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Chapterr 1 

Introduction n 

1.11 Statistical mechanics and the partit ion 
function n 

Statisticall  mechanics is the branch of physics that studies systems with a very large 
numberr of degrees of freedom. It tries to explain the macroscopic properties of 
suchh a system from the laws that govern the microscopic degrees of freedom. As an 
example,, consider the archetypical phase behaviour of a pure material. 

Macroscopically,, a sample of the material can be described by a few parameters, 
suchh as pressure and temperature. It will be solid at low temperature and high 
pressure,, gaseous at high temperature and low pressure, and liquid at intermedi-
atee temperature and pressure. These three phases form well-defined regions in the 
temperature-pressuree space, as illustrated in Figure 1.1. When heat is supplied to or 
withdrawnn from the sample, or when its volume is increased or decreased, the tem-
peraturee and pressure change gradually until a phase boundary is reached. There 
thee temperature and pressure remain constant until the whole sample has changed 
too the new phase. Then the gradual change of temperature and pressure resumes. 

Microscopically,, the sample is fully described by the positions and velocities of 
alll  its N composing particles (molecules). (It is assumed for simplicity that these 
particless are spherically symmetric and without internal degrees of freedom. It is 
alsoo assumed that quantum effects can be ignored.) The potential energy of the 
systemm depends on the positions qi, q2,  QN of the particles. For instance, when 
theree is only an isotropic two-particle interaction with potential U, it is given by 

EEPP = Ep(qi,...,qN) = ^ t / f l g i ~ Qj\)-
i<j i<j 

Thee kinetic energy of the system is given by 

EEkk =Ek(pi,...,pN) = V — N 2 , il—'' 2rn 
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Figuree 1.1: Temperature T and pressure P determine the phase of a (pure) material. 
Twoo phases can coexist when (T, P) lies on the line separating two phase regions. 
Thee three coexistence lines meet in the triple point, where all three phases can 
coexist.. The gas-liquid line terminates in a critical point (indicated by the bullet), 
wheree the distinction between gas and liquid disappears. 

wheree m is the particle mass and pi = mqi is the momentum of particle i. From the 
potentiall  energy and the kinetic energy, the equations of motion can be obtained 
throughh the usual Hamiltonian or Lagrangian formalism. Solving this system of 
coupledd differential equations is impossible, if only because they are so numerous. 

Inn order to compute macroscopic properties of the system as averages over its 
microscopicc states, it is not necessary to know how the system evolves through 
thee space of states, but only the probability of finding the system in any given 
state.. In the canonical ensemble, where the number of particles, the volume and 
thee temperature are prescribed, the probability of a state is proportional to the 
Boltzmannn weight exp(—H/kT), where H = Ek + Ep is the Hamiltonian of the 
systemm and k is the Boltzmann constant. A central role is played by the partition 
functionn Z(N, V, T), which is the sum (or integral) of the Boltzmann weight over all 
microscopicc states. It immediately gives the (Helmholtz) free energy F(N, V, T) = 
—kT\ogZ(N,V,T).—kT\ogZ(N,V,T). Phase transitions are characterised by singular behaviour of 
thee free energy and hence of the partition function (strictly speaking only in the 
thermodynamicc limi t N —> oo and V —> oo at constant N/V). 

Forr the system described above, the canonical partition function is 

z^^=^M/ R/-7R>-"^/ v--7v
d*---^« p(-#)--

Heree h is the Planck constant, d denotes the dimensionality of the system, and the 
factorr 1/JV! arises because the particles are indistinguishable. The integration over 
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thee momenta can be readily carried out, yielding 

Z{N,V,T)Z{N,V,T) = \-dNZconf(N,V,T), 

wheree A = yÖjrmkT/h is the thermal wavelength and 

Zcon!Zcon! (N, V, T) = — ƒ  dq1 ... dqN exp 

iss the configurational partition function. This thesis is entirely devoted to the compu-
tationn of the partition function, and resulting thermodynamic properties, of specific 
systems. . 

