalued, and their monodromy properties are obtained from 
thee integral equations. The functions are then determined from their monodromy 
andd analyticity properties. In the next section these functions will be used to com
putee physical quantities of the model. 
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5.5.11 Derivation 

Wee shall now in the usual fashion derive integral equations from the BAEs (5.34) 
andd (5.35). The logarithmic version of these BAEs is 

LFLFLL{£i){£i)  = (nL + nR - l)m (mod 27ri), (5.48) 

LFLFRR(r)j)(r)j)  = {L + nR- l)m (mod 2m), (5.49) 

where e 

11 - , 1 R 

FFLL(Z)(Z) = \ogZ~-J2 [l0g(^ - Tij) - k>g(z + 7]-1)} +<f>L+J jYl l 0 S ^ ' (5-50) 

(5.51) ) 

J''  = l 3 = 1 

FFRR(z)(z) = \ogz--Y ̂ [\og{z - &) - log(z + I" 1)] + 4>R + 7 £ l o g & . 

Thee derivatives of these functions are 

f^-\-^(^-f^-\-^(^-LLfr{\fr{\ zz~Vj~Vj z + rjj 1 

f^-l-'rKA f^-l-'rKA 1 1 

(5.52) ) 

(5.53) ) 

Forr the understanding of the structure of the solutions to the BAEs we rely on 
numericc computations for finite system size. For many values of the parameters pL, 
PR,PR, 0L and 0R the BA roots for the largest eigenvalue show the following features. 
Thee roots & and rjj  lie on smooth curves in the complex plane. When the system 
sizee becomes large these curves tend to well-defined limit shapes. These limi t curves 
wil ll  be called H and H. The sets {& }  and {r]j}  (and hence also the curves E and H) 
aree invariant under complex conjugation; this implies that 

/ L ( 00 = /L(*) * and / R ( 0 = /R(*r . (5-54) 

Thee curve E crosses the positive real axis, whereas H crosses the negative real axis. 
Notee that by (5.48) the roots £2 are solutions of 

LF L (00 = (nL 4- nR - l)m (mod 2TIÏ). (5.55) 

Thiss equation defines discrete points on the curve ReFL (£) = 0. The roots & occupy 
aa succession of these points, without holes: 

L[FL[F hh{t{t i+1i+1 )-F)-FLL(ti)](ti)]  = 2iri. (5.56) 

Byy holes we mean solutions of (5.55) between £i and £nL on the curve ReFL (£) = 0 
thatt are not contained in the set {^} . Similarly for {r}j}: 

L[FL[F RR(r(r ]j+1]j+1 )-F)-FRR(7(7]j]j )}=2m.)}=2m. (5.57) 
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Figuree 5.7: Distribution of the BAE roots for the largest eigenvalue. The £ are on the 
right,, the r\ on the left. The parameters have the values (p  ̂= —0.46, <j> R = —0.653, 
71LL = 15, riR = 18 and L = 30. 

Lett 6L and 6R denote the end points in the upper half plane of H and H. When the 
systemm becomes large £i and £„L tend to fr£ a n d 6L, respectively, while rji  and ry„R 

tendd to bR and bK, respectively. Figure 5.7 shows the distribution of the roots for 
thee largest eigenvalue in a given sector TIL, TIR. 

Wee assume that the condition that there are no holes in the sets of roots {&} 
andd {rjj}  also holds in the thermodynamic limit. There (5.56) and (5.57) can be 
written n 

£ / L & ) t e + i - & ) = 2 7 r i ,, (5.58) 

LfLfRR(r,(r, jj)(r)(r lj+1lj+1 -r-r ljlj )=27ri,)=27ri,  (5.59) 

soo that the sums in (5.52) and (5.53) can be turned into integrals 

W 2 ) ^^ + 2 Ï i £ ( ^ + F^)M)d«- (5'61) 

Fromm these equations it is seen that fh(z) has branch cuts H and - H ^ 1 and that 
/ R ( Z )) has branch cuts E and — S - 1 . From the same equations it is easily computed 
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thatt ZJL(Z) and zfR(z) are invariant under z  ̂ —z 1. Therefore we substitute 

z-z~z-z~11=z,=z, (5.62) 

andd define 
zfh{z)zfh{z) = 9L(Z) and zfR{z) = gR(z). (5.63) 

Thee two branch cuts H and - H - 1 of fh{z) then collapse to a single branch cut H 
oïoï gL(z), and similarly for /R{Z). The equations (5.60) and (5.61) become 

9L{Z)9L{Z) = 1 + ^ / T-^-T 9R(fl) dfj, (5.64) 

gn(ê)gn(ê) = 1 + ^ r / J - SL(|) d£ (5.65) 

Thee functions /L(Z ) and /R (Z) and hence also gh{z) and £R,(i) contain all information 
aboutt the BA roots & and ryj that is needed to compute the densities pL and pRl 

thee phases 0L and 0R, and the semi-grand canonical free energy 3>. 
Thee integral equations (5.64) and (5.65) are very similar to the equations ob-

tainedd by Kalugin [54] for the square-triangle random tiling model. He tackles his 
equationss by exploiting the monodromy properties of the functions. We shall use 
thee same method for our integral equations, closely following Kalugin's argument. 

5.5.22 Monodromy propert ies 

Thee first step in solving the integral equations (5.64) and (5.65) (but only for a 
speciall  case to be defined below) is to establish the monodromy properties of the 
functionss g^{z) and gR{z). From (5.64) it is seen that the contour H is a branch 
cutt of the function gi,{z). Consider this function on a path T^ that crosses the 
contourr H in some point ZQ, as in Figure 5.8(a). The jump of the function #L over 
thee contour is 

9h{z9h{z00))a{teTa{teT ~ gh(zo)heioTe = ^ f x f 9R(ri) dry - gR(z0). 
^ ll J\rj-zQ\=e V ~ ZQ 

Hencee the analytic continuation of gi,{z) along the path T^ through the contour H is 
9L(Z)9L(Z) — 9R{Z)- From (5.65) the contour H is not a branch cut of the function gR(z), 
soo the analytic continuation of gR{z) along T^ is just gR{z). Therefore the effect of 
analyticc continuation along T^ on a linear combination a^g^z) + aRgR(z) is given 

rr 1 1 
HH \ aR/ V - 1 V \ a R 

I tt can be derived analogously that the monodromy operator for the path Te in 
Figuree 5.8(a) is given by 
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(a) ) (b) ) 

Figuree 5.8: The contours S and H. (<pi, 
pRR = 0.6, (b) pL = 0.76, pR = 0.93.) 

-0.46,, </>R = -0.653 and (a) pL = 0.5, 

Thee operators T^ and r~ generate the full group SL(2, Z). Now consider the special 
casee that the end points &L and 6L of H coincide with the end points 6R and b\ of 
H,, and that the contours do not meet in other points. Then the paths Tg and T~ 
aree no longer defined, but their composite r ^ Ts is, see Figure 5.8(b). Since this 
operatorr is of order six gi(z) and <?R(£) are single-valued functions of the variable 

z-b* z-b* 
(5.66) ) 

wheree b = &L = R̂ and b* = &£ = b  ̂ are the common end points of the contours. 
Thee inverse transformation is 

b*tb*t 66 - b 

tt66 - 1 

Sincee (T.^T~)gK(z) — gi,(z), the functions gi,(z) and 3R(Z) are different branches of 
aa single function g(z). 

Inn the remainder of this chapter we shall, unless stated otherwise, consider the 
casee that the end points of the contours E and H coincide, and that these are the 
onlyy common points of these contours. 
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5.5.33 Analyt ici ty propert ies 

I tt follows from (5.64) that gh{z) is analytic everywhere except on the branch cut H. 
Similarlyy <7R(£) is analytic everywhere except on E. In particular it is analytic on 
thee contour H, except perhaps at the end points, as these lie also on E. It then 
followss from (5.64) that #L(-2) remains finite if z approaches a point (not an end 
point)) on its branch cut H. An analogous statement holds for <?R(£). TO summarise, 
#L(£)) and 5R(5) are finite everywhere except perhaps at b and b . 

I tt was derived above that they are branches of one function g(z), which in turn 
iss a single-valued function of t. Fix this function h{t) by choosing that at t = e75"1/3 

itt corresponds to g\^{z) (at z = oo). Figure 5.9 shows where in the t-plane all the 
branchess of g(z) — h(t) are situated. Note that the branch at t — e~7T1//3 is gn(z) 
(att z — oo). 

Sincee g{z) is finite everywhere except perhaps at z — b and z = b , h(t) is analytic 
everywheree except perhaps at t = 0 and t = oo. Because h(t) is single-valued it can 
onlyy have power singularities (with integer exponent). Now 

wheree the last integral is over some contour running from oo to 0, is finite. Since ^| 
remainss finite and non-zero for t near 0 or oo, and 

dzdz _ 6{b-b*)t5 it5 if £->0, 

d ï ~~ ( £6 - l ) 2 ~\t-7 if t —. oo, 

itt follows that /i(£) has at worst singularities i - 5 at £ = 0 and t5 at £ = oo. Hence, 
thee 1-form 

g(z)g(z) dz = h{t)  ̂ dt (5.68) 
d£ £ 

iss nonsingular at t — 0 and £ = oo. 

5.5.44 Calculation of g(z) 

Inn the previous subsection it was shown that the 1-form (5.68) is nonsingular at 
tt — 0 and t — oo. The only singularities it can have are second order poles at the 
zeross ti, t2, . •., tQ of t6 — 1. (These are the points in the i-plane corresponding to 
zz = oo.) Therefore it can be written as 

,(*)di-M«)i*-g{ ^^ + ^ } d t . 

Thee coefficients r^ and s^ are given by 

dz dz 
rrkk = Resi=tj , h(t)—dt = Resi = 0 0 g{z)dz. 
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Figuree 5.9: The complex i-plane. The contours corresponding to H and H divide the 
planee into sectors that correspond to different branches of the function g(z). The 
shadedd regions correspond to gi,(z) and <?R(£). (The interest of this picture lies in 
itss qualitative features, but it was actually computed from a numerical solution of 
thee BAEs. The parameters are 0L = —0.46, </>R = —0.653, TIL = 152, UR = 186, and 
LL = 200. These values correspond to b = 2ie .) 

and d 
dz dz 

sskk = Rest=tf c (t - tk)h(t) — dt = [(£ - tk)z] t=tk Res2=oc z
 1g(z)dz, 

wheree the appropriate branch of g(z) is to be taken. 
Thee residues Resz = oc g(z)dz and Res2=00 z~1g(z)dz still have to be computed. 

Fromm (5.64) and (5.65) one has 

ResResi=00i=00ggLL(z)dz(z)dz = -— / g-R,(fj)dfi =:  Rh, 
2TTII  7H 

Ress 2 ,gR{z)dz ,gR{z)dz 
27ri i 

ggLL(0di(0di =:R¥ 
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and d 

Resi = o c i _ 15L (2 )dii  = - 1 , 

Resi = o cc z~lgR(z)dz = - 1 . 

Thee residues for the other branches of g(z) follow by application of the monodromy 
operators.. They are listed in Table 5.2. It follows from (5.54) that the integrals 7?L 
andd RR are real. 

Tablee 5.2: The poles and residues of g(z)dz. 

k k 
1 1 
2 2 
3 3 
4 4 
5 5 
6 6 

tk tk 
e7Ti/3 3 

_ e - 7 r i / 3 3 

- 1 1 
_e7T i /3 3 

e - 7 r i / 3 3 

1 1 

9 9 
9L 9L 

-9R -9R 
-0LL  - 5R 

-9L -9L 
9R 9R 

9L9L + 9R 

ReSi=0OO g(z)dz 

RL RL 

-RR -RR 

—-RLL  — -RL 

- -RL L 

-RR R 

-RLL  + JRR 

Res£= = =oô ^ 1g(z)dz 
- 1 1 
1 1 
2 2 
1 1 

- 1 1 
- 2 2 

Combiningg these results gives after some algebra that 

6 6 

»<*>-EE 73T + 
Sk Sk 

dt) dt) ^{U-tk^{U-tk ' (t~tk)
2 

==  ( l - 2 C )t + ( l - 2 C * ) r 1 +C(t + t~5)+C*{t- 1 +t5) (5.69) 

with h 

C=-C=- + 
1 1 

66 2V3Im6 
37Ti/3 3 

HT T ^ / ^ R R 

Wee shall now argue in the generic case, b  ̂ 2i, that C = 0. From (5.58) and 
(5.59)) the curves E and H are described by Re[/L(z)d2] = 0 and Re[/R(z) dz] — 0, 
respectively,, so the corresponding curves in the i-plane are both solutions of 

Re e 
g(z)g(z) dz dz 

zz dz dt 
dt dt 0. . (5.70) ) 

Notee that z and ^ | are not single-valued functions of t, but the two branches of 

ldzldz 1 1 

zdzzdz z + z~l V i 2 + 4 

differr only by a sign, which does not influence (5.70). The two different solutions 
off  (5.70) corresponding to E and H, respectively, meet at t = 0 (and at t — oo), so 
att these points the differential equation admits multiple solutions. When t —> 0 

q(z)q(z) dz dz , „ b — b* ,- _ __ *  A t̂ « , . -, , 
^^ y dt = 6 -——Y [C + (1 - C)*t4 + 0(t6) ] dt, 

22 di dt 66 + 6" 



102 2 Chapterr 5. Triangular trimers 

soo this implies that C = 0. 
Wee shall now argue in the special case b — 2i that C — 0. When t —> 0 

ƒƒ {Z) dz = £(£)  ̂ Cl£  ̂ = g r a _ 3 + + 3 , df 

jj  d z df  l J 

(andd similarly when t —• oc). The finiteness of the integral (5.67) (or its analogue 
forr PR ) implies that C — 0. 

Nowrr (5.69) becomes 
flfl(2)(2)=i=i + r i . (5 . 7 1) 

Thee functions g^{z) and gn(z) are obtained by taking the appropriate branches t^iz) 
andd tji(z) oït(z). The branch t^(z) is determined by £L{OO) = e71"1/3 and the fact that 
itt has H as its only branch cut. Similarly ÉR(5) is determined by ÉR(OC) = e_Trl//3 

andd the fact that it has E as its only branch cut. 

5.66 Calculation of physical quantities 

Inn Section 5.4 the relation was established between the canonical ensemble we are 
interestedd in and the semi-grand canonical ensemble that arises in the BA from 
Sectionn 5.3. In Section 5.5 BA information was encoded in two complex functions 
satisfyingg a set of integral equations. These functions were then solved from those 
equations.. In the present section the physical quantities occurring in Section 5.4 are 
extractedd from the complex functions determined in Section 5.5. 

5.6.11 Calculation of pL, PR, 0L? 0R> and $ 

Fromm (5.63) and (5.71) fh(z) and JR(Z) are both given by 

f(z)f(z) = — ^ , (5.72) 
2 2 

withh different branches of t. It was claimed in Subsection 5.5.1 that the BA pa
rameterss pLo PR-, <f>L and 0R and the semi-grand canonical free energy <£> can be 
computedd from the functions fh(z) and fn(z). They depend on the point b. The 
particlee density pL was already computed in (5.67): 

phph = é^ifL{z)dz- (5,73) 

Becausee fh(z) is analytic this integral does not depend on the precise shape of H, 
butt on its homology only. 

Nextt 0L is calculated. Since fh{z) is known the function FL(Z) is determined 
upp to an integration constant. The real part of this integration constant is fixed by 
ReFReFLL(b(bLL)) = 0, see (5.48). From (5.50) one has 

Re[FRe[FLL(z)+F(z)+FLL(-z-(-z-11)])]  =2<pL. 
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Itt is now easy to compute that 

==  \*&[  " h(z)dz. (5.74) 
'b'bL L 

Fromm (5.37) the free energy <£> equals — (EL + E R) with 

J''  = l 

11 1 " L 

SR=L 1is02ïSlog|^ 1--
Usingg (5.50) one calculates 

Ree [FL(z) - log 2] °° = 2 - V log (^ |, 
00 i / 

so o 

SLL = i R , e^ f/L (* ) - i ) dz. (5.75) 

Inn (5.74) and (5.75) the integral again only depends on the homology of the inte-
grationn path, not on its precise shape. The real part of the integral even does not 
dependd at all on the path chosen between the integration end points, but the imag-
inaryy part does. This is because the indefinite integral (5.50) is a sum of logarithms 
withh real prefactors, and distinct branches of a logarithm differ by a multiple of 27ri. 
whichh is purely imaginary. 

