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Chapterr 3 

Rhombii  and the Ising model 

3.11 Introduction 
Accordingg to the universality hypothesis several quantities in a critical model do 
nott depend on the details of the model's interactions, but are determined solely 
byy its dimensionality and the symmetry of its order parameter (and perhaps a few 
otherr properties). These universal quantities include central charge, critical expo-
nents,, amplitude ratios, and scaling functions. Critical models are thus grouped into 
universalityy classes; the members of such a class share the same values of the uni-
versall  quantities. The universality hypothesis is "explained" by the renormalisation 
groupp [87], but has not been (mathematically) proven. 

Universall  quantities have been computed using renormalisation group theory [88], 
conformall  field theory [21] or Coulomb gas arguments [68]. In some cases a universal 
quantityy is computed directly from (the exact solution of) a lattice model; a fine 
examplee is the calculation by Klümper and Pearce [61] of the central charge and 
criticall  exponents of two critical Andrews Baxter Forrester models [5]. Such calcu-
lationss can provide a useful test of the universality hypothesis: one takes two models 
thatt should (on account of their dimensionality and the symmetry of their order pa-
rameter,, say) be in the same universality class, computes some supposedly universal 
quantityy for both models, and inspects if the two values obtained are equal. This 
testt is particularly strong if that universal quantity is a scaling function, because a 
functionn contains much more information than a single number, such as a critical 
exponent. . 

Renormalisationn group theory tells how in the scaling limit a thermodynamic 
functionn of several variables can be reduced to a function of one variable less. For 
example,, for a thermodynamic function f(x, y) of two variables, in the scaling limi t 
onee has 

f(xf(x iyiy)) = \x\as (\x\by), 

wheree the scaling function s+ is used for positive values of x and s_ for negative 
values.. Scaling functions involving two thermodynamic parameters, such as a tern-
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peraturee and a field, appear to be less tractable and more interesting than those 
involvingg one thermodynamic parameter and one geometric parameter. For exam-
ple,, the free energy of the zero-field, square-lattice Ising model on a rectangular 
toruss can be computed for all temperatures and torus sizes [58]. This has been used 
byy Ferdinand and Fisher [32] to obtain finite-size scaling functions for the internal 
energyy and the specific heat. In the universality class of the Ising model there is also 
aa model that can be solved for a magnetic deviation from criticality [84]. On the 
otherr hand, no solvable model in the Ising universality class is known that is both 
thermallyy and magnetically away from criticality. Similarly, the scaling function 
describingg the free energy when both the temperature and the magnetic field tend 
too their critical value is not known. 

Althoughh scaling functions involving a thermodynamic and a geometric param-
eterr are less appealing than those involving two thermodynamic parameters, they 
aree still of interest. It should also be noted that functions of a thermodynamic pa-
rameterr may be related to functions of a geometric parameter. For some models the 
one-pointt function of the off-critical model in the thermodynamic limi t takes exactly 
thee same form as the scaling function describing the same model at the critical point 
onn a finite torus with boundaries [77]. The argument of the former function is ther-
modynamicc (describing the off-criticality), that of the latter function is geometric 
(thee aspect ratio of the torus). 

Thee modest aim of this chapter is to recalculate finite-size scaling functions of the 
zero-fieldd two-dimensional Ising model. These describe the asymptotic behaviour of 
thee energy levels of the row-to-row transfer matrix when the temperature approaches 
thee critical temperature while the row size tends to infinity. This scaling involves 
onee thermodynamic parameter (the temperature) and one geometric parameter (the 
roww size). 

Hamerr and Barber [46] studied the finite-size scaling of the Hamiltonian field 
theoryy analogue of the two-dimensional Ising model. Using free-fermion techniques 
ass in [78] they express the energies of the eigenstates as sums over fermion wave 
numbers.. Their analysis of these sums leads to an expression of the scaling function 
inn terms of so-called remnant functions. These functions have arisen in several 
calculationss in statistical mechanics. More information about them can be found 
inn [34]. 

Henkell  [48] has done similar calculations on a model that contains an extra 
parameter.. His main interest was to study the universality with respect to this 
parameter. . 

Moree recently Pearce and Nienhuis [73] studied the finite-size scaling of the 
Andrews-Baxter-Forresterr models [5] in statistical mechanics. Starting from the 
fusionn hierarchy of Bazhanov and Reshetikhin [12], they derive that in the scaling 
limi tt the finite-size corrections are described by the thermodynamic Bethe Ansatz 
(TBA)) equations of Zamolodchikov [91, 92]. These are coupled non-linear integral 
equations.. In the Ising case they reduce greatly, leading to a simple integral expres-
sionn for the finite-size scaling function. 

Inn this chapter we study the finite-size scaling of the statistical mechanics Ising 
model.. We use the free-fermion techniques employed by Hamer and Barber and by 
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Figuree 3.1: An example configuration of the rhombus tiling model. The + and — 
rhombii  (shaded) form zigzagging domain walls that run from the bottom to the top 
off  the lattice. These walls separate domains consisting of 0 rhombi. The meaning 
off  the indications +, 0 and — is explained in Figure 3.2. 

Henkel,, but our mathematical analysis leads to the expression of the scaling function 
ass a TBA integral. 

Firstt however we consider the rhombus tiling model, because it provides an 
opportunityy to introduce the methods we apply to the Ising model. The transfer 
matrixx of the rhombus tiling model can be diagonalised by means of Bethe Ansatz. 
Likee the Ising model it is a free-fermion model. We study the finite-size correction 
too the ground-state energy. This requires different techniques in the various phases 
off  the model. For instance, in one phase it is fairly natural to write the free energy 
ass an integral. The same technique is then applied to the Ising model. Starting from 
itss free-fermion formulation an integral representation for the free energy is derived. 
Takingg the scaling limi t immediately leads to the expression of the scaling function 
ass a TBA integral. 

3.22 Rhombus tiling model 

Considerr tilings of the triangular lattice with rhombi consisting of two lattice trian-
gless each. These tiles cover the lattice without overlap or empty space. An example 
configurationn is shown in Figure 3.1. The rhombus tiling model is an alternative 
representationn of the dimer problem on the honeycomb lattice. 

Thee rhombi come in three different orientations, that will be designated +, 0 and 
—— as indicated in Figure 3.2. It is possible to cover the lattice completely with the 
rhombii  of one orientation. We also group the rhombi in three sub-lattices, as follows. 
Thee sites of the triangular lattice can naturally be divided into three sub-lattices. 
Thee three sites around each face belong to different sub-lattices. For a rhombus the 
twoo sharp corners are on one sub-lattice, while the two obtuse corners belong to 
thee other two sub-lattices. We assign each rhombus to the sub-lattice of its sharp 
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Figuree 3.2: The rhombus tiling model features rhombi of three orientations. These 
orientationss will be denoted +, 0, and —. 

corners.. It is possible to cover the lattice with all rhombi on one sub-lattice. A 
weightt wr e is given to each rhombus of orientation r on sub-lattice I. 

Pickk a row of horizontal lattice edges and number the edges . . ., —2, —1, 0, 1, 
2,, . .. from left to right. The horizontal edges in the two neighbouring rows then 
havee to be numbered . . ., — |, — \, |, | , . .. because they are displaced half a lattice 
spacing.. For the next rows the numbering . . ., —2, —1, 0, 1, 2, . .. has to be used 
again.. And so on, and so forth. The division of the rhombi into sub-lattices can also 
bee described in terms of these coordinates. The sub-lattices then are labelled by the 
congruencee classes modulo 3. As representatives of these congruence classes we may 
choosee 0, 1 and 2. For example, \ = 2 (mod 3). A rhombus of orientation 0 with 
internall  horizontal edge at x belongs to sub-lattice x (mod 3). A  rhombus with 
upperr and lower horizontal edge at x and x  ^ respectively belongs to sub-lattice 
xx  1 (mod 3). 

Thee model without sub-lattice structure was first solved by the Pfaffian meth-
odd [56]. Being a five-vertex model it can also be solved with Bethe Ansatz [50]. The 
modell  with sub-lattice structure has been solved by the Pfaffian method [70]. We 
showw that it too can be solved using Bethe Ansatz. 

