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Chapterr 4 

Nextt to Leading Order 

4.11 Introduction 
Inn this chapter we present and discuss new calculations of single-top-quark production 
att Next to Leading Order (NLO) in QCD. Earlier calculations of the NLO single-top-
quarkk production cross sections exist in the literature. The first calculation [74] was for 
thee double differential cross section and used small masses for the gluons and quarks to 
regularizee infrared and collinear divergences. Mass factorization was performed in the 
Deepp Inelastic Scattering (DIS) scheme. Subsequent NLO calculations for the s-channel 
[75,, 76] and i-channel [77, 78] modes used dimensional regularization and expressed 
thee semi-inclusive cross section in terms of the Modified Minimal Subtraction (MS) 
factorizationn scheme. The value of our work is that the results are fully differential 
(meaningg experimental cuts and jet finders can be applied), the results contain spin 
information,, and the results use standard methods and schemes. The calculational 
methodss used are an instructive step toward the computation of NLO corrections to 
thee tbj production channel that should also be considered when studying single-top-
quarkk production. 

Thee NLO cross section receives contributions from virtual corrections and real emis-
sionn diagrams. Taken separately, both parts are divergent and therefore cannot be eval-
uatedd in a straightforward way numerically on a computer. Only the sum of the virtual 
correctionss and the real emission contributions is finite after mass factorization. Writ-
ingg a general-purpose NLO Monte Carlo based program therefore requires the analytic 
cancellationn of singularities before any numerical integration can be performed. 

Thee two main general methods to handle the cancellation of singularities without 
losss of information are the phase space slicing [46, 48, 79, 51, 56, 57, 58, 52] and the 
subtractionn [49, 50, 55, 60, 59, 45, 5, 80] methods. In this chapter we implement 
thee phase space slicing method of one [58] and two [52] cutoffs, and the subtraction-
basedd dipole formalism of Ref. [5]. We find that the results of all methods agree. The 
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dipolee calculation uses helicity amplitudes and therefore contains the complete spin 
correlationss of the participating partons. 

Wee organize this chapter as follows. In the next section we present an overview 
off  the amplitudes entering the calculation. Section 4.3 discusses the framework of 
thee phase space slicing method and presents the attendant analytic results. Section 4.4 
givess information relevant to the dipole calculation and all relevant helicity amplitudes. 
Thiss section also contains a detailed discussion of scheme independence for different 
wayss of handling 75. The analytic results of Sections 4.3 and 4.4 are presented using 
different,, but self-consistent, notations appropriate to their methods of handling of 
infraredd divergences. Brief numerical results are presented in Section 4.5, along with a 
comparisonn of the methods. We conclude in Section 4.6. 

4.22 Overview 

Thee lowest-order Feynman diagrams are shown in Figure 4.1. They are commonly 
distinguishedd by the sign of the W boson momentum squared. The t-channel flavor 
excitationn process 

uu + b ^ t + d, (4.1) 

occurss via the exchange of a virtual space-like IF-boson, and the Drell-Yan-like s-
channell  process 

u+d^tu+d^t + b, (4.2) 

occurss via a virtual time-like IF-boson. In reaction (4.1) it is understood that we may 
replacee the (u, d)-quark pair by (d, u), (c, s) and (s, c). In reaction (4.2) we may replace 
thee (u, d)-pair by (c, s). In addition, CKM suppressed combinations are included at all 
vertices. . 

(a)) (b) 

Figuree 4.1: The leading order Feynman diagrams for reactions given in (a) Eq. (4.1) 
andand (b) Eq. (4.2). The top quark line is doubled. 

Forr each channel the fully differential spin-averaged Born cross section can be writ-
tenn as 

rfrf<<)) = ^ Ë l > (
P, B o r „ | 2d P S 2: (4.3) 
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wheree s is the partonic center-of-momentum energy squared, and we use p = s, t to 
denotee the channel. The two body phase space is given by 

dPSdPS2 2 
11 d3pi dxp2 

(2TT)22 2E1 2E2 
66(i)(i){q-pi-P2)-{q-pi-P2)- (4.4) ) 

Thee ^-channel Born matrix element squared summed (averaged) over final (initial) state 
spinn and color states is 

EE \Mt,t -y\V-y\Vudud\\
22\V\Vtbtb\\

22s{s-ms{s-m22
tt) ) 

1 1 

Ml Ml 
(4.5) ) 

Here,, s = (pu + Pb)2 and t = (pu — Pd)2, the partonic reaction sub-energy squared and 
thee square of the momentum transfer across the W, respectively. The CKM matrix 
elementss | Vy | may be changed for the given particles, and mt is the top-quark mass. The 
resultt for the s-channel is obtained by interchanging s and t, and letting s = (pu + p j )2 

andd t — (pu — pi)2. In Section 4.4 we discuss the cross section without the sum over 
spins. . 

»» » > , > » 

(b) ) 

Figuree 4.2: The one-loop virtual corrections to the (a) t-channel and (b) s-channel 
amplitudes. amplitudes. 

Att next to leading order we must include the virtual QCD corrections to Eqs. (4.1) 
andd (4.2), shown in Figure 4.2. To obtain the real emission contributions one must 
attachh a gluon in all possible ways to the diagrams in Figure 4.1. The resulting crossed 
diagramss may be written as 

(4.6) ) 

(4.7) ) 

uu + d 
uu + b 

dd + b 

uu + g 

- >

-» » 
-» » 

- >

tt + b + g, 
tt + d + g 

tt + u + g 

tt + b + d 



50 0 Nextt  to Leading Order 

dd + g -> t + b + ü, (4.8) 

gg + b -> t + d + u. (4.9) 

Thesee crossings may belong either to the s or t channel, and their assignment is gov-
ernedd by the collinear singularity structure. It is useful to distinguish whether the gluon 
attachess to the fermion current containing the heavy-quark line (h) in Figure 4.1 or to 
thee current containing only the light-quark lines (/). Note that the contributions from 
hh and / radiation do not interfere in the cross section due to color conservation [75, 77]. 

Thee diagrams in Eq. (4.6) belong fully to the s-channel, and diagrams in Eq. (4.7) 
belongg to the t-channel. For crossing in Eq. (4.8) let us consider the first process 
uu + g —> t +b + d. In the heavy-quark line the gluon can split into a collinear 66-pair 
withh reduced process u + b —> t + d, so that this crossing belongs to the f-channel. In 
thee light-quark line the gluon can split into a collinear rfrf-pair, with reduced process 
uu + d —> t + 6, so that this crossing belongs to the s-channel. The classification of 
thee second process in Eq. (4.8) is similar, with the role of the u- and d-type quarks 
exchanged.. Finally, in Eq. (4.9), the gluon connected to the light-quark line can split 
eitherr into a collinear uü-pair or into a collinear rfrf-pair. In both cases the process 
reducess to the i-channel process u + b —> t + d or d + b -¥ t + ü. Crossing of Eq. (4.9) to 
thee heavy-quark line is not included in our calculation as it involves on-shell li r-decay 
intoo light fermions, and is classified as W-top associated production. The cross section 
forr this process is estimated to be negligibly small for the Tevatron [15, 16, 18, 81, 82]. 

Inn what follows we consider only the production of a single top quark, but the 
relevantt expressions for the production of an antitop quark may easily be obtained 
byy charge conjugation. Our calculational framework is further specified as follows: 
wee set the bottom quark mass to zero, so that we work with 5 massless flavors in 
thee parton distribution functions. It is important to use a consistent set of 5-flavor 
partonn distribution functions, in which the 5-flavor set has been computed from a lower 
flavorflavor number set via NLO matching conditions [83] that preserve the momentum sum 
rule.. To handle divergences occurring at intermediate stages of the calculation we use 
dimensionall  regularization (D — 4 - 2c). Details describing renormalization of the 
verticess that contain 75 are given in Section 4.4.2. Collinear divergences are subtracted 
inn the standard MS scheme. We use the Feynman gauge for the gluon propagator. 