Replacingg all subscripts L in (5.73), (5.74) and (5.75) with R yields expressions 
off  PR, 0R, and ER as integrals of functions involving fn(z). These integrals for pL, 
PR,PR, 4>L, 0R, SL and ER are of the form fydz, where the points (y,z) lie on an 
algebraicc curve of genus 5. Therefore the indefinite integrals cannot be expressed 
inn terms of "standard" functions. This does not prove that the definite integrals we 
needd cannot be expressed in terms of standard functions, but it seems unlikely that 
itt can be done. Of course they can be evaluated numerically. 

5.6.22 Calculation of | f and | f 

Thee Legendre transformation in Subsection 5.4.1 involves the derivatives 4^- and 
o^.o^. Unfortunately we have not been able to compute $ as a function of pL, pR, 
0L,, and 0R for all values of these arguments. Instead we have in Subsection 5.6.1 
computedd these parameters and the free energy in the case that the curves E! and H 
close,, as a function of their common end point b = b  ̂ = 6R. In order to still obtain 
thee derivatives J -̂ and -J  ̂ we resort to a perturbation analysis. The details can 
bee found in Appendix 5.A; here we only give some results. An infinitesimally small 
complexx parameter C describes how far the curves open up. The thermodynamic 
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parameterss pL. pR, <Ph-, <PR and the free energy $ then are functions of b and C. 
Iff  all their first-order partial derivatives are known, J -̂ and ^ - can be found 
byy applying the standard coordinate transformation formula to the transformation 
betweenn coordinates Re 6, Imb, ReC and ImC on the one hand and pi^ PR, 0L 
andd <j>R  on the other hand. The derivatives with respect to Reb and Imb can be 
obtainedd immediately from the integral expressions in Subsection 5.6.1. For the 
derivativess with respect to ReC and ImC the perturbation analysis is needed. It 
tellss that to leading order in C the parameters pL, pR, </>L, 0R and the free energy 
<£>> = - ( E L + E R) are again given by the integrals (5.73), (5.74). (5.75) and their 
analoguess involving JR(Z), where f(z) is now given by 

== t + t-'  + c(r»-t) + c - ( t s - r - ) _ 
Z Z 

Thiss yields integral expressions for their derivatives with respect to Re C and lm C. 
Thee expressions thus obtained for the partial derivatives of PL, PR, 4>L, 0R and 

$$ with respect to Reb, Im6, ReC and ImC were evaluated numerically for some 
chosenn value of fe, and from this 4^- and J^- were calculated. These derivatives 
weree also computed from numerical solutions of the BAEs for large system size L by 
numericall  differentiation. The results from the two methods agree, which supports 
thee perturbation analysis of Appendix 5.A. 

5.6.33 Configuration of E and H 

Inn the previous two sections several physical quantities have been expressed as inte-
gralss of functions involving /L(-S) and fn(z). These integrals depend on the param-
eterr b and on the topology of the curves E! and H, but not on their precise shape. 
Iff  b / 2i there are two distinct points in the 2-plane corresponding to 6, say &i and 
b2-- The end points of E could be &i and b\ or b2 and b%, and the same holds for H. 
Thereforee one can expect at least four different configurations for one and the same 
valuee of b. In order to determine what these four configurations actually are, we first 
guessedd what they might look like. Then we chose some particular value of b (close 
too 2i) and for each of the four expected cases computed the value of the particle 
densitiess PL and PR and the phases cpL and </>R. The BAEs were solved numerically 
forr these parameter values, for large system size L. The resulting curves followed 
byy the £ and the r\ display indeed the presupposed configurations. These curves are 
shownn in Figure 5.10. Note that without first guessing the configurations we would 
havee had no way to find the values of the parameters PL, PR, 4>L and 0R, so there 
wouldd have been no BAEs to solve numerically. 

Thee numerical results show that these four cases are related by the symmetries 
off  the parameter space discussed in Subsection 5.4.2. They are in a single orbit of 
thee sub-group of order six generated by the horizontal translation (which is of order 
three)) and the product of the reflection in a horizontal line and the reflection in a 
verticall  line (which is of order two). For the remaining two members of this orbit 
wee have not been able to numerically solve the BAEs. In these cases the particle 
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Figuree 5.10: Four possible configurations of the curves E and H. The dashed curved 
aree - S _ 1 and - H _ 1 . In cases I and IV S and H have the same end points. In cases 
III and III S and — H _ 1 share end points, as do H and — S - 1 . 

densitiess are fairly high; we suppose that the curves 5 and H would cross or otherwise 
violatee the condition that S and H only share their end points. 

Oncee this symmetry is known a (numerical) calculation of the physical quan
titiess needs to be carried out only for one of the four cases I-IV. The values for 
thee other three cases are then obtained at once by application of the symmetry 
transformations. . 



106 6 Chapterr 5. Triangular trimers 

5.6.44 Calculation of the sub-lattice densities and the entropy 

Inn Subsection 5.6.1 the physical quantities pL , PR, 0L, <^R- and $ pertaining to the 
semi-grandd canonical ensemble were calculated from the functions fh{z) and JR(Z). 

Inn Subsection 5.6.2 the derivatives J -̂ and -  ̂ were computed. Substitution of 
thesee results into formulas (5.40)-(5.45) and (5.46) from Subsection 5.4.1 gives the 
sub-latticee densities and the entropy, physical quantities for the canonical ensemble. 
Thiss was performed numerically for a particular value of b. The results reveal that 
pp00 = p2 = p4 in cases I and IV and pi = ps = Ps m cases II and III . From the 
expressionss (5.40)-(5.45) for the sub-lattice densities this is equivalent to 

—— - -(2 
d0d0LL 6 

inn cases I and IV and 

2PR) 2PR) 
d$d$ 1 

andd — - = - ( 2 - 2 pL + p R ) 
0<pR0<pR 6 

-7T--7T- = « ( "PL +2pR ) 
d(j)d(j)LL 6 

and d 
o(pRo(pR 6 

PRR J 

[5.77) ) 

(5.78) ) 

inn cases II and III . One might hope to derive these expressions analytically from the 
resultss of Subsection 5.6.1-5.6.2. We have not tried this because it would involve 
ra therr cumbersome relations among integrals like (5.73), (5.74) and (5.75). Once the 
expressionss (5.77) and (5.78) have been accepted the perturbat ion analysis approach 
fromm Subsection 5.6.2 becomes superfluous. Subst i tut ing them into (5.40)-(5.45) 
andd (5.46) yields new expressions for the sub-latt ice densities and the entropy. The 
expressionss for the sub-latt ice densities are polynomials in the particle densities pL 
andd PR, the expression for the entropy also contains the phases 0L and 4>R and of 
coursee the free energy 3>. 

Thee cases I IV correspond to different regions in the parameter space of sub-
latt icee densities, as given in Table 5.3. These four cases are defined for Re6 > 0 
byy Figure 5.10. The mirror images (with respect to the imaginary axis) of the 
configurationss in Figure 5.10 define cases I ' - IV ' for Re 6 < 0. For example, the locus 
off  H (H) for case I ' is the mirror image of the locus of H (H) for case I. Table 5.3 
alsoo lists the regions in the parameter space of sub-latt ice densities corresponding 
too the cases I ' - IV ' . 

Tablee 5.3: The regions in parameter space of the sub-lattice densities for the cases 

II  IV and I'-IV' . 

I&L I I 
>> 1 
>> 1 
<< 1 
<< 1 

I & R I I 
>> 1 

<< 1 

>> 1 

<< 1 

Po o 

pl l 

pl l 
Po o 

== P2 

== P3 

== P3 

== P2 

== PA 

== P5 

== Pb 

== PA 

Ree 6 > 0 

I I 

I I I 
II I I 
IV V 

Pll  > P5 > P3 

PoPo > P2 > PA 

p4>p4> p0> P2 

P55 > P3 > Pl 

R e 6<< 0 

I ' ' 

III ' ' 
11' ' 
IV ' ' 

P55 > Pl > P3 

p22 > po > PA 

pOO > P4 > P2 

Pll  > P3 > P5 
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5.6.55 Summary 

Inn the foregoing an exact solution of the trimer model was obtained. As the results 
aree scattered over several sections we here provide a guide through them. 

Thee parameter space of the model is four-dimensional. The exact solution makes 
usee of parameters pL , pR, 4>h and 0R. The free energy of the ensemble with these 
parameterss is denoted <ï>. These and other physical quantities are expressed in 
termss of contour integrals in the complex 2-plane. The integrands involve functions 
fh(z)fh(z) and / R ( ^ ). The solution has four cases, numbered I-IV . They correspond to 
differentt configurations of contours H, H, - ~ _ 1 and - H _ 1 in the z-plane, shown 
inn Figure 5.10. The end points in the upper half plane of E and H are denoted 
byy 6L and 6R, respectively. The solution is parametrised by the complex number 
bb = &L — £>L = &R — &R • It covers a two-dimensional subset of the parameter space. 

Neww variables z = z — z~l and t, given by (5.66), are introduced. Branches 
ti,(z)ti,(z) and tft(z) of t are specified at the end of Subsection 5.5.4. The function 
f(z)f(z) is given by (5.72); its branches fh{z) and /R{Z) are obtained by using the 
branchess t^(z) and t^_{z) oft, respectively. The parameters pi,, 0L and a quantity 
ELL are given as integrals of functions involving fh(z) by (5.73), (5.74) and (5.75), 
respectively.. Analogously pR , 0 R and E R are integrals of functions involving /R(Z). 

Thee thermodynamic function <£ is given by $ = - ( E L + E R ) . 
Thee physical quantities for the canonical ensemble are expressed in terms of p^, 

PR,PR, 0L , 0R , SL } ER , J^- and -§~. The sub-lattice densities p0, p1, . . . , p5 are 
givenn by (5.40)-(5.45), and the entropy per trimer S is given by (5.46). It is then 
seenn numerically that p0 = p2 = p4 (cases I and IV) or px = p3 = p5 (cases II 
andd III). This enables us to eliminate the derivatives J^- and -j^- by expressing 
themm in terms of pL and pR , see (5.77) and (5.78). The resulting expressions for the 
sub-latticee densities and the entropy are 

22 1 1 
PlPl = 3 + 6 ^ R ~ 5PL^ + 6 ^ ~ pLpR + ^ ' 

1 11 1 
PzPz = - ^ + ~(PL+PR) + -{pi - PLPR + PR), 

22 1 1 
Pss = 3 + g(PL - 5pR) H- - ( P L — PLPR + PR) , 

P0P0 = P2 = P4 = g(pL + PR) - g (p L - PLPR + PR) 

and d 

SS = EL + ER + - (2 + pL - 2pR)0L + - (2 - 2pL + PR)0R 
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forr cases I and IV and 

Poo = 1 - ^(PL + PR) + g(PL - PLPR + PR)-

11 1 

PiPi = -(pn - Ph) + g(PL - PLPR + PR). 

P44 = ^ ( a - PR.) + g(pL - PLPR + PR), 

PII  = Pi = P5 = ^ ( a + PR) - T(PL - PLPR + PR) 

and d 
SS - EL + SR + -(2pR - pL )0L + -(2pL - ^R)0R (5.79) 

oo b 
forr cases II and III . 

5.77 Phase diagram 

InIn Subsections 5.2.1 and 5.2.5 a linear and a quadratic constraint on the six sub-
latticee densities were derived. In this section we first show that these constraints 
implyy a breaking of the symmetry between certain sub-lattices. This symmetry 
breakingg suggests that a phase transition takes place when the total density pv = 
Pii  + p3 + P.5 of down trimers is increased from 0 to 1. Next we compute the entropy 
ass a function of pv from the exact solution of this model. From this entropy the 
phasee diagram of the model in the parameter pv is obtained. It is also formulated 
inn terms of the chemical potential of the down trimers instead of their density. 

5.7.11 Symmetry breaking 

Thee linear constraint (5.2) on the sub-lattice densities can be rewritten as 

Poo +P2 +P4 = 1 - Pv- (5-80) 

andd from the quadratic constraint (5.3) one has 

P0P22 + P2P4 + P4po < 7,P% (5.81) 

(withh equality if and only if pi = p3 = P5 = \pv)- If Pv < \ it follows from (5.80) 
andd (5.81) that po, pi and p  ̂ are not all equal. Thus the symmetry between the 
sub-latticess 0, 2 and 4 is broken. Symmetry breaking is minimal if two of these 
sub-lattices,, say 2 and 4, are still equally occupied, and the symmetry between the 
sub-latticess 1, 3 and 5 remains intact. There are two cases, 

Poo > Pi = P3 = Pb > P2 = P4, (5.82) 

P22 = P4 > Pi = P3 = P5 > Po, (5-83) 
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(a)) (b) (c) 

Figuree 5.11: Graphical representation of the possibilities for po, p2 and  The 
trianglee is defined by the linear constraint (5.2) and the non-negativity of the den-
sities.. The circle is the locus of (po, P2, PA)- The situation differs between the cases 
(a)) pv < 2v/3 — 3, (b) pv = 2\/3 — 3, and (c) pv > 2\/3 — 3. The symmetric points 
(5.82)) and (5.83) are indicated by a filled and an open dot, respectively. 

off  which the latter can only arise if pv > 2v/3 — 3 f» 0.4641. By he same token the 
symmetryy between the sub-lattices 1, 3 and 5 is broken if pv > \- The simplest 
possiblee scenario when pv is increased from 0 to 1 is as follows. At pv = 0 sub-
latticee 0 is fully occupied and the other sub-lattices are empty. The six sub-lattice 
densitiess change continuously with pv , and (5.82) holds up to pv = \. There the 
sixx sub-lattice densities are all equal to g. Then one of the odd sub-lattices, say 3, 
takess over, and 

P-iP-i > Po = 92 = PA > Pi = Po 

alll  the way to pv = 1 where all trimers sit on sub-lattice 3. Other scenarios have 
moree phase transitions or a larger amount of symmetry breaking. 

Thee occurrence of the two cases (5.82) and (5.83) can be clarified by graphically 
representingg the possibilities for p0, p2 and p  ̂when pi = P3 = Ps = |pv is fixed, see 
Figuree 5.11. The linear constraint (5.2) describes a plane in (PO,P2,PA) space. The 
conditionn that these densities are non-negative determines a triangle in this plane. 
Onn each edge of this triangle one of the densities vanishes. The non-linear constraint 
describess a quadric in (po, P2, PA) space. This surface intersects the plane arising from 
thee linear constraint in a circle. Depending on the value of p^, this circle lies partly 
orr fully inside the non-negativity triangle. The symmetry p2 = PA describes a plane 
inn (po,P2,P4) space. This plane meets the circle in two points, (5.82) and (5.83). 
Thee latter point lies outside the non-negativity circle when pv < 2\/3 — 3. 

5.7.22 Entropy for pv 

Inn the previous subsection the occurrence was suggested of a phase transition when 
Pvv is increased from 0 to 1. For the study of such a phase transition it would 
bee helpful to know the entropy of the model as a function of pv = p\ + p;j + p.5. 
However,, what we have computed thus far is the entropy as a function of all sub-
latticee densities, but only for a two-dimensional subspace. Therefore for given pv 

thee sub-lattice densities have to be determined for which the entropy is maximal. 
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Figuree 5.12: The entropy per trimer 5 as a function of the total density of down 
trimerss pv = Pi + /°3 + Ph- It is obtained from the exact solution in the special case 
(5.82)) for pv < \i and similarly for pv > \. 