Anyy configuration of the model consists of domains of rhombi of orientation 0 
separatedd by zigzagging walls made up of  rhombi. These walls run without inter-
ruptionn from the bottom to the top of the lattice. This is illustrated in Figure 3.1. If 
aa horizontal edge is the internal edge of some rhombus, this rhombus has orientation 
0,, so it is in a domain; such a horizontal edge wil l be called empty. If a horizontal 
edgee is not the internal edge of a rhombus it forms the boundary between two
rhombi,, so it is in a domain wall; such a horizontal edge will be called occupied. 

Considerr a row of horizontal edges and assume that the covering of the lattice 
beloww that row is given. We want to add another layer to the existing configuration. 
Becausee the configuration below is given it is known which of the horizontal edges 
aree empty and which ones are occupied. On top of each empty edge we must put the 
upperr half of a 0 rhombus. On top of each occupied edge a + or — rhombus must be 
placed.. We are free to choose between + and — rhombi, under the constraint that 
thee rhombi do not overlap. The remaining space must be filled with lower halves 
off  0 rhombi. It follows that for the addition of a new layer to the lattice it suffices 
too know the state, empty or occupied, of the row of horizontal edges on top of the 
existingg configuration. This allows for the introduction of a transfer matrix T that 



3.3.. Bethe Ansatz 35 5 

connectss successive rows of horizontal edges. 
Thee rows of lattice sites in the model come in two types, call them A and B, that 

aree shifted with respect to each other. The rows of type A and B alternate. Hence 
theree are in fact two transfer matrices, TAB for layers with upper row of type A and 
lowerr row of type B, and TBA for layers with upper row of type B and lower row 
off  type A. The products TAB^BA

 a nd ^BATA B are double transfer matrices that 
actt between rows of equal type. Take a lattice consisting of 2M layers and impose 
periodicc boundary conditions in the vertical direction, that is, identify the lower and 
upperr row. As usual the partition function of the model on this lattice is 

ZZ = tr ( T A B T B A ) M = tr ( T B A T A B ) M

Inn the limit that M tends to infinity the partition sum is dominated by the largest 
eigenvaluee of TA B?BA or TB AT A B-

Thee matrices TAB and TBA can be combined into a single matrix 

TT = f ° TAB\ 
\T\TBBAA 0 J 

actingg on vectors 

- (£) ) 
wheree ^A and ipB are "wave functions" on the rows of type A and B, respectively. 
Iff  such a vector is an eigenvector of T with eigenvalue A then ip& and ipQ are 
eigenvectorss of TAB^BA and TBA?AB> respectively, with eigenvalue A2. 

Somee identification of the row types A and B could have been chosen in order 
too avoid the complication discussed. This amounts to skewing the lattice or, equiv-
alently,, the transfer matrix direction. Because it breaks a mirror symmetry of the 
systemm we have avoided this solution. 

3.33 Bethe Ansatz 

Inn the previous section a transfer matrix T for the model was introduced. We shall 
noww diagonalise this transfer matrix by means of Bethe Ansatz. First we show that 
thee transfer matrix has a conserved quantity that can be interpreted as a particle 
number.. Then we determine the eigenfunctions in the zero-particle and the one-
particlee sectors. Finally we show how the many-particle eigenfunctions are built up 
fromm one-particle eigenfunctions. 

3.3.11 Particles 

Imposee periodic boundary conditions in the horizontal direction, so that each row 
off  the lattice forms a circle. Let L denote the number of lattice sites or horizontal 
edgess per row. In order to get a consistent definition of the three sub-lattices, L 
mustt be a multiple of three. 
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Thee transfer matrix connects successive rows of horizontal edges. These edges 
cann be in two states: empty or occupied. The empty states belong to the domains, 
thee occupied ones to the domain walls. It was observed that the domain walls run 
withoutt interruption from the bottom to the top of the lattice. Hence each horizontal 
linee through the lattice meets all domain walls once. Therefore the number of 
occupiedd edges is the same in each row. In other words it is a conserved quantity of 
thee transfer matrix. It wil l be denoted n. 

Vieww the horizontal and vertical lattice direction as '"space" and "time", respec-
tively.. The occupied horizontal edges then are "particles" in a time slice, and the 
domainn walls are the world lines of these particles. The transfer matrix describes 
thee evolution of these particles from one time slice to the next. 

3.3.22 No particles 
Obviouslyy there is only one possible row without occupied edges. The layer between 
twoo such rows is covered by L upper and L lower halves of 0 rhombi. The weight of 
thiss row is t0' , where we have introduced 

^ 0 = ^ 0 , 0 ^ 0 , 1 ^ 0 , 2-- I 3- 1) 

Thiss is the eigenvalue of the transfer matrix T in the 1-dimensional n — 0 sector. It 
-- L/3 ~ 

iss convenient to define a "reduced" transfer matrix T by T = tD T. 

3.3.33 One particle 
AA row in the n = 1 sector is specified by the position x of its occupied edge. The row 
underr it has its horizontal edge at  | . The layer in between contains a  rhombus 
withh upper and lower horizontal edge at x and x  \ respectively. This rhombus 
onn sub-lattice x  1 (mod 3) takes the place of the lower half of a 0 rhombus on 
sub-latticee x (mod 3) and the upper half of a 0 rhombus on sub-lattice x=F 1 (mod 3) 
comparedd to a row in the n = 0 sector. It follows that the action of the reduced 
transferr matrix T on the "wave function" is given by 

im{x)im{x) =  W l Mx + \) + --*- 1 iix - i ) . (3.2) 
y/y/ww0,x0,xWW0,x-l0,x-l y/W0,xw0,x+l 

Thee eigenvalue equation Tip — Xip is solved by the Ansatz ip(x) = axz
x where 

aaxx only depends on the equivalence class x (mod 3). Substituting this Ansatz and 
(3.2)) into the eigenvalue equation gives 

i nn - _ i 
Q-xQ-x + lZ 2 = Ada; .2 

WW+,x+,x + l 
fl.T-fl.T-

V/ W0,*™0,*-1 1 

^^  , W~,x-l 
-- \ **  i 

V /U;0,xT%a;;  + l 
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forr all x. After cancelling zx on both sides this takes the matr ix form 

/ / w w - , 2 2 W W 
ZZ 2 

++ ,1 2 ^ 2 2 

w w ++ ,2 4-1 

V™o,o™o,i i 

^ 0 , 0 ^ 0 ,1 1 

0 0 

w. . 
zz 2 ++ .0 

\ V W 0 , 0W 0 , 22 ^ 0 , 1 ^ 0 ,2 

Thee characteristic equation is 

Z ^ 2 2 

v / ^ 0 , 0 ^ 0 ,2 2 

V ^ O ,, 1^0,2 

0 0 

a0 0 

Oi i 

«2 2 

VV / 

== A 

/ a 0 \ \ 

ai i 

^2 2 

vv y 

(3.3) ) 

to to 
A 3 - - A -- IÏLZS + _ z - S 

to o to o 
(3.4) ) 

with h 

w>. . t f n r ^ n + ^ i W n . W . ii  + W ++ ,0^0,0 

« V . O ^ r , ! ^ ^ 

++ , 1 " / 0 , 1' ++ , 2W J 0 , 2w - , 2 ' 

(rr  = +,0, - ). 

Notee that to w as already introduced in (3.1). The weights wr e enter in (3.4) only as 
thee ratios between s, £+, t_ and to, so the model has effectively three parameters. 
Fromm the inequality of ar i thmetic and geometric mean it follows that s > 3 (£+£o t - )3 , 
wit hh equality if and only if w+0w00w_ Q — w+ lw01w_1 = w+ 2yJo,2w- 2-

Forr each value of z there are three solutions of (3.3), and hence three eigenfunc-
tionss of T. On the other hand each such solution occurs for three different values 
off  z, as 

tp(x)tp(x) = axz
x = [uj~xax){u)z)x = (wxax)(uj~lz)x 

withh UJ = e27n, /3, and uj^xax and uxax depend only on x (mod 3). 
Thee boundary conditions determine which values for z are possible. The periodic 

boundaryy conditions require that ip(x + L) — ip(x), so zL — 1. If instead antiperiodic 
boundaryy conditions ip(x + L) = —ip(x) are imposed on the wave function, the 
conditionn on z is zL = — 1. 