4.33 Phase space slicing 

Inn the phase space slicing method a subregion of phase space containing soft and 
collinearr singularities is defined. If the subregion is small enough, one may make 
simplifyingg kinematic approximations in the phase space integrals, so that they can be 
performedd analytically. To define the size and shape of this subregion one introduces 
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onee or two theoretical cutoff parameters (for common or separate treatment of collinear 
andd soft contributions, respectively). The final cross section should not depend on the 
choicee made for the partitioning. Below we discuss the application of these methods 
too single-top-quark production. 

4.3.11 Phase space slicing with two cutoffs (8S,8C) 

AA detailed description of the phase space slicing method with two cutoffs has recently 
beenn given in Ref. [52]. In this section we present the results needed for single-top-quark 
production.. We follow closely the notation of Ref. [52]. 

Inn the two cutoff method, phase space is divided into a hard (H) and soft (S) 
region.. The contribution from the latter region is computed by applying the eikonal 
approximationn to the radiative processes in Eqs. (4.6-4.9). The soft region of phase 
spacee is defined by a condition on the energy of the soft gluon in the partonic center-
of-momentumm frame: 

0<E0<Egg<6<6s s (4.10) ) 

Thee hard region is then defined by Eg > Say/s/2. After performing the D-dimensional 
angularr integrations of the gluon in the region defined in Eq. (4.10), the soft contribu-
tionn is found to be 

da^da  ̂ = da<°> 
aass r ( l - e ) U-Kfi2 

2?rr(ll  ~2e)\ s 

AA pp Ap 

-1-1 4- — + Ap 

withh p — s,t labeling the channel. For the s-channel 

(4.n; ; 

A'A'  = 3Cf 

A\ A\ 

andd for the t-channel 

== cF 

==  CF 

+ + 

11 - 6 In <L 

61nJ<ïs-21ii(5aa + 21n<UnI — 
m2 2 

ss + m" 

m' m' 
ln(4U2Li 2(/?)-V(4 4 (4.12) ) 

A\A\ = 3CF 

A\A\ = Ch 

KK = cF 

21nll <)_l n Ai^> ! 
spsp  I V m s 

11 - 6 In (J. 

6ln2^-21n<5ss + 41n<5Jn 
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+22 In Ss In 

11 . 

*)s s 

++  \n2 

+ + 

mm22 — t 

ss  -f m 
In n £ ) + l n ' UU + 2 L 41 + ̂  

2Li2 2 
f f 

2Li2 2 
i/ / 

ss + u 
(4.13) ) 

wheree the top-quark mass is denoted as m, and (3 = \ - m2/s. 
Thee hard region is further divided into hard collinear (HC) and hard-noncollinear 

(HC)) regions. The latter is computed in 4 dimensions, integrating numerically over 
thee HC phase space using standard Monte Carlo methods. The HC contributions arise 
fromm integration over those regions of phase space where any invariant. stJ = (p, +P j )2 

orr tij  = (pi - Pj)2, appearing in the denominator becomes smaller in magnitude than 
SSccs.s. The singular regions are distinguished by whether they come from initial or final 
statee radiation. The latter are given by 

folHCFS)folHCFS) = daW O:,, T(l - e) UlTf? 

2nT(ll  - 2 f ) V " T " )K^ ) ) (4.14) ) 

with h 

AA11 = CF(2\n6s+^-2\nfi\ 

AQAQ — Cp 
ZZ 0 

- l n £ .. (21n<5s + | - 2\n fi\ 

-- - — - In2 6, - In2 ft + 2\n6s In 8 
22 3 

(4.15) ) 

forr both channels (all massless partons in the Born cross sections are fermions). 
Thee collinear contributions from the initial state are given by the sum of two contri-

butions.. The first is the finite remainder after mass factorization. The second results 
fromm a mismatch in integration limits when subtracting the mass factorization counter-
term. . 

da^da^FSFS = do™ ^r(T^ÖÖ {—) J l^ (*>i»)  + {— + A*)f>  <*'^> 
(4.16) ) 

Thee modified parton distribution function ƒ is given in Ref. [52]. For the reaction at 

handd we only need consider the quark-quark initial state splitting, so 

A?A? = CF(2\n6s + ^j 

M M == CV(21n<5, + - ] In [ -5- (4.17) ) 
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Thee virtual contribution is obtained as explained in the Sections 4.4.1 and 4.4.2. The 
resultss in the notation of this section are 

«toiV ) ) do'? do'? 
aass T ( l — c) (A-KpL 

27rT(ll  - 2 f ) 

AA v A v 

+ + <»?'» » (4.18) ) 

where e 

A\ A\ CF{[-2} CF{[-2} 

A\A\ = Cf 

AXAX - Cf 

[1]} } 

22 In + + 2 1 n (ll  - A ) - I n WA A 

\n\nA A 

-Q-Qz z 
33 In 

+ + - * l n 2 2 

2 2 

A A 
ln ( l l 

- 2 l n ( A ) _ 2 1 n ( 1_ A ) l n ( ^ ) _ 6 6 

A)) - In2 (1 - A) - 2 In (1 - A) + 2Li2 (A) (4.19) ) 

Inn the above we have defined A = Q2/(Q2 — m2)- Further, the separate terms in the 
squaree brackets originate from the massless-massless or the massive-massless vertex 
corrections.. For the t-channel one sets q2 = t, while for the s-channel one sets q2 — s. 

daYdaY > = ~}/\Vud\ rr(V) (V) 
tb\ tb\ ' c y ^ h, , 

rnrn22 — t tt - Ml 
dTdT2 2 (4.20) ) 

iss the t-channel finite piece in the virtual contribution that is not proportional to the 
Bornn cross section. It results from the interference of the renormalized massive-massless 
vertexx with the Born amplitude. The s-channel version may be obtained by crossing. 

Att this point one can see that the two body weight is finite: A\ + A\ — 0 and 
A\A\ + A\ + Ai + 2Af — 0. The factor of two occurs since there are two quark legs, 
eitherr of which can emit a gluon. The final finite two-body cross section is given by 
thee sum of the residual ƒ terms from both the quark-quark and quark-gluon initiated 
processess and the finite two-body weights. The result, summed over parton flavors is 

r<2) ) 

a,b a,b 

{/ 0"'' {xuliF)J?*{x*  / I F) [do  ̂ {Al + Af + A0 + 2AS
Q

C) + d*<v'>] 

++  dalQ) [f^(x1.JlF)fb
HHx2^iF) + / ^ * I ^ F ) / " 2 ( * 2 , M ] + (* i <-> x-2)} 

Thee three-body contribution is given by 

(4.21) ) 

(4.22) ) 
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with h 

£ | M ff  >|2 = -7ig4\Vudmb\
2

l̂ ,i = 1 - 3. (4.23) 

Thee ^i contain the luminosity and Dirac algebra of Eqs. (4.7-4.9). We choose 
initial-statee momenta as incoming, and label the momenta for the f-channel as 

tt,tt, : u(Pl)b(p2) -> d(p3)*(P4)3(p5), (4-24) 

^22 : u{pi)g(p2) -> d{ps)t{p4)b{p5), (4.25) 

* 3:5(Pi)MP2)) -> rf(P3)*(p4)ü(p5  (4-26) 

Thee ^-channel ^ are given by 

fl;fl;  — <2C F I 6'12 ~ 6'34 ~ A '34^25 — 612 (6'.34 + g4s) ~ g 34^23 

VV ^15 S35 

__ ^13 l's12 (2*34 + ,s45) + A'34^25 

+2C+2CFFFF2 2 

^15s35 5 

S122 (^23 ~~ s3 4/ ~~ 's34^15 S12 ('S*34 + 6*35/ U ~~ ^Tnt/si5J ~ S34^14 

^244 I s 12 (^534 + s35) + S34^1öJ 

^256'45 5 
(4.27) ) 