Iff  we are fortunate these sub-lattice densities happen to lie in the two-dimensional 
solvedd subspace. 

Forr given pv < \ the most symmetric possibilities for the six sub-lattice densities 
aree described by (5.82) and (5.83). The latter possibility only occurs when 2\/3 — 
33 < Pv < \- Because of symmetry, (5.82) and (5.83) are stationary points of the 
entropy.. It is tempting to believe that (5.82), being the more general of the two 
mostt symmetric cases, corresponds to the maximum of the entropy. By numerically 
solvingg the BAEs the entropy of the model can be computed to high precision. 
Suchh calculations confirm that for pv < \ the entropy takes its maximum at the 
symmetricc case (5.82) of the sub-lattice densities. 

Ass was seen in Subsection 5.6.4, for the solvable subspace one has po = P2 = PA 
inn cases I and IV and pi = P3 = ps in cases II and III . Consider case II and take b 
onn the imaginary axis between 0 and 2i. The contours 3 and H then lie symmetric 
withh respect to the imaginary axis, so PL = PR, and eventually pi = PA- Thus this 
iss precisely the symmetric case (5.82). Therefore we have obtained the entropy as 
aa function of pv for pv < \- The entropy for pv > \ follows immediately by the 
symmetryy between up and down trimers. It can also be obtained by considering case 
II  and taking b above 2i on the imaginary axis. The resulting entropy is shown in 
Figuree 5.12. When in case II b is not taken on the imaginary axis between 0 and 2i, 
P22 7̂  PA- Figure 5.13 shows the entropy as a function of the asymmetry P2 — PA at 
fixedd pi = p3 = p5. 

Forr b = 2i all four cases I, II , II I and IV coincide. The integrals in Subsection 5.6.1 
thenn simplify. The sub-lattice densities are all equal to g, and the entropy per trimer 
iss 5s ym = log | y/3. 
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Figuree 5.13: The entropy per trimer S as a function of p2 - P4 at fixed p\ = p3 = p5. 
Thee three curves correspond to the three situations in Figure 5.11. The end points 
off  the lower curve (pv = 0.45) are determined by p2 = 0 and by p4 = 0. The upper 
curvee (pv = 0.48) terminates when p4 = p0 and when p2 = po- At the left end point 
off  the middle curve (py = 2\/3 - 3 « 0.4641) p2 = 0 and p4 = p0, at the right end 
pointt P4 = 0 and p2 = po-

5.7.33 Phase transit ion 

Considerr a system with pv between 0 and \. The energy is a convex function of pv , 
soo the system is thermodynamically unstable. It would separate into a frozen phase 
withh pv = 0 and the symmetric phase with pv = \. However an interface between 
thesee two phases is not possible in the model. Similarly a system with pv between 
\\ and 1 would demix into phases with pv =  and pv = 1, if coexistence between 
thesee phases were possible. 

Noww give a chemical potential fiv to the down trimers instead of imposing their 
densityy pv- The free energy 

FF = -ps/Pv - S(pv) 

takess its global minimum at 

Pvv = < 

for r 

forr -

for r 

Mvv < 
~2o~2osymsym < /iv < 

' • J sv rnn ^ MV' 

-25 s s 

26; ; 
symi i 

symi i 

za s s Thereforee the model is in a frozen phase for ^ v < 
andd in the symmetric phase for —2S'sym < /xv < 251, 
/xvv = 25 s y m there is coexistence between a frozen and a symmetric phase 

s ymm and for pv > 2Ssym 

sym-- At /iv 25'symm and at 

5.7.44 Low-p behaviour 

Inn Section 5.1 the nature of the phase transition was discussed, based on the form 
off the entropy for low domain-wall density p. That expression (5.1) for the entropy 
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followedd from hand-waving considerations about the "breathing" of the domains. 
Wee shall now show that it can also be confirmed from the exact solution of the 
model. . 

Considerr case II of the exact solution. Take 

bbLL — re" and 6R = - r _ 1e "e i 

andd let e j 0. Computation of the integrals in Subsection 5.6.1 yields 

pLL = ^ + 0(e2), pR = - ^ e + 0(e2), 

óóLL = - l o gr -=e loge+0(e), (J>R = logr - —= eloge + O(e), 

logrr . n ( 2 \ v l o g r *Mn(J\ 

Thee domain-wall density p is well-defined up to 0(e2) by p ~ ph ~ PR- It follows 
fromm (5.79) that 

SS = -^e2 loge+ 0(e2) = ~p2 logp + 0(p2). 

Hencee the entropy is indeed of the form (5.1). 

5.88 Relation to the square-triangle tiling 

Itt was already remarked that the solution of the trimer model presented here is 
veryy similar to that of the square-triangle random tiling model [86, 54]. We now 
showw that the square triangle tiling is in fact a special limit of the trimer model. 
Firstt we give a convenient representation of the square-triangle tiling. Then we 
constructt a mapping between configurations of the square-triangle tiling and special 
configurationss of the trimer model. Finally we present the appropriate limi t in the 
exactt solution. 

Thee square-triangle tiling can be mapped to the following model on the trian-
gularr lattice [43]. On each edge of the triangular lattice lives a variable that can 
bee 0, + or —. These variables are subject to the condition that around each lattice 
facee one must have 0, +, - in clockwise order, or three -t-'s, or three —'s. Hence 
theree are five possible configurations around a face. An edge labelled with 0 is the 
diagonall  of a square in the tiling. The faces with only +'s or only - 's correspond 
too the triangles. 

Takee the trimer model and exclude the occurrence of trimers on one sub-lattice, 
sayy sub-latttice 4. We shall give a mapping between the configurations of this model 
andd the configurations of the above representation of the square^triangle tiling. 
Dividee the lattice into triangular cells as in Figure 5.14. There are five possible trimer 
configurationss on a cell. Such cells fit together to form a configuration of the (iV4 = 0) 
trimerr model if and only if the edges of adjacent cells match. Label the edges of the 
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Figuree 5.14: Divide the triangular lattice into triangular cells whose corners lie on 
thee middles of the sub-lattice 4 triangles. Left: each cell contains one whole triangle 
(sub-latticee 0 in < and 2 for >), three half triangles (sub-lattices 1, 3 and 5) and 
threee sixth triangles (sub-lattice 4). Right: both on the < and on the > cells there 
aree five possible configurations. 

cellss with 0's, -l-'s and —'s as in Figure 5.14. Note that the five trimer configurations 
onn a cell correspond to the five configurations of 0's, +'s and —'s around a face in 
square-trianglee tiling representation above. The edges of two adjacent cells match 
iff  and only if they bear the same label. Hence we have established a one-to-one 
correspondencee between configurations of the trimer model without trimers on sub-
latticee 4 on the one hand and configurations of the square-triangle tiling on the 
otherr hand. 

Thee trimers on sub-lattice 4 can be excluded from the model by putting W4 = 0. 
Thenn the transfer matrix is still diagonalised by the Bethe Ansatz presented in 
Sectionn 5.3, but as the substitutions (5.30) fail to make sense, the analysis of the 
BAEss should be modified. However, the case p4 = 0 can be obtained from the 
presentt solution by taking an appropriate limi t of the parameter b, as follows. Take 

and d - i e - 7 i i 

inn case II (for 0 < 7 < f ) or case III ' (for — | < 7 < 0) of the exact solution and let 
rr  —• 00. The integrals from Subsection 5.6.1 can be expanded in r, giving 

7rr + 7 , , ,-,/ -2> 
PLL = 2 sin 11 + 0 ( 0, 

7 7 pRR = l + 2 s i n ^ + 0 ( r - 2 ) , 

77 7 108 
bbhh = 2 s i n - logr + s i n - log = x(l) + x{~l) + 0{r ), 

33 3 cosz 7 7TT + 7 . . 7T + 7 
6RR = 2 sin —-— log r + sin —-— log 

108 8 
cos22 7 

++ x(7) + 2x( -7) + 0 ( r " 1 ) , 

11 7 \ / l 1 . 7 V 108 
- + S m - j l o g r + ^ - - s m - j l o g ^ ^ ^ 

11 . 7 \ , > I . 7T - 7 
2 - s m - W ( 7 ) + ( s mm — 

1 1 
X ( - 7 )) + 0 ( r - 1 ) , 
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. 7TT + 7 1\ / 1 . 7 T + 7 1\ , 108 
s m—— "  2) logr+ USm^ ~ + V g™^r 

++  (s in  + ) X(7) + ( l - sin 2 ) X ( - 7 ) + O f r " 1 ) , 

wheree the function \ is defined by 

X(0)) = l o g [ t a n ^- + - j t a n (j + -

Thee sub-latt ice densities can be computed from pi and pR, giving 

p00 = 2 - 2 s i n ^p + C>(r-2), 

p22 = 2 - 2 s i n ^ — -^ + 0 ( r ~2 ) , 

P44 = 0 ( r " 2 ) , 

Pii  = P3 = /05 = - 1 + - ^ c o s- + 0 ( r " 2 ) , 

soo tr imers on sub-latt ice 4 are indeed excluded in the r —> 00 limit . In the square-
tr ianglee til in g model a Bethe Ansatz can be set up for the rectangular domain 
wallss [86]. The reference state is a horizontal row of edges all labelled with 0, 
andd the labels + and — on the horizontal edges are the left-moving and right-
movingg excitations, respectively. Consider the above-mentioned r —* 00 limi t of the 
t r imerr model, map the resulting p4 = 0 tr imer model to the square-tr iangle tilin g 
ass described in Figure 5.14, and compute the densities of + 's and —'s on a vertical 
roww of edges: 

22 7 T -7 
P+P+ = PO + P3 = 1 - -J= COS — ^ — , 

22 7T + 7 
P-P- = P2 + P5 = 1 - -y= COS —^—. 

Thesee are precisely the Bethe Ansatz particle densities for the square-tr iangle tilin g 
i nn the usual parametr isat ion [54], The entropy of the tr imer model as r —• 00 is 

SS = S L + E R + - (2pR - p L ) 0 L + 7 (2/>R - P L ) 0 R 
oo o 

1088 „ . 7T -7 , . „ . 7 T + 7 / N „ , n 
-- log 2 - + 2 s m — T 1 * 'T + 2 sm —r-i- x -7) + Or"1, 

coŝ ^ 7 0 6 
inn agreement with the entropy of the square-tr iangle tiling. Note tha t $L, <AR, £ L 
andd £ R contain a log r term, but in t h e entropy S these divergencies cancel. 

Thee hexagonal domain-wall network of the trimer model contains two types of 
YY joints, which are mirror images. Excluding the tr imers on sub-lattice 4 (or 2) 
excludess one (or the other) of these types. The resulting domain-wall network corre
sponds,, under the mapping described above, to the hexagonal domain-wall s tructure 
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off  the square^triangle tiling. Alternatively, we could have excluded the trimers on 
onee of the odd-numbered sub-lattices, such that one orientation of domain walls no 
longerr occurs. The Y joints and upside-down-Y joints then coalesce pairwise, yield-
ingg chiral joints where four domain walls meet in an X. What results is precisely the 
rectangularr domain-wall structure of the square^triangle tiling. 

5.99 Conclusion 

Wee have introduced a new simple lattice model. It is a fluid of particles each occupy-
ingg three sites of the triangular lattice. We distinguish six sub-lattices of adsorption 
sitess for the trimers. Full occupancy and a resulting geometric constraint leave of 
thee six sub-lattice densities four independent parameters. 

Inn the full four-dimensional parameter space the model is solvable by the Bethe 
Ansatz.. In the thermodynamic limit the Bethe Ansatz equations can be reduced to 
twoo integral equations. In a two-dimensional subspace of the sub-lattice densities 
thesee integral equations can be solved by means of monodromy and analyticity 
propertiess of the functions involved. Within this subspace the entropy and the 
sub-latticee densities are given as integral expressions. 

Thee solution is very similar to that of the square-triangle random tiling model [86, 
54].. In both cases the solution is closely connected to the hexagonal domain-wall 
structuree of the model. Another solvable model with such a domain-wall structure 
iss the three-colouring model on the honeycomb lattice [7]. In a configuration of this 
modell  the edges of the honeycomb lattice are coloured with three colours in such a 
wayy that the three edges meeting in each vertex have different colours. Alternatively 
thiss model can be formulated as the zero-temperature antiferromagnetic three-state 
Pottss model on the Kagomé lattice [90, 51]. We shall now briefly discuss the relation 
betweenn these three models. 

Thee domain-wall structure of the trimer model is depicted schematically in Fig-
uree 5.15. It contains two types of Y joints but only one type of upside-down-Y joints. 
Inn the square-triangle tiling there is only one type of Y joints and one type of upside-
down-YY joints. In the honeycomb lattice three-colouring model on the other hand 
bothh the Y joints and the upside-down-Y joints come in two types. Hence these 
threee models appear to be different. 

Thee A2 model is a vertex model on the square lattice, derived from an affine 
Liee algebra [11, 53]. It satisfies the Yang-Baxter equation [8, 10], so it can be solved 
byy algebraic Bethe Ansatz [31]. At a special value of the spectral parameter it is 
thee three-colouring model on the honeycomb-lattice [76]. For a suitable choice of 
thee remaining parameters one of the two types of Y joints and upside-down-Y joints 
inn the domain-wall network is excluded. In this limit the model is just the square 
trianglee tiling. This mapping "explains" the solvability of the square triangle tiling 
inn terms of that of the A2 model [43]. 

Inn a similar fashion the square triangle tiling can also be obtained from the 
trimerr model. When the trimers on sub-lattice 4 (or 2) are excluded, one (or the 
other)) type of Y joint no longer occurs in the domain-wall network. Again the 
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Figuree 5.15: Schematic representation of the domain-wall structure of the trimer 
model.. The Y joints of the domain walls come in two types. These are mirror 
images,, featuring either a -4 or a • . In contrast there is only one type of upside-
down-YY joints. 

square-trianglee tiling results. The Bethe Ansatz for the trimer model remains valid 
inn this special case. However, the substitutions (5.30) no longer makes sense when 
WiWi = 0 (or u>2 = 0), so the same is true of the analysis in the subsequent sections. 

Thereforee the three models are connected in sense that both the trimer model 
andd the /1 2 model contain the square-triangle random tiling as a singular limit. It 
wouldd be interesting to know if the trimer model, like the square-triangle tiling, is 
aa special case of some model satisfying the Yang-Baxter equation. 
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5.AA Perturbat ion analysis 

Inn Subsection 5.6.1 the quantities PL, PR, <t>L,  </>R and $ = - ( E L + S R ) were obtained 
ass functions of b = b\ = 6R. For the computation of the sub-lattice densities and 
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thee entropy the derivatives 

and d 

aree also needed as functions of b. These cannot be calculated by differentiation of 
thee <ï> already obtained, because variation of $L (ÓR) at constant p^, pR and 4>R 
(4>L)(4>L) breaks the condition &L = &R- Therefore in this appendix we infinitesimally 
relaxx that condition, and compute /?L, PR, </>L! 0R and $ = — (EL + £ R) to leading 
orderr in the infinitesimal relaxation parameter. 

Whenn the curves H and H do not close, the monodromy group is the full group 
SL(2,, Z). Therefore gh(z) and gn.(z) are no longer single-valued functions of the vari-
ablee t. Kalugin [54] has provided a perturbation analysis for the analogous situation 
inn the square—triangle random tiling model. It leans heavily on the understanding 
off  the structure of the Riemann surface of the functions. Our approach does not 
requiree such knowledge and is more systematic. 

