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Chapterr 4 

Spatiall  Voting Models as Markov 

Processes s 

4.11 Introductio n 

Inn Chapter 3 interest groups (and social clustering) are introduced in a spatial voting 

modell  of electoral competition between political parties. It is shown there, by means of 

simulations,, that the presence of interest groups increases the probability of winning for 

thee challenger and also increases separation between policy platforms. Moreover, the pol-

icyy outcome seems to: (a) move in the direction of the center of the distribution of voter 

preferences,, though at a lower speed, (b) stabilize at a distance 0.6 from the center. Simu-

lationn methods present a first step of analysis. Direct computer simulations are helpful in 

guidingg our thinking in discovering the intrinsic properties of the model. However, their 

powerr is limited. Inherent stochastic elements of the individual-based model require the 

considerationn of many trials (replications) with the same set of parameters to determine 

salientt aspects of the system's behavior, furthermore, individual-based models include 

aa number of parameters and it is not only time consuming but simply infeasible to ex-

aminee the dependence of the model's behavior on them in detail. Therefore, for a better 

understandingg of the generic properties of the model behaviour we need to move on from 

simulationss to plausible approximations by deterministic models. Mean-field approxima-

°Thiss chapter elaborates on Sadiraj, Tuinstra and van Winden (2001b). 
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tiontion11 is a useful tool for uniform random systems. The values of the random variables are 

inn that case replaced by their expected values. This results in a deterministic dynamic 

modell  of the "Markov" type. We are interested in: i) the distance between the policy 

outcomee and the center of the space, and ii)  the probability that the challenger wins an 

election,, both of which can be derived once the transition and initial probabilities are 

known.. In particular, the asymptotic properties of the models are of interest. It turns 

outt that the steady state distribution of policy outcomes depends critically upon the 

wayy interest groups transmit information about the electoral landscape to the political 

parties.. We will rely again on simulations to investigate the relevance of the results for 

thee stochastic models. Finally, we will show that the model of interest groups may help 

explainn some "stylized facts" concerning empirical data on policy outcomes. 

Thee rest of the chapter is organized as follows. In Section 4.2 the mean-field approxi-

mationn of the stochastic models is introduced. In Section 4.3 the dynamics of the specified 

modelss are analyzed. Section 4.4 presents some results that shed light on the emergence 

off  voting cycles in the presence of the interest groups. Section 4.5 is concerned with the 

relevancee of the results for the stochastic models and replication of some stylized facts. 

Sectionn 4.6 concludes. 

4.22 Mean-field approximation 

Thee adaptive political party system described in Chapter 3 generates a different policy 

dynamicss for each realization of ideal points and strengths and hence depends much 

onn the initial configuration of the population of voters. To get some intuition for the 

resultingg dynamics we will consider the so-called mean dynamics. That is, we replace 

thee stochastic realizations of random variables by their expected values and analyze the 

resultingg deterministic system. This gives us some information as to what might happen 

inn general. For extensive simulations of the stochastic version of the models see Chapter 

11 Mean-field models are strictly deterministic and hence convenient to use since determinism implies 

thatt a single simulation is sufficient to evaluate the consequences of each initial condition. Sec Dickmann, 

Law,, and Metz (2000) for a broader discussion on this topic. 
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3. . 

4.2.11 Electoral competition as a Marko v chain 

Wee have a population of N voters, with ideal positions Xj drawn from the uniform dis-

cretee distribution on A1 = {1,2,... , K} x {1,2,... , K}, where K is some odd num-

ber.. Furthermore, voters have strengths Sj = ($ji,Sj2) € SxS. We assume that 

strengthss are independently drawn from a discrete distribution p on St and therefore, 

Pr(SPr(S = s) = pa = p3ip32. Also, the distribution of strengths is independent of ideal 

positions. . 

Noww let j / t _ 1 be the incumbent's platform for election t, that is, y'-1 is the winning 

platformm of election t — 1. Next we define a state space and consider the electoral model 

ass a Markov chain on thatt state space. 

Propositionn 4.1 Let K = {R : 3i1(i 2 € {1, . .. .K] s.t. R? = i\ + i\). Let U = 

{UR,{UR, R € %}, be o family of subsets of X with elements 

UURR={x€X:(x={x€X:(x11-- Cxf + (x2 - C2f = R2} . 