3.3.44 Many particles 

Inn the previous subsection the behaviour of a single particle was analysed. If the 
systemm contains n particles, each of them behaves exactly as in the one-particle case, 
wit hh the only proviso that two particles may not be on the same edge. As a conse-
quencee an eigenfunction for n > 1 is the antisymmetrised product of n one-particle 
eigenfunctions.. This many-particle eigenfunction must satisfy the periodic boundary 
conditions.. For odd n this is fulfille d if the composing one-particle eigenfunctions 
satisfyy periodic boundary conditions too; for even n the one-particle functions must 
bee antiperiodic. In summary, the composing one-particle eigenfunctions must have 

== ( - ) "
(3.5) ) 
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AA row in the n-particle sector contains n particles distr ibuted over L sites. There 
aree ( ) such rows, which gives the dimension of that sector. We have constructed 
eigenvectorss in this sector by combining n of the L one-particle eigenvectors. This 
cann be done in (n) ways, and by a Vandermonde determinant argument all these 
n-part ic lee eigenvectors are independent. Therefore they exhaust the eigenvectors in 
thee n-part icle sector. 

3.44 Thermodynamic limi t 

Inn the previous section the eigenvectors and eigenvalues of the transfer matr ix were 
found.. From this we calculate the free energy of the model in the thermodynamic 
l imit .. Then we describe the phase diagram of the model. 

3.4.11 Free energy 

Thee eigenvector with the largest eigenvalue is obtained by including as many one-
part iclee eigenvectors with |A| > 1 and as few one-particle eigenvectors with |A| < 1 
ass possible. Of course these one-particle eigenvectors have to satisfy (3.5). The 
largestt eigenvalue is therefore 

AA — ƒ 3 A — t3 

nmaxx — O max — cg nn* * 
A I > 1 1 

wheree the product is over all roots z of (3.5), provided that the number of factors 
AA is consistent with (3.5). The exponent ^ compensates for the fact that each one-
part iclee eigenfunction occurs at three values of z. The free energy is 

FF = - l o g | A, L\ogtL\ogt00 + Yl H e(P) 
zz e(p)<0 

;3.6) ) 

wheree e(p) — — log |A|. For each z the three values of A are given implicitl y by (3.4). 
Thiss can be solved using Cardano's formula, but it then is difficul t to decide which 
solutionss have |A| > 1. However, note that 

/ / 

nn dq ; JlogM if H > 1, 
—— log eq -w\ = < 
2TTT & I ' | 0 i f | u ; | < l 

(3.7) ) 

forr any complex number w not on the unit circle. Therefore 

*(p)<oo |A|>1 

nn dq 

.„.„  2TT 
log g ^ q i i 

e*'e*' - —z* + 
*0 0 

t+t+  3 t — 

to to to to 
-Z-Z 2 

(3.8) ) 
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Substitutee this into (3.6) and write z — epi. In the thermodynamic limit the sum 
overr z in (3.6) becomes an integral over p. This results in the expression 

F = " ff  ƒ * i ƒ ' ^ >°S Itoe** - «"  - *+«S* - *-e-*- | (3.9) 
forr the free energy. This effectively reproduces the expression obtained from the 
Pfaffiann method [70]. 

3.4.22 Phase diagram 

Thee integrand in (3.9) is singular if for some z = e?1 a root A lies on the unit circle. 
Thee distinct phases of the model differ in the occurrence of such singularities. In 
[70]]  it is shown that the model has the following five phases: 

 The 0 phase: t0 > s + t+ + £_. For any value of z the three solutions A of 
(3.4)) lie all inside the unit circle. The system contains no domain walls, so it 
iss filled completely with 0 rhombi. 

Thee + phase: t+ > s + to + £_. All A lie outside the unit circle. The system is 
completelyy filled with domain walls, and these consist exclusively of + rhombi. 

 The — phase: t- > s +1+ + tG. All A lie outside the unit circle. The system is 
completelyy filled with domain walls, and these consist exclusively of — rhombi. 

 The flat phase: s > t+ + t0 + £_. For any value of z precisely two solutions 
AA of (3.4) lie outside the unit circle. The system is filled for two thirds with 
domainn walls. The +, 0, and — rhombi occur in equal amounts. 

 The rough phase: each of s, t+, t0 and t- is smaller than the sum of the 
otherr three. Part of the A lie outside the unit circle. How large this fraction 
iss varies with s, t+, to and £_. Therefore the number of domain walls and the 
amountss of rhombi of the different orientations also depend continuously on 
thee parameters. 

Thee names "flat phase" and "rough phase" originate from the solid-on-solid inter-
pretationn of the model [18], which we shall not discuss. Figure 3.3 shows a section 
off  the phase diagram at constant ratio s/(t+tot-)z. 

3.55 Finite-size correction 

Inn Subsection 3.4.1 the free energy per layer F = — logAmax was computed in the 
thermodynamicc limit . The result was of the form F — Lf^. For finite system size 
LL one has 

FF — — log Amax = Lfoo + finite-size correction. 

Inn this section we calculate the leading term of the finite-size correction. These 
resultss are not new, except perhaps for the anomalous scaling in Subsection 3.5.3. 



40 0 Chapterr 3. Rhombi and the Ising model 

logg to 

Figuree 3.3: A section s/(t+toi_)3 = constant of the phase diagram of the rhombus 
tilin gg model. Without loss of generality we can take t+tot- = 1. The three axes 
thenn correspond to logt+, log f o and logti. The shaded region is the rough phase. 
Thee central facet is the flat phase; it is absent if s = 3( i+t0t_)3. 

Theyy serve however as a prelude to the calculation of the finite-size scaling function 
inn Section 3.6. 

3.5.11 Frozen phases 

Inn the 0 phase all A lie inside the unit circle. Hence the n = 0 vector is the transfer 
LIS LIS 

matrixx eigenvector with the largest eigenvalue. Its eigenvalue is Amax = t0 , 
L L 

so o 

logg An logg to-

Thereforee the finite-size correction is zero. 
Inn the + phase all A lie outside the unit circle. There are two candidates for 

thee largest eigenvector: (i) the vector obtained by combining all L one-particle 
eigenvectorss satisfying (3.5) with n—L and (ii) the vector obtained by combining 
alll  L one-particle eigenvectors satisfying (3.5) with n = L — 1 omitting the one with 

~~ r In T In 

thee smallest eigenvalue, Am;n. The eigenvalues of these vectors are (i) t+ ' +t_ and 
_.L/3,.L/3 _.L/3,.L/3 (ii )) (t 

Therefore e 

L/33 ,L/3 tjtj  )/Amin- Obviously (i) has the largest eigenvalue Ar 

logg Ar logg t+ - log 11 + (fe) ) login n (fe) ) 
soo the finite-size correction decays exponentially with L. The behaviour in the 
phasee is fully analogous. 
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Figuree 3.4: The phase diagram of Figure 3.3. The regions I, IIA and IIB are indi-
cated.. The bullets indicate the points with anomalous finite-size correction. 

3.5.22 Rough phase 

Inn the rough phase the fraction p of one-particle eigenvalues that lie outside the unit 
circlee depends continuously on the parameters of the model. This fraction ranges 
betweenn 0 on the boundary with the 0 phase and 1 on the boundaries with the + 
andd — phases. The one-particle eigenvalue A is a continuous (triple-valued) function 
off  z = epl. The locus of A in the complex plane can be (I) one closed curve or (II) 
twoo closed curves. The regions corresponding to the cases I and II in (s : t+ : to : t-) 
spacee are separated by the surface 4s3 = 27to(t+ + t-)2. In case II we distinguish 
twoo subcases: (A) 0 < p < | and (B) | < p < 1. In the phase diagram these cases 
aree separated by the flat phase region. The location of the cases I, IIA and IIB in 
thee phase diagram is indicated in Figure 3.4. 

Figuress 3.5 and 3.6 show plots of e(p) = — log | A| as function of p for the 
casess I and II , respectively. The shape of such a plots depends only on the ra-
tioss s/(t+tot-)ï and t+/t-. Therefore along a vertical line (t+/t- = constant) in 
Figuree 3.3 (s / ( i+ i o t - ) 3 = constant) or Figure 3.4 only the zero level of the vertical 
(energy)) coordinate in Figures 3.5 or 3.6 varies. 