Althoughh gh{z) and </R.(i) are no longer single-valued functions of the variable t, 
onee can still perform the variable transformation (5.66). The end points b  ̂ and b^ 
off  E (bji and bR of H) then correspond to points d  ̂ and dL

 : (CJR and dR
_1) in the 

i-plane.. The point b in (5.66) can be chosen such that \d-^\ = \d ;̂ write 

ddLL = pL6 and dR = (3RS, 

withh S real and positive and |/5L| = \0R\ — 1. The curves corresponding to E and 
HH divide the annulus ö < \t\ < ö^1 into sectors, much as in Figure 5.9. We get a 
single-valuedd function h(t) = g(z) in this annulus instead of in the whole t-plane. 
Sincee it is analytic in the annulus it can be expanded as a Laurent series in t: 

oo o 

g(z)=h(t)=g(z)=h(t)= Y, V P - (5-84) 
p=p= — oc 

Onlyy powers tp with p = 1 (mod 6) have the correct monodromy properties, so 
otherr powers cannot occur. From (5.54) one has 

h(t*-h(t*- ll)=g(z*)=g(zy=h(ty, )=g(z*)=g(zy=h(ty, 

soo the coefficients Ap satisfy 
A-A-PP = A;. (5.85) 

Wee want to view the function g(z) given by (5.84) as a perturbation of the function 
g(z)g(z) given by (5.71), where 6 is the small parameter. In our notation we have 
suppressedd the dependence of the coefficients Ap on 5, /?L, and (3R. 

Thee function g(z) satisfies the integral equation (5.64). We investigate how each 
off  the terms tp from the Laurent series (5.84) of g(z) behaves in this equation. In 
orderr to compute the integral we change from i) to r = t(i)) as integration variable. 
Thee resulting integrand is a rational function in r, which we decompose into partial 
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fractions.. Integration yields polynomial as well as logarithmic terms; some care is 
requiredd in choosing the branch of the logarithms. Finally we expand in powers of 
S,S, obtaining 

2 T T I 7 H / ) - ££ 1 27ri\q^cp-69
V } 

VV — (t6q ~ 1) ö6q~p } (5.86) 
frifri  P-Qq J 

forr each term tp in the Laurent series (5.84). Here t in the RHS corresponding to 
zz in the LHS is in the sector containing ti, that is the sector where g(z) equals 
<7L(<2)-- Comparison with the integral equation (5.64) shows the following. The term 
ttpp in the RHS of (5.86) exactly matches the term gh(z) in the LHS of (5.64). The 
inhomogeneouss term —tp in the RHS of (5.86) corresponds to the inhomogeneous 
termm 1 in the integral equation. The other terms in the RHS of (5.86) are "un-
wanted11;; the powers off they involve are multiples of 6. Because the Laurent series 
(5.84)) satisfies the integral equation (5.64) the inhomogeneous terms —tp from (5.86) 
counterbalancee the inhomogeneous term 1 of the integral equation, 

DO O 

EE tPiAP = 1 (5-87) 

(whichh means that gh(oo) = 1), and the unwanted terms cancel, 

forr all q < 0, (5.88) 

forr all q > 0. (5.89) 

(Duee to (5.85) the equations for q and for —q are equivalent.) The function g(z) also 
satisfiess the integral equation (5.65); this leads to another similar set of conditions 
onn the coefficients Ap. 

Thee form of the equations (5.88) and (5.89) and their analogue from (5.65) 
suggestss that for /?L and /3R fixed the coefficients Ap should be power series in ö, 

AApp = 4 0 ) + Ap
l)5 + A^S2 + . .. (5.90) 

Wee would like to determine the coefficients Ap . 
Whenn t approaches the boundary of the annulus, |i| —• 5 or |i| —• J - 1 , the un

perturbedd function g(z) given by (5.71) becomes of the order 6. It seems reasonable 
too assume that the terms Apt

p of the perturbed function g(z) do not grow faster 
thann this, so the coefficients Ap with h < \p\ - 1 must be zero. 

xx qp 

^—^^—^ p - 6q 
p=p= — oo 

xx OP 

^—''  p — bq 
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Considerr (5.87) and its analogue from (5.65). Substitution of the power series 
(5.90)) yields, after rearrangement of the terms, 

X > MM £ ^ 4 / l ) ) = 1 for A =1,5. (5.91) 
h=0h=0 \p=-(h+l) / 

Thee S° part gives 

ttkkA^A  ̂ +t^A(°l = 1 for k = 1 , 5. 

Thee unique solution of these equations reproduces the unperturbed function g(z) 
givenn by (5.71). For 1 < h < 3 the Sh part of (5.91) gives 

M i h )) + f f c M - i = ° for A: = 1 , 5. 

Thiss implies that A\ and A_{ are zero. The Ö4 part of (5.91) gives 

ttkkA[A[A)A) + tk
lA{*\  + t | 44 ) + t-*A™ = 0 for k = 1, 5. 

Thesee equations have two linearly independent solutions, one of which satisfies (5.85). 
Substitutingg these results into (5.90) and (5.84) yields 

gg{z){z) = t + rl + c (t~5 -t)+c*  (t5 - r1) + o(s5), (5.92) 

wheree we have written 

AA((*lö*lö 44 = C and A{4)54 = C*. 

Notee that (5.92) can be written in the form (5.69). We have used the equations (5.88) 
andd (5.89) only to come up with the series expansion (5.90). These equations would 
bee needed if the coefficients Ap with h > 4 were to be determined. Knowledge of 
thesee coefficients would yield a solution to the integral equations (5.64) and (5.65) 
alsoo for a finite opening between 6L and bR. Unfortunately we have not been able to 
calculatee these coefficients, but fortunately they are not needed, because the present 
purposee is only to compute pL , pR: 0L , 0R and <£> = - ( SL + £ R) only to leading 
orderr in 5. 

Ass our aim is to calculate the quantities pL, pR, 0L , 0R and $, we substitute 
(5.84)) and (5.90) into the integral expressions from Subsection 5.6.1. For (5.73) this 
gives,, after transforming to t as integration variable: 

Forr each p and h we determine the order in 5 of the contribution. When t —» 0 
orr t —> oo the integrand is proportional to tp+5 and tp~7, respectively. Hence the 
integrall  is bounded, of order 0 in 6 that is, for |p| < 5; logarithmic in S for |p| = 6; 
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off  order 6 — |p| in 6 for |p| > 7. Note that the coefficients Ap with \p\ = 6 are zero. 
Lett m denote the order in 8 of the integral. The order in Ö of the whole contribution 
iss h + m: 

\p\ \p\ 
1 1 
1 1 
1 1 
5 5 
5 5 

>> 7 

m m 
0 0 
0 0 
0 0 
0 0 
0 0 

66 - \p\ 

h h 
0 0 
4 4 

>> 5 
4 4 

>> 5 
>> H - l 

hh + m 
0 0 
4 4 

> 5 5 
4 4 

> 5 5 
>> 5 

Thereforee p  ̂ in (5.93) has a 5° contribution from the unperturbed part in the RHS 
off  (5.92), a 8A contribution from the part involving C and C*, and contributions of 
higherr order in 5 from the parts collected in the 0{65) term, so 

InIn the RHS the integration limits may be changed from 3^6~l and 0^6 to oo and 
0,, as this makes a difference 0(öb). Transforming back to z as integration variable 
thenn gives 

pLL = - L /*  [t  + t l + C {t~5 -t)+C*  (t5 - t'1)]  dz + 0(6b) , 
Z7T1Z7T1 J-=(0) 

wheree E^°' denotes the unperturbed (S = 0) contour. Hence PL is given to leading 
orderr in C ~ SA by (5.73), where now f(z) is given by (5.76) instead of (5.72), and 
integrationn is over the unperturbed contour. Note that /3L and /3R do not occur in 
thiss expression. Similar arguments show that fully analogous results hold for /?R, 0L, 
<^R,, SL and S R: up to 0(65) they are given by the integrals (5.73), (5.74) and (5.75) 
orr their R-analogues, with ƒ(2) given by (5.76). Therefore we have now obtained 
thesee quantities to leading order, namely Ó4, in the parameter 6 that describes the 
infinitesimallyy small opening &L - R̂ ~ <56 between the end points of E and H. 



Chapterr 6 

Reflectingg boundaries 

6.11 Introduction 
Inn Chapter 4 we described the coordinate Bethe Ansatz, due to Widom [86], for 
thee square^triangle tiling with periodic boundary conditions. It is based on the 
rectangularr domain-wall structure exhibited by the model in its square phase. The 
referencee state of the Bethe Ansatz consists of squares of a certain orientation. 
Thee walls, made up of triangles, that separate domains consisting of reference-state 
squaress are viewed as world lines of particles. In Chapter 5 we described a coordinate 
Bethee Ansatz for a model of triangular trimers on the triangular lattice, also with 
periodicc boundary conditions. It is based on the hexagonal domain-wall structure 
off  the model. The reference state consists of trimers on a certain sub-lattice. The 
worldd lines of the particles form a honeycomb network of walls between hexagonal 
domainss of reference-state trimers. Both for the square-triangle tiling and for the 
trimerr model the Bethe Ansatz features particles of two types, namely left-movers 
andd right-movers. The number of particles of each type is a conserved quantity. 
Theree is a left-right symmetry between the two particle types. Moreover, the two 
particlee types are treated symmetrically in the Bethe Ansatz. It should be noted 
thatt models with two equivalent types of particles may also admit a nested Bethe 
Ansatz,, where the two types play non-equivalent roles. For example, a nested Bethe 
Ansatzz for the square-triangle tiling can be found in [40]. 

Thee aim of this chapter is to modify the Bethe Ansatz for these two models 
too the case of systems with boundaries. The starting point is to use the same 
choicee of reference state and particles as for periodic boundary conditions. Then 
thee model is given reflecting boundaries. By the term "reflecting" we mean that 
aa left-mover that reaches the left boundary is converted into a right-mover, and 
vicee versa for the right boundary. In particular, particles cannot enter or leave the 
systemm at the boundaries. Obviously, the number of particles of each type is then 
noo longer conserved. However, because no particles are created or annihilated at 
thee boundaries, the total number of left-movers and right-movers together is still a 
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conservedd quantity. If this were not the case, a Bethe Ansatz based on this choice 
off  vacuum and particles would be beyond hope. The Bethe Ansatz for reflecting 
boundariess also relies on the symmetric treatment of the two particle types in the 
periodic-boundaryy Bethe Ansatz on which it is based. 

Thee solution follows the same steps as described in Chapter 5 for the trimer model 
withh periodic boundary conditions. The transfer matrix is diagonalised by means of 
aa coordinate Bethe Ansatz. This is done first for the case that the system contains 
onlyy one particle, then for the two-particle sector and finally for an arbitrary particle 
number.. From this the Bethe Ansatz equation is derived which can be turned into 
ann integral equation for the ground state in the thermodynamic limit . This integral 
equationn can be solved by the monodromy method of Kalugin [54]. 

Ass sketched in Section 4.4, the coordinate Bethe Ansatz for the square-triangle 
tilin gg (with periodic boundary conditions) is connected to the Yang Baxter equation 
forr the A2 vertex model [43]. When the local weights of a model admit a solution 
too the Yang-Baxter equation (and the inversion relation), the transfer matrix of 
thee model with periodic boundary conditions belongs to a (parametrised) family of 
commutingg transfer matrices [8, 10]. The boundary counterpart of the Yang Baxter 
equationn is the reflection equation [23]. Together with the Yang Baxter equation 
(andd the inversion relation), this equation implies that the (double-row) transfer 
matrixx of the model with boundaries belongs to a commuting family [79, 13]. We 
shalll  present a solution to the reflection equations for the square-triangle tiling that 
containss some cases of the boundary conditions of our coordinate Bethe Ansatz. 

6.22 Square-tr iangle tilin g 

6.2.11 Outline 

Inn this section the coordinate Bethe Ansatz for periodic boundary conditions, de-
scribedd in Section 4.3, is adapted to reflecting boundaries. First the precise boundary 
conditionss have to be specified. A set of boundary tiles is found that enables the 
reflectionn of particles, but prevents particles from leaving or entering the system at 
thee boundary. Then the reference state is described and the reduced transfer ma-
trixx is defined. A Bethe Ansatz for this transfer matrix is obtained in a number of 
steps.. Firstly, a single particle at the left boundary is studied. Secondly, the solu-
tionn to this one-particle one-boundary problem is combined with the many-particle 
periodic-boundaryy Bethe Ansatz from Subsection 4.3.3 to produce a solution for 
twoo particles at the left boundary. Thirdly, this solution is easily generalised to an 
arbitraryy number of particles. The solution for an arbitrary number of particles at 
thee right boundary follows by symmetry. Finally, this left-boundary eigenfunction 
andd this right-boundary eigenfunction are combined to an eigenfunction for the sys-
temm with reflecting boundaries on both sides. The Bethe Ansatz equation arises 
ass a consistency condition on this eigenfunction. Like the Bethe Ansatz equations 
forr the model with periodic boundary conditions, it can be turned into an integral 
equationn in the thermodynamic limit , but we shall not perform that task. 
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Figuree 6.1: The triangular lattice with left and right boundaries for (a) integer 
systemm size and (b) half-integer system size. There are two types of boundary faces. 
Ann obtuse triangle always corresponds to a triangular boundary tile or tile part in 
thee square-triangle tiling, whereas a thin bar can also correspond to a single edge. 

6.2.22 Boundary tiles 
Inn Section 4.2 a representation of the square-triangle tiling as a model with spin 
variabless living on the edges of the triangular lattice was given. A coordinate Bethe 
Ansatzz for this model with periodic boundary conditions (in the horizontal direc-
tion)) was described in Section 4.3. We want to find a modification of this Bethe 
Ansatzz for reflecting boundary conditions. The same lattice representation of the 
square-trianglee tiling is retained; the triangular lattice with boundaries is shown in 
Figuree 6.1. The equilateral triangles in this figure have precisely the same allowed 
edgee label configurations and the same weights as in the periodic-boundary case. 
Inn particular, such a face corresponds to a triangular shape in the square-triangle 
tilingg that is either a whole equilateral-triangle tile or half a square tile. 

Wee now describe the tiles at the left boundary; the situation for the right bound-
aryy follows by symmetry. An obtuse triangle in Figure 6.1, whose long edge lies on 
thee left boundary, corresponds to a triangular shape at the boundary of the square-
trianglee tiling. This shape can be a whole boundary tile or only a part of a boundary 
tile.. In the latter case, the tile is completed by adding half a square tile (or two). 
Figuree 6.2(a) lists the nine possible edge labellings of an obtuse-triangle face and 
thee corresponding shapes in the square-triangle tiling. 

Att the boundary of the square-triangle tiling there can be triangular tiles or tile 
partss that are so highly acute-angled that their two longer sides are both mapped 
too a horizontal edge in the lattice representation. In Figure 6.1 this horizontal edge 
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hass been expanded to a thin bar. The shapes corresponding to the nine possible 
edgee labellings of such a bar are shown in Figure 6.2(b). Three of them are genuine 
boundaryy tiles or tile parts, with positive area; another three have zero area and 
aree simply edges; the remaining three have negative area, and will no longer be 
considered. . 

Thee boundary face |+ accommodates the reference state, where all horizontal 
edges,, including those of the thin bars at the boundary, are labelled 0. It is not 
difficul tt to verify that the boundary faces [;, [+ [2, \°0 and ; conserve the total number 
off  particles, whereas | + [° and -° make a particle disappear from the system and [l , [2 
andd •" make a particle appear in the system at the boundary. In order to get a model 
thatt admits a Bethe Ansatz solution we must exclude all edge labellings of boundary 
facess that violate particle-number conservation. Note that these are precisely the 
labelledd faces whose corresponding tile or tile part in the square triangle tiling does 
nott have an exactly vertical left edge. There remain five edge labellings of the 
obtuse-trianglee face and one edge labelling of the thin-bar face. Three of these faces 
correspondd to a whole triangular boundary tile in the square-triangle tiling while 
thee other three correspond to only a triangular part of a boundary tile. The six 
completedd boundary tiles are shown in Figure 6.3. 