S126'344 + ^15 (S34 s35i , ^15 (6>34 ~+" ^23/ U 2 m ( / £ 2 4 ) s34*l -

424 4 

,, s45 lg12A '34 + ^15 (^23 + 2 s3 4) ] | f4 28) 

^24^255 / 

s12s344 + ^25 (s34 — S45J , ^25 (6'34 + ^ H ) ~~ 6'34^23 

* 22 = F2 

^33 = F, 

,, 6'.35 l S12g34 + ^25 (^14 + 2s3 4) J l / , 9 Q \ 

--heree CF = 4 /3, stJ - {pt + pj)'2, ti5 = (p*  - p^)2, , = s„  - m2, ^ = ^ - mjf, 

Fii  = „  aSl f2^Li , (4.30) 
C*244 ~~ Mw) 

F22 = „ '*  2 ^ , (4.31) 

asi(/i )) and the luminosity functions Li{h) = f"'(xl, F̂i(h))f"
2{x2,iiFi(h))  are evaluated 

usingg the scales at the light(heavy)-quark lines, respectively. Al l other s- and ^-channel 
matrixx elements can be obtained by crossing. Physical predictions follow from the sum 

a(2)) _+_ ^(3) whj ch j s cutoff independent for sufficiently small cutoffs as shown below. 
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4.3.22 Phase space slicing with one cutoff (sm\n) 

Thee calculation using the one cutoff slicing method is similar to the one using the two 
cutofff  slicing method, with some differences that we now address. In this method, a 
pairr of partons with momenta pi and pj is defined to be unresolved if 

\2Pi\2Pi  Pj\ < smia , (4.32) 

withh smm small compared to the hard scale of the process. The condition in Eq. (4.32) 
cann occur if either pi and Pj are collinear, or if one of the two is soft. This method, com-
binedd with the use of color-decomposed amplitudes and universal crossing functions, 
hass been developed into a general method for computing with minimal calculational 
effortt fully differential NLO production cross sections of bosons and jets in [56, 57] and 
identifiedd hadrons and heavy quarks in [58]. The single-top-quark production process 
hass a relatively simple color structure, so we do not need to decompose the scattering 
amplitudess into color-ordered subamplitudes. 

Thee treatment of the virtual corrections is no different from the two cutoff method. 
Too determine the radiative corrections, all partons are first crossed to the final state, 
andd resolved and unresolved contributions are identified according to the criterion in 
Eq.. (4.32). The unresolved contributions, (soft and collinear) can be found in [56, 57, 
58]]  expressed in D = 4 — 2e dimensions. The soft contributions are expressed in terms 
off  the momenta for partons in lowest order kinematics with all partons in the final 
state e 

O^üO^ü + d + t + b, (4.33) 

andd are given by 

aassCCFF 1 
da^da  ̂ =  <*T<°> 

/4VyirW2p^yy + j (m0)/2^,y 

(4.34) ) 
rr r ( l - e ) 

withh da  ̂ obtained by crossing all momenta to the final state, and 

i)) *,»,»  =,0,0, = £-£(^)'  + ̂ ) - _ g + 

2)) 2pt.Pb<m* : J(m, 0) = ( ^ ) "7-L + 1 - £ + l) . (4.35) 
%Pt%Pt  Pb 

mm22 J \2e2 2e 12 

Thee 5-channel contribution is then obtained by replacing 2pu-pd — s, 2pt-pt, —> s — m2. 
Thee ^-channel contribution is obtained by replacing 2pu  pd —> t, 2pt - pb —> t — m2, 
whichh leads to 7r2 terms after expanding in e. The collinear contributions are likewise 
givenn by 

da^da  ̂ = -der<°> 
aassCpCp 1 (ATT(.^ 

r(i-e)) \sr 

1 1 
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ƒƒ i n Smin 
++ h 

2pu2pu  Pd M+h M+h 2pt2pt  Pb 

(4.36) ) 

Thee I functions are given in Refs. [56, 57]. The «-channel contribution is obtained by 
replacingg 2pu  p^ —> s, 2pt  pb -> s - m2. The t-channel contribution is obtained by 
replacingg 2pu  pa -> t, 2pt  pb —> t - m2. The sum of these contributions is already 
finite.finite. One now generates the various subprocesses of single-top-quark production by 
crossingg pairs of partons back to the initial state. Crossing symmetry is not a property 
off  next to leading order cross sections, but it may be implemented in the following way. 

Inn general a NLO fully differential cross section for a process with initial hadrons 
HiHi  and H2 may be written as 

dadaHlHlHH22 =T,Jdx1 f dx2r*{x l)tf*{x 2)daX,LO(xuX2) , (4.37) 
a,, b 

wheree a, b denote parton flavors and Xi, x2 are parton momentum fractions. The func-
tionn do£b

LO is computed with all-partons-in-the-final-state matrix elements, in which 
partonss a and b have simply been crossed to the initial state, i.e. in which their mo-
mentaa pa and pi, have been replaced by —pa and —pb (this function does include the n2 

termss resulting from this replacement in the one-loop virtual graphs). The functions 
Tj?{x)Tj?{x) are modifications of the parton distribution functions f  ̂ (x, f.iF) 

ffaa
HH(z)(z) = / " ( ^ F ) + <*.C?(x, ftF) + 0{a% (4.38) 

wheree C^{x,p,F) are finite, universal "crossing functions" [57]. They implement the 
crossingg property for the unresolved contributions, and are given by 

NNc c 

a a 
H,MS S X,flX,flFF)) = 

2TT T 
A"{x,A"{x, fiF) In 

n'n'1 1 ++ eMS(^ f) (4.39) ) 

Thee functions Aff, Bjf for the proton are given in [57]. In the unresolved contribution 
onee may simply cross pairs of partons without further modifications. 

Thee full NLO differential cross section can now be written as: 

dodoHlHl H2 = Yl J dx\dx2fa
l{xl.jxF) fb

H2{x2,pF) [da*b
LO(xux2) + as(fiF) 

a,b a,b 

x(c^(xx(c^(xUUfiF)ffiF)f bb
H2H2(x(x22̂ F̂F)) + f^{xuiiF)Cb

H^x2^F))dcL
ab°(x„x 2)] . 

(4.40) ) 

Thee unresolved contribution, now including the crossing functions, depends analytically 
onn smj n, but this sm,n dependence cancels against that of the resolved contribution. The 
resultss produced with this method agree with those of the previous section. In this 
thesiss we limi t ourselves to some illustrative numerical studies, so that we only employ 
thee dipole and two-cutoff slicing methods for numerical results. 
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4.44 Massive Dipole Subtraction calculation 
Wee wil l use the massive dipole formalism as developed in Chapter 3 for this calculation. 
Ass was explained there, we need to calculate the virtual and radiative amplitudes for 
thee process under study, which together with the expressions for the dipoles wil l give 
uss all ingredients to complete the calculation. 

4.4.11 Calculation of the amplitudes 

Wee have performed three different calculations of the loop amplitudes. One calculation 
wass done using the standard approach in the 't Hooft-Veltman scheme. The second 
calculationn involved treating the 75 as anti-commuting in D dimensions, thereby re-
tainingg W7ard identities for the charged current vertex. In the third one we calculated 
helicityy amplitudes using a four-dimensional scheme. The effects of different prescrip-
tionss for 75 are discussed more extensively in Section 4.4.2. The results of the three 
calculationss agree with each other, in the sense that they can be related to each other 
throughh process-independent finite renormalizations. In addition, we find agreement 
withh the earlier calculations of Refs. [84, 85]. We present here the helicity amplitudes 
obtainedd with the third approach1. They are more compact and contain the complete 
spinn information. In the standard approach one just calculates the interference between 
thee loop amplitude and the Born term and sums over all spins. 