ThisThis family U satisfies the follovring properties. 

i)i)  It forms a partition for the space X. 

ii)ii)  For all R and R' and for all y*, (y*)' € UR, 

PT(yPT(yt+1t+1£U£URIRI\\yy
tt)=Pr()=Pr( yy

t+it+i eUeURR.\.\ (</)')

Proof.. Straightforward.

Thee idea behind using U is simple. We are not so much interested in the actual plat-

formss that have been selected but more in the distance of these platforms from the center 

CC of the distribution. Moreover, due to symmetry, all platforms that are equally distant 

fromm C (i.e. that belong to the same element UR) can be treated similarly. According 

too the second property of U, the probability of moving from any platform z in UR to 

platformss in UR> is independent of the particular platform z. 



722 CHAPTER 4. SPATIAL VOTING MODELS AS MARKOV PROCESSES 

Thee electoral competition now corresponds to a Markov process with stationary tran-

sitionn probabilities on U. The next step is to derive the transition matrix for this Markov 

process. . 

4.2.22 An algorithm for  determining the transition matri x 

Lett yl be the platform of the incumbent after election t. In order to compute the transition 

probabilities,, first we need to compute the height of the electoral landscape for any position 

zz in the issue space, given the incumbent's platform j/* , i.e. we need h (z \ yl) for all z. 

1.. Denote by u(z \ x,s) (= -J^=isi(xi ~ z*)2) t n e utility that a voter with ideal 

positionn x and vector of strengths s derives from the policy z when implemented. 

Forr each position z £ X, the height of the electoral landscape h (z \ yl) is given by 

thee following formula 

(4.1)) h(z\yt)=  £ [Pr(X = x,S = s)G{u(z\x,s)-u(yt\x,s))], 

where e 

(4.2)) G(v)=< 

11 v > 0 

\\ v = Q 

00 u <0 

Inn words, the above formula can be described as: first, take a position x and count 

withh weight 1(1/2) voters with ideal position x that strictly prefer (are indifferent 

between)) policy z to y'; next, take the weighted sum of the above figures for all 

xx € X. The outcome gives the fraction of votes that the challenger is expected to 

gett if he selects z given that the incumbent platform is yl. 

2.. Define 

Z?(y)Z?(y) = {zeX\h(z\y)=l}l 

Zi"(y)Zi"(y) = {zeX\h(z\y)>l}, 

Zr(y)Zr(y) = {z€X\h(z\y)<l}. 
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Thatt is, the set Zf (y) (Zf (y), Zf (y)) contains all positions for which, given the 

platformm of the incumbent, the height of the electoral landscape is equal to {larger 

than,, smaller than) /. Notice that these sets are disjoint and Zf (y) U Zf (y) U 

Z~Z~ (y) = X for all / and y. Obviously, yt+1 £ Z£5 (y') U Z  ̂ (y') and the set W{yl) 

off  positions that defeat the incumbent at y' is given by W(yt) = Zf5 (y*). 

Lett the challenger run r polls. Denote by T C X the set of positions that is polled by 

thee challenger. The transition probabilities can now be computed as follows. First, 

wee compute the probability pi that the challenger selects a position from the set 

ZfZf (y). That event happens if the challenger runs: (a) at least one poll at a position 

zz from Zf (y) and (b) no polls at positions from Zf (y). Writing it formally, we have 

(4.3)) Pl = Pr (T n Zf (y) ^ 0 and T n Zf (y) = 0) 

which,, in case of random polling becomes 

^/r\n!^ 1m«{i^(y)i-<,o}rE^" 1°M«{|^r(i/)[-j,o } } 
few rci^-m) few rci^-m) 

Thus,, in other words we have derived the probability that the highest altitude in 

thee polling process equals /. 

Next,, define L(y,R') = {l  > \ \ UR> n Zf (y) ^ 0} . The transition probabilities 

thenn can be computed as 

(4.4) ) 

Pr r (*„ .. vR) - Pr or  e um\ v' 6 uW)- j ; ^G (, -1). 

withh G as defined in (4.2). 