Forr each boundary face \bc define the reduced weight, which is its weight relative 
too that of the reference-state tile, 

Forr the bulk faces the reduced weights are defined in (4.1) and (4.2). It will turn out 
too be convenient to introduce the following special combinations of reduced weights: 

^ ) u , ( 0 > ) ^ m m 

™([>(0->(VMVM---) --
Thee weight w(f) will be denoted bh for short. Analogously for the right boundary 
wee define dt, d0, d°, d[j and dh-

6.2.33 Reduced transfer matrix 
Considerr the lattice representation of the square-triangle tiling with boundaries 
describedd in the previous subsection. Let the left boundary be at x = 0 and the right 
boundaryy at x = L. In defining a transfer matrix for this model, a complication 
arisess because the faces () (and their right-boundary analogues) extend over two 
lattice-layers.. One way to resolve this is to split each face \bc into L

a
b and fc. The 

statee variable a on the common edge of L and v takes five different values, one for 
eachh of the five admitted labellings of | . The right boundary is treated analogously. 
Wee choose another solution, namely the usage of a double transfer matrix T2 for 
thee two lattice layers depicted in Figure 6.4. A drawback of this approach is that 

KK = 
bb00 = 

h°h° -°oo — 
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(a) ) 

+ + 

00 0 
>> i > 

(b) )  >  >  > 

00 + l> > 

+ + 
+ + 

+ + D> > 

Figuree 6.2: The lattice in Figure 6.1 has two types of faces at each boundary, viz. 
ann obtuse triangle and a thin bar. Each of these has nine possible edge labellings, 
shownn here for the left boundary, (a) The edge labellings of the obtuse triangle all 
correspondd to triangular boundary tiles or tile parts in the square-triangle tiling, 
(b)) In three labellings of the thin bar the edge in the square-triangle tiling that 
correspondss to the top edge of the thin bar lies below the edge corresponding to 
itss bottom edge; these "negative-area triangles" are shown shaded. There are three 
labellingss where the top edge and the bottom edge bear the same label; the bar then 
correspondss to a single edge (or "zero-area triangle") in the square-triangle tiling. 
Thee remaining three labellings of the thin bar correspond to genuine triangular 
boundaryy tiles or tile parts. 
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Figuree 6.3: The tiles found for the left boundary of the square-triangle tiling that 
conservee the total number of BA particles. 

Figuree 6.4: Because an obtuse-triangle boundary face extends over two lattice layers, 
aa transfer matrix for a double layer is considered. This double layer contains an entire 
obtusee triangle at both the left and the right boundary. At both boundaries there 
iss also a thin-bar face at the top of the double layer. 

thee case that L is half-integer cannot be handled. The external horizontal edges of 
thee double layer are at x = | , § , . . . ,£ — \. In the reference state of the model all 
horizontall  edges have label 0. The reduced double transfer matrix is defined by 

ff 22 = T2/ (m+) w^x-/)] 2 ' " 1 <i) }

Thee denominator in the RHS is the reference-state weight of the double layer of 
Figuree 6.4. Note that •§» and its right-boundary analogue do not correspond to 
genuinee triangular tiles but to simple edges in the square-triangle tiling, so their 
weightss are unity. 

Wee have chosen to put the thin bar at the top of the double layer. Therefore the 
tilee •=• yields a label — for the horizontal edge at x = \. When, alternatively, the 
thinn bar is put at the bottom of the double layer, f gives label + at x = =. These 
twoo choices lead to slightly different transfer matrices. Of course fully analogous 
remarkss apply to the right boundary. 

Thee next four subsections are devoted to diagonalising the reduced transfer ma
trix,, that is finding functions ip that satisfy 

(f^)(a)(f^)(a) = A2^(a) (6.1) 
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forr all states <r of a row of horizontal edges. First we ignore the right boundary, in 
otherr words, we consider equation (6.1) only for those states a where all particles 
aree away from the right boundary. This partial eigenvalue problem is solved in 
Subsectionss 6.2.4 6.2.6 for one, two, and arbitrarily many partices, respectively. By 
symmetryy a solution is obtained of the problem where the left instead of the right 
boundaryy is ignored, in other words, of equation (6.1) restricted to the states a with 
noo particles near the right boundary. The solution for the system with only a left 
boundaryy and that with only a right boundary are consistent, in the sense that the 
twoo "eigenfuctions" show the same dependence on the coordinates of the particles 
thatt are away from both boundaries. Therefore these two partial solutions can be 
combinedd to a solution of the full eigenvalue problem, that is, a function ip that 
satisfiess (6.1) for all states a. This is done in Subsection 6.2.7. 

6.2.44 One particl e 

Considerr the square-triangle tiling represented on the triangular lattice with a left 
boundaryy at x = 0, as described above. With the notation from Subsection 4.3.2, 
thee reduced double transfer matrix for the double lattice layer of Figure 6.4 is given 
by: : 

(f(f22iP)(Gy)iP)(Gy) = t2_^(Gy-l) i f j , > § , (6.2) 

(rV)(ee §) = t2_ v(e J) + (M2 + M-M© £), (6.3) 
(r2V)(ee ) = b~ ^(© i ) + b°t+ </,(© | ), (6.4) 

( fV)(©x )) = ^ ( e ^ + l ) . (6.5) 

Heree t+ and t- are combinations of reduced bulk-face weights defined in (4.3) 
andd (4.4). The solution of the eigenvalue problem f2  ̂ = A2tp is 

, ,QQ , ƒ AvW i f y > § , 
[r[r vvAAvvvvyy iiy=  i , 

^ ( 00 x) = Auu
x, 

where e 

AA22 = t2+u = tLv-\ 

rr vv = (b~ + b0^112_ v-1) [b~ + (6h + & V + b0tZ
l)t2_ v~1}  _ 1, (6.6) 

andd the amplitudes Au and Av are related by 

X 11 - Rv (6.7) 

with h 
RRvv = (t+ t^y1 [b~ + (6h + &0*; 1 + b0tZ

l)t2_ v-1} . (6.8) 
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6.2.55 Two particles 
Againn consider the square-triangle tiling represented on the triangular lattice with 
aa left boundary at x = 0. and now let there be two particles. We want to diagonalise 
thee transfer matrix by combining the solution for two particles without boundary, 
describedd in Section 4.3, with that for one particle with a reflecting boundary, derived 
inn the previous subsection. We were able to find such a solution when the weights 
satisfyy the following three conditions: 

s+ts+t++  = s-t-, (6.9) 

b°b°QQ = b 0 b ( \ (6.10) 

^^ = 0 or & ; = 0 , (6.11) 

wheree s+ and s_ are combinations of reduced bulk-face weights defined in (4.5) 
andd (4.6). The form of the eigenfunction is: 

^^ ƒ AVlV3v?v?+ AV2Vlvfvf if s/x > §, 

]^^]^^ vi
/i-vlv2

vl v2 + i v2
/iv2v1 ^2 °\ u y 1 2' 

V>(©© xueyi) = AUlV2u^vf + AU2Vlu
x
2'v\\ (6.13) 

ƒƒ AVlU2vfu^+ AV2uy2^r i f y i> | , , . 

^{ 00 xu@x2) = AUlU2u^ux
2
2 +AU2Ulu* lux

1
2. (6.15) 

Wee shall describe the factors that make up the above eigenfunction expressions. 
Firstly,, Ui and V{ are related by 

t\ui=tt\ui=t 22_vr_vrll  (6.16) 

andd the eigenvalue is given by 

A22 = t\ uiu2 = tt vïlV2l-

Thee eigenfunction is symmetrised over ux and u2 or, equivalent̂  over v\ and v2-
(Notee that in the case of periodic boundary conditions, see Section 4.3, the u's and 
thee v's are independent sets of BA variables, which are not mixed by the symmetri-
sation.)) Secondly, the amplitudes A... are defined up to a common factor by 

X ^^ = - l ii*j),  f6-17) 

^^ = - 1 (i*j),  (6.18) 

AuiAui^  ̂ = SUiVi (i*j),  (6.19) 
4 4 

AA A 

~A~A _ ~~A ~ 
==  RVt ( W ) , (6-20) 
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wheree SUiV. is given by (4.12). The relations (6.17)-(6.19) are the same as special 
casess of (4.9)-(4.11), while (6.20) is analogous to (6.7). They imply that 

AA A A A A 
~A~A = ~A ~A A ~A = ~HviKvj^utvJ, 

AA A A A A 
~A~A "  = ~A ~A ~A ~A = ~KviHv3buJvi' 

soo they are consistent only if 
^UiVj^UiVj — ' - 'u j t ) ,' ( 6 . ^ 1j 

Byy (4.12) and (6.16) this is equivalent to (6.9). Thirdly, rVi is given by (6.6). The 
detailss of the derivation of the above solution are given in Appendix 6.A. 

Inn terms of face weights, the condition (6.10) reads 

™(t£)«C)) = MtXI p)- (6-22) 

Thiss means that for the four faces involved, the weight can be factorised as 

wheree we have introduced the label 0 for the horizontal edge that divides each of 
thesee four faces into two. Labelling the horizontal edge dividing \~ with -=-, we can 
triviall yy factorise its weight, 

Inn this way the edge face [ , with five possible edge labellings, is split into [ and v , 
whichh each have three possible configurations: ^ ^ L" and f_, f0, f+. As opposed to [ , 
thesee edge faces do not extend over more than one lattice row, so one is now led to 
aa transfer matrix for a single lattice layer. A construction of such a transfer matrix 
wass already sketched in Subsection 6.2.3. There, however, the state of the common 
horizontall  edge of' and v could take five values, one for each possible edge labelling 
off  [ . Now only two different values are needed, thanks to the weight factorisation 
describedd above. It can be seen that these edge labels 0 and -h correspond to the 
absencee of a particle and the presence of one particle, respectively. 

6.2.66 Arbitrary particle number 

Considerr an arbitrary number n of particles in, once again, the square-triangle tiling 
withh a reflecting left boundary at x = 0. A solution to the eigenvalue problem for 
thee transfer matrix can be obtained by generalising the two-particle solution given 
inn the previous subsection. Naturally the weights must satisfy (6.9)—(6.11). The 
n-particlee eigenfunction is 

^(particlee sequence) = ^ (^v(i ) if Vi = \) A.. JJ U^ ( l ) and t^ j .J . (6.23) 
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Wee shall now describe the RHS of this equation. Number the particles in the se-
quencee from left to right 1, 2, . . ., n. Note that one index is used for the + particles 
andd the - particles. (This contrasts with the solution for periodic boundary condi-
tions,, described in Subsection 4.3.3; there the + particles and the — particles were 
numberedd separately.) The summation is over all permutations n of {1,2, . .. , n} . 
Denotee the position of particle i by Xi if it is a + particle and by yi if it is a - par-
ticle.. In the former case u ^ ^, in the latter case v^^, is associated to the particle. 
Againn ui and Vi are connected by (6.16). The eigenvalue is 

A' A' i?n*='- nn<'ï ï (6.24) ) 

i=i i=i 

Noww we turn to the factors that make up each term in the summation. There is a 
factorr rv  ̂ if the leftmost particle is a — particle at x — \. The amplitude A... is 
labelledd by the sequence of u ^ ' s and iV(i)'s; member i of this sequence is un  ̂ if 
particlee i is a -f particle, and tV(i) if it is a — particle. In other words, the amplitude 
AA...... is a function of the permutation n and of the pattern in which 4- particles and — 
particless alternate. Al l these amplitudes A are determined up to an overall factor 

by y 

(6.25) ) 

(6.26) ) 

(6.27) ) 

(6.28) ) 

A. A. 
A, A, 
A. A. 
A. A. 

A. A. 
A, A, 

.UiUj.UiUj  ... 

.UjUi-.. .UjUi-.. 

.ViVj... .ViVj... 

.VjV.VjVll... ... 

.UiVj... .UiVj... 

.VjU.VjUll... ... 

A-Vi... A-Vi... 

•"•Ui... •"•Ui... 

- 1 1 

- 1 1 

K-ViK-Vi 7 

iiïó) iiïó) 

VÏJ) VÏJ) 

(iïj) (iïj) 

wheree SUiV. and RVi are given by (4.12) and (6.8), respectively. These relations 
betweenn the amplitudes are consistent if the bulk tile weights satisfy (6.9). Finally 
theree is a factor u^',̂  for each + particle i and a factor v^,^ for each — particle i. 

Notee that the solution is very similar to that given in Subsection 4.3.3 for periodic 
boundaryy conditions. The main differences are the occurrence of the factor rVv , 
andd the fact that symmetrisation is now over one set of BA variables (or particles) 
insteadd of two. 

Wee have not proved rigorously that the solution of the eigenvalue problem is 
correct,, but it has been verified by means of computer algebra for up to four particles 
nearr the boundary. 

6.2.77 Bethe Ansatz equation 

Considerr the square-triangle tiling in the lattice representation with a reflecting left 
boundaryy at x = 0 and a reflecting right boundary at x = L. In the previous three 
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subsectionss a Bethe Ansatz was formulated that diagonalises the transfer matrix 
whenn the right boundary is ignored. The (partial) eigenfunction, which satisfies 
(6.1)) for all states a where the particles are away from the right boundary, is given 
byy (6.23). A Bethe Ansatz for the model ignoring the left boundary follows by 
symmetry.. The weights have to satisfy (6.9), which is invariant under this symmetry, 
and d 

d°d°00 = d0d°, 

ddhh =0 or  dt - 0, 

thee analogues for the right boundary of (6.10) and (6.11). Analogously to (6.23) the 
(partial)) eigenfunction can be written 

^(particlee sequence) = V^ (r£ t if xn = L —  ̂J 

Thee meaning of the factors in the RHS is analogous to that in (6.23). The factor 
r^r^ , that occurs only if the rightmost particle is a + particle at x — L — | , is 
givenn by 

r ; bb = (dt + d°tZ1t2+u) [dt + (dh + d°tZ1 + d0t-
l)t2+u]~' . 

Thee amplitudes ^4... must satisfy (6.25)-(6.27) and, instead of (6.28), 

AA ... nL , 
ll

TT=Rt-=Rt- (6-30) 

Heree the right boundary is taken at x = L, and 

K bb = ( M - r 1 [dt + (dh+d°tzl+d0t~
l)tlu]. 

Whenn all particles are away from both boundaries, the solutions (6.23) and (6.29) 
agree.. Therefore they can be combined, yielding an eigenfunction for the square 
trianglee tiling model with both a reflecting left boundary at x = 0 and a reflecting 
rightt boundary at x — L: 

^(particlee sequence) - ^ C^MD i f Vi = \) \rZln)
 i f xn = L - | ) 

7T T 

xAxA-- n (< (oa n d^w) - (6-31) 
Thee amplitudes A... must then satisfy (6.25)-{6.27) and both (6.28) and (6.30). 
Considerr (i) a sequence of w's and t/s, starting at the very left with Ui, and the 
samee sequence with (ii) U{ moved to the very right, (iii ) Ui moved to the very right 
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andd replaced by V{, and (iv) Ui replaced by r,. Equations (6.25)-(6.27) imply the 
followingg two relations between the amplitudes Am.m of these four sequences: 

n f : 11 !orUj. (632) 
AAu u 

A.. A.. 

A_, A_, 

•• U, 

.V-, .V-, SSUjViUjVi for u 

AAViVi...... - ^ 1 - 1 ioTVj nn \r ,Uj- <6-33' 
X ; MM — 1 tor Vi 

Twoo other relations between these four amplitudes are given by (6.28) and (6.30). 
Takingg the product of (6.28), (6.30), (6.32) and (6.33) (and using (6.21)) yields 

(-)) =Rv^Y[SUtVj. (6.34) 

Hencee the equations (6.25) (6.28) and (6.30) are consistent only if for each i the 
Bethee Ansatz equation (6.34) is satisfied. 