Wee now proceed to calculate the finite-size correction of the largest eigenvalue. 
Recalll  that for each value of z = epl there are three one-particle eigenfunctions 
whilee each one-particle eigenfunction occurs for three values of z. Therefore we may 
restrictt the range of p to —7r/3 < p < 7r/3. This avoids the multiple occurrence of 
thee eigenfunctions, except that the eigenfunctions for p = —TT/3 coincide with those 
forr p = 7r/3. 



42 2 Chapterr 3. Rhombi and the Ising model 

e(p) e(p) 

1 1 

3 3 

2 2 

1 1 
I I 

3 3 

i i 

2 2 

1 1 

Figuree 3.5: The one-particle energy e(p) in case I. The figures indicate the different 
branches.. The zero level lies between the minimal and maximal value taken by e(p). 

Figuree 3.6: The one-particle energy e(p) in cases IIA and IIB and in the flat phase. 
Thee figures indicate the different branches. In case IA the zero level lies between 
thee minimal and maximal value taken by branches 1 and 2 of e(p). In case IIB it lies 
betweenn the minimum and maximum of branch 3. In the flat phase it lies between 
thee maximum of branches 1 and 2 and the minimum of branch 3. 

Casee I 

Figuree 3.5 shows e(p) as a function of p, on —7r < p < IT. This function has three 
branches,, e\(p), £2(p) a nd ^ip), whose numbering is shown in the figure. The 
restrictionss of these branches to —7r/3 < p < TT/3 can be glued together to a single 
smoothh function eusip) o n ~TT < p < n, 

£1233 (?) 

ee22(p+f)(p+f) f o r - 7 r < p < - f, 
ei(p)) f o r - f < p < f, 

[e3(p-f)) for f < p< 7T. . 
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Figuree 3.7: In case I the three branches of e(p) can be combined to a single function 
ei23(p)) on —7T < p < IT. It has zeroes —po and po. 

Thee graph of this function is shown in Figure 3.7. Effectively we have for each value 
off  p selected one of the eigenvalues A. Consider the function ei23(p) on —IT < p < TT. 
I tt takes negative values for -p0 < p < p0, where p0 is its positive zero. 

Forr system size L the possible values of p are 2kn/L with k half-odd-integer if 
nn is even and k integer if n is odd. We shall simultaneously determine the largest 
eigenvaluee for even n and the largest eigenvalue for odd n. Define 

i p o ii  , 1 I 
UU - J L 2TT ^ 2 J 
^ m ax x II  ElLk I 

LL  2TT J 

| _ ^—— \\ + \ if n is even, 

iff  n is odd 

andd the corresponding momentum pn 

betweenn —po and po are 

-̂TTT J ^iiiax] i^max t j , . . . , -

(3.10) ) 

27rfcmax/L.. The possible values of p 

2 ''  2 ,, • • • , (fcn l),fen n 

LL 1 - fcmax,-( /Cmax ~ 1), . . . , - 1 , 0, 1, . . . , ( fcm ax - l ) , f c 

iff  n is even, 

iff  n is odd. 
(3.11) ) 

Thee number of these values is 2/cmax + 1, which is an even integer if n is even and 
ann odd integer if n is odd. Therefore the largest eigenvalue with even n or with 
oddd n is obtained by including all the one-particle momenta (3.11) with fcmax given 
byy (3.10). For both even and odd n the energy level is given by 

(3.12) ) 

Heree p takes the values given by (3.11), so it runs from - pm ax to pm ax with steps 
2TT/L. 2TT/L. 

Byy means of the Euler-Maclaurin series the sum in (3.12) can be expanded in 
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powerss of L ] . 

7Wxx £ /"Pmax i 

5 ^^ ei2.'i(p) = 7T e] 2 3 ( p) dp + - [ei23{Pmax) + e i2 3 ( - Pr 

^^  27r i - P m . 2 
P = - Pn n 

P = - Pn n 

++ ~ [423(pmftx) " 6i23(-Pmax)] + 0 ( ^ -2 ) - (3-13) 

Thee sum is approximated by an integral with end points - pm ax and pm a x. and the 
errorr is expressed in terms of the function €123 (p) and its derivative evaluated in 
thesee end points. These end points also depend on L. We would prefer to have 
ann expression involving an integral with end points -p0 and p0. and the function 
€1233 (p) a i1^ its derivative evaluated in these points, because they do not depend 
onn L. This can be achieved by using appropriate Taylor expansions, as follows. We 
usee throughout that po _ Pmax < 2TT/L. 

Thee integration interval of the integral in the RHS of (3.13) is split into three 
pieces:: from - pm ax to - p0 , from -p0 top0, and fromp0 topm a x. On the left interval 
(fromm -p,„ax to -p0) the integrand is written as a Taylor series around - p0 , and 
onn the right interval (from p0 to pmax) as an expansion around p0. The ei23(Pmax) 
andd e'123(pmax) terms in the RHS of (3.13) are Taylor expanded around p0 and the 
ei23(—Pmax)) a n ci ei23(_Anax) terms are expanded around - p0 . Substituting the 
resultss of these Taylor expansions into (3.13) gives 

YlYl f 123(P) =2^ £123(P) dp + f - - bj [ei23(Po) + Cl23(-Po)] 

++ T ( è "  s6 + H [e'i23(po) ~ e'i23("po)]+0(L_2)'  (3-14) 
wheree we have introduced 

bb = — ( P 0 - P m a x) = T ; fcmax- (3.15) 

Thiss quantity lies between 0 and 1; it depends on L because pm ax does. Equa-
tionn (3.14) can be simplified by noting that e123(-p0) = <ü23(Po) = ° an<d t n at 

e'123(—po)) = -e'i23(Po)- Substituting the result into (3.12) gives 

FF = - | log*o + ^ / P ü c123(p) dp + — Q - 6 + Ö2) e'123(po) + 0 (L" 2) . (3.16) 

Thiss can be written as 
F ^ L ^ - ^ f + ^ L - 2 )) (3.17) 

with h 
Cefff = (-2 + 126 - 12b2) e'123(p0). (3.18) 

Thee factor e'123(po) is the Fermi velocity of the fermions: it depends on the anisotropy 
off  the system. The quantity b that appears in the factor - 2 + 126 - 1262 depends on 
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Figuree 3.8: The expression (3.18) for ceff and its analogues for cases II A and IIB 
containn a factor - 2 + 126 — 1262. This factor depends on the fractional part of 
PoL/2irPoL/2ir and on the parity of n. The graph shows the maximum over the parity of 
n,n, as function of the fractional part of poL/2n. 

thee fractional part of poL/2n and the parity of n. Recall that (3.16) describes the 
leadingg finite-size correction both on the largest eigenvalue for even n and on the 
largestt eigenvalue for odd n. For large L the overall lowest energy level is that with 
thee largest value of - 2 + 126 - 12b2. The dependence of this value on the fractional 
partt of PQL/2TT is shown in Figure 3.8. Where it does not attain its maximum value 
1,, this reflects the incommensurability of the "ideal" particle density p and the finite 
systemm size L. 

Casee II A 

Figuree 3.6 shows e(p) as a function of p, on —n < p < n. This function has three 
branches,, ei(p), e2(p) and e-s(p), whose numbering is shown in the figure. The 
restrictionss of branches 1 and 2 to -7r/3 < p < n/3 can be glued together to a single 
smoothh function ei2(p) on — 27r/3 < p < 2TT/3, 

ei2(p) ) 

Q(p+ f) ) 
dip) dip) 

MP~MP~22-Ï) -Ï) 

forr -

for r 
lor r 

-f<P< -f<P< 
- ff  <P< 

11 <P< 
3 ' ' 

27T T 
33 -

(3.19) ) 

Thee restriction of branch 3 to —7r/3 < p < n/3 cannot be glued to the other two 
branches.. The graph of the functions £12(j>) and e3(p) are shown in Figure 3.9. 

Inn case II A the fraction p of momenta p with e(p) < 0 does not exceed |. 
Thereforee eJ2(p) takes negative values for —p0 < p < p0, where p0 = pir is its 
positivee zero, whereas e3(p) is positive everywhere. The situation is fully analogous 
too case I, except that the role of £123 {p) is now played by ei2(p). Therefore the 
leadingg finite-size correction on the lowest energy level for even n and the lowest 
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e(p) e(p) 

0 0 

2irr _ n _ 2-K 
_ _ 33 PO U Po -3-

P P 

Figuree 3.9: In case II A two of the three branches of e(p) can be combined to a single 
functionn £12 (p) on — 27r/3 < p < 2ir/3. It has zeroes —po and po- The remaining 
branchh e^p) is positive on —7r/3 < p < 7r/3. 