Whenn the sample was described above in terms of particle positions and mo-
menta,, it was assumed to be a classical system, whereas in reality molecular systems 
aree quantum mechanical. However, for most of those systems their quantum mechan-
icall  nature is not essential for the thermodynamic behaviour. Also, colloidal particles 
cann be large enough to behave classically and yet small enough to be described by 
aa partition function. Therefore studying the partition function of classical systems 
doess make sense. No quantum mechanical models are considered in this thesis. 

1.22 Critical exponents and universality 

AA critical point ends the gas liquid coexistence line of the phase diagram in Fig-
uree 1.1. In Figure 1.2 this branch of the phase diagram is represented in terms of 
temperaturee and density (instead of pressure). When the temperature increases, the 
densitiess pc and ph of the coexisting phases change; the gas becomes denser, the 
liquidd less dense. At the critical temperature Tc the density difference vanishes. The 
asympoticc behaviour is characterised by the critical exponent 0: 

PL-pG~{TPL-pG~{Tcc-T)-T)lili  fovT]Tc. 

Otherr critical exponents describe the vanishing or divergence at the critical point of 
variouss other quantities. 

WThenn a system at the critical density is cooled to the critical temperature, the 
(isochoric)) specific heat diverges, 

ccvv ~ (T - Tc)'
a for T | Tc and p = pc, 

andd so does the isothermal compressibility, 

K-TK-T ~ (T - Tc)~
7 for T [Tc and p — pc. 

Att the critical temperature itself density and pressure are related by 

{p{p - pc)
S ~ P - Pc for P -> Pc and T = Tc. 

kT kT 
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Figuree 1.2: In the temperature-density plane the gas-liquid line from Figure 1.1 
becomess expanded to a region. The coexisting gas and liquid phase on either side 
off  this region are tied by vertical lines. The region ends at the critical temperature. 

Consider,, at a more miscroscopic level, the (connected) two-point correlation func-

tionn G 2) ) definedd by 

G?\rG?\ruurr 22) ) <0(ri)<Kr2)>-(<Mri))<0(r2)), , 

wheree the order parameter 4> is the local particle density and the brackets denote 
(Boltzmann-weighed)) averaging over all configurations. Away from the critical point 
thee correlation decays exponentially with the distance, 

G}r'{ri,G}r'{ri,  r2) ~ exp(-r /£) for r = \r\ — r2| —> oo. 

Whenn the critical point is approached the correlation length £ diverges, 

ii  ~ (T - Tc forr T [Tc and p = pc 

Att the critical point itself the correlation decays algebraically, 

GiGi22\\riri ,r,r22)~r-()~r-(dd--2+2+^ ^ forr r nn - r 2 

I tt is found that for many different substances the gas-liquid critical exponents 
takee the same value, a phenomenon known as universality. The above critical expo-
nentss can also be defined for several other critical points than that of the gas-liquid 
system.. Again many different systems share the same values for their critical expo-
nents.. Critical points can be grouped into a small number of universality classes, 
eachh with its own values for the critical exponents. This means that although the 
macroscopicc behaviour of a system is ultimately determined by its microscopic in-
teractions,, the nature of a critical point does not depend on the details of those 
interactions. . 
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1.33 Scaling 

Criticall  systems are scale invariant, as is corroborated by the divergence of the cor-
relationn length and the appearance of algebraic decay of correlations. Divide space 
intoo cells whose size is, say, a few times the microscopic interaction distance. Such 
cellss interact with their neighbours through the interactions between the particles 
(orr other microscopic entities) they contain. When the cells are grouped into larger 
blocks,, by the same token these blocks interact. By scale invariance, the interaction 
betweenn the blocks is the same as the interaction between the single cells. 

Thiss is no longer true for systems that are not scale invariant. However, the scal-
ingg hypothesis postulates that the interaction between the blocks and the interaction 
betweenn the single cells are of the same kind but differ in strength. This concept 
iss formalised in the renormalisation group, that describes the transformation of the 
system'ss thermodynamic parameters under a change of scale. 