Considerr the substitutions (4.16). The condition (6.16), which is equivalent to 
T)T) = —£. enables the elimination of rj. The BAE (6.34) then becomes 

t+ t+ 

ss++s s 

wheree we have introduced 

utut'"''"' g^i-r-'p^UiSi + tj) (6-35) 
j = i i 

p(z)p(z) = \ ( ^ ) 2 z~l [Kt+'tz1 + (bh + &0*;1 + to:1) Z] 

xx [dtt-Hz1 + {dh + d°tZ1 + dot'1) z] , 

Thee eigenvalue expression (6.24) becomes 

n n 

A2=(M-)nn&--

Theree is a close relation between the BAEs (4.17) and (4.18) for periodic bound-
aryy conditions on one hand and (6.35) for reflecting boundaries on the other hand. 
Considerr periodic boundary conditions and let the system size be 2L (instead of L). 
Takee s+t- = s-t+ and n+ = n_ = n, and put rjj — —£j. Then both (4.17) and 
(4.18)) take the form 

(^y\?(^y\?LL = (-)"-* f[& + Sj), (6-36) 

whichh differs from (6.35) only by the absence of the factor P{£,i)- Note that the 
functionn P(z) does not depend on the system size, particle number, or BA variables. 
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Thee boundary weights can be chosen such that P{z) = 1, so that (6.35) for those 
speciall  boundary conditions becomes identical to (6.36). 

Inn the thermodynamic limi t the BAE (6.35) can be turned into an integral equa-
tion.. We shall not describe this, but in Subsection 6.3.8 we shall give the analogous 
derivationn for the trimer model. 

6.2.88 Reflection equations 

Thee square triangle tiling with periodic boundary conditions was reviewed in Chap-
terr 4. Its transfer matrix can be diagonalised by means of a coordinate Bethe 
Ansatzz [86]. The square-triangle tiling can be viewed as a special limi t of the A2 

model.. This relation "explains" the integrability of the square-triangle tiling [43]. 
Inn particular, it shows the way to the introduction of a spectral parameter into the 
square-trianglee tiling and an ^-matrix, which then satisfy the Yang-Baxter equa-
tionn [41]. It is well-known that for a model satisfying that equation with an invertible 
iü-matrix,, two transfer matrices (differing by the value of the spectral parameter) 
commutee [8, 10]. 

Noww consider the square-triangle tiling with reflecting boundary conditions. A 
coordinatee Bethe Ansatz for this model was given above. We shall show for a special 
casee of the boundary weights that its transfer matrix belongs to a commuting family. 
Thee commutation of transfer matrices is intimately connected to the Yang-Baxter 
equation.. For models with boundaries the so-called reflection equation, a boundary 
analoguee of the Yang-Baxter equation, comes into play [23]. It is known that transfer 
matricess (with different values of the spectral parameter) of a model with boundaries 
commutee when its bulk weights satisfy the Yang-Baxter equation with an invertible 
i?-matrixx and its boundary weights satisfy the reflection equation [79, 13]. Because 
off  two minor technicalities the argument has to be modified slightly for the square 
trianglee tiling. 

Inn order to obtain a commuting family, firstly the transfer matrix of the square-
trianglee tiling with boundaries is represented in such a way that the spectral pa-
rameterr can be introduced. Secondly the needed variants of the reflection equation 
aree stated. Thirdly, the commutation of two transfer matrices is demonstrated. Fi-
nally,, solutions (for the weights of the boundary tiles) of the reflection equations 
aree given. These solutions contain cases of the boundary conditions from the Bethe 
Ansatzz described in the previous subsections. 

Spectrall  parameter  and reflection equations 

Thee transfer matrix with boundaries that was diagonalised above is shown in Fig-
uree 6.4. In order to introduce the spectral parameter from Section 4.5 into this trans-
ferr matrix, the bulk triangles have to be grouped into pairs as in (4.34) or (4.43). 
Thiss can be done in several ways, two of which are shown in Figure 6.5. The commu-
tationn proof given below works with the alternating structure given in Figure 6.5(b). 
Thee weight of the rhombic faces is given by (4.34) with (4.35)-(4.36) for the lower 
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Figuree 6.5: When introducing the spectral parameter u into the double layer of 
Figuree 6.4, there are two ways to group the triangular faces into pairs. There always 
remainss an unpaired face in each layer, (a) Double layer with homogeneous structure: 
thee layers have the same face-pair weights. The two odd triangles are at different 
boundaries,, (b) Double layer with alternating structure: the layers have different 
face-pairr weights. The two odd triangles are at the same boundary. 

layerr and by (4.43) with (4.44)-(4.45) for the upper layer. For u = 0 the square-
trianglee tiling is regained. The weights of the unpaired triangular faces and of the 
boundaryy faces will be given later, as solutions to the reflection equations. The 
thin-barr face that occurs in the double layer of Figure 6.4 is now omitted altogether, 
soo &h = 0 and d  ̂ = 0. We have not tried to prove commutation when these weights 
aree non-zero. 

Thee commutation proof uses the Yang-Baxter equations and inversion relations 
givenn in Section 4.5. There it was noted that the i?-matrix for the mixed case (4.48) 
iss not invertible. (This is the first minor technicality announced above.) Instead of 
ann inversion relation we shall need the existence of a fourth i?-matrix-like weight, 
dependentt on u and v, such that 

vv \ 
jj . (6.37) 

uu / 

Inn order to prove commutation of transfer matrices, we assume that the weights of 
thee boundary faces satisfy reflection equations. For the left boundary, we have the 
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usuall  reflection equation [79, 13] 

whichh by (4.47) is equivalent to 

(6.38) ) 

Forr the right boundary, the odd triangular faces have to be taken into account. 
(Thiss is the second minor technicality announced above.) We shall use the following 
modificationn of the reflection equation: 

(6.39) ) 

Al ll  the ingredients for the commutation proof are now ready. 
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Commutat ionn proof 

Thee product T2(v)T2(u) of two transfer matrices is represented pictorially by 

Byy (6.37) this is equal to 

Repeatedd application of the Yang-Baxter equation (4.48) moves the i?-matrix to the 
leftt and exchanges the rhombic faces in the middle two rows, which gives 
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Moree i?-matrices are introduced by means of the inversion relations (4.42) and (4.47), 
yielding g 

Repeatedd application of the Yang-Baxter equation (4.41) moves an /^-matrix through 
thee lower two rows and exchanges their rhombic faces. Repeated application of (4.46) 
doess the same for the upper two rows. This gives 

Byy the reflection equation (6.38) this equals 

Repeatedlyy applying the Yang-Baxter equation (4.48) again moves the -R-matrix at 
thee left back to the right and exchanges the rhombic faces of the middle two rows, 
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yielding g 

Finallyy by the modified reflection equation (6.39) this is equal to 

whichh represents the product T2(u)T2(v). 
I tt has now been shown that two transfer matrices as described by Figure 6.5(b) 

withh different spectral parameter commute when the boundary weights satisfy cer-
tainn relations. For the left boundary the weight of the boundary face must sat-
isfyy (6.38). For the right boundary the weights of the boundary face and of the 
unpairedd triangular faces must satisfy (6.39) and (6.37). We have not attempted to 
solvee these equations systematically, but we have been able to find a solution for the 
leftt and for the right boundary. 
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Solutionn for  the left boundary 

Forr the left boundary the following set of weights forms a solution of (6.38), provided 
thatt the bulk weights satisfy (6.9): 

wQt)wQt) = 1, 

Mll  o) =Pl, 

W(\°_)=P2, W(\°_)=P2, 

™(io)) =PlP2, 

W{{-)W{{-) =P3~ (pi +p2){s+S-)*{t+t-)-$U, 
ww([([ bba)a) = 0 for other values of a, b. 

Heree p\, p2 and p  ̂are kept fixed, that is, for each choice of these quantities one gets a 
familyy of commuting transfer matrices parametrised by u. The allowed face labellings 
coincidee with those given in Subsection 6.2.2 for the coordinate Bethe Ansatz. Recall 
thatt for u = 0 the bulk weights become those of the square-triangle tiling. For u = 0 
thee boundary weights given above agree with those from Subsection 6.2.2 if 

h=Pi,h=Pi, 6° =P2, b~ = p3 . 

Notee that the above solution to the reflection equation satisfies (6.22), a restriction 
thatt turned up in the coordinate Bethe Ansatz. 

Solutionn for  the righ t boundary 

Forr the right boundary we choose the weight of the unpaired triangular faces to be 
givenn by (4.35)-(4.36) for the up triangle and by (4.44)-(4.45) for the down triangle. 
Thenn (6.37) is satisfied when the right-hand weight in its LHS is given by 

ii  1 

11 1 J 

Wu,«(_+)) = s+ £ + f 5 , 

II  _ I 

-- — -
wwuu,,vv(_~)(_~) = s+slt_2v, 
wwu,v(u,v(aa'l'l )) = Öa.böd.c f° r other values of a, 6, c, d. 
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Thee following set of weights of the boundary face then form a solution to (6.39), 
againn provided that (6.9) is satisfied: 

== 1. 

== ( s + s _ t+ L ) < u 2 + q2U~ 2. 

== (s+ ,s_ £+ ^_)4u2 - q2u
 2, 

== 0 for other values of a. b. 

Whenn u —> 0 some of these weights diverge (unless q2 = 0 and q3 = 0), but the 
weightt of the plaquette 

tendss to a finite limit . Only when q2 — 0 and q-$ = 0 does the above solution of the 
reflectionn equation correspond for u = 0 to a special case of the weights given in 
Subsectionn 6.2.2. viz. 

d00 = 0, d°=0y dt=qi-

Solutionss of the reflection equation for An models have been studied by Frid-
kinn [38]. It would be interesting to see how the solutions for the A(

2 model relate to 
thee above solution for the square-triangle tiling. Actually, Fridkin uses the mapping 
off  the ^2 m°del to the square-triangle tiling to obtain a solution for the latter 
model.. However, it seems that his argument contains a subtle mistake and that the 
solutionss for the A2 model do not carry over to the square-triangle tiling. 

6.33 Trimer model 

6.3.11 Outline 

Inn the previous section the coordinate Bethe Ansatz for the square triangle tiling 
withh periodic boundary conditions, described in Section 4.3, was adapted to reflect-
ingg boundaries. In the present section we shall do the same for the trimer model, 
whosee Bethe Ansatz for periodic boundary conditions was described in Chapter 5. 
Inn the case of periodic boundary conditions, there is a great similarity between the 
Bethee Ansatz for the square-triangle tiling and that for the trimer model. However, 
forr the trimer model the form of the eigenfunction is more complicated. This is ap-
parentlyy related to the fact that the BA particles can be much closer to each other 

ww (+ 

w{w{++ _ _ 

u<(; ; 
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(c)) (e) (g) 

(b)) (d) (f) (h) 

Figuree 6.6: Tiles containing a lattice site that lies on the boundary are considered 
boundaryy tiles. Tiles (a) and (b) are bulk trimers near the boundary, while (c)-(h) 
aree boundary tiles. 

thann in the square-triangle tiling. Much the same is true for the case of reflecting 
boundaries.. The Bethe Ansatz for the trimer model, described below, is very similar 
too that for the square-triangle tiling, given in the previous section. The form of the 
eigenfunctionn is more complicated, especially when there are several BA particles 
closee to the boundary. The derivation follows the same steps as for the square-
trianglee tiling, outlined in Subsection 6.2.1. We also show how an integral equation 
cann be derived from the Bethe Ansatz equation in the thermodynamic limit . 

6.3.22 Boundary tiles 

Thee boundaries are chosen to be vertical lines through the centres of sub-lattice 0 
(andd 3) trimers. A boundary line contains sites of the triangular lattice. A tile 
iss defined to be a boundary tile if and only if it contains such a boundary site. 
Itt is understood that the allowed non-boundary tiles are precisely the triangular 
trimers.. For example, trimers (a) and (b) in Figure 6.6 are allowed (non-boundary) 
tiles.. We shall now describe which boundary tiles we allow. Only the left boundary is 
considered,, as the situation for the right boundary follows immediately by symmetry. 

Perhapss the most obvious candidates for boundary tiles are tiles (c)-(g) in Fig-
uree 6.6, obtained by clipping an ordinary trimer. Below we shall frequently refer to 
thee tiles depicted in this figure. In the absence of particles the bulk of the system is 
coveredd all with sub-lattice 0 trimers. There are two ways to fit tiles (c)-(g) to this, 
namelyy an array of (e) tiles only and an array of (f) tiles only. It wil l be seen below 
thatt the vacuum has all (e) tiles, whereas tile (f) implies the presence of a particle 
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Figuree 6.7: Tiles (c), (d) and (g) from Figure 6.6 violate particle conservation. Tile 
(c)) or tile (d) allows the creation of an R particle at the boundary. Tile (g) enables 
ann L particle to disappear from the system. 

att the boundary. Once tiles (e) and (f) are admitted, tiles (c), (d) and (g) must be 
excludedd because they violate particle number conservation, as shown in Figure 6.7. 

Thee tiles (e) and (f) cannot form a configuration in which an L particle hits the 
boundaryy and is reflected as an R particle. Therefore we introduce a new tile, shown 
inn Figure 6.6(h), that consists of a boundary site and the site horizontally adjacent 
too it. This tile enables the reflection of a particle at the boundary, see Figure 6.8(a). 
Ann L particle that reaches the left boundary can also stick to the boundary for 
aa number of lattice layers before leaving as an R particle, see Figure 6.8(b). In 
summary,, the tiles we allow at the boundary are (e), (f) and (h). 

Inn Subsection 5.2.3 each site of the triangular lattice (in the trimer model with 
periodicc boundary conditions) was labelled with a spin | or j according to whether 
thee trimer it belongs to lies in the layer above or below the site. This way of labelling 
extendss in an obvious way to the sites belonging to tiles (e) and (f), but tile (h) does 
nott naturally belong to either the lattice layer above its two sites or the lattice layer 
below.. We somewhat arbitrarily assign tile (h) to the layer below, so its sites bear 
thee label J.. When the sites are grouped in blocks of three as in Subsection 5.2.4, 
theree remains a two-site block at the left boundary in every second row of the lattice, 
ass shown in Figure 6.9. A counting argument analogous to that of Subsection 5.2.4 
showss that the number of particles is conserved between rows, where the particle 
contentt of the two-site blocks is given by Table 6.1. (Recall that the situation at 
thee right boundary follows by symmetry.) In particular, an array of sub-lattice 0 
trimerss bounded at the left by only (e) tiles or only (f) tiles yields all two-site blocks 
I tt (no particles) or all two-site blocks |T (o ne particle), respectively. 

Finallyy we define the Boltzmann weights of the boundary tiles. The weight of 
tiless (e), (f) and (h) will  be denoted by bo, b3 and 6h, respectively. The subscripts 0 
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Figuree 6.8: Tile (h) enables the reflection of a particle at the boundary. When tile 
(f)) is allowed as well, the particle being reflected can travel along the boundary. 

Tablee 6.1: The two-spin blocks at the left boundary. 

spins s 

IT T 
TT T 
U U 
U U 

particlee count 
0 0 
1 1 
1 1 
2 2 

andd 3 refer to the fact that these tiles can be regarded as halved sub-lattice 0 and 
sub-latticee 3 tiles. The weights of the mirror image tiles at the right boundary will 
bee denoted do, d$ and d^. 

6.3.33 Reduced transfer matrix 

Whenn there are no particles, the system is filled with tiles (e) at the left boundary, 
sub-lattice-00 trimers in the bulk, and mirror images of tile (e) at the right boundary. 
Likee in Subsection 5.3.1 the reduced transfer matrix for a lattice layer is defined as 
itss transfer matrix divided by its Boltzmann weight in this reference configuration. 
Ass pointed out (for the rhombus tiling model with periodic boundary conditions) 
inn Section 3.2, the rows of the lattice form an alternation of two row types, called 
AA and B. There are two types of lattice layers, each with its own transfer matrix, 
denotedd TAB and TBA- If the system size L is integer, one type of row (say A) 
consistss of L three-site blocks, while the other type (B) has a two-site block at the 
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Figuree 6.9: The sites of the triangular lattice with boundaries are grouped in blocks 
off  three in analogy to Figure 5.4. In each second row a two-site block remains at the 
leftt boundary, and the same is true of the right boundary. There are two alternating 
typess of rows, A and B (see also Section 3.2). (a) When the system size L is integer, 
onee type (A) contains L three-site blocks and the other type (B) contains two-site 
blockss at both boundaries and L — \ three-site blocks, (b) When the system size L is 
half-integer,, both types contain one two-site block and L — | three-site blocks. The 
two-sitee block is at the right boundary in one row type (A) and at the left boundary 
inn the other type (B). 

leftt boundary, L — 1 three-site blocks, and a two-site block at the right boundary. 
Thiss is shown in Figure 6.9(a). In the reference configuration a layer bounded by an 
AA row below and a B row above has weight WQ, while a layer with a B row at the 
bottomm and an A row on top has weight bow0 ~ do. The reduced transfer matrices 
are e 

TABTAB =TAB/WQ, 

TBATBA = T B A / {bo^o ~1d0) • 

Iff  L is half-integer, one type of row (say A) has L — \ three site-blocks and at the 
rightt boundary a two-site block, while the other type (say B) has a two-site block 
att the left boundary and L — \ three-site blocks, see Figure 6.9(b). In this case the 
reducedd transfer matrices are 

TABB = TAB/ \W0
 2do) . 