0 0 

e(p) ) 

- ff  -po 0 po f 
P P 

Figuree 3.10: In case IIB two of the three branches of e(p) can be combined to a 
singlee function «12 (p)- It is negative on —27r/3 < p < 27r/3. The remaining branch 
€3(p)) has zeroes —po and po-

energyy level for odd n is again described by (3.17), where ceff is given by (3.18) with 
e'i23(Po)) replaced by e'12(p0). 

Casee II B 

Againn Figure 3.6 shows e(p) as a function of p. As in case II A the branches 1 and 2 
aree glued together according to (3.19). The graphs of ei2(p) and ez(p) are shown in 
Figuree 3.10. 

Inn case IIB the fraction p of momenta p with e(p) < 0 is at least |. Therefore 
ei2(p)) is negative everywhere, while ez{p) is negative for —po < p < po, where 
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PoPo = (P - f)71" is its positive zero. Hence the energy level is given by 

FF = -- logt0 + Y, €^(p) + J2 63^)- (3-2°) 
pp p 

Inn the first sum p takes all values 2k-KJL in the interval -2TT/3 < p < 2n/3, where 
PP = - 27T /3 and p = 27r/3 describe the same eigenfunction. Both for even n and for 
oddd n the sum has 2X/3 terms. Because it runs over the full period of the function, 
applicationn of the Euler-Maclaurin series gives 

Y,ci2(p)Y,ci2(p) = 0(L-2). (3.21) 
p p 

Thee second sum in (3.20) can also be treated by the method used above for cases 
II  and IIA , 

Z2^(P)Z2^(P) = ^ J e3(p)dp+ ( - -bj [e3(po) + €3(-p0)] 

Thiss can be simplified because e3(-po) = ^(Po) = 0 and €'3(-p0) = -e'3(p0). Sub-
stitutingg (3.21) and (3.22) into (3.20) yields that the leading finite-size correction 
onn the lowest energy level for even n and the lowest energy level for odd n is again 
describedd by (3.17), where ceff is given by (3.18) with c'123(po) replaced by e3(p0)-

3.5.33 Anomalous scaling 

Everywheree in the rough phase the leading finite-size correction on the lowest energy 
levell  is described by (3.17). Here ceff is given by (3.18) with £123(^0) replaced 
byy e...(po), where c...(p) is the appropriate combination of branches of e(p). The 
momentumm p0 is such that e...(p0) = 0 and e' (p0) > 0. Hence the leading finite-size 
correctionn is determined solely by the dispersion relation 

C-.(P)) =-t'..(Po)(Po-p) + 0[(p0-p)2} for plpo (3.23) 

andd its analogue for p [ —po-
Thee value of e' (p0) is a function of the ratios of 5, £_, t0 and t+. On the 

boundaryy between the rough phase and the 0 phase, p = 0; this corresponds to 
PoPo = 0 in cases I and IIA . On the boundary between the rough phase and the + and 
-- phases, p = 1; this corresponds to p0 = n in case I and p0 = ir/3 in case IIB . On 
thee boundary between the rough phase and the flat phase, p = |; this corresponds 
too po = 27r/3 in case IIA and p0 = 0 in case IIB . It follows that e' (p0) — 0 on all 
thesee boundaries. 
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Theree are, however, exceptional points on the boundary of the rough phase and 
thee flat phase, viz. the points where the cases I, II A and II B all meet. These points 
aree indicated by bullets in Figure 3.4. They are characterised by 

ss = M0 and t+ +1_ = 2t0- (3.24) 

Att these points A = 1 is a double zero of (3.4) when p is a multiple of 27r/3. The 
situationn can be viewed as case I with p0 — 27r/3. or case II A with p0 = 27r/3, or 
casee II B with p0 = 0. We choose the first point of view. Figure 3.11 shows the graph 
off  ei23(p)- Because A = 1 is a double zero of (3.4) for p = 0, the derivative e'123(f>) 
divergess when p tends to - Therefore the dispersion relation (3.23) makes no 
sense.. It is easily shown that instead one has 

timip)timip) = ~2 
*o o 

(poo -p)= +0 [(p0 - p) = for p]po (3.25) 

andd similarly for p j —p0. As a consequence the leading finite-size correction on the 
lowestt energy level is not given by (3.17) but by 

FF = Lf00-(^)ka-l>Q t- ^2+0(L~% (3.26) 

wheree C is the Hurwitz generalised zeta function. The derivation of this result is 
givenn in Appendix 3.A. If n is even then b = |, so 

«-I.6,, = «- i . i ) - (^- . )c( - i ) = ( i - i ^ ) i « ; 
3 3 

2 2 

Iff  7i is odd then 6 = 0, so 

0.0608885. . 

<(-\-b)<(-\-b) = C ( - ^ 0) = C(-\) = - ^ C ( ^ ) « -0.207886. 

Thereforee even n gives the overall largest eigenvalue when L is large. 

3.5.44 Flat phase 

Againn Figure 3.6 shows e(p) as a function of p. As in case II A the branches 1 and 2 
aree glued together according to (3.19). The graphs of ei2(p) and e3(p) are shown in 
Figuree 3.12. 

Inn the flat phase p = §, so ei2{p) is negative on -27r/3 < p < 2TT/3 and e3(p) is 
positivee on —7r/3 < p < n/3. We treat even n and odd n separately. 

nn even 

Forr even n there are 2L/3 values of p = 2k-n/L between -27r/3 and 27r/3, which is 
ann even number. Therefore the lowest energy level is given by 

FF = -~\ogt0 + J2^(p) (3-27) 
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Figuree 3.11: The special points (3.24) can be viewed as case I. The function €123 (p) 
hass zeroes —p0 = -2n/3 and p0 = 2n/3. The derivative e'123(p) diverges at these 
zeroes. . 

Figuree 3.12: In the flat phase two of the three branches of e(p) can be combined to 
aa single function e^ip)- It is negative everywhere, whereas the remaining branch 
es(p)es(p) is positive everywhere. 

wheree p runs through all values between —27r/3 and 2ir/3. The sum can be analysed 
byy the Euler-Maclaurin method of Subsection 3.5.2. This gives 

E^(p )) = ^ / ^ i2 (p )dp+Q-^ [ e i 2( f ) + e12(-f)] 

2TTT / 1 
++ T V12 
L L 

2^ ^ 

b+^)[e'b+^)[e'1212(f)-e'(f)-e'1212(^)]+0(L (^)]+0(L 

ee1212(p)dp(p)dp + 0(L-'), 

-2> > 
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becausee b = | and e'12(—2TT/3) = e'12(27r/3) = 0. In fact the Euler Maclaurin series 
cann be used to obtain an expansion of the sum in (3.27) in powers of L. Because all 
oddd derivatives of €\2(p) vanish at p = 3 all terms have coefficient 0. Therefore 
thee finite-size correction on the energy decays faster than any power of L. This 
suggestss that the finite-size correction is exponential, as in the + and — phase. We 
noww show that this is indeed the case. 

Recalll  that there are three solutions A to (3.4) for each value of p, and that each 
solutionn A occurs also for momentum p  2n/3. It follows that 

€i2(p)) + ) = ei ( P )+ 62 ( p )= Y^ €(PÏ-
e(p)<0 0 

soo (3.27) can be written 

FF = ^gto^gto + ̂ Yl 12 c(p)" (3.28) ) 
PP e(p)<0 

Noww we can apply (3.8). In order to perform the summation over p in (3.28) it is 
howeverr convenient to factorise the argument of the logarithm in (3.8). For each 
valuee of p one has 

e(p)<0e(p)<0 J * 

log g y/üt-y/üt-
to to 

-0(Q) -0(Q) (*-f-(ïr)*™-1 1 

( z i - £ ) W ' ' 

wheree 3{q) is defined by 

P(q)+P(q)-P(q)+P(q)-11 = to to Jqi Jqi 
y/t+t-y/t+t- \ to 

andd \0(q)| > 1. It can be shown from s > t+ + to + £_ that 

\P(Q)\\P(Q)\ >( tr tY and \P(q)\ > ( ^ ) t. t. 