Wee employ amplitudes with all partons outgoing, generating in an economical way 
thee relevant scattering amplitudes by crossing. The lowest-order amplitude is shown 
inn Figure 4.1 

AAWbWb : Q^t(p8) +  + d(P(i) + Ti{p7), (4.41) 

wheree all momenta are outgoing. We use here the notation of Ref. [4], which explains 
thee unusual labeling of the momenta with p4, p$, p7 and pK-

Eachh amplitude we decompose into gauge-invariant partial amplitudes. The color 
decompositionn of the Born amplitude is 

AwbAwnAwbAwn =  (4.42) 

Itt is convenient to factor out some common prefactors from the partial amplitude 
 mi(^ t ü write it as follows: 

J [ I ]]  _ e X u d * t b l l DWb,born ( . , „ , 

22 sin 9W .y67 - % yJ-{2 ~ |4 + 6 + 7 |2-) 

11 The spinor helicity methods that are used in this calculation are summarized in Section 2.2. 
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Heree we denote the reference momentum for the massive spinor by q — p2. If one is only 
interestedd in the spin-summed squared amplitude, one may choose any arbitrary null 
vectorr for p2, the choices p2 — (1,0,0,1) or p2 = Ps are examples. However, by keeping 
P2P2 unspecified, we keep the complete spin information, and our formulas become only 
slightlyy more lengthy. The non-vanishing Born amplitudes are 

BB[[ ^ b̂b,,boTboTM;P^Pt.Jh)M;P^Pt.Jh) =  [ 47 ] (6 - |4 + 7|2->, 

flfiUrnW.PeiPnPs)flfiUrnW.PeiPnPs) = m{26>[74]. (4.44) 

Wee now turn our attention to the loop amplitudes. The color decomposition of the 
one-loopp amplitude is given by 

AA _ X n-iarpa A[1] _ L T a T a A A t2' _L T a Ta A !3' 
SL\,Xb,loopSL\,Xb,loop — °&7-l8i1iA/iWb,loop ~*~ 16i1i7°M-nWb,loop ~*~ 1671S4/lWb,loop 

N 2 ~ l ,, x Al]  N 2 ~ l
X e .[2] 

—— 2N
 d67d&4AWbtloop H 2^V~~ 67 M Wb> l°°P 

++ 2 ^64^87 ~ -^S67öMJ A[fybloop. (4.45) 

Heree we used the short-hand notation 

TuTu =  7?M-4, (4.46) 

wheree a is the color index of the gluon, i8 is the color index of the quark t(pg) and j4 is 
thee color index of the quark b(p4). A b̂i corresponds to loop corrections on the t-b 
line,, Awbloop to corrections on the u-d line, and A\ b̂loop to a gluon exchange between 

[31 1 

thee two lines. Note that we do not have to calculate A\ b̂ l : 

22 Re (Ss^A^yT^A^ioop = 0, (4.47) 

becausee the color matrices are traceless. We write 

,[i]]  _ e2KdVtb 2z Bwbjoop 92 

^Wbjoop ^Wbjoop 
22 sin 6W s67 - m2

w ^ - ( 2 - |4 + 6 + 7|2-) (4 702 

AA[2)[2)  = e2V:dVtb 2» B$%loop g> 

WbWb^  ̂ 2sin2 Bw s67 - ml ^ - ( 2 - |4 + 6 + 7|2-) (^)2 ' { } 

Forr the helicity configuration P4~, pë", p*, pjj" we obtain 

BwbjoopiPtiPëiPhPs)BwbjoopiPtiPëiPhPs) = 
2[47]{( 66 - |4 + 7|2->(4 - |6 + 7|4-)Cja )(s6 7, m2) 



4.44 Massive Dipole Subtraction calculation 59 9 

+ + + + 
7 7 

22 ( 4 - | 6 + 7|4-> 
( 6 -- |4 + 7|2-) 

+ + 
«467 7 

++ -

1 1 
2 ( 4-- |6 + 7|4-

1 1 
<4- |66 + 7|4-) 

(64)) [42] 

(64)) [42] >(«) ) B^{sB^{s6767,m,m22) ) 

(s67{ 66 - (4 + 7|2-> + 6-467<64)[42])5r(m2) (*), , 

-A-A00(m(m22)) ~ 5467" 
(64)) [42] 

2 ( 4 -- |6 + 7|4-)"uv"" ' ' ^ " ' (4 - |6 + 7|4-)"

^W'MoopO^^ > VG ' ^7 5 £*8 ) ~ 

-2[47]{66 - |4+ 7|2-) 6̂ 7C*^(^ 7) + | ^C ) ( S 6 7) ) 

Forr the helicity configuration pt,Pê>PtiPt w e obtain 

BBWb,loop(P4,P(i>P7>Ps)Wb,loop(P4,P(i>P7>Ps) = 

,(-2e) ) 
Coo '(s67,m' 

-2m[74] ] 

+ + ( 4 -- |6 + 7|4-) 
1 1 

(62)(4-|66 + 7|4-)Cja)(s67,m
2) 

s67(62)-J(67)[74](42)WWV) ) 

( b ) . . 

( 4 -- |6 + 7|4-> 
11 (64) (4+ |6 + 7[2+) 
22 S467<4 - |6 + 7 |4 -> 

BBWb,loop(pt,P6iP7>Pt)Wb,loop(pt,P6iP7>Pt) = 

(s67<62)) + (64) (4 + |6 + 7\2+))BK
0°'{m 

+ + AA00(m(m22)) + 
(2 - |66 + 7|4-)(46)^(_2e) 

( 4 -- |6 + 7|4-) C^(sC^(s6767,m' ,m' 

t ( 6 ) . . ?(<') , , 
-2m[74]<26)(*67Q>67)) + ^ c>(s6J] 

(4.49) ) 

(4.50) ) 

Thee expressions for the standard scalar integrals are collected in Appendix B. The 
ultraviolett (UV) renormalization is discussed in the next section. 

Finally,, we need the real emission amplitudes with one additional gluon. These are 
listedd in Eqs. (4.6-4.9), and correspond to the process 

AAWgWg : 0 -> t(p8) + h(p4) + g(p5) + d{pe) + fi{p7) . (4.51) 

Thee color decomposition reads 

^ tt *W _!_£...T&  M*\ (4.52) ++ ÖRATf,7Aw„ AwAw g,real ~ 184^67 AWgreal T U^J. Qj^Wg,real 

Thesee amplitudes have been calculated in Chapter 2. For convenience we repeat them 
here.. We have 

4[1] ] 

\\\\ g,real 

ge^V^Vttge^V^Vtt (-i)2y/2 
oil ] ] nnWg,reat Wg,reat 

2sin22 0W s67 - mw J-{2- |4 + 5 + 6 + 7|2-) 
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,[2]]  _ ge^Vtb H)2y/2 B\ r̂eal 
AA»'°<™»'°<™11 2 sin2 0W ' .s,67 - ml- ^ _ { 2 _ |4 + 5+ 6 +7|2->" l '° j 

Ass reference momentum for the massive spinor we have chosen q — p2. The non-
vanishingg amplitudes are 

BBivivgg.r,ol(pt-Pt-Pn-PhP8) .r,ol(pt-Pt-Pn-PhP8) 

( 6 -- |4 + 5 + 7|2-) / { 6 - |4 + 5|7-> [74](6 - |4 + 7|5-) 

(65)) V <45> 
BB\vg.real(P4'Pt:PG-P7-l4) \vg.real(P4'Pt:PG-P7-l4) 

m(26)) f(G - |-4 + 5|7-) [74]{6 - |4 + 7|5-> 
(65)) V <45) 

