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I I 

AA Short Introduction to ACP 

Thee axiom system ACP is a collection of algebraic laws that characterize be-
havior,, or processes. We give an introduction to ACP, starting with some gen-
erall  process theory. We discuss concurrency and as an example we specify a 
simplee distributed system. We have short sections on the use of data, logic and 
timee in process algebra, and end with some bibliographical notes. 

Processs Theory 

AA  process is taken to be the behavior of some physical device, like a computer 
runningg a program, or, more abstractly, of a system, that is able to perform 
actions.actions. The execution of an action may be observed by the environment of 
thee system: an observation is a sensory perception of an output of the system, 
andd it can also be an interaction with the system that is induced directly by 
thee environment. We shall define the behavior of systems in terms of these 
externall  observations; we abstract from the internal operations that lead to the 
observations. . 

Inn process theory, there seems to be agreement that systems are modelled 
bestt in terms of transitions between states, so that the execution of an action 
correspondss to the transition of one state to another. A key notion then is that 
off  a (labelled) transition system: a transition system consists of a set of states 
thatt may be connected by transitions. Each of the transitions is labelled with 
ann action symbol; a transition 

meanss that (a system in) state s can evolve into state / by the execution of 
actionn a. Furthermore, some states may be identified as initial states, andd some 
statess may be identified as final, or terminating, states. 

Transitionn systems, or at least small ones, allow a nice graphical presenta-
tion;; for example, consider the system in Figure 1. Here, the black dots are 
thee states and a, b are the transition labels; the incoming arrow at the top state 
indicatess that it is an initial state, and the symbol *J marks final states. Starting 
inn the initial state, first the action a is executed. Then either a second action a is 
executed,, after which nothing is possible, or the action b is executed, whereby 

1 1 
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FIGUREE 1. A transition system. 

aa new state is reached in which the system can first execute another action b 
andd terminate successfully after that. 

Wee find the (execution) traces of a state, if we put together in succession the 
labelss that we encounter on such a run through the system; in the example, aa 
andd ab are traces of the initial state. An accepting trace is a trace that belongs 
too a run that ends in a final state, so the only accepting trace of the initial state 
iss abb. The set of accepting traces of a state plays a central role in the theory of 
formall  languages, as this set may be considered as the language that is accepted 
byy that state (in formal language theory, a transition system would normally be 
calledd a language accepting machine). 

Thiss brings us to the notion of the equivalence of states. In formal language 
theory,, two states are equivalent if they accept the same language. In process 
theory,, this is only one of many notions of equivalence; this particular equiv-
alence,, accepting trace equivalence, is in fact one of the coarsest, or weakest, 
equivalencess in the spectrum of process equivalences [42]. When looking at 
aa transition system from a process theoretical, or behavioral, point of view, 
onee may want to be more discriminating than is possible with language equiv-
alence. . 
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FIGUREE 2. Nondeterminism. 

Ann important notion is that of the branching structure of the system; this is 
illustratedd by the basic example in Figure 2. The top state on the left accepts the 
samee language as the top state on the right, namely the set [ab, ac}. Still, we 
mayy want to distinguish these two states: the top state on the left initially has 
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noo options other than to execute the action a, thereby reaching a state where 
itt has a choice between b and c. On the other hand, the top state on the right 
hass two initial options, and while these options cannot be distinguished locally, 
theyy are in fact quite different, because one leads to a state where only b can 
bee chosen and the other leads to state where only c can be chosen. We say that 
thee moment of choice between b and c is different, and also that the transition 
systemm on the right is nondeterministic. This difference can also be illustrated 
ass follows: consider a computer that, after it has been turned on, offers a menu 
withh a choice between two operating systems. Assume that the action a stands 
forr turning on the computer, action b is the choice for Linux, and action c is 
thee choice for Windows. We see that the transition system on the left models 
thiss choice much better than the system on the right, where the choice for a 
particularr operating system is made by turning on the computer—and the user 
cannott predict the outcome of the choice! 

Theree are many process equivalences that take the branching structure of 
transitionn systems into account, see [42] for an excellent overview, and it is an 
importantt topic of Chapter III (where we also have silent actions). 

Now,, a process is usually defined as a state modulo some equivalence, that 
is,, two states model the same process exactly if they are equivalent. (Bear in 
mindd that we have been imprecise in our definition of a transition system, and 
thatt many variations exist, sometimes under other names.) 

Processs Algebra 

Whenn talking about process algebra we shall mean the axiom system ACP, 
thee Algebra of Communicating Processes, introduced by Bergstra and Klop 
inn [15]. It provides a signature, that is, a language, that allows an effective no-
tationn for processes, and a set of axioms, that are used for equational reasoning 
aboutt processes. It does not provide a particular model (such as, for example, 
aa transition system model). In this view, any model of the axiom system is a 
processs algebra, and a process is an element of a process algebra. Or, more 
looselyy put, a process is anything that satisfies the axioms. This may be con-
sideredd more abstract than other approaches, where usually a particular model 
iss studied. Still, proposed models for ACP have been more or less like the tran-
sitionn system model. Widely used is so-called structural operational semantics, 
whichh is like a term model (terms are semantical objects), where transition re-
lationss between terms are defined by induction on the syntactic structure of the 
termss [1]. 