(3.29) ) 

(3.30) ) 

(3.31) ) 

Wee substitute (3.29) into (3.28) and then use that z  ̂ — e^pi runs through the ( ^ ) t h 
rootss of — 1. This gives 

FF==LfLf --\LM--\LM Xog Xog 

- i ff  l̂og 

11 + 

11 + (li )) *««)-' (3.32) ) 
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with h 

foefoe = - i log(M-) ~\f_^ lQg 1 )̂1 

Itt follows from (3.31) that the integrals in (3.32) vanish as L —> oo. The asymptotic 
behaviourr of these integrals is analysed in Appendix 3.B. The result is 

FF = Lf0 2 , ^ ^ L L 
B-B- B-1 

wheree B is defined by 

ï>ï> + £ - ^ ( l + o { l ) ) ,, (3.33) 

BB + B'1 = 2 
3(t+t3(t+t00t^)* t^)* 

andd B > 1. Obviously the factor between square brackets in (3.33) is dominated by 
onee of the two terms, unless t+ — £_. 

nn odd 

Forr odd n there are 2L/3 values of p = 2k7r/L between -2n/3 and 27r/3, where 
pp = —2ir/3 and p — 27r/3 are considered to be the same. This is an even number, so 
ass we are considering odd n the lowest energy level does not contain ei2(-27r/3) = 
fi2(27r/3).. The lowest energy level is again given by (3.27), but now p runs through 
alll  values between -27r/3 and 27r/3 exclusive. The sum can be analysed by the 
methodd used above for even n. This leads to 

r .. r r , ^ x /„  B + B'1 

FF = LfO0- Cl2( —) + I 27T B _ B  ̂ L 
U" U" 
ll-J -J ) •• + 1 1 (r r \\LL+ + 

B-B-22-r(l+o(l)). -r(l+o(l)). 

Itt follows that, at least for large L, even n yields the overall lowest energy level. 

3.66 Finite-size scaling function of the Ising model 

Wee consider the zero-field Ising model [66, 52] on a two-dimensional square lattice. 
Lett K\ — Ji/kT and K2 — J2/kT denote the (ferromagnetic) couplings along 
thee horizontal and vertical bonds, respectively, and let the dual couplings K*  be 
definedd by sinh 2K{ sinh 2K* = 1. In the low-temperature regime K{ < K2, in the 
high-temperaturee regime K{ > K2- These regimes are separated by a critical line 
wheree K{ — K2. Impose periodic boundary conditions on the rows and assume for 
conveniencee that the row size L is even. 

Wee shall calculate the finite-size scaling function of this model. First we recall 
thatt the Ising model can be formulated as a free-fermion model. Next we derive 
integrall expressions for the largest eigenvalues. Finally we take the the scaling limit-
inn those integrals. 
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3.6.11 Free-fermion formulation 

I tt is well-known that the row-to-row transfer matrix can be rewritten in terms of 
fermionicc creation and annihilation operators [78]. The fermions are distinguished 
byy their momentum p. For each value of p there can be at most one fermion present. 
Thee eigenvalues of the transfer matrix are 

AA = (2sinh2i\ i )̂  exp X/(p)K- i i 

wheree nv is the number of fermions of momentum p. Which values for p are possible 
dependss on the total number of fermions 

J2J2nnp p 

accordingg to 
^^ for neven. 

0 > ?7rr fornodd. 

Forr p ^ 0 the energy e(p) is the positive solution of 

coshe(p)) = cosh2(X* - K2) + smh2Kl sinh2ü:2(l - cosp). (3.34) 

Forr p = 0 the energy is e(0) = 2{K[ — K2)\ taking the positive solution of (3.34) 
wouldd have given e(0) = 2\K\—Ki\ instead. Note that cosh2(X1*  - K2) is a measure 
off  the distance to the critical line (where K{ = K2) and that 

sinhh 2K2 sinhh 2K: sinh 2K2 = — — - / 
smhh 2K i 

measuress the anisotropy of the couplings. 

3.6.22 Largest eigenvalues 

Thee largest eigenvalue for even n belongs to the state where there are no fermions 
present.. The energy level is 

F++ = ~ log(2sinh2«'1) - ^ £ > f r ) - (3-35) 
p p 

Thee higher states are obtained by introducing an even number of fermions. For 
example,, the first higher state with n even contains the fermions with p = —n/L 
andd p — +7r/L. Its energy is 

Thee next state contains one of the fermions with p =  and one of the fermions 
withh p — ; thus it is fourfold degenerate. 
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Thee largest eigenvalue for odd n belongs to the state that only contains the 
fermionn with p — 0. Its energy level is 

F-F- = ~ log(2sinh2#i) - i Y, <P) +  e(°)- (3.36) ) 

Thee first higher state with n odd contains one fermion with p —  it is twofold 
degenerate. . 

Thee expressions (3.35) and (3.36) can be unified to 

FF  = —\ogi2siDh2K!) - i ^ | e ( p ) | + p, (3.37) ) 

wheree we have introduced 

99 = 
00 if n is even {F+), 

|| + e(0)] if n is odd (F" ). 
(3.38) ) 

Thee term g takes into account that for odd n the p = 0 fermion is present, and that 
e(p)e(p) is positive except for e(0) in the low-temperature regime. 

Wee shall now derive an integral representation of \e(p)\ similar to (3.29). It 
enabless us to perform the summation in (3.37). Applying (3.7) to w — e'^p^ > 1 
andd w — e~ 'e^ ' < 1 leads to the following integral expression for |e(p)|, which is 
alsoo valid for p = 0: 

mm = f_ log g 

log g 

( t * * <P)\ <P)\ 
dq dq 

2n 2n 

== fn dq 

==  log(sinh 2K* sinh 2K2) 

) ( • • 
>>[[qq _ p-k (p) l 

ee[q[q - 2 [cosh 2 ^ *  - K2) + sinh2K\ sinh2K2(l - cosp)] + e_i<i 

+ + rr ̂  log g 
, i PP _ 2M , coSh2(Ki-K2)-CQsq] ,p 

11 sinh2X1*sinh2i:s:2 J 

== log (sinh 2K\ sinh 2K2) 

++  f  ̂ log|a(9) (e"*  - a(q)-1) (ei p - a(q)-1) (3.39) ) 

with h 

a(q) a(q) 11 + 
coshh 2(K* — K2) — cos<? 

sinhh 2K* sinh 2K2 

+ + 11 + 
cosh2(/£77 — K2) — cosq 

sinhh 2K* sinh 2K2 
(3.40) ) 

Notee that a(q) is expressed in terms of cosh2{K{ - K2) and sinh 2K\ sinh 2K2l 

likee e(p). 

file://�/ogi2siDh2K
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Substitutingg the integral expression (3.39) for \e(p)\ in (3.37) and using the fact 
thatt ei; j runs through the Lth roots of — 1 if n is even and through the Lth roots of 
unityy if n is odd yields 

FF  = -- log(2sinh2JfC2) 

- & & 

777 dq 
log g <*(q)<*(q)  {c~ip - a(q)-1) (J* - aiq)-1) 

logg (2 sinh 2X2) 
11 r dq 

==  Lfoc+g- j * 9 ) - L ] 

a(q)a(q)LL LL) ) 

++  9 

++  9 

(3.4i; ; 

wheree we have introduced the bulk value 

1 1 
22 / ^ l o S Q ( 9 ) -

dq dq 

2TT T 
/occ = - 2 l o ê (2 s i n h 2Ki, 

Notee the similarity between (3.41) and (3.32). 

3 . 6 .33 S c a l i ng l i m i t 

Lett K\ and K2 denote the couplings at some point on the critical line. Recall that 
K\*K\*  = Kf2. We now let L -• oo and Ki -> Kf such that L(Kf - Kt) remains 
constant. . 