BB\Vg.rral(Pt-P5-PG:pl:P») \Vg.rral(Pt-P5-PG:pl:P») 

==  ,- . , I ?4] 5T (<5 - |4 + 6 + 7|2->[47]<76) + m2[24](56)) . 
[<J4JJ (^167 - ">  ) V ' 

BB\v\v y.rvaMA  Pi -Pb -Pi -Vt) 

'"'"  l4l]  «25)(67)[74] + (56)(2 - |5 + 6 + 7 | 4 - ) ). (4.54) 
«4677 - ™2 [45] 

B^B  ̂ f»+ »+ „ - »+ »") - <6- |4 + 5 + 7 |2 - ) (6 - |5 + 7|4-) 
nn\Vy.real\P4\Vy.real\P4 -Pu -Pli -P7 -PS ) ~ l'a\l — \ 

^U'g.reu^All  /J5 " Pf> " /J7  Ps ) ~ <56W75} 

flfl MM  (,-+ V- „ - ,>+ ,r) ~ [^]<2+l(4 + 5 + 6 + 7)(ö + 6)|7-> 
nn\Yy,rcal\P4\Yy,rcal\P4  P5 'Pti 'Pi -P8 ) ~ [57ÏÏ561 

oMM / „ + D - D - D+ D+) _ w [ 4 7 ] < 2 - |5 + 6 |7 -> 
LL>Wg.r>Wg.rttal\P\'PS'P(\->P7al\P\'PS'P(\->P7 'P% ) ~ [57ÏÏ561 ' H-J^J 

Thee matrix element squared is given by 

l - W ^ I 22 = 7^c(  ̂ - I) [\-4]
yM\ + | -4KU^| j- (4-56) 

Theree are no interference terms between A[y Reai and .4,- R(,al. 

4.4.22 Conversion between schemes and scheme independence 

Thee one-loop amplitudes presented in the previous section have been calculated in 
aa four-dimensional scheme. They differ from the corresponding amplitudes in the 
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'tt Hooft-Veltman scheme by finite terms. These finite terms are either of ultraviolet 
(UV)) or infrared (IR) origin and result from expressions of the form sfe. To obtain 
thee unique and correct result, one proceeds through the following steps: 

 The bare one-loop amplitudes may contain UV-divergences. With the help of 
aa specific regularization scheme these divergences are isolated and removed by 
renormalization.. The explicit form of the renormalization depends on the chosen 
renormalizationn scheme. 

 The specific combination of regularization and renormalization scheme may break 
certainn Ward identities. These Ward identities have to be restored through finite 
renormalizations.. The required finite renormalizations are universal, i.e. they do 
nott depend on the process under consideration. After this step all finite parts of 
UV-originn are uniquely fixed. 

 In addition, QCD amplitudes may contain IR-divergences. Unitarity requires 
thatt we employ the same regularization scheme in the phase space integral over 
thee unresolved real emission part as in the one-loop integral. 
Alternatively,, since the structure of the IR-divergences is universal, we may derive 
simplee formulas, which relate the finite parts specific to a certain regularization 
schemee to the ones of another scheme. We can therefore convert a one-loop 
amplitudee calculated in one scheme to the corresponding amplitude calculated in 
anotherr scheme. 

Wee wil l discuss the three steps in detail for the case at hand. To start, let us briefly 
summarizee the properties of the 't Hooft-Veltman scheme and the four-dimensional 
scheme.. The :t Hooft-Veltman scheme treats unobserved particles (particles in loops 
andd unresolved partons in the real emission part) in D — 4 — 2e dimensions. Observed 
particless are taken in four dimensions. 75 is a four-dimensional object in the 't Hooft-
Veltmann scheme, anti-cornmuting with the first four Dirac matrices and commuting 
withh the remaining ones. 

Thee four-dimensional scheme is specified in simple terms by the fermion propagators 

>> + m l ( r (4.57) 
P(D)P(D) ~ m 

Four-dimensionall  Dirac-matrices occur in the numerator, whereas D-dimensional quan-
titiess occur in the denominator. Two adjacent Dirac-matrices in the numerator are 
contractedd as 

kl)kl)kl)kl) = {P(D) ~ pf-*r) )  !(4)) : (4-58) 

whichh can be interpreted as the statement UD is effectively larger then 4". pJD  ̂ can 

cancell  a propagator, whereas pf_2  ̂ wil l give rise to an integral in 6 — 2s dimensions. 
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I tt should be kept in mind that the specification given here is just a simple prescription 
relevantt to practical calculations. The scheme is rigorously defined in Ref. [86]. 

Awb,iooAwb,iooPP contains ultraviolet and infrared divergences. Ultraviolet divergences are 
removedd after renormalization of the quark fields 

t /ww = ZlJ2pren . (4.59) 

Thee renormalized amplitude is obtained as 

 ~ [Zy J MvbdoopMre  ( 4 . 6 0) 

Wee have to renormalize the fields such that the residuum of the propagators is 1. 
Forr light quarks the appropriate renormalization constant is 1, due to a cancellation of 
UY-- and IR- divergent parts. In more detail we have 

Zn,,onshell,FDZn,,onshell,FD = 1 + 9 (4 Y2^F ( — ^ ' ' ^ ' + ^IR)

.112.112 _ , , 1 _ ^ 

2(4*; ; <iP,onshetl,HV<iP,onshetl,HV ~ 1 + Ö IA^Y).^'F (~^W + ^ V ' + ^1R ~ 1/fl) , ( 4 - 6 1' 

wheree A = \je - 7 + ln47r. Here we have indicated with a subscript UV or IR the 
originss of the divergent parts as well as the origin of additional finite terms which arise 
fromm a cancellation of 1/c-terms with terms of order e. For massive quarks we have 

JJij\oTishell,FD ij\oTishell,FD 11 + 5(éC '(- 3A"' l '- 5 + 3 b lS) 

Afterr renormalization of the quark field we have 

BB[i][i]  - B[l]  +- (-^A-i + 1\nm2\ R[1] 

DDWb,loop,ren,FDWb,loop,ren,FD ~ ^Wb^oopMr^FD + 9 \ ~~2~ j nWb,born 

^Wb,loop,ren,FD^Wb,loop,ren,FD = ^Wb,toop,barf',FI)  ( 4 . 6 3) 

Thee only divergences left in the renormalized amplitudes are of infrared origin. The 
infraredd divergent parts are given by 

4UL »» = - 2 A ( 2 A + 2 7 - 2 I " 4 * + 4 - 1 " - ^ ^  + 21 V J B B ' W'b,boTn W'b,boTn 

?MM I - OA ( A . „ . 1„  t~ , 3 1.. ZlG7 

B\vb,iooB\vb,iooPP\\lfilfi  = - 2 A I A + 7 - l n47r + - - l i i — f )BWb,boTn. (4.64) 
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Wee now turn our attention to Ward identities and finite renormalizations. In the 
'tt Hooft-Veltman scheme 75 anti-commutes with the first four Dirac matrices and com-
mutess with the remaining ones. This treatment violates a Ward identity, which has to 
bee restored by a finite renormalization. Explicitly, one splits the left-handed interaction 
intoo a vector (7 )̂ and axial-vector [T^ = 1/2(7^75 - 757/1)] Part-

Thee Ward identity is restored by a finite renormalization of the axial-vector coupling: 

^bare^bare v m 
~~ HV, " 

992 2 

rrbarebare _ 7 pr 
y.hy.h — ^Jaxial,HVJmi- ^5 

.2 2 

ZZaaxial,HVJinxial,HVJin = 1 + 4 , ^Cf . ( 4 . 6 6) 
{Air){Air) 1 1 

Theree is some freedom in how we continue the left-handed coupling in the 't Hooft -
Veltmann scheme to D dimensions. For example, the expressions 

T ^ U - T s ),, 2^1 + 75^)7'i ' 2 ( 1 + 7 5) 7 " 2 ( 1 - 7 5 ) ' 27/t " 4 ^7/i75 ~ 7 5 7 / i^ 4 ' 6 7^ 

alll  agree in four dimensions, but differ in D dimensions. Of course this difference is 
compensatedd by the appropriate finite renormalization. Zaxiai,Hvjm corresponds to the 
choicee -1/4(7^75 - 757^). 