Thee probabilities given by (4.4) define a (stationary) n x n transition matrix Pr, 

wheree n = \U\. 
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4.2.33 Dynamics of the deterministic system 

Lett the initial platform, y° be drawn from a discrete distribution n0 on U. The electoral 

outcomee evolves according to the above transition probabilities and at election t we have 

thatt the incumbent is expected to be in one of the states UR according to the following 

distribution n 

Furthermore,, at each election t > 0, the incumbent is expected to be at distance d(y*, C) 

fromm the center of the distribution of voter preferences given by 

££ (lis'-c|| ) = £* * '
Ren Ren 

Thee probability that the challenger wins at an election t is 

Prr (the challenger wins at time t) — ir tw, 

wheree w = {WR)R&TI with 

«**  = \ Pr (yM e Z°5 (y<) I y< € UR) + Pr (yt+1 € Z+h (y») | y< € UR) . 

4.33 Mean dynamics of the specified models 

Lett us now apply the above mean-field approximation to the models presented in Chap-

terr 3. Let voters have strengths Sj = (SJI,SJ2) € S x S — {0, |, l }  x {0, £, l } , which 

aree drawn from the following distribution on S: Pr (sjt = 0) = Pr (sji — 1) = \ and 

Prr [s  ̂ = |) = ^, for j 6 {1,2,... ,N}. Let the initial platform y° be drawn from the 

uniformm distribution on the issue space X =[1, . .. ,5] x [1, . .. ,5]. This implies that the 

statee space becomes 

UU ={uR\Re { 0 , 1 , ^ , 2 , ^ , 2 ^ 2 } } . 

andd that 7r0 = [35, 35, 35, 25» 25'25!-
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4.3.11 Basic model 
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Forr the basic model, Pr (X = x) —  and Pr (S = s) = paipS2 as given above. For these 

specificationss (4.1) becomes 

hh{z\V{z\Vll)=)=  E jkG{u(z\x>s)-u{yt\x,s)). 

ses,xex ses,xex 

Usingg the algorithm given in Section 4.2.2, we have computed the transition matrices PT 

andd the vector W(T) of probabilities with which the challenger is expected to win, for two 

differentt values of the number of random polls, r: 

 r = 2, 

//  0.5000 0 \ 

0.5399 9 9 

0.6833 3 3 

0.8000 0 0 

0.9083 3 3 

\^^  0.9900 0 ) 

PiPi = 

1 1 

0.080 0 

0.080 0 

0.077 7 

0.073 3 

0 0 

0.920 0 

0.287 7 

0.270 0 

0.273 3 

0 0 

0 0 

0.633 3 

0.253 3 

0.248 8 

0 0 

0 0 

0 0 

0.400 0 

0.175 5 

0 0 

0 0 

0 0 

0 0 

0.230 0 

0 0 

0 0 

0 0 

0 0 

0 0 

,U>(2 ))  = 

yy  0.0 7 0.25 3 0.23 7 0.14 7 0.27 3 0.02 0 j 

and d 

••  r == 10, 2 

2Notee that the number of polls in the simulations presented in Chapter 3 is 8. In Chapter 3, footnote 8, 

wee have shown that for the set of parameters chosen in the simulations of the model with interest groups, 

interestt groups were expected to emerge anywhere except for the incumbent's position. Furthermore, 

sincee the policy space in our simulations is very small (25 positions) the cost of running a poll was taken 

suchh that an interest group could finance at most 1 poll. Hence, the expected number of extra polls 

financedfinanced by interest groups was 8, leading to 10 polls in total. Due to the stochastic elements of the 

model,, there were on average 6 polls financed by interest groups, and therefore 8 polls in total. Since in 

thiss chapter we are working with the expected value of a random variable instead of its realized value, 

wee will consider 10 instead of 8 polls. 
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Pinn = 