KiKi  = Kci + DiV (3.42; ; 

Inn order to find the scaling behaviour of the free energy we want to determine the 
scalingg behaviour of e(p) and a(q). so we want to find the scaling behaviour of 
cosh2(A'ii — K2) and sinh2K{ sinh2K2. From sinh2/sTi sinh2/C* = 1 one can show 
that t 

K*K*  « K\*  - 2Di sinh 2K\* L~l, 

so o 

so o 

K{K{  - K2 crZT1. . 

coshh 2 ^ * -K2)&1 + -a2L~2, 

(3.43) ) 

(3.44) ) 

wheree we have introduced 

<r<r  = 2{D1smh2Kt* + D2) 

(Whenn D\ s i n h 2 ^ * + D2 = 0 the critical line is approached in the tangent direction; 
onee then has to replace (3.42) with Ki = Kf + DtL~  ̂ in order to obtain scaling as 
inn (3.43) and (3.44).) Obviously 

sinhh 2K{ sinh 2K2 « A2, (3.45) ) 
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where e 
AA = ^/sinh 2Kf* sinh 2K\ = smh2Kc

l*  = s inh2i .̂ 

I tt wil l turn out that a and A play the roles of scaling variable and non-universal 
metricc factor, respectively. Guided by the wish to have cosp and cosg scale similarly 
ass cosh 2{K{ — K2) we write p = ^ and q = ^ p , which leads to 

c o s p ~~ i _ _ ( 7 r ^ ) 2 L - 2 i ( 3 4 6 ) 

cosgg » 1 - -(irk)2A2L~2. (3.47) 

Thee factor A in the scaling of q is introduced for later convenience. Physically it 
arisess because p and q are wave numbers of waves running in the horizontal (finite) 
andd vertical (infinite) direction of the system, respectively, and the couplings in these 
directions,, Kx and K2, are different. Combining (3.34), (3.44), (3.45), and (3.46) 
yields s 

f (p )«« ^(a/AY + i^YAL-1 (3.48) 

forr p ^ 0, whereas 
e{0)^-(a/A)AL~Ke{0)^-(a/A)AL~K (3.49) 

Fromm (3.38), (3.43) and (3.49) it follows that 

gg « (\<T/A\ -a/A)AL~l if n is odd. (3.50) 

Combiningg (3.40), (3.44), (3.45), and (3.47) yields 

a(q)a(q) « 1 + y/io/AY + ikirYL-1. (3.51) 

Wee now return to the largest eigenvalues for even n and for odd n. For even n 
substitutingg the scaling (3.51) for a(q) into the free energy (3.41) gives 

/

'' Adk r , i 

—— log [ l+expf-^M)* + (**)*) ] 
LfLfxx + l ~ f dfclog [l +exp ( -v / ( c rM) 2 + (A)TT)2)] XAL'1. (3.52) 

(Thiss derivation is not really correct, because (3.47) and hence (3.51) is valid only 
whenn k <C L. A more rigorous treatment is presented in Appendix 3.C.) The higher 
statess are obtained by introducing an even number of fermions. The energy level of 
suchh a state is 

FF = F + + £ > < ( £ ), (3.53) 
e e 

wheree £ runs through the odd integers (between — (L — 1) and L - 1, inclusive), and 
ann even number of the ne are 1 while the others are 0. If the set of £ for which ri( = 1 



56 6 Chapterr 3. Rhombi and the Ising model 

iss fixed and then L is taken to infinity, the energy level (3.53) is 

dkdk log ll  + e x p ( - v V M )2 + ( ^ ) 2 ) 

++  Ytnly/(*/A)* + {ew)AAL-1. 

Forr odd n substituting the scaling (3.51) of a(q) and (3.50) of g into the free 
energyy (3.41) gives 

F-F- « Lf  ̂ + d/clog g l-exp(-yJ{a/A)l-exp(-yJ{a/A)22 + {kir)2) 

++ 1. (3.54) ) 

Thee higher states contain an odd number of fermions instead of the single fermion 
withh £ = 0. The energy of such a state is 

FF = F - - e ( 0) + ̂ n , e( 
£TT. £TT. 

(3.55) ) 

wheree £ runs through the even integers (between — (L — 2) and L, inclusive), and an 
oddd number of the ri£ are 1 while the others are 0. In the same limi t as described 
forr even n above, the energy level (3.55) is 

FF « Lf  ̂ + d/elog g 11 - exp(-y/{(r/A)2 + (kn)2) 
11 f° 

++ \(\^/A\ + a/A) - n0(a/A) + ̂ ney/(<T/A)* + (&02 }AL~1 . 

Wee have obtained the leading finite-size scaling behaviour of the energy of the 
groundd state and excited states in the scaling limi t (3.42), 

F*sLfF*sLf0000+S{afA)AL-+S{afA)AL-11. . (3.56) ) 

Thee function S{a/A) depends on the state considered; Figure 3.13 shows graphs of 
thiss function for the ground state and some low-lying excitations. The finite-size 
scalingg (3.56) is the same as the usual scaling behaviour in a critical point. There 
thee ground state energy is 

Agroundd ~ ^ /oo ^ J ' (3.57) ) 

wheree j x is the bulk free energy per unit area, c is the central charge determined 
byy the universality class of the critical point, and A is a geometric factor due to the 
anisotropyy of the system. The gap between an excited state and the ground state is 

•''excitedd — -Aground ~ ZTTXALi , 
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-100 -5 0 5 10 
a/A a/A 

Figuree 3.13: The leading finite-size scaling (3.56) of the energy levels in the scaling 
limi tt involves a scaling function S(a/A). The figure shows graphs of this function 
forr the ground-state (no particles present) and several excitations. 

wheree x is the critical exponent of the excitation, so that 

( 7TCC \ 

- —— +2TTXJAL-1. (3.58) 
Itt is seen that (3.56) is analogous to (3.57) and (3.58), except that the central charge 
cc and the critical exponents x are replaced with functions of a and A. 

3.77 Conclusion 

Thee transfer matrix of the rhombus tiling model was diagonalised by means of Bethe 
Ansatz.. From this solution the leading finite-size correction to the ground-state en-
ergyy were computed. The techniques used and the results obtained differ from phase 
too phase. In each of the three frozen phases of the model, the ground-state energy 
hass a very simple expression; the finite-size correction is zero or decays exponentially 
withh the system size L. In the rough phase the finite-size correction decays as L _ 1; 
thee effective central charge is proportional to the Fermi velocity e' (po)-

Theree are exceptional points on the boundary of the rough phase and the flat 
phasee where the finite-size correction decays as £~5; this behaviour is connected to 
thee anomalous dispersion relation Ae ~ (Ap)5 around the Fermi level. Albertini, 
Dahmenn and Wehefritz have found this dispersion relation at special points of the 
asymmetricc six-vertex model [2, 3]. They have established its relation with L _5 
scalingg of the energy gaps between the ground state and excited states. We have 
foundd the same dispersion relation in a simpler model and shown its connection with 
L~22 scaling (3.26) of the ground state energy. 
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Inn the flat phase an integral representation was obtained for the ground-state 
energy.. From this it was shown that the finite-size correction decays exponentially 
withh L. The same technique was applied to the Ising model. In this way we found 
thee leading finite-size scaling of the ground state and of the first excited state. The 
finite-sizee correction on the energy of the ground state (no fermions present) is 

FF++  - Lf0 \L \L dHog g 'l'l  + exp(-y/{a/A)2 + {kn)2) AU AU (3.59) ) 

Ann equivalent integral expression arises from the Ising case of Zamolodchikov's TBA 
equationss obtained by Pearce and Nienhuis [73]. The gap between the first excited 
statee (containing only the £ — 0 fermion) and the ground state is 

if. if. d/clog g 

++ 2(kMI 

ll  + exp(-y/(cT/^)2 + (fc7r)2) 

11 - e x p ( -v / ( a / ^ )2 + (/c7r)2) 

CT/AUAL-CT/AUAL-11. . (3.60) ) 

Wee have checked numerically that this expression agrees with the results of Hamer 
andd Barber [46] and Henkel [48]. Without using the integral representation method 
wee found that the gap between the second excited state (containing the two fermions 
withh £ = — 1 and £ — +1) and the ground state is 

2^{a/A)2^{a/A)22 + 7r2AL- (3.61) ) 

Thiss also follows from the results of Henkel. 
Notee that the scaling functions in (3.59), (3.60), and (3.61) do not depend on a 

andd A separately but only on the combination a/A. Henkel made a similar obser-
vationn for the model he studied. It is also noteworthy that the derivation of these 
scalingg functions shows that they are determined by the dispersion relation (3.48) 
forr small momenta. 