Thee four-dimensional scheme violates a Ward identity as well, which is restored by 
aa finite renormalization of the left-handed coupling Tlej t — 1/27^(1 — 75), 

r barebare <y -prenorm 

leftleft — ^EW^DfinL left 
,1 ,1 

(47T) ) 
ZEW,FD,finZEW,FD,fin ~ 1 + , , \ 2 ^ F ' ( 4 . 6 8) 

Afterr the finite renormalization the renormalized amplitudes 

( 1/22 \ ^ 
Z^^HV)Z^^HV) AWb,loop,HV 

( 1/22 \ "̂  —1 

ZTJJ,FD)ZTJJ,FD) (ZEW,FDjin) Awb,loop,FD i ( 4 . 6 9) 

agreee up to terms resulting from a different treatment of the infrared divergences. The 
axial-vectorr coupling in the 't Hooft-Veltman scheme has been renormalized according 
to o 

11 n5 — Zaxial,HV,finL ^  (4. (0) 
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Inn detail, we have for the finite parts of UV-origin in terms of g2/{A-K)2CFB1 

*3Wb,*3Wb, loop, bare 

coupling coupling 

£%' £%' 

Sum m 

FD FD 

0 0 

-1 1 

0 0 

-1 1 

""  * vector 

- 2 2 

0 0 

++ 1 

- 1 1 

*~**~*  * axial 

+2 2 

- 4 4 

++ 1 

- 1 1 

(4.7i; ; 

Thee remaining differences are due to finite terms of infrared origin. Due to the 
universall  structure of the infrared divergences we may relate the amplitudes calculated 
inn the four-dimensional scheme to the ones in the 't Hooft-Veltman scheme [87, 65, 5]. 
Thee relations are 

L3L3Wb,loop,H\' Wb,loop,H\' 

B B Wb,loopWb,loop MY 

—— B[1] 

—— D\\'b,loop,FD 

—— D\\'b,loop,FD B B 

DM M 
DD\Y\Y b, Born 

[1] ] (4.72) ) 

Thiss completes our discussion on scheme-independence. In summary, we are able 
too perform the calculation in a four-dimensional scheme and to obtain from this result 
thee amplitudes in the 't Hooft-Veltman scheme through simple and universal relations. 

Wee would like to comment on the original formulation of dimensional reduction. 
Dimensionall  reduction [88, 89] differs from the four-dimensional scheme by use of the 
relation n 

AvAi)AvAi) = Pfo) Pfo) (4) ) (4.73) ) 

whichh can be interpreted as "D is smaller than 4"'. The results in dimensional reduc-
tionn can be easily obtained from ours by dropping the terms CQ . The C\ -terms 
yieldd finite terms related to UV-divergences. We note that the results in dimensional 
reductionn cannot be related to ours, nor to the 't Hooft-Veltman scheme by a finite 
renormalization,, since the term with CQ in B\ybl is not proportional to BWbtborn, 
Thereforee the naive approach of dimensional reduction is not consistent. The situation 
mayy be cured at the expense of introducing additional scalar ghost particles [90]. how-
everr this spoils the calculational simplicity of the scheme. From a calculational point 
off  view we prefer the scheme defined in Ref. [86], since 6 — 2^-dimensional integrals are 
ratherr "inexpensive" to evaluate. 

4.4.33 Spin observables 

Thee helicity amplitudes contain the complete spin information for the single-top-quark 
processes.. In the old-fashioned method, spin observables are calculated by inserting 
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thee spin projection operator 

u{p,s)u(p,s)u{p,s)u(p,s) = ( j * + m ) - ( l + 7 5 ^ ) , (4.74) 

intoo the matrix element squared. In Eq. (4.74) s denotes a spin four-vector with 
ss22 — — 1, and p  s — 0. In the rest frame of the particle the spatial components of s 
pointt in the same direction as the spin of the particle [42]. To make contact with this 
formulation,, we first introduce the spin density matrix [91] in the basis of Eq. (2.12): 

A(...,pA(...,p++ ,...)A*(...,p\...),...)A*(...,p\...) ^ ( . . . ,p+ , . . . ) ^ ( . . . ,p - , . . .) 

A(...,p-,...)A*(...,pA(...,p-,...)A*(...,p++
tt...)...) A( . . .) P- , . . .M*( . . . ,p- , . . .) 

(4.75) ) 

Inn addition we need the projection operator Eq. (4.74) in the basis of Eq. (2.12). This 
onee is obtained as 

pp = 1 J_ ( - < < / - 1 0 *+ m ) ( l - / 0 k -> < ? - |0 + m ) ( l - / O | s + >\ u m 

22pq\-(22pq\-(qq+\(p-+\(p- + m)(l-t)\q-) (q + \{j>  + m)(l - fi\q+) ) ' ' 

Spinn observables are then calculated as 

Trr (P  p). (4.77) 

Notee that the entries of the matrices are complex numbers, and that the spin vector $ 
enterss only through the matrix P. It is easily verified that this expression agrees with 
thee one obtained from Eq. (4.74). The spin summed result is recovered by replacing P 
inn Eq. (4.77) with the unit matrix. 

4.55 Numerical results 

Thee inclusive NLO cross sections for s- and ^-channel production of single-top-quarks 
weree published in Refs. [75] and [77], respectively. After we choose our numerical 
inputs,, we compare to these older calculations, and update the inclusive cross sections 
usingg newer parton distribution functions (PDFs). 

Inn order to make a definite comparison to the older calculations, we reevaluate all 
resultss with the following parameters: For the mass of the W boson we use rriw  = 80.4 
GcY.. For the top-quark mass we take mt = 175 GeV. In LO calculations we use 
CTEQ5LL PDFs [92]. In NLO calculations we use CTEQ5M1 PDFs with 2-loop running 
off  as. We define the electroweak coupling by g2 = SGFM'W/V^, with Fermi coupling 
constantt of G? — 1.16639 x 10- 5 GeV  2. We consider pp collisions with center-of-
momentumm energy v ^ = 1-8, 1.96, or 2.0 TeY (Tevatron), and pp collisions with a 
center-of-momentumm energy y/S — 14 TeV (LHC). 
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Unlikee the massive dipole formalism, the phase space slicing method of two cutoffs 
dependss on explicit parameters Ss and 6C. In Figures 4.3 and 4.4 we show the s- and 
^-channell  inclusive cross sections as a function of 5S = 300 x 5C. The logarithmic 
dependencee cancels in the sum of the two- and three-body contributions and leaves 
termss proportional to 5S and 6C. By taking Ss < a few xl0~3, the cross sections 
convergee to the updated analytic results. 

5 5 

4 4 

3 3 

2 2 

aa I 
*o*o  0 

-2 2 

-3 3 

-4 4 

0.55 5 

%% 0.50 
o o 
zz 0.45 
b b 

0.40 0 
1 0 - 55 1 0 - 4 1 0 - 3 1 Q - 2 1 Q - 1 

Figuree 4.3: The next to leading order single-top-quark total cross section for the s-
channelchannel at a %/S = 2 TeV proton-antiproton machine. The two- and three- body 
contributions,contributions, together with their sum, arc shown as a function of the soft cutoff 6S. 
TheThe bottom enlargement shows the sum (open circles) relative to % (dotted lines) 
ofof the analytic result (solid line). 