TBAA = TBA/ (bQw0
 2J. 
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Notee that 
TABTBATABTBA = Ï A B ^ B A / {bowlL~ld0) 

forr both integer and half-integer values of L. 
Inn the next four subsections the reduced transfer matrix shall be diagonalised. 

Wee follow the same procedure as for the square-triangle tiling, outlined at the end 
off  Subsection 6.2.3. First we consider only the behaviour of particles at the left 
boundary.. That restricted eigenvalue problem is solved for subsequently one, two, 
andd arbitrarily many particles, in Subsections 6.3.4-6.3.6. The case of particles at 
thee right boundary follows immediately by symmetry. In Subsection 6.3.7 the left-
boundaryy and the right-boundary solution are combined into an eigenfunction for 
thee system with boundaries on both sides. 

6.3.44 One particle 

Considerr particles reflecting at the left boundary, which for convenience is taken 
att x = 0. The reflection of particles at the right boundary (at x — L) is fully 
analogous.. First consider the case that there is only one particle. The typical 
evolutionn of this system is shown in Figure 6.8. When the particle is an L particle 
inn the bulk, it moves freely until it reaches the left boundary. It can then travel 
alongg that boundary for an arbitrary time (an arbitrary number of lattice layers, 
thatt is). Then it leaves the boundary as an R particle and moves freely through the 
bulk.. This is similar to the evolution of one L particle and one R particle without 
boundaries,, described in Subsection 5.3.3. There the particles move freely until they 
meet.. They then form a bound state that can persist for an arbitrary time. After 
thee bound state falls apart the particles again move freely through the bulk. 

Forr the one-particle system with reflecting left boundary the transfer matrix is 
givenn by 

TORj,)TORj,) = ^ ( R i , - I ) if J/ > 1, (6.40) 

(ftf)( RR §) = ^ ( U 0), (6.41) 

(TV0(UU 0) = % ( L I ) . (6.42) 
bo"-""bo"-"" 2 2 

ww5 5 ( 7 » (LL I ) = 63<HTT 0) + - ^ ( L 1), (6.43) 
WWQ Q 

(TtyXTTT 0) = - ^ ( L i ) , (6.44) 

(Tt/i)(Lï )) = ^ ( L x + i ) \ix>\. (6.45) 
Wo Wo 

Forr the three-spin blocks the particle interpretation from Table 5.1 has been used. 
Thee two-spin blocks that occur at the boundary have been written in full because 
wee have not yet introduced their particle interpretation. 
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Wee want to solve the eigenvalue problem Tip = A?/,\ It is satisfied for (6.40)-
(6.42)) by 

VV(R(R y) = Avv
v, 

V(llV(ll  0) = Av 

with h 
AA = HÜ t r è. (6.46) 

WW0 0 

Itt is satisfied for (6.44)~(6.45) by 

ip(Lip(L x) = Auu
x if x > 1, 

i){hi){h  \) = ruAuu
lï, 

i>(TTT o) = AruAu 

with h 
AA = ^ u * , (6.47) 

U'o o 

where e 

r„„  = (l-^i u-'V\ (6.48) 

AA = ^ . (6.49) 

Thee eigenvalue equation is then also satisfied for (6.43) if the equations (6.46) and 
(6.47)) agree, 

—u-22 = — v 2, (6.50) 
WQWQ WQ 

andd the amplitudes Av and Au are related by (6.7) with 

&oo ^5 \ b0w\ J bQ w5 \ b0 w\ 
RvRv vv\\ = ^ h _ ^ q u - i ] . (6.51) 

Thiss suggests to interpret the two-spin blocks j l and | | as the presence at x — 0 
off  an R particle and an L particle, respectively. The one-particle eigenfunction 
describedd above then takes the form 

AAuuuuxx if x > 1, 

JLL  yJT.'yZ i I I  X — ö j 

ArAruuAAuuuuxx if x = 0. 

Notee that this is very similar to the form of the eigenfunction described at the end 
off  Subsection 5.3.3 for one L particle and one R particle without boundaries. The 



6.3.. Trimer model 147 7 

collisionn of a partiele with the boundary (described above) is comparable with the 
collisionn of an L particle and an R particle (described in Subsection 5.3.3). This 
mayy be regarded as some justification for the choice of particle interpretation of 
thee two-spin blocks. It is also similar to the form of the one-particle eigenfunction 
off  the transfer matrix for the square-triangle tiling with a reflecting left boundary, 
describedd in Subsection 6.2.4. 

6.3.55 Two particles 

Againn consider a reflecting left boundary (at x = 0) but now let there be two 
particless instead of one. Many features of the evolution of this system are also found 
inn other systems that have been described already. When both particles are away 
fromm the boundary, the situation is essentially the same as with periodic boundary 
conditions,, described in Section 5.3. When one particle is near the boundary and the 
otherr is sufficiently far away, the former particle evolves as described in the previous 
subsection,, while the latter particle moves freely. The situation that both particles 
aree near the boundary is new; it involves the two-spin block f J. which we interpret 
ass LR. This completes the list of boundary blocks and their particle interpretation, 
seee Table 6.2. 

Tablee 6.2: Particle interpretation of the left-boundary two-spin blocks. 

spins s 
I T T 
TT T 
I I I 
TI I 

particles s 
none e 

L L 
R R 

LR R 

Inn the previous subsection the transfer matrix for one particle with reflecting 
leftt boundary was given by equations (6.40)-(6.45). In the same way the transfer 
matrixx for two particles with reflecting boundaries is given by sixteen equations. 
Wee try to find a solution to the eigenvalue equation Tip — Xi}) by merging on one 
handd the solution for many particles and periodic (or no) boundaries described in 
Subsectionn 5.3.5 and on the other hand the solution for one particle with a reflecting 
boundaryy described in the previous subsection. The solution we obtained is: 

^ (R i / i , RR ïfc) = AVlV2v\xvf +Av^vfv\2, 

ip(Lip(L z i ,R y2) = 

AA iiXliiV2 4-

•** Ul-^UlV2
Ul v2 ' 

AA nXlitV2 

r„A r„A «22 " 2 ^ 1 " 2 
,,xxlr,,y2 lr,,y2 

ATAT A itXlny'-
jLA1jLA1 U2^iu2vi a2 u\ 

kk ^u i v2Al Ui -Aui v-2
Ui  v2 "^ &u2vi AL U 2 AU2Vl W2 V\' 

iff x\ > 1, 

iff x\ = i . 

iff £1 = 0 and ?/2 > 1, 

iff xi — 0 and y2 = 0, 
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AAVlU2VlU2v\v\llv%>v%> + AV2Ulvfu  ̂ if x2 >yi+2, 

ip(Rip(R j/ i, L x2) = { BViU2AVlU2vflU22 + BV2UlAV2Ulv
y
2
lux

l
2 if x2 = y\ + 1, 

^ r ^ A ^ u ? 1 ^ 22 +^rU 2A U 2 U l W2 ,uf ifx i - 0 . 

Thiss eigenfunction is very similar to that for the square-triangle tiling, described in 
Subsectionn 6.2.5. We shall describe the factors that make up the above eigenfunction 
expressions.. Firstly. ut and v% are related by (6.50) and the eigenvalue is 

u!rr  i i w\ — i — i 
A = Z 2 U 1 2 " 22 = - 2 ^ 1 2 ^ 2 2 -

Secondly,, the amplitudes A., are defined up to a common factor by (6.17)-(6.20), 
withh SUiv given by (5.20) and RVi by (6.51). Just as in Subsection 6.2.5 these 
relationss are consistent if and only if (6.21) holds. By (5.20) and (6.50) this is 
equivalentt to 

w\ww\w22 —  (6.52) 

Thirdly,, the factors BViUjl D, rUl and A are given by (5.18), (5.19), (6.48) and 
(6.49),, respectively. The particle sequence LR at the boundary, which corresponds 
too the new two-spin block | |, has an extra factor 

ww22 fw4 _! w2 \ _ 1
 ( 

EEUlUlv,v, = —Vj [ — u t -\ Vj . (6.53) 

(Duee to the symmetrisation there is some freedom in the choice of EUiVj: only the 
combinationn EUiVj + EUjVi matters.) 

6.3.66 Arbitrary particle number 

Inn the previous subsection, a solution was given of the transfer-matrix eigenvalue 
problemm for two particles with a reflecting left boundary. This solution is easily 
generalisedd to an arbitrary number n of particles. That many-particle solution has 
thee form 

^(particlee sequence) = / J TT (E... and A and T .) TT (D and £?...) 
IT IT 

Thee RHS of this equation is to be understood as follows. As usual, the particles are 
numberedd 1, 2, . . ., n from left to right and their coordinates are denoted by X{ for 
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ann L partiele and yi for an R partiele. The Bethe Ansatz variables ut and vi for 
eachh i are related by (6.50) and the eigenvalue is 

LlLl  w0
 LLw0

l 

1=11=1 1=1 

Thee summation is over all permutations n of {1, 2 , . . ., n}. Each term is the product 
off  several factors. Firstly there are factors associated with certain particle configu-
rationss near the boundary. If the particle sequence starts L | , . . ., in other words if 
xixi — | , there is a factor -Tu„ (1)- If the sequence starts L 0, . . ., or x\ = 0, there is 
aa factor ArUw . If it starts L 0,R 0, or xi — 0 and y2 = 0, there is also a factor 
EEUnUn t,v . Secondly there are factors for certain bulk particle configurations. For 
eachh segment R t/i,L Xi+\ with xi+ i = yi + 1 there is a factor BVit{i)Uw{i+l) . For each 
suchh segment with Xj+i = y% there is a factor DBViv Uiv . These factors for bulk 
particlee configurations are the same as in the periodic-boundary solution. Thirdly 
comess the amplitude A..., defined by the sequence of u ^^ 's and iV(i)'s. These am-
plitudess are defined up to an overall factor by (6.25) (6.28), with SUiVj and Ri given 
byy (5.20) and (6.51), respectively. These equations are consistent if the bulk tile 
weightss satisfy (6.52). Finally there is a factor « ^ \ for each L particle i and i r ^ 
forr each R particle i. 

Notee that the solution is very similar to that given in Subsection 5.3.5 for periodic 
boundaryy conditions. The factors £"..., A and r occur only in the eigenfunction 
forr reflecting boundaries. 

Usingg computer algebra we have verified this solution for n < 4. 

6.3.77 Bethe Ansatz equation 

Inn the previous subsections a Bethe Ansatz was formulated that diagonalises the 
transferr matrix of the trimer model with a reflecting left boundary. Exactly in the 
samee way as described for the square-triangle tiling in Subsection 6.2.7, a solution 
cann be obtained for the system with reflecting boundaries on both sides. That 
eigenfunctionn has the form 

^(particlee sequence) = £ ] JJ (E- a nd A a nd r-) I I (E^ a nd ^ a nd r - b ) 
71" " 

x n ^ a n d B . . . ) A . . . n ( < Wa n d < w ) --

Wee shall not dwell on the meaning of the RHS, as it follows immediately from 
thee analogy with (6.31) and (6.54). The amplitudes A  ̂ must satisfy (6.25)-(6.27) 
andd both (6.28) and (6.30). Here Su%Vj is given by (5.20), RVi by (6.51), and its 
right-boundaryy analogue RT£ by 

bb _ d^wo L _ <h_^o - I V = ^h^o / _ ^3^0 V 
dd00 wi V do vol ) do wi V d0 w\ ) 
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Thee conditions on the amplitudes are consistent only if the BAE (6.34) is satisfied. 
Byy (6.52) the substitutions (5.30) employed in the periodic-boundary case can 

bee written 

ww3 3 

WQ WQ 

Wr Wr 
and d vv = 

wt wt 

WQ WQ 

WW3 3 
hv->. hv->. 

JJ55 \ "-"3 / "-" 0 

Thee condition (6.50) is equivalent to £ = —77, so 77 can be eliminated. The expression 
(5.20)) for Su v then becomes 

c c 

Thee BAE (6.34) can be written 

ww00ww22ww44\\
22 & + £j 

wiwwiw33ww55)) £i£j - 1 

((WW00WWAALL (u>lW3W5\*
n
 2L _ ,_,n-lp(e \f\r-l  & + Si (6.56) ) 

J'=I I 

where e 

P(z)P(z) = 
1 1 W Q W 3 3 bhd bhd h «h h 

22 \W1W2W4W5J ÖQ Ô 
z{z-l)(zz{z-l)(z + l) 

WQ WQ 

600 \w3 

dd33 fw0 

dd00 \W3 

Thee eigenvalue (6.55) of the reduced transfer matrix becomes 

AA = W3_ W3_ 

WQ WQ 
L i = ll J 

(Recalll  that the eigenvalues of the non-reduced transfer matrices TAB and TBA are 
regainedd by multiplying with the reference-state layer weights discussed in Subsec-
tionn 6.3.3.) 

Ass with the square-triangle tiling, the BAEs (5.31) and (5.32) for periodic bound-
aryy conditions are closely related to the BAE (6.56) for reflecting boundaries. 

6.3.88 Integral equation 

Forr the ground state in the thermodynamic limit , the BAE (6.56) can be turned into 
ann integral equation, that can be solved by the monodromy method of Kalugin [54]. 
Thee whole derivation is almost identical to that for periodic boundary conditions, 
thatt was given in full detail in Section 5.5. Therefore we treat the case of reflecting 
boundariess only very sketchily. 

Introducee p = n/L and 

0 = 22 (3/ i° ~ 2  ̂ + ^3 - 2^5) + -p (-A*o + Vl ~ A*2 + A*3 ~ M4 + P5) • 

file:///f/r-l
file:///W1W2W4W5
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Thee logarithmic version of (6.56) is 

2LF(£i)2LF(£i) = {n- 1)TIÏ (mod 2?ri) 

where e 

F(z)F(z) = logz - ^ £ N ( 2 + & ~ lo^z ~ C1 ) ] + ^ + ^ X > 8 & - 2Z ^gP(z). 
t = ii  i = i 

Thee derivative of this function is 

r ,, , 1 1 v ^ / 1 1 \ 1 P'(z) 

Inn the thermodynamic limit the last term in the RHS vanishes. When the roots & 
formm a curve E and there are no holes, 

2L[F( fc+ i ) -F( fc) ]=27r i, , 

thee sum in (6.57) can be replaced with an integral, 

™™ = \-hJA-£i-7^)™*- (6-58) 
Itt follows from this integral equation that zf(z) is invariant under z i—> —z-1. 
Substitutingg z = z — z"~: and #(z) = zf(z) transforms (6.58) into 

0(i)) = l + - L f *g(i)di 
27rll JÊ £ + Z 

Introducingg g~{z) = g(—z) we can write this as 

11 /" 1 
5(2)) = 1 + — / r 5-(T?) dfj 

or,, equivalently, 

Thesee equations are identical to (5.64) and (5.65) with H = -E. Therefore the 
monodromyy method employed in Section 5.5 to determine gi,(z) and <?R(Z) can also 
bee used to compute g{z) and g~{z). The method requires that the contours E and 
—HH share their end points but meet nowhere else. This condition means that the 
endd points b (in the complex upper half plane) and b but no other points of E lie 
onn the imaginary axis. The outcome of the computation is 

g{z)g{z) = t + t~l 

with h 
1 1 

zz — b \ 
t t 

Thee function g(z) has —^ as its only branch cut and the appropriate branch is 
determinedd by t = e71"1/3 for z = 00. 
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6.44 Conclusion 
Earlierr a coordinate Bethe Ansatz was given for the square-triangle tiling (Chap-
terr 4) and for the trimer model (Chapter 5) with periodic boundary conditions. In 
thiss chapter we have adapted this to reflecting boundaries. By "reflecting bound-
aries""  we mean that the forward and backward sloping domain walls touch the 
boundariess like rays of light reflected by a mirror. (No domain walls can originate or 
terminatee at the boundaries, so the total number of forward and backward sloping 
domainn walls is a conserved quantity.) The Bethe Ansatz for periodic boundary 
conditionss respects the left right symmetry between the two domain-wall types. 
Remarkably,, both for square-triangle tiling and the trimer model the modification 
forr reflecting boundaries only works when the bulk weights satisfy an additional 
left-rightt symmetry constraint. 