Takingg a —• 0 in (3.59), (3.60), and (3.61) we get the finite-size correction at the 
criticall point, 

FF++  - L ƒ«, 

F~-FF~-F+ + 

IT IT 

12 2 
7T T 

AL~\ AL~\ 

AL' AL' 

FF22-- F+ «27TAIT1, 

correspondingg to the central charge c = | , the magnetic exponent x — | , and the 
thermall exponent x — 1, respectively. 

3.AA Derivation of (3.26) 

Inn Subsection 3.5.3 the lowest energy level for even n and for odd n is again given 
byy (3.12). We want to calculate the leading finite-size correction. At the end points 
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Poo a nd — po the dispersion relation is 

ei23(p)) = -K(po ~P)* +0 {po-p)? for p T P o, 

ei23(p)) = -K(p0+p)z +0 {po+p)2 for p I-po, 

with h 

** = 2 
uu -t. 

to to 
(3.62) ) 

Thee Euler-Maclaurin method of Subsection 3.5.2 cannot be applied at once, because 
thee derivative e'l2Z(p) diverges at p = 0. To overcome this problem we write 

ei23(p)) = h(p) - K{p0 - p)2 - K{po + p) =. (3.63) ) 

Thee three terms in the RHS of (3.63) are treated separately. The derivative 
h'{p)h'{p) is finite at p = 0, so the Euler-Maclaurin method of Subsection 3.5.2 can 
bee applied to this function. This yields 

Pmaxx L fPo / l \ 

EE h(p) = v~ h(p)dp+(--b){h(Po) + h(-po)} 

++ T (h ~ \b+H [/l>o) -/l/(_po)]+0(L_2) 

==  ̂ J h(p)dp+(--b\2K(2po^+0(L^). (3.64) 

Thee second term in the RHS of (3.63) gives 

Pmaxx fcmax 

p = - pn n 

2TT T 
\Amaxx + 0 ^) 

2A;n n 

f=0 0 

(3.65) ) 

Inn [47, pp. 332-333] or [19, pp. 38-40] it is shown that 

mm 1 2 3 1 1 

Y^êY^ê = - m § + - m 5 + C ( - -) + 0(m-2), 
£=0 0 

wheree £ denotes the Riemann zeta function. A straightforward modification of their 
argumentt proves that 

mm 2 / l \ 1 

file:///Amax
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wheree ( is the Hurwitz generalised zeta function. I t is convenient to apply Taylor 

expansionss around m + 2b. yielding 

(=o (=o 

22 / 1 \ i 1 
£ ( **  + &)*  = ^ (m + 2&)» + ( - - & ) ( m + 2&)5+C(-2'6) + 

O O (mm + 26)-2 

Subst i tut ingg this in (3.65) gives, after some algebra, 

Pniaxx r rp0 

J2J2 -K{po-p)* = ^j -K(Po-p)ïdp- ^--bjK(2Po)ï 

 + 0(L-': (3.66) ) 

Forr the third term in (3.63) a fully analogous result holds. Combining (3.64), (3.66). 
it ss analogue for the third term of (3.63), and (3.62) gives 

Y^Y^ fi2s(p) = —_ I ci23(p)dp- ( — J C ( " ' 6 ) 
2TT T L L 

t+t+  - t. 

to to 
++  0(L-% 

Notee that the terms of order L°, originating from the function values of h(p), 

-K(po-K(po - p)5 and —K(p0 + p)3 at p = 0, all cancel. 

3.BB Derivation of (3.33) 

Inn Subsection 3.5.4 an integral expression (3.32) is derived for the lowest energy level 
inn the flat phase. The integrals giving the finite-size correction are oscillatory. In 
thiss appendix we determine the L -*• oc asymptotics of these integrals. 

Considerr the first integral in (3.32), 

First ,, note tha t 

Next,, pass to w = eqi as integration variable. This gives 

== Re * 
J\w\J\w\ = l 

d « i l ,, f \/t 
-Z-.-Z-. ~ log <1 + 
Z7T11 W 

fe?r> fe?r> (3.67) ) 
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Fromm (3.30) j3 is given by 

PP + 0~l = 
VUT-VUT-ww w 

to to 
soo it is a double-valued function of w. This gives rise to three branch cuts for the 
integrandd in (3.67); they may be chosen to correspond to \j3\ = 1. If t+ > t- there 
alsoo aree branch cuts due to the logarithm. The integration contour may be deformed, 
withoutt meeting the branch cuts, to the hyperbola parametrised by 

w w == ) cosh a; + i\/3sinh:r 
VV 3tn ' L 

withh x real. This leads to 

da;; sinh x + i\/3 cosh x 
22 Re ƒƒ ^ 

7-ooo 2?ri coshh x + i\/3 sinh x 
logg < 1 + (r)^ 1 1 

(3.68) ) 

(3.69) ) 

Thee factor 2 arises from the fact that the hyperbola has two branches, corresponding 
too the 4- and — sign in (3.68). On the hyperbola, 

/33 + / r1=T2 L3(Mo*-)*J J 
cosh3:r, , 

soo j3 is real, and the integrand in (3.69) is not oscillatory. When L —• oc the integral 
inn (3.69) is dominated by the piece around x = 0, where 

^TB(l+?^x22 + 0(/ for r xx — 0 
22 B-B-1 

withh B the value of |/3| at x — 0. The asymptotic behaviour of (3.69) is therefore 

2TT2TT V 2TT 2 B-B-1 3 CtY*-CtY*-1 1 ( l + o ( l ) ) ) 

== L (^y(^yBB-^(i-^(i++ oo{{ i)). i)). B-B-B-B-1 1 

Thee treatment of the second integral in (3.32) is fully analogous. 

3.CC Derivation of (3.52) and (3.54) 

Inn this appendix we sketch a mathematically more rigorous derivation of (3.52) 
andd (3.54). The integral 

JJ ^ log [1  a(q) L}=  J — log 
-L/A -L/A 2L 2L 

,Ak7V,-L ,Ak7V,-L 

) ) (3.70) ) 
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inn (3.41) is split into pieces: 0 < \k\ < L* and L* < \k\ < L/A. We show that on 
thee first piece the estimates from Subsection 3.6.3 are good, and that on the second 
piecee the integrand is very small. We introduce the notation 

r,(k)r,(k) = y/{v/A)* + (fcTr)2. 

Firstt we deal with the piece 0 < \k\ < L*. On this piece 

c oss ^pL = i _ hk7r)
2A2L-2 + 0(k4L-4) = 1 - hk7r)2A2L-2 + 0(L~3) 

 Zt Zi 

uniformlyy in k. Combining this with (3.40) and 

cosh2(XÏÏ  -K2) = l + \o2L-2 + 0 (L -3 ) , 

sinh2Jft:*sinh2^22 = A2 + 0{L~1), 

yieldss after some computation that 

a(^)a(^) = l+r 1(k)L-'+0(r1(k)2L-2), 

(3.71) ) 

(3.72) ) 

Akn,Akn, -L' 

andd hence 

L ]] 7(A:)) ] +0(exP(-77(fc))7?(A:) 2L- 1) 

uniformlyy in k. Since 

// x dk exp(-r}(k))rj(k)2 < dk exp(-r/(fc))ry(fc):: 

thiss shows that 

<< oo 

L L dkdk log 
fc|<L4 fc|<L4 

ii  j _ (Akn.-L 

[[  i dk log [1  exp(-r){k))] + 0{L~l). (3.73) 

Nextt we deal with the piece L* <\k\ < L/A. Combining 

c oss 6£l < cos(Tr^L-t) = i _ \K2A2L--I + 0(L~3) 

withh (3.40), (3.71), and (3.72) yields after some computation that 

a(——)a(——) > 1 + T T L " + 0(L~*) . 
Ld Ld 
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Thereforee a(^-) L and hence log [l  a ( ^2 L ) L]  decays faster than any power of 
LL so 

[[ L ] = 0 ( L " 1 ) . (3.74) 
JLï<\k\<L/AJLï<\k\<L/A L *->  J 

Finallyy note that 

ff dA; log [1  exp(-77(fc))l = 0(L~l). (3.75) 

J\k\>L/A J\k\>L/A 

Combiningg (3.70), (3.73), (3.74), and (3.75) gives 

/
nn dv 1 f°° 

££ log [1  a(q)-L]  =-j  dk log [1  exp(-r/(A;))] AL~l + 0(L~2). 