Renormalisationn group theory can be used to derive scaling laws that reduce 
functionss of several variables to functions of one variable less. For example, the free 
energyy (per unit volume) as a function of 

t=(T-Tt=(T-Tcc)/T)/Tcc and u = (p - pc)/pc 

takess the form 
f(t,u)~\t\f(t,u)~\t\aas(\t\s(\t\bbu).u). (1.1) 

(Moree precisely, different functions s+ and s have to be used for positive and 
negativee values of t, respectively.) From this scaling law the exponents a, /?, 7 and 
66 can be expressed in terms of a and b; as a result they satisfy 

2/33 + 7 = 2 - a, 

2(352(35 - 7 = 2 - a. 

(Historicallyy such scaling relations between critical exponents were observed before 
theyy were derived from scaling laws like (1.1), and such scaling laws in turn were 
proposedd before they were derived from renormalisation group theory.) 

Ass another example, take a system in a geometry that has finite size L in one or 
moree dimensions. The finite-size scaling of the free energy per unit volume is given 
byy [75] 

f(L,t)~f{po,t)f(L,t)~f{po,t) + L-ds{l}l''t), 

whichh relates to the scaling law 

udud = 2 — Q. 

Ass a special case consider a critical (t — 0) two-dimensional system on a cylinder of 
circumferencee L and infinite length. Conformal field theory predicts that [17, 1] 

f(L)f(L) = ƒ (00) + y L-2 + o(L-2) for L - 00. 

andd therefore s(0) — 7rc/6, where c is the so-called central charge. In Chapter 3 
aa simple derivation of the finite-size scaling function of a commonly studied two-
dimensionall  model is given. 
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1.44 Lattice models 
Forr the theoretical study of some physical phenomenon real systems are generally 
lesss suitable because they are too complex. Instead theoreticians consider models 
thatt contain (hopefully) all the essential ingredients for the phenomenon studied, 
withoutt the distracting idiosyncrasies of a real system. When all is well such an 
idealisedd system has essentially the same physics as the real system it models. For 
criticall  behaviour, the universality hypothesis states that certain properties do not 
dependd on the details of the system, so it may be considered as a justification for 
studyingg simple models. 

AA common step in modelling statistical-mechanics systems is passing to a lattice. 
Forr example, for the gas-liquid-solid system considered in Section 1.1 this means 
thatt the positions of the particles are restricted to the sites of a regular lattice. This 
iss incompatible with continuous motion of the particles, but only the configurational 
partitionn function needs to be considered, so the kinetic energy term in the Hamilto-
niann can be discarded. Each lattice site carries a variable that can take two values, 
"empty'11 or "occupied ,̂ and these variables completely specify the state of the sys-
tem.. In general the Hamiltonian of a lattice model is a function of variables living 
onn the sites, edges or faces of the lattice. Sometimes such variables are referred to 
ass "spins" (for what might be called historical reasons). All models studied in this 
thesiss are lattice models or can be formulated as such. 

1.55 The transfer matrix and solvability 

Evenn for very simple two-dimensional lattice models it is generally not possible to 
computee the partition function exactly. When such a computation is possible the 
modell  is called solvable. The solution usually involves the so-called transfer matrix, 
thatt wil l now be described. 

Considerr a lattice model on a vertical strip of finite width, with periodic or other 
boundaryy conditions in the horizontal direction. Assume that this strip can be 
dividedd into (identical) layers, such that (i) the Hamiltonian of the whole system is 
thee sum of contributions from each layer, and (ii) the "spins" on the upper and lower 
boundaryy of a layer contain sufficient information to determine the contribution of 
thee layer to the Hamiltonian. (In particular, the range of the interactions in the 
verticall  direction may not exceed the layer height.) More formally, 