(( I 0 0 0 0 0 \ 

0.4000 0.600 0 0 0 0 

0.4000 0.543 0.057 0 0 0 

0.2500 0.495 0.253 0.002 0 0 

0.1522 0.533 0.308 0.006 0.001 0 

0.0900 0.407 0.422 0.001 0.080 0 

iW(10 ))  = 

(( 0.5000 0 \ 

0.7000 0 0 

0.9717 4 4 

0.9987 8 8 

1.0000 * * 

^^  1.0000 0 ) 

wheree 1.0000*  refers to 0.999998 which has been set to 1 in rounding. Let Pr(i,j)  be the 

elementt in the i-th row and j-th column of PT, Then P?(i,i) = [Pr(i, i)]
n, since PT is a 

lowerr diagonal matrix. Hence, for all i = 2 , . .. ,6, Y n̂ ^r(  ̂ i) < oo as a geometric series 

withh term |Pr( i , i ) | < 1. Thus all states UR, R > 0 are transient since from the theory 

off  Markov Chains, transience (persistence) of a state j is equivalent to X^ nPn( j , j ) < 

ooo (= oo)(see Billingsley (1986, p.114)). Furthermore, Pn = 1 implies that {U0} is a 

closed33 set and UQ a persistent state. Thus, we have that the stationary distribution 

iss 7T* = [1,0,0,0,0,0], and in the long run: (%) the policy platform wil l end up in the 

centerr position C and stay there forever; and (ii)  the probability the challenger wins at 

ann election t is 0.5(= limt_007r£u> = ir'w = w0).
4 

4.3.22 Model with interest groups 

Interestt groups influence the elections process in three ways: (i) they coordinate the voting 

behaviorr of their members; (ii)  they provide information about the electoral landscape to 

thee political parties; and (iii)  they try to influence the policy outcome via conditions on 

polling.. In order to be able to disentangle the impact of (i, ii)  and (iii)  we present the 

dynamicc analysis of the model with interest groups for two different polling procedures: 

'conditional'' polling and 'unconditional' polling. 

3AA set B in 5 is closed if Y^J^B ^ ( ^J) = 1 for i € B : once the system enters B it cannot leave (sec 

Billingsleyy (1986, p. 140)). 
4Recalll  that we have assumed that, if the challenger does not find a platform with h (z | y) > 0.5, it 

choosess the incumbent's platform y, and wins with probability 0.5. 
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Unconditionall  polling We start with recalling how the voting behaviour of an interest 

group'ss members is coordinated. When the platforms of the two political parties are 

knownn the effective interest groups decide which party to support and then all members 

off  the interest group vote for that party (if a voter is a member of more than one effective 

interestt group that support different candidates, then that voter is assumed to follow the 

interestt group with the highest benefit vim, as in the previous chapter). Each interest 

groupp decides which party to support as follows. If exactly one of the candidates takes 

thee interest group's position on the relevant issue, the interest group supports that party. 

Iff  one candidate is closer to the interest group's position than the other candidate, the 

formerr is supported. If both candidates have the same position as the interest group, 

orr the distance from the interest group positions on the relevant issue is the same, the 

interestt group members votes according to their own utility, as given by (3.1). Our 

firstfirst research question is to investigate the effects of the new (if any) properties of the 

electorall  landscape in the dynamics of the electoral outcomes. For this we assume that 

thee challenger runs r random polls. It should be clear by now that this case is exactly 

thee same as the basic one, corrected for the strength profiles of interest group members 

changingg from s to (1,0) or (0,1). The transition matrix, P/0 and the vector, w[0u of 

winningg probabilities for the model with interest groups, turns out to be 

/ / 1.0000 0 

0.1522 0.848 

0.4000 0.425 

0.0077 0.443 

0.1522 0.444 

0.0288 0.407 

0 0 

0 0 

0.176 6 

0.407 7 

0.307 7 

0.542 2 

0 0 

0 0 

0 0 

0.142 2 

0.007 7 

0* * 

0 0 

0 0 

0 0 

0 0 

0.090 0 

0.023 3 

°ï ï 
0 0 

0 0 

0 0 

0 0 

o o 

.W(V)) = 

ff 0.50000 ^ 

0.99878 8 

0.99985 5 

1.00000 0 

1.00000 0 

ii  1.00000 / 

PP11 -

V V 
wheree 0*  refers to 0.00002, which has been set to 0 in rounding. As for the basic model, 

wee find that there is one and only one closed set, the elements of which are all per-

sistentt states, which is {f/ 0} . All states U G U\U0 are transient. However, there is a 