Forr the square triangle tiling the Bethe Ansatz for reflecting boundaries is con-
nectedd to the reflection equations. Generally, the reflection equations (together with 
thee Yang Baxter equation and the inversion relation) can be used to prove commu-
tationn of double transfer matrices. For the square-triangle tiling a modification of 
thee standard reflection equations has to be used, for two reasons. Firstly, the model 
hass a singular iï-matrix. Secondly, the model is defined on the triangular lattice 
whereass the usual reflection equations work with the square lattice; transforming 
thee triangular lattice into a square lattice by pairwise combining triangular faces 
intoo squares leaves unpaired faces at one or both boundaries. 

Wee have found solutions of the modified reflection equations, so for those bound-
aryy weights the double transfer matrix of the square-triangle tiling belongs to a 
commutingg family. Note that the Bethe Ansatz found for the square-triangle tiling 
wil ll  also work for the other members of that family, since commuting operators have 
thee same eigenvectors. The Bethe Ansatz treats the two boundaries equivalently, 
butt this left right symmetry is absent in the reflection equations and their solutions. 
Thee proof that the double transfer matrix of the square triangle tiling belongs to a 
commutingg family imposes a restriction on the left-boundary weights and a different 
restrictionn on the right-boundary weights. 

Reflectionn equations for the square-triangle tiling and their solutions have also 
beenn studied by Fridkin [38], but his computations seem to contain a subtle error. 
Forr the trimer model no solution to the Yang-Baxter equation is known, so there is 
noo reflection equation to study. 

Thee Bethe Ansatz equations for reflecting boundaries are very similar to those for 
periodicc boundary equations, and the same holds for the resulting integral equations. 
Itt would be interesting to see if the surface critical exponents could be extracted, 
butt we have not taken up that challenge. 
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6.AA Derivation of the two-particl e eigenfunction 
forr  the square—triangle tilin g 

Considerr two particles in the square-triangle tiling in the lattice representation with 
(att x — 0) a reflecting left boundary. The eigenfunction of the transfer matrix of 
thiss system was presented without proof in Subsection 6.2.5. In this appendix a 
derivationn of that eigenfunction is given. In particular, the conditions (6.9)-(6.11) 
aree obtained. 

Thee reduced double transfer matrix of the system is given by the following four-
teenn equations: 

(rV)(ee yu e y2) = tiv(e !,i - i, e 3,2 -1) if j/i > §, (6.59) 
( fV)( ee f ,e y2) = tii>{e  ^ e 3/2 -1) 

++ ( M - + M*-V>( © 5 , e y2 - i ) , (6.60) 

(ff  V ) ( e I e 3/2) = blt2_r/>{®  l e s / a - l) 

++  b°t+t2_iP(® § ,0 3/2-1) if 3/2 > |. (6.6i; 

(f 2v)(ee | ,e §) = &°s_t+t_v(e §,© |) 

2 '' ^ 2-
iWf f l l 

2"" ^ 2 ++ (6hö°i_ + ö°) M-<K© è " 3 

++ fe;t^(e i e §), (6.62) 
(T2^)(ee | ,e §) = &°s_M-<Ke ® |) 

++ (6h6° _̂ + b°0) s-t+xp{® | ,e §) 

,22 + 2 
( r » ( ©© x!,Qy2) = r+ttip{(B Xl + l ,e y2 - i) 
(rVX ©© a;i»e 3/2) = s_4t_^(ei/2 - 1 , © xi + 2) 

++ 8+t+ti\p(Gy2 - 2, © xi + i; 

iff  3/2 > xi + 3, 

iff  3/2 = xi + 2 

(6.63) ) 

(6.64) ) 

andd xi > |, and if 3/2 = X\ + 1 and xi > |, (6.65) 

( T 2 ^ ) ( ©© §,e |) = s-t\t-ij}{e §,© |; 

++  s+t+t2_\i>(e i,© |) 

++ ( M - + M « + M - ^ ( © i,® | ) , (6.66) 

(f 2^)(©© i , e §) = s_^t_^(© §,© |) 

++  s+t+t2_^{e £,© §) 
++  (bht- + b0)s+t+t-ip(e i ,® | ) , (6.67) 
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(f2^)(©© i , e D = s-t\t-i){e © §) 

++ (M_ + M s-*+^(© i , © |) 

++ b ;s +t+^ (e §,© | ), 

( T 2 ^ ) ( ee 2/1,0 32) = t + i 2 _ ^ ( 9 yi - l , © x 2 + l ) if 2/i > | , 
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Wee want to solve the usual eigenvalue problem 

ff22^  ̂ = A2v>. (6.73) 

Ratherr than aiming for the general solution, we look for eigenfunctions ip that, when 
bothh particles are far away from the boundary, have the same form as the Bethe 
Ansatzz eigenfunction for the periodic-boundary case. In particular, we assume that 

^(©© l / i , 6 2/2) = AVlV2v\xv  ̂ + AV2Vlv%*v\2 if 2/1 is sufficiently large, (6.74) 

•0(©© an, © X2) = AUlU2u
:[ lu2

2 + AU2Ulu2
lu*2 if an is sufficiently large, (6.75) 

wheree AUlU2 and AU2Ul are related by (6.17), and AVlV2 and AV2Vl by (6.18). By 
(6.73)) and (6.72) it follows from (6.75) that the eigenvalue satisfies 

AA = t+U\U2 

andd that (6.15) holds for all an and x2. 
Fromm this it follows by (6.73) and (6.71) that (6.14) holds for y\ — \ and all x2. 

Heree Vi is related to Ui by (6.16), and AViUj is connected to AUiUj by (6.20) with RVi 

givenn by (6.8). It then follows by (6.73) and (6.70) that (6.14)'holds for yx = § and 
alll 2:2- Next it follows by (6.73) and (6.69) that (6.14) holds for all 2/1 and all x2. 

Similarlyy it then follows by (6.73) and (6.64)-(6.67) that (6.13) holds for all x\ 
andd all 2/2 except (an,2/2) = ( | , §)• Here AUiVj is connected to AVjUi by (6.19), with 
SSUiVjUiVj  given by (4.12). It follows by (6.73), (6.68) and (6.17) that (6.13) holds for 
(^1,2/2)) = (£,§) as well. 

Noww it follows by (6.73) and (6.61) that (6.12) holds for yx = \ and all y2 > | . 
Heree AViVj is connected to AUiVj by (6.20). However, it follows by (6.73) and (6.62) 
that t 

1 55 i - - -
1p\Q1p\Q 2 ' ® 2 ) = v l -^Vl^ï^l ^2 ^ ' Uj^WaUi^ ^1 

++ s_tlh2_(b°0 - 60 b ° ) K èu | - uf u~h)AUlU2 
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andd by (6.73) and (6.63) that 

V ( ©© 2 ' ® 2 ' — v i - ^ 1 ^ 2 ^ !  V2 ' * W2-^^2V i  V2 Vl 

+ + S-t-S-t-33(b(b00
QQ-bob-bob00)()(UlUl*u!-u*u*u!-u*u 22*) *) 

11 , 1 

++  s_t+ t-bhb+ {ul
 2u$ — uf u2

 2) -^i-l ii  111 2 ' 

Thereforee (6.12) holds for (2/1,3/2) = (|5 f) and (3/1,3/2) = (is §) ^ a n^ o nl y ^ t n e 

weightss 6Q, 60 and 6° satisfy (6.10) and &h and 6+ satisfy (6.11). It next follows by 
(6.73)) and (6.59) and (6.60) that (6.74) holds only if (6.10) and (6.11) are satisfied. 
Iff  that is the case, (6.12) holds for all 3/1 and 3/2. 

Startingg out from (6.75) and (6.17) we have computed the whole eigenfunction 
off  the reduced double transfer matrix T2. In order for the eigenfunction to satisfy 
(6.74),, we had to assume (6.10) and (6.11). The eigenfunction is for all values of the 
particlee coordinates given by (6.12)-(6.15), where the amplitudes A... are related by 
(6.17),, (6.19) and (6.20). Combining these relations shows that (6.18) holds only if 
(6.21)) is satisfied. By (4.12) and (6.16) this condition is equivalent to (6.9). 
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Samenvatting g 

Betegelingsmodellen:: fasengedrag en schaling 
Zoo luidt, in Nederlandse vertaling, de titel van dit proefschrift. Het behandelt een 
onderwerpp uit de statistische mechanica. Dat onderdeel van de natuurkunde bestu-
deertt systemen die uit een zeer groot aantal deeltjes bestaan. Doordat de deeltjes 
zoo talrijk zijn, is het precieze gedrag van elk individueel deeltje niet waar te nemen 
off  uit te rekenen. De statistische mechanica richt zich veeleer op het gedrag van de 
deeltjess gezamenlijk en de verschijnselen die daaruit voortkomen. 

Eenn alledaags voorbeeld van een dergelijk verschijnsel is het koken van een vloei-
stof.. Beschouw het verwarmen van water, bij een druk van 1 atmosfeer. Bij 100 °C 
overwintt de bewegingsenergie van de moleculen de energie van hun onderlinge aan-
trekkingg en gaat de vloeistof over in damp. Bij deze fasenovergang neemt het volume 
sterkk toe; de dichtheid van de damp (0.6 gram per liter) is veel kleiner dan die van 
dee vloeistof (0.96 kilogram per liter). Een ander voorbeeld van een fasenovergang 
iss het smelten van een vaste stof. Daarbij verandert niet alleen de dichtheid van de 
stof,, maar ook de mate van ordening van de moleculen. In de vaste fase vormen 
dee moleculen een regelmatig patroon, wat zijn weerslag kan vinden in een duidelijke 
kristalvorm.. In de vloeibare fase (en ook in de gasfase) is deze structuur afwezig. 
Fasenovergangenn zijn van groot belang in de statistische mechanica. 

Eenn bijzondere rol wordt gespeeld door de zogenoemde kritieke punten. Ver-
warmtt men opnieuw water, maar nu bij een wat hogere druk, dan vindt weer de 
overgangg van vloeistof naar damp plaats. Naarmate de gekozen druk hoger is, ligt 
dee overgangstemper at uur (het kookpunt) hoger en is het verschil in dichtheid tussen 
vloeistoff  en damp kleiner. Bij een druk van 218 atmosfeer en een temperatuur van 
3744 °C is de dichtheid van de twee fasen gelijk geworden. Voorbij dit kritieke punt 
iss er geen onderscheid meer te maken tussen vloeistof en damp. 

Inn de damp zijn voortdurend wisselende gebiedjes met hogere en lagere dichtheid 
aanwezig.. Nadert men het kritieke punt, dan worden deze gebiedjes steeds groter. 
Opp het kritieke punt is de lengteschaal van de dichtheidsfluctuaties oneindig groot 
geworden.. Het systeem is daar op elke lengteschaal beschouwd hetzelfde. (Natuur-
lij kk geldt dit eigenlijk alleen als ook de afmetingen van het systeem oneindig zijn.) 
Ookk allerlei andere fysische grootheden worden oneindig groot, of juist nul, op een 
kritiekk punt. De genoemde schaalinvariantie heeft verregaande gevolgen voor de 
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eigenschappenn van een systeem nabij een kritiek punt. 
Ditt proefschrift is een theoretische studie, waarin veel wordt gerekend. Voor be-

rekeningenn zijn echte systemen (zoals kokend water) vaak te ingewikkeld. Theoretici 
werkenn daarom meestal aan vereenvoudigde modellen, waarbij ze zelf de eigenschap-
penn van de deeltjes kunnen kiezen. Sommigen stellen zich daarbij ten doel fysische 
groothedenn van hun modellen exact, dus zonder benaderingen te gebruiken, uit te 
rekenen.. In dit proefschrift worden vooral betegelingsmodellen bestudeerd. De deel-
tjess daarin zijn eenvoudige meetkundige figuren die samen het platte vlak bedekken, 
zonderr overlap of lege ruimtes. Zulke modellen komen misschien academisch over, 
maarr toch hebben ze bepaalde eigenschappen gemeen met echte systemen. Het is 
dann ook zinvol bij voorbeeld hun fasengedrag te onderzoeken. 

Hoofdstukk 1 geeft een beknopte beschrijving van fasenovergangen, kritiek ge-
drag,, schaling en een aantal andere begrippen. Ook wordt uitgelegd welke rol deze 
conceptenn spelen in dit proefschrift. 

Inn Hoofdstuk 2 wordt een model met grote en kleine zeshoeken beschouwd. Van 
dee grote zeshoeken is bekend, dat ze een overgang hebben tussen een geordende fase 
enn een ongeordende fase. De vraag is nu of toevoeging van de kleine zeshoeken de 
ongeordendee fase in twee fasen doet scheiden. Het model zou dan gas-vloeistof-vast 
gedragg vertonen vergelijkbaar met dat van een echt systeem. Om deze vraag te 
beantwoordenn worden numerieke berekeningen gedaan aan bepaalde schalingsgroot-
hedenn van het model. 

Inn Hoofdstuk 3 wordt eerst een model beschouwd waarin het vlak wordt betegeld 
mett ruiten. Dit model heeft vier verschillende fasen en een kritiek punt. Ook van 
ditt model worden bepaalde schalingsgrootheden berekend, nu echter niet numeriek 
maarr exact. In die berekening komt een wiskundig foefje naar voren dat vervolgens 
ookk wordt toegepast op het Isingmodel. Dat is geen betegeling, maar een veelvuldig 
bestudeerdd model voor ferromagnetisme. 

Hoofdstukk 4 behandelt een betegeling met vierkanten en gelijkzijdige driehoeken. 
Hett is gebruikt als model van een glas of van een quasikristal. Men is erin geslaagd 
bepaaldee fysische grootheden ervan exact te berekenen. De in dit hoofdstuk beschre-
venn resultaten zijn hoofdzakelijk uit de literatuur afkomstig. Ze worden gebruikt in 
Hoofdstukk 6. 

Inn Hoofdstuk 5 wordt een nieuw model geïntroduceerd, dat is te zien als een 
betegelingg met deeltjes die uit drie aan elkaar geplakte zeshoeken bestaan. Het 
aardigee aan dit trimerenmodel is, dat het een exacte berekening toelaat. Die lijk t 
overigenss veel op de berekening voor de betegeling met vierkanten en driehoeken. 
Ookk het fasengedrag is vergelijkbaar met dat van de betegeling uit Hoofdstuk 4. 

Hoofdstukk 6 tenslotte beschouwt opnieuw de betegeling met vierkanten en drie-
hoekenn uit Hoofdstuk 4 en het trimerenmodel uit Hoofdstuk 5. De reeds genoemde 
exactee berekeningen betroffen de modellen op een oneindig lange cylinder. In dit 
hoofdstukk worden de modellen op een oneindig lange strook geplaatst. Een essen-
tieell  verschil is, dat de cylinder geen randen heeft maar de strook wel. Het blijk t 
mogelijkk te zijn de exacte berekening aan de aanwezigheid van die randen aan te 
passen. . 
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