 ~ / „  h<rt + itrf! 
t t 

wheree the summation runs over all boundaries between the layers, these boundaries 
aree numbered - 2, - 1 , 0, 1, 2, . .. from bottom to top, at encodes all the 
"spins""  on the boundary t, and hT(T denotes the Hamiltonian of a layer with lower 
boundaryy in state cr and upper boundary in state r . Summing exp(-HfkT) over 
alll  possible states of the boundaries between the layers gives the (configurational) 
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partitionn function 
ZZ = " 'Z^Z^Z^'" [[T(rt  + i<rt 

erer - i (To er  i t 

withh TTtT — exp(—hT(T/kT) (where T in the LHS is newly defined and T in the RHS 
iss the temperature). The Boltzmann weights TT(T are the entries of the transfer 
matrixx T, whose rows and columns are labelled by the possible states of a layer 
boundary.. In the above expression for the partition function each summation over 
thee states of a boundary between two layers represents a matrix multiplication. More 
precisely,, when periodic boundary conditions in the vertical direction are imposed, 
thee expression becomes 

ZZ = trTM 

wheree M is the number of layers. Hence the partition function can be expressed in 
termss of the eigenvalues of the transfer matrix. In particular, it is asymptotically 
determinedd by the largest eigenvalue when the number of layers tends to infinity. 

Thee construction of the transfer matrix is not restricted to solvable models. 
Solvingg a model amounts to finding the largest eigenvalue of the transfer matrix. 
Sometimess its eigenvectors can be obtained by a so-called Bethe Ansatz, explained 
inn the next section. For other models transfer-matrix eigenvalues have been found 
indirectly,, for example from a functional relation they satisfy. 

Thee above discussion of the transfer matrix and solvability focusses on two-
dimensionall  lattice models. One-dimensional lattice models (with finite-range inter-
actions)) can always be solved by the transfer-matrix method, but their behaviour 
iss not very interesting. In three dimensions some solvable models have been found, 
butt either their Boltzmann weights are not real and positive or their interaction is 
essentiallyy anisotropic. This thesis studies only two-dimensional models and their 
transferr matrix. Except in Chapter 2 all models studied are solvable. 

1.66 Bethe Ansatz 

Bethee Ansatz [15] is a common technique to diagonalise the transfer matrix, but it 
doess not work for all models. It tries to find eigenvectors by taking superpositions 
off  plane waves. These plane waves are often defined in terms of the coordinates of 
"excitations""  that are conserved by the transfer matrix. Therefore these excitations 
needd to be identified before the Ansatz can be formulated. The interaction between 
thee excitations determines the ratios of the coefficients of the plane waves that 
makee up the eigenvector. Together with the boundary conditions this gives a set of 
equationss for the momenta of the plane waves. Solving these so-called Bethe Ansatz 
equationss gives the eigenvalues. For the interested reader this is illustrated by a 
simplee example below. Chapters 3 6 contain more complicated instances of Bethe 
Ansatz. . 

Considerr coverings of the triangular lattice by rhombi that each occupy two 
triangularr faces. Equivalently, each edge of the lattice is either "blank" or "drawn" 
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Figuree 1.3: A rhombus covering of the triangular lattice, deformed to a square 
lattice. . 

andd a configuration of these "spins" has weight 1 if 

eachh triangular face has one blank edge and two drawn edges (1-2) 

andd weight 0 otherwise. For practical reasons deform the triangular lattice to a 
squaree lattice with added diagonals. A typical configuration of this model is shown 
inn Figure 1.3. 

Dividee the lattice into layers one square high, bounded below and above by a row 
off  horizontal edges. Given the state, that is the configuration of blank and drawn 
edges,, of the row below and of the row above a layer, count the configurations 
off  blank and drawn vertical and diagonal edges inside the layer that satisfy (1.2). 
Thesee numbers are the entries of the transfer matrix. It is easily seen that the 
numberr vanishes if the row above and the row below contain an unequal amount of 
drawnn edges. In other words, the transfer matrix conserves the number n of drawn 
edgess in a row. It therefore has a block-diagonal structure with a block for each 
valuee of n. 

Forr n = 0 there is only one row state, and for the edges in the lattice layer 
immediatelyy below a row in this state only one configuration is possible, 

AA vector spanning the n = 0 sector is therefore an eigenvector with eigenvalue 1 of 
thee transfer matrix. 