differencee in the speed with which the system convergence to the center as the following 

shows.. Figures 4.1 and 4.2 give, for the 3 different cases, diagrams with E (||y' - C\\) and 
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Prr (the challenger wins at time t), respectively. First consider Figure 4.1. From the high-

estt to the lowest curve we have: basic model with 2 random polls, interest group model 

withh 10 random polls, basic model with 10 random polls. We can draw the following 

conclusionss from this figure. Firstly, an increase in the number of (unconditional) polls 

decreasess the expected separation between the winning platform and the center of the dis-

tribution.. Secondly, for the interest group model expected separation is larger than for the 

basicc model with the same number of polls. For Figure 4.2 the highest to the lowest curve 

(ass measured at election 6) are respectively: the interest group model with 10 random 

polls,, the basic model with 10 polls and the basic model with 2 polls. From this it follows 

thatt the presence of interest groups increases the probability of winning an election. One 

off  the findings in Chapter 3 was that the presence of interest groups appears to increase 

thee winning set. That result is confirmed here as well. Given the state of the incumbent, 

wee find that the size of the winning set equals: (a) ( 0 1 5 9 14 21 ) for the basic 

model,, and (b) ( 0 9 11 17 19 22 ) for the model with interest groups. Note that 

sincee {U0} is a closed set, if the incumbent is in U0 = {C} then the size of the winning 

sett is 0. These figures show that except for the case in which the incumbent's platform 

iss in UQ, the size of the winning set increases in the presence of interest groups.5 

Conditionall  pollin g As mentioned above, the interest groups influence the election 

processs by providing information about the electoral landscape to the political parties. 

Lett us recall what information they provide. Each interest group possesses certain funds 

raisedd by the contributions c of its members. These funds are offered to the challenger 

conditionall  on: i) running a number of polls6 in policy positions coinciding with the 

interestt group's position on the relevant issue; ii)  commitment of the challenger to select 

thee platform with the highest poll result, if this platform has a height of at least \. 

Furthermore,, it is assumed that each interest group knows the median of the distribution 

5Thee result is robust to changes in all parameter settings we have investigated. We have de-

rivedd the same result for different distributions p on S, and different number of positions per issue 

(i ff  € {3 , . . . ,11 } ). 
66 Remember that the number of polls that an interest group can finance is determined by the cost of 

runningg a poll and the size of the fund that the group possesses. 



4.3.4.3. MEAN DYNAMICS OF THE SPECIFIED MODELS 79 9 

I - - K -- benchmark model. 2 random polls k model, 10 random polls —*—interest group model, 10 random polls | 

Figuree 4.1: The Expected Distance between the Incumbent and the Center over Elections. 

off  its group's members on the other issue and finances a poll there. Let rx be the number 

off  random polls and r2 the number of conditioned polls. Let the challenger first run r2 

conditionedd polls and then r\ random polls. Removing from the policy space the positions 

wheree the conditioned polls are run, and using formulas (4.1), (4.3) and (4.4), one can 

computee the transition probabilities for the conditional polling procedure. 

Forr the specified model and r2 = 8, r\ = 2, we find 

P'P' -
''  — 

11 W1 Qc = 

// i n n o O o \ / n R \ 

00 0 0 

00 0 0 

00 0 0 

00 0 0 i 

yy 0 0.882 0.118 0 0 0 J 

AA new persistent state appears. In addition to state UQ which remains a persistent state 

1 1 

0 0 

1 1 

0 0 

0 0 

0 0 

1 1 

0 0 

1 1 

1 1 

0 0 

0 0 

0 0 

0 0 

0 0 

0.5 5 

1 1 

1 1 

1 1 

1 1 

XX ! / 
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11 6 11 16 

Elections s 

| -- « - benchmark modal, 2 random polls - - » - • benchmark model, 10 random polls — * — interest group model, 10 random polls 

Figuree 4.2: The Expected Probabilites with which the Challenger wins over Elections. 

withh the property '{/70}  is a closed set', state Ux becomes a persistent state as well with 

thee property '{[/i }  is a closed set'. This can be derived as follows. The transition matrix 

showss that if the system at election t is in one of the states UR,R 6 {1,2, v ^ } , then at 

electionn t + 1 it will be in U\ and stay there forever. If the system starts at U2  ̂ then, 

withh probability 0.882, in the coming election it wil l end up in Ui and never leave that 

state.. The probability that the system will settle in Ux is given by the first coordinate of 