Thee LO and NLO cross sections for s-channel and i-channel single-top-quark pro-
ductionn are listed in picobarns in Tables 4.1 and 4.2. Since the Tevatron is a pp 
collider,, the cross sections for top-quark (t) and antitop-quark (£) production are the 
same.. The LHC is a pp collider, and hence the t and t cross sections are listed sepa-

22 body 

«|—II I l l l l l l | I I lllll l|—I I llllll|—I I IIIIIÏ 

: Q O O O Q O O Q O ( J Q Q 

JJ i i I 

oo O 
a a 

+5% % 

- 5% % 
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"oo 1.0 

bb 0.9 

0.8 8 

TT]] 1—I I I llll | 1—I I I llll | 1—I I I llll | 1—I I I lll l 

fifi 22 = m2 

4 4 
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II I HIM II I l l l l l l 1 I l l l l II I I ll l l l 

ioo o—©—o o o—e o ci o 
o o o o 
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iJ . . I I il_ _ 

+5% % 

10" " 10" " 10~3 3 

Ss Ss 

10" " 10" " 

Figuree 4.4: The next to leading order single-top-quark total cross section for the t-
channelchannel at a ^/S = 2 TeV proton-antiproton machine. The two- and three- body 
contributions,contributions, together with their sum, are shown as a function of the soft cutoff Ss. 
TheThe bottom enlargement shows the sum (open circles) relative to % (dotted lines) 
ofof the analytic result (solid line). 

rately.. Factorization (fip) and renormalization (U.R) scales are set equal. In Table 4.1 
alll scales are set to the top mass rnt. In Table 4.2 the s-channel cross sections are 
calculatedd using the invariant mass of the top-quark/antibottom-jet pair for the scale, 
uu22 = Ml = (Pt + Pb)\ where Pt 

andd antibottom jet, respectively.2 
andd Pb are the four-momenta of the top quark 

Thee t-channel cross section uses the double deep-
inelastic-scatteringg (DDIS) scales, fif = Q2 = —(pb — pt)

2 for the light-quark line and 
u\u\ — Q2 + m2 = — (pu — pd)2 + m2 for the heavy-quark line, where Q2 is the virtuality 

2Thee choice of jet definition induces a cone-size dependence in the scale that always enters the 
crosss section at one higher order in QCD. We have confirmed that this effect is numerically less than 
thee overall scale uncertainty for any infrared-safe jet definition. 
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Process s 

.v-channel l 

f-channel l 

V ^ ^ 

1.88 TeVpp (f) 

1.966 Te\' pp (t) 

22 TeV pp (t) 

144 TeVpp (t) 

144 TeV pp (t) 

1.88 TeVpp (f) 

1.966 TeVpp (t) 

22 TeV pp (t) 

144 TeVpp (f) 

144 TeV pp (t) 

°LO°LO (pb) 

0.259 9 

0.304 4 

0.315 5 

4.53 3 

2.74 4 

0.648 8 

0.883 3 

0.948 8 

144.8 8 

83.4 4 

°NLO°NLO (pb) 

0.3800 2 

0.4477 2 

0.4633 2 

6.555 3 

4.077 2 

0.7022 3 

0.9599 2 

1.0299 4 

152.66 6 

90.00 5 

Tablee 4.1: LO and NLO cross sections for single-top-quark production at the Teva-
trontron and LHC for mt — 175 GeV. Cross sections are evaluated with CTEQ5L and 
CTEQ5M1CTEQ5M1 PDFs, and all scales set to mt. Errors include only Monte Carlo statistics. 

off  the exchanged W boson (valid through NLO), and pz are the four-momenta of the 
partt ons in Eq. (4.1). Al l LO cross sections are identical to those in Refs. [75] and [77] 
oncee updated to the CTEQ5 PDFs. 

Wee compare the NLO ^-channel cross sections to a recoding of Refs. [93] and [75]. 
Thee results agree to within 1% for all scale choices. Of note is our use of Mtb for the 
scalee in Table 4.2 rather than Q2, the virtuality of the \V. which was used in Ref. [75]. 
These11 two scales are identical at LO and in initial-state corrections, but differ by the 
emittedd gluon in final state corrections. Since we are interested in making cuts based 
onn observables, such as Mtb, we choose this as the scale. While the central value of 
anyy of the scale choices is very similar, the uncertainty is slightly larger at NLO using 
ninitt <>r Mtb. In particular, if we vary the scales between Mti/2 and 2Mt-b (or m,/2 and 
2m2mtt),), we find the .v-channel cross section varies by 8 — 6.9% at LO, and +5.7 — 5.09? 
(+5.55 — 4.6%) at NLO. In contrast, using a scale of Q2, as in Ref. [75], would predict 
aa NLO scale uncertainty of . Given that we can probe a more restricted phase 
space11 with cuts, we take the conservative view that % is an appropriate estimate 
off  the NLO scale uncertainty at the Tevatron when looking at exclusive final states. 
Att the LHC the scale uncertainty is less than . 

Att LO and NLO, but not. NNLO, color conservation forbids the exchange of a 
gluonn between the light- and heavy-quark lines. Hence, the ^-channel process may be 
factorizedd at NLO into two independent corrections that each resemble deep-inelastic-
scattering.. The NLO ^-channel cross sections in Ref. [77] were calculated using the 
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Process s 

s-channel l 

^-channel l 

v ^ ^ 

1.88 TeV pp (t) 

1.966 TeVpp (t) 

22 TeV pp (t) 

144 TeV pp (t) 

144 TeV pp (t) 

1.88 TeV pp (i) 

1.966 TeV pp (i) 

22 TeV pp (t) 

144 TeV pp (t) 

144 TeV pp (f) 

OLOOLO (pb) 

0.244 4 

0.287 7 

0.297 7 

4.612 2 

2.788 8 

0.735 5 

0.996 6 

1.068 8 

152.7 7 

86.1 1 

ONLOONLO (pb) 

0.3777 2 

0.4422 2 

0.4599 2 

6.566 3 

4.099 2 

0.7255 3 

0.9900 2 

1.0622 4 

155.99 6 

90.77 5 

Tablee 4.2: LO and NLO cross sections for singlc-top-quark production at the Teva-
trontron and LHC for mt = 175 GeV. Cross sections are evaluated with CTEQ5L and 
CTEQ5M1CTEQ5M1 PDFs, and Mth or the DDIS scales (pt = Q2, ph = Q2 + mf), for s-channel 
oror t-channcl, respectively. Errors include only Monte Carlo statistics. 

scaless suggested by this relation to double deep-inelastic-scattering. When using the 
DDISS scales, our results in Table 4.2 match the updated Ref. [77] to better than 0.3% 
att the Tevatron, but are larger by 2.9% at the LHC. The cross sections in Table 4.1 
agreee with the updated results of Ref. [77] to within 1% when evaluated at \x = rnt. In 
alll  cases, the dipole subtraction calculations and phase space slicing calculations agree 
withinn the statistical errors. 

AA subtle issue arises in attempting to ascertain the effect of higher orders by varying 
thee scale. In Ref. [77] only the scales in the vertex and PDFs of the heavy-quark line 
(b(b —> t) were varied because the corrections to the light-quark structure function are 
small.33 However, to the extent this process looks like double deep-inelastic-scattering, 
wee expect a similarly small effect for the heavy-quark corrections as well. Indeed, the 
resultss for LO and NLO are nearly identical when using the DDIS scales, but differ 
significantlyy when using a fixed scale such as mt. In Table 4.3 we show the effects 
off  varying the scales at the Tevatron (\/S — 2 TeV) together, and separately in the 
light-- and heavy-quark lines. What we see is that varying the scales together at LO, 
particularlyy when using mt, severely underestimates the XLO correction. 