Ann n = 1 state of a row is specified by the position x (measured in lattice 
units)) of the single drawn edge. For the layer immediately below such a row two 
configurationss are possible, 

xx x +1 

Thee action of the transfer matrix T on a vector ip in the n = 1 sector is therefore 
givenn by 

{Tif)){Tif)) xx = ipx +ipx+v 
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Thee plane wave tpx — zx is an eigenvector, with eigenvalue A = 1 + z. This form 
off  ip is consistent with periodic boundary conditions, where the possible values of x 
becomee restricted to 0, 1, . . ., L — 1, if  UT/>L" — i>o-, that is if zL — 1. 

Ann n — 2 row state is specified by the positions x\ < X2 of the two drawn edges. 
Thee action of the transfer matrix on an n = 2 vector is given by 

{Tlp)xi{Tlp)xi x2 — ^xi x2 + Ipxi x2 + l + tpxi + lx2 + lftxi+lx 2 + l-

absentt if 
XX22=X\+1 =X\+1 

Thee plane wave ipXl X2 = z*1 z%2 is an obvious candidate eigenvector, with eigen-
valuee A = (1 + z\)(l + z2)- It indeed satisfies (Ttp)Xl X2 — AtpXl X2, except that when 
thee two drawn edges are adjacent an unwanted term arises: 

\1\1 W)x\ X2
 = ^-WXi X2 ~ Z\ 22 " 2 1+1,22

Exchangingg z\ and Z2 gives another almost-eigenvector il ,xxx2 — ZVzi21 with the 
samee eigenvalue, and also with an unwanted term when x2 — X\ + 1. For the linear 
combination n 

^ X̂lX2XlX2 = Al2zllzl7 + A21z2
Clz*2 

thee unwanted terms cancel when A\2/A2\ = — 1. This eigenvector is consistent with 
periodicc boundary conditions if "ipx L" = i'Ox- that is 

AAl2l2z^Z2z^Z2 + AiYz%z\ = Al2z'2 + A2Xz\, 

forr all 0 < x < L - 1. This holds if z[ = Ai2/A21 and z\ = A2i/A12. 
Forr n > 2 a, row state is specified by the positions x\ < ... < xn of the drawn 

edges.. The candidate eigenvector is 

ll>ll> XlXl...x...xnn = 2 j ^ 7 r ( l ) . . . 7 r ( n ) 4 ( l) ' ' ' Zl\nY ( h 3 ) 

wheree it runs through all permutations of 1, . . ., n; its eigenvalue is A = (1 + 
z\)...z\)... (1 + zn). The eigenvalue equation 

(Tip)(Tip)XlXl.„.„ XnXn = A.il>Xl...Xn 

iss threatened by unwanted terms whenever two drawn edges are adjacent, xl+ \ = 
X{X{ + 1. These unwanted terms cancel if ^ ( 1) /A\ ,..n = sgn(7r). Fortunately, 
thee eigenvalue equation is then also satisfied when three or more drawn edges are 
together,, xi+x — xt + 1, Xi+2 — xz + 2, and so on. The eigenvector is consistent with 
periodicc boundary conditions if 

z\z\ = ( - ) n _ 1 for each i. (1.4) 

Thereforee zt can take the values exp(27rfci/L) with k integer if n is odd and k half-
integerr if n is even. The z*'s must be all different because otherwise the vector (1.3) 
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vanishes.. The largest eigenvalue is obtained by taking all z'a with |1 -f z\ > 1 and 
noo 2's with |1 + z\ < 1. 

Thee rhombus tiling is only a very simple example of a Bethe Ansatz. Usually 
thee ratio A12/A21 that makes the unwanted terms cancel is not simply —1 but a 
functionn 5(21,22)) so that (1.4) becomes 

z\z\ = TTS(2i,2j) for each i. 

Inn special cases these Bethe Ansatz equations can be solved in the thermodynamic 
limit .. Sometimes a Bethe Ansatz involves more than one type of excitation: this 
thesiss contains examples of such models in Chapters 4 and 5. 