TTo-P/ncc and equals .781. In the same way one can derive that the system will settle in U0 

withh probability .219. Furthermore, let the incumbent platform be y = (2,3) € Ux? Table 

(4.1)) shows the fraction of votes that the challenger gets if he selects a position z = (i, j), 

i,i, j = 1 , . .. ,5, (0 refers to fractions of votes smaller than 0.5). Thus, the winning set 

thatt corresponds to a position y e (7, has always at least two elements from [/, with the 

highestt fraction of votes. Let us now consider the interest group located at position 2 

7I tt should be clear (for symmetry reasons) that Table (4.1) for a y 6 [/, is the same as the one derived 

byy rotating Table (4.1) around the center (3,3) until (2,3) reaches y. 
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00 0 .538 0 0 

00 0 .590 .538 .508 

00 .500 .575 .500 0 

00 0 .590 .538 .508 

00 0 .538 0 0 

1 22 3 4 5 

IssueIssue 1 

Tablee 4.1: Fractions of voters who prefer a position z = (i, j) to (2,3) (0 refers to fractions 

lesss than 0.5). 

onn the second issue. Prom the uniformity of the distribution of voters in the space and 

thee homogeneity8 of voters within types, it follows that the median of the members of 

thiss interest group related to the first issue is located at 3. Hence, that interest group 

wil ll  finance a poll at position (3,2). Note that the altitude at (3,2) is .59, which is the 

highestt value in Table (4.1). Thus, the incumbent platform in the coming election wil l be 

eitherr (3,2) or (3,4). This means that although the incumbent does not leave the U\ set, 

aa voting cycle appears. Therefore we may conclude that, with probability .781, (i) a cycle 

emergess and (ii)  the challenger wins with probability 1. 

4.44 Votin g cycles driven by interest groups 

Thee 'mean dynamic' analysis from the previous section shows that for the specified pa-

rameterss of the models, there is only one closed set, {UQ} in the basic case. However, 

underr conditional polling, there are two closed sets, {UQ} and {U\}, for the model with 

interestt groups. This raises the question of the dependence of this result on the parameter 

specification,, like the size of the space, the set of strengths, the probability distribution 

off  strengths on that set and so on. The following analysis provides an answer to that 

question. . 

88 Voters of some type s and with the same ideal positions on some issue i, make the same decisions to 

joinn the relevant interest group. 

IssueIssue 2 
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Lett strengths be independently drawn from a discrete distribution p o n 5, with the 

followingg property 

(A(A 5) V1 ~ 'R)Z2seS\{0}Pa + (2 ~ K) Z2(S1/S2)=2P^P^2 j . 

X)se5\{0}}  P* 2 

Propositionn 4.2 Assume voters' ideal positions are independently (across issues and 

acrossacross voters) drawn from the uniform distribution on X X and voters' strengths are in-

dependentlydependently drawn from a discrete distribution on S and are uncorrelated with the ideal 

positions.positions. Denote by y — (t/i, y2) the platform of the incumbent. We then have: 

1.1. (a) For both models (with and without interest groups), ZQ5 (C) = 4> and ZQ5 (C) = 

(b)(b) For the basic model, V y <E X\{C}, C e Z0
+

5 {y); 

2.2. If the distribution of strengths has property (4-5), then in the presence of interest 

groups,groups, Vy € Uu 3y' e C/i\{y} , such that h(y' | y) > h{z \ y), for all z <E URen\{1}UR. 

Proof,, see Appendix B • 

Corollar yy 4.1 For the specified models, Proposition 4-2 applies. 