Thee reason for the underestimate in varying the scales together is a series of acci-
dentall  cancellations that are driven by the range of proton momentum fraction probed 

:iThee N'LO correct ion to the light-quark line effectively undoes the extraction of the NLO PDFs 

fromm the DIS data. 
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I AA  (rnt) 
NLO,, (mt) 

L0 tt (DDIS) 

NLO,, (DDIS) 

^ ^ 

0.955 pb 

1.033 pb 

1.077 pb 

1.066 pb 

VhVh & W 

% % 

% % 

^ 1 C / c c 

% % 

Vh Vh 

;S:i% % 
-3.50/ / 
+4.00 /C 

+S!2% % 

+ 4 / c c 

W W 
+6.77 (V 
-5.88 /C 

% % 

+88 % 
-6.88 /C 

% % 

Tablee 4.3: Scale variation of the LO and NLO cross sections for t-channel single-top-
quarkquark production at the Tevatron (\/S — 2 TeVj. Variation in the light-quark and 
heavy-quarkheavy-quark lines are listed as fit and fi^r respectively. Fixed (fi = rnt), and double 
decp-inelastic-scatteringdecp-inelastic-scattering scales are shown separately. 

att the Tevatron. For a top mass of 175 GeV and a machine of around 2 TeV, the 
typicall  x ~ 0.1. For scales also around 100 200 GeV, the b PDF happens to increase 
withh increasing scale, whereas the valence quarks decrease. This may be seen in the 
oppositee signs in the last two columns of Table 4.3. The net effect is that to estimate 
thee uncertainty, we must vary the scales independently, and then add them in quadra-
ture.44 This leads to a LO uncertainty of ~ , and a NLO uncertainty for the 
Tevatronn of . At the LHC, the NLO uncertainty is . These uncertainties are 
consistentt with expected higher-order corrections, and with both fixed and DDIS scale 
choices. . 

Whil ee the s-channel cross section has only changed by a couple of percent from [75], 
thee ^-channel cross section is 13% smaller at the Tevatron than appears in [77]. The 
shiftt in the NLO t-channel cross section is due to the correction of bugs that appeared 
inn the evolution of the gluon PDF in all of the older MRS and CTEQ NLO PDFs 
[94].. Because the b PDF is constructed almost entirely out of gluon evolution [77, 95], 
thee effect of the bug is greatly enhanced in all processes where there is a c or 6 quark 
inn the initial state. The programming bug is corrected in MRS99 (updated) [96] and 
CTEQ5M11 [92]. 

Thee central goal of our calculations is not to recalculate inclusive cross sections, 
butt to provide full momentum and spin dependent distributions with the option for 
arbitraryy cuts. Detailed analyses of the phenomenological issues concerning these dis-
tr ibutionss wil l appear in the future. Here we restrict ourselves to a comparison of the 
resultss using the phase space slicing method and massive dipole formalism. 

Forr our comparisons we reconstruct jets using a h? cluster algorithm [97] with 
ARAR — 1. We define a simple detector acceptance by assuming that only jets with 
prpr > 20 GeV and \r]\  < 2 are observed. We calculate all cross sections at the scale 

4Thee light- and heavy-quark corrections are factorizable through NLO, and hence are only weakly 
correlatedd through the evolution of the PDFs. 
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u.u. = mt = 175 GeV, and at a 2 TeV pp collider. 
Inn Figures 4.5 and 4.6 we present the NLO transverse momentum prb and pseu-

dorapidityy rj^ distributions of the fr-jet in s-channel production of a top quark, with 
cutss based on the "jet veto" search strategy in Ref. [16]. We accept events where only 
thee top-quark and 6-jet pass the cuts above, and any additional jets are either soft 
(PTJ(PTJ < 20 GeV) or are outside the simple detector (177̂  | > 2). The phase space slicing 
methodd and massive dipole formalism give identical distributions, even in this region 
off  restricted phase space. 

3.0 0 

2.5 5 

>2 -0 0 
O O 

^ 1 .5 5 
h h I I 

I""  10 

0.5 5 

0.0 0 
00 50 100 150 200 
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Figuree 4.5: Transverse momentum distribution of the b-jet at NLO in s-channel pro-
ductionduction of a top quark at the Tevatron (\/~S = 2 TeVJ after cuts. Phase space slicing 
(PSS)(PSS) results (solid) and massive dipole formalism (MDF) results (dashed) are both 
shown. shown. 

Inn Figures 4.7 and 4.8 we present the NLO transverse momentum pj-j1 and pseudo-
rapidityy rjj l distributions of the highest-pr jet in t-channel production of a top quark, 
usingg the same "jet veto" search strategy as above. We accept events where only the 
top-quarkk and highest-pr jet pass the cuts above, and any additional jets are either 
softt (PTJZ < 20 GeV) or are outside the simple detector (|r?J2| > 2). The phase space 
slicingg method and massive dipole formalism predict identical distributions at NLO. 

4.66 Conclusions 

Wee presented three independent calculations of the fully differential production of a 
singlee top quark plus one jet at next to leading order in hadronic collisions. At this 

T — i — 1 — 1 — — 1 — 1 — 1 — 1 — J — 1 — 1 — 1 — 1 — 1 — 1 — 1 — 1 —r r 

JJ I I I I I I I I I I I I I I I L 
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Figuree 4.6: Pseudorapidity distribution of the b-jet at NLO in s-channcl production 
ofof a top quark at the Tevatron (\/S = 2 TeVJ after cuts. Phase space slicing (PSS) 
resultsresults (solid) and massive dipole formalism (MDF) results (dashed) arc both shown. 

100 0 
ppTjlTjl (GeV) 

200 0 

Figuree 4.7: Transverse momentum distribution of the highest-pr jet (ji)  at NLO in 
t-channelt-channel production of a top quark at the Tevatron (VS = 2 TeV) after cuts. Phase 
spacespace slicing (PSS) results (solid) and massive dipole formalism (MDF) results (dashed) 
areare both shown. 
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Figuree 4.8: Pseudorapidity distribution of the highest-pr jet (ji)  at NLO in t-channel 
productionproduction of a top quark at the Tevatron (\fS = 2 TeVJ after cuts. Phase space 
slicingslicing (PSS) results (solid) and massive dipole formalism (MDF) results (dashed) are 
bothboth shown. 

orderr in QCD the cross sections factorize into two non-interfering production modes 
thatt may be identified by the s-channel or t-channel exchange of a W boson. The 
.s-channell  cross section is characterized by having a typical final state of a top quark 
andd a bottom-quark jet. The jet in the t-channel cross section tends to be somewhat 
moree forward, and rarely contains a bottom quark. New physics scenarios tend to 
affectt these production modes differently, and hence an accurate measurement and 
theoreticall  calculation of both modes is desirable. Furthermore, the cross section is 
directlyy proportional to the CKM matrix element |Vu,|2, thus the ability to extract V^ 
iss ultimately limited by our ability to predict the measured exclusive cross sections 
withh experimental cuts. 

Thee total cross sections for s- and t-channel production are updated with CTEQ5 
partonn distribution functions for runs I and II of the Tevatron. and for the LHC. The 
t-channell  cross section is smaller than previously published by 13%. This decrease 
iss due entirely to the correction of a bug in the parton distribution functions. As the 
Tevatronn wil l continue to run at 1.96 TeV instead of 2 TeV, the s(t)-channel production 
modess wil l produce 4%(7%) fewer events than previously expected. We discussed some 
subtletiess in estimating the effects of higher-order corrections on these cross sections. 

Wee showed that the phase space slicing methods of one and two cutoffs and the 
massivee dipole formalism produce the same jet distributions and cross sections. The 
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dipolee calculation retains the full spin dependence of the external particles, and so may 
bee used to predict spin-dependent correlations of the partons. 

Thiss completes the first half of this thesis. We have computed the fully differential 
crosss section for single-top production, which will be very important when precision 
measurementss of this process become available. Due to the limited amount of data 
availablee for this thesis, we will now switch our attention to top pair production. 