1.77 Hard-core repulsion and tilings 

Thee molecules in a real gas. liquid or solid have attractive Van der Waals forces 
and,, wThen two particles are very near, a repulsive force that increases steeply with 
decreasingg distance. This repulsion can be modelled by assuming that the molecules 
havee a hard core and these cores cannot interpenetrate. In a system where this hard-
coree repulsion is the only interaction between the particles the potential energy takes 
onlyy the values 0 and +00. Because there are no finite energies the behaviour of 
thee system is then entirely driven by the entropy. The temperature plays no role 
andd the system is controlled exclusively by the pressure or, equivalently, the particle 
density. . 

Hard-coree repulsion may seem a very simple interaction, yet it can give rise to 
non-triviall  phase behaviour. For example, (monodisperse) hard spheres have a tran-
sitionn between a low-density disordered phase (gas) and a high-density phase with 
long-rangee translational order (solid). Another example is a system of (monodis-
perse)) long, thin hard rods; it has a low-density isotropic phase and a high-density 
nematicc phase (that is, where all rods have approximately the same orientation). 
Al ll  the models studied in this thesis have hard-core repulsion, except for the Ising 
modell  considered in Chapter 3. 

Hard-coree repulsion means that the particles cannot overlap, in other words that 
anyy piece of space is occupied by at most one particle. A much stronger requirement 
wouldd be that each piece of space is occupied by precisely one particle. The particles 
thenn cover the entire space without overlap or empty pieces. Of course this can only 
bee realised for suitable particle shapes. A classic example is the dimer problem, 
wheree a lattice (or another graph) is completely covered by particles that each take 
twoo adjacent sites. Other examples are tilings of the plane with rectangles and 
triangless of appropriate sizes. All the hard-core models in this thesis can be viewed 
ass tilings. 
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1.88 The topics of this thesis 
Thiss thesis studies a number of topics from statistical mechanics that are connected 
byy several common features which were already mentioned above. The models are 
alll  defined on two-dimensional lattices and, with one exception, are determined by 
hard-coree repulsions and can be viewed as random tilings of the plane. The models 
aree studied through their transfer matrix, whose largest eigenvalue or largest few 
eigenvaluess are computed, in most cases by means of a Bethe Ansatz. For three 
modelss the finite-size scaling is considered, either to study the model's phase diagram 
orr for its own sake. The individual topics are now briefly described. 

Chapterr 2 studies the phase behaviour of a model with two types of particles, 
largee and small hexagons on the triangular lattice. The largest few eigenvalues of the 
transferr matrix for small system width are determined numerically. The finite-size 
scalingg of the gaps between these eigenvalues gives information about the nature of 
thee phase transitions. 

Chapterr 3 first considers the rhombus tiling, a model where the triangular lattice 
iss covered with tiles that occupy two lattice faces. The model has several phases 
andd a critical point. The transfer matrix is diagonalised by a very simple Bethe 
Ansatzz and the finite-size scaling of the largest eigenvalue is determined for each 
phase.. Second, some of the techniques used for the rhombus tiling are employed to 
obtainn finite-size scaling functions of the zero-field Ising model. 

Chapterr 4 briefly reviews the square-triangle random tiling, a model where the 
planee is covered with squares and equilateral triangles. The results discussed are 
almostt all from the literature. A lattice formulation of the model is given and a 
Bethee Ansatz for periodic boundary conditions is described. These results are used 
inn Chapter 6. 

Chapterr 5 introduces a new solvable model, a covering of the triangular lattice 
withh triangular trimers. Its transfer matrix for periodic boundary conditions is 
diagonalisedd by a Bethe Ansatz and from this the free energy is computed. The 
computationn is very similar to that for the square triangle tiling. 

Chapterr 6 again considers the square-triangle tiling from Chapter 4 and the 
trimerr model from Chapter 5, but now with "reflecting" boundaries. For both mod-
elss the Bethe Ansatz for periodic boundary conditions is adapted to the reflecting 
boundaryy conditions. 