Proof.. Indeed, substituting K - 5, E.e5 \{o}rf = ( x /2 2 + 1/42), E(.1/aa)=2P*iP«2 = 

1/8,, and EJ»G5\{O} P* = 3 / 4 at the lhs of the inequality (4.5), we find a value of 0.55 which 

iss bigger than 0.5 which is the value of the rhs of (4.5). • 

Inn words, Corollary 4.1 shows that for the specified models, analyzed in Section 4.3, the 

followingg properties hold: (i) 4.2.1(e) implies that for the basic model, for any incumbent 

positionn y, different from C, position C has an altitude larger than 0.5, and hence belongs 

too the winning set of y; (ii)  4.2.1(a) implies that for both models, if the incumbent is at 

C,C, then any position that is not in C/0 has an altitude strictly less than 0.5, and hence it 

doess not belong to the winning set of C; and (iii)  4.2.2 implies that in the presence of 

interestt groups, there is at least one position y' in U\ which is different from y and has 

altitudee larger than any other position that does not belong to U\ provided that property 

(4.5)) is satisfied. 
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Theoremm 4.1 1. For both models, with and without groups, {UQ} is a closed set and 

UQUQ is a persistent state. 

2.2. For the model without interest groups, all other states, U € U \UQ are transient. 

3.3. Assume that the distribution of strengths has property (4-5). In the presence of in-

terestterest groups and given conditional polling, 

(a)(a) {Ui}  is a closed set and U\ is a persistent state, and 

(b)(b) voting cycles emerge once the incumbent visits U\. 

Proof.. First, recall the definitions of a persistent and a transient state. A state i is 

persistentpersistent if a system starting at i is certain to return to i. The state i is transient in the 

oppositee case (see Billingsley (1986, p. 114)). 

1.-2.. Apply Proposition 4.2.1. 

3.. (a) Let the process start at U\ and the incumbent be at y € U\. First, it can be 

easilyy shown that if a voter j with ideal position Xj and a vector of strengths s 

joinss the interest group on the first issue then so do all other voters with ideal 

positionss x, x G {x, x\ = Xji}, and vector of strengths s. In words, we can say 

thatt voters with the same vector of strengths and the same ideal position on one 

issuee are homogenous. Next, the uniformity distribution and the homogeneity 

propertyy imply that the median position on issue i for members of the group 

onn issue 3 — i is expected to be yj. Hence, under the conditional polling there 

iss a poll run at j / . From Proposition 4.2.2, there exists a y' 6 £/i, such that 

My'II  v) > n(z I ï/)> f° r all z ^ C/i, which implies that the new 

policyy outcome will be y' G U\. Thus, U\ is a persistent state and {U\}  is 

closed. . 

(b)) Since if ^y, voting cycles are generated once the incumbent enters state U\. 

• • 
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Corollaryy 4.1 implies that the Theorem 4.1 is relevant for the specified models. Hence, 

thee results shown in Section 4.3 can be easily derived by applying Theorem 4.1. 

Wee conclude that our models have all the properties presented in Theorem 4.1 for all 

specificationss of parameters that satisfy condition (4.5). 

4.55 Simulations and empirical illustratio n 

Thee law of large numbers ensures us that the mean-analysis is relevant for populations 

thatt are large enough to correct for random deviations. However, the population of voters 

mayy not be large enough to cancel out random fluctuations, and therefore, the law of large 

numberss may not apply. This may have consequences at the macrolevel. That is why in 

thiss section we will consider some simulations for different realizations of voter preferences 

andd investigate whether the predictions of Theorem 4.1 are valid. Furthermore, we will 

comparee these simulation results to some empirically observed policy outcomes. 

Eachh trial starts with drawing a population of 1000 voters from the uniform distribu-

tionn on X, where we again assume Kx = K2 = 5. The initial position of the incumbent 

iss chosen to be the center, in order to be able to investigate the closeness property (see 

footnotee 3) of this center for the different models. Each trial was run for 20 elections and 

wee have done 20 different trials. Typical results are represented in panels (a)-(d) of Figure 

4.3.. Panels (a) and (b) show that in the basic model the incumbent remains at the center 

forr all elections. This is a robust feature of all trials with the basic model. Figure 4.3, 

(c)(c) and (d) show that in the interest group model something different occurs: counter to 

thee first statement in Theorem 4.1, the incumbent leaves the center and positions itself 

att some other position. This happens in more than half of all trials. 

Fromm these figures it is apparent that for the basic model, the set that contains the 

centerr of the issue space, {C}, is a closed set even for the stochastic model. However, 

forr the interest group model, the center loses that property for certain realizations of the 

distributionn of voter preferences. For our issue space of 25 positions, simulations show 

that:: for the basic model the property that {U0} is a closed set is maintained if the size 

off  the population is larger than 300; for the model with interest groups, {t/ 0}  and {Ui} 
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Figuree 4.3: The stability of the centensimulation and empirical data. Panels (a) and (b) 

showw data generated from the benchmark model in simulations 13 and 14, respectively. 

Panelss (c) and (d) show data generated from the model with interest groups in simulations 

133 and 14, respectively. Panels (e) and (f) show data generated from the composition of 

thee governments in Finland and Iceland, respectively. 
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aree closed sets if the size of the population is larger than 10000. For populations with 

sizee smaller than 1000, neither {UQ} nor {Ui}  are closed sets. Our next step is to relate 

thesee simulation results to some empirical data on policy outcomes. An analysis of the 

policyy outcomes for 20 European countries was done in Woldendorp, Keman and Budge 

(1998).. They classified the composition of the government as falling into one of 5 classes, 

rangingg from extreme left (1) to extreme right (5). The graphs represented in panels (e) 

andd (f) of Figure 4.3, respectively, correspond to Iceland data and Finland data, starting 

withh the first time the composition of the government is in the center (position 3) after 

1960.. We draw attention to two features present in the data from both countries: (i) the 

governmentt composition stays longer at position 3 than at the other positions, that is, the 

centerr presents a position which is hard to be defeated from other positions; (ii)  although 

thee government composition locates at 3 it does not stay there forever, that is, the center 

cann be defeated. Comparing these graphs to the graphs generated by the simulations it is 

clearr that the data generated by the interest group model represents the empirical data 

best.. In our view, this may provide some support for the model presented in Chapter 3. 

4.66 Concluding remarks 

Althoughh simulations provide a valuable aid in characterizing the system's behaviour, 

theirr power is limited to the domain of the selected parameters. An understanding of 

thee more generic properties of individual-based models requires the use of deterministic 

approximationn models. In this chapter we have applied a mean-field approximation to the 

stochasticc models presented in Chapter 3 (Sections 3.2 and 3.3), by replacing the values of 

thee random variables by their expected values. This leads to deterministic dynamic models 

off  the "Markov" type. The main results obtained from the analysis of the deterministic 

modelss are as follows. The dynamics of the distance between the policy outcome and the 

centerr of the space, and of the probability that the challenger wins an election, replicate 

qualitativelyy the respective dynamics generated by the individual-based models. For both 

models,, with and without interest groups, the set consisting of the center of the space 

presentss a closed set. For a certain class of probability distributions on a set of strengths 
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SS and under conditional polling, it is shown that (i) the set of positions at distance 

11 from the center is a closed set for the model with interest groups, and (it) a voting 

cyclee emerges. For the specified model the voting cycle appears with probability .781. 

Simulationss show that for populations of size smaller than 1000 neither the center nor 

thee 4 positions (at distance 1) closest to the center present closed sets for the model with 

interestt groups. Voting cycles become frequent phenomena and expand all over the issue 

space,99 due to the deviations of the realizations of the random variables (the distributions 

off  voters preferences) from the mean values. 

Ass mentioned already in the introduction of this chapter and in the beginning of this 

section,, the most important reason for carrying out a mean-analysis is to explore the 

inherentt properties of the stochastic models. Without this analysis we would not have 

beenn able to explain why the policy outcome seems to stabilize at a distance 0.6 from the 

center.. Nor could we predict whether the policy outcome would converge to the center 

inn the long run. This chapter provides a clear answer to both questions. Whether the 

policyy outcome will approach the center or not depends on the size of the population. 

Simulationss show that: (i) for the size of the population smaller than 1000 the policy 

outcomee may keep wandering all over the space; (ii)  for the size of the population larger 

thann 10000, the policy outcome in the long run is either the center or a cycle in U\ 

dependingg on the initial position of the incumbent. Furthermore, both types of analysis, 

simulationss and mean-analysis, show the emergence of a new property in the presence of 

interestt groups, which is the enlargement of the winning set. 

99 Interested readers can contact the author for animations that illustrate this behaviour. 
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