Lett us start with BPA, for Basic Process Algebra, a subsystem of ACP. We 
presentt its signature and axioms, and we give a structural operational seman-
tics.. First, the axiom system is parametrized with a set A of action symbols. 
Thee action symbols, written a,b,..., are constants: an action symbol a is a 
processs term that describes the process that executes the action a and after that 
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TABLEE 1. Axioms of BPA. 

x+y=yx+y=y+* +* 
(x(x + y)+z=x + (y + z) 

XX + X =x 
(x(x + y)z —xz + yz 

(xy)z(xy)z = x(yz) 

terminatess successfully. Then, there are the two binary operations 4- and , 
standingg for alternative and sequential composition. Alternative composition 
describess choice: the process x + y executes x or y, but not both. This con-
structionn is used to put together possible behaviors of a system. The sequential 
compositionn x-y starts with the execution of x, and when the execution of x has 
terminatedd successfully, the execution of y starts. We may suppress the symbol 

 in terms, writing xy for x  y. Furthermore, we let  bind more strongly than 
+.. For example, the processes in Figure 2 would be described by the process 
termss a{b -f c) and ab + ac. 

Thee axioms of BPA are listed in Table 1. The letters x, y, z occurring in the 
axiomss are variables; we assume a countably infinite set of variables and use 
thee rules of equational logic for derivations. The axioms express that alterna-
tivee composition is commutative, associative and idempotent, that sequential 
compositionn distributes from the right over alternative composition, and that 
sequentiall  composition is associative. For example, we can derive that (a +b)c 
equalss ac + bc, but we cannot derive that a(b + c) equals ab + ac (cf. the ex-
amplee on nondeterminism in the section on process theory). This suggests that 
thesee axioms characterize an equivalence that is stronger than language equiv-
alence,, and indeed, the equivalence axiomatized by BPA is strong bisimulation 
equivalence,, an equivalence that respects the branching structure of processes 
inn the extreme. Two closed BPA terms are derivably equal if and only if they 
representt strongly bisimilar processes. 

Next,, we present an operational semantics. That is, we give rules that define 
transitionn relations between closed terms. The symbol y/ represents successful 
termination;; it is not a process term. An action symbol describes the process 
thatt executes an action followed by termination: for all a e A we have 

aa i 
aa > y/. 

Thee rules for alternative and sequential composition are in Table 2. These rules 
havee two parts: on the top of the bar we put the premisses of the rule, and 
beloww it the conclusion. If the premisses hold (for a certain instantiation of 
thee variables, that range over closed terms), then we infer that the conclusion 
holdss as well (for the same instantiation). Looking at these rules we see that a 
sequentiall  composition starts with the actions of the first process, and that an 
alternativee composition continues as the remainder of the process that makes 
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TABL EE 2. Transition rules for alternative and sequential composition. 

aa i a , a , 

xx——>>  v x—> x x—>  v 
x-yx-y  y xy  x'  y x+y  v 

aa i flv / a v / 
XX r ^ X T X X r X 

II  a
t / I a t I a I 

yy + x—> *J x + y—> x' y+x—> x' 

thee initial action. Thus, the transition rules induce a transition system that has 
thee set of closed process terms as state space. We can define strong bisimulation 
equivalencee for this transition system and show that two terms are derivably 
equall  exactly if they are strongly bisimilar. 

Wee end this section with some remarks on the expression of processes. First, 
aa deadlock state is a state that has no outgoing transitions and also does not have 
thee option to terminate successfully; it models a system that got stuck. With the 
additionn of the constant S for deadlock to the signature, we can express all finite 
processes.11 For example, the process in Figure 1 is expressed by the process 
termm a(a8 + bb). Still, many interesting processes are infinite, and for the 
expressionn of those we can use (sets of) recursive equations. For example, the 
equationn x = ax characterizes the process that executes the action a infinitely 
manyy times in succession. A more recent development is the use of so-called 
recursiverecursive operations for the specification of infinite processes [12, 14]. The 
mostt basic of these is the binary Kleene star operation *, defined by the axiom 

x*x* y = x(x* v) + y. 

Forr example, the term a*8 expresses the process mentioned above (the con-
stantt 8 is a zero for alternative composition). In Chapter III,  we discuss the 
expressivityy of ACP in the context of orthogonal bisimulation equivalence. 

Concurrency y 

Thee primary motivation for process algebra is the description of the concur-
rent,rent, or parallel, operation of processes. The term x || y describes the parallel 
executionn of x and v; that is, these processes are executed independently, but 
theyy may be able to communicate. The assumption is that the execution of an 
actionn has no duration, and that the simultaneous execution of actions is only 
possiblee if these actions are involved in a communication action. So, if we ob-
servee the execution of an action from x \\ y, then this is either an action from 

Providedd that they have pure termination: final states do not have outgoing transitions (cf. Sec-
tionn 2 of Chapter III) . 



6 6 AA Short Introduction to ACP 

JC,, an action from y, or a communication between x and y. This assumption is 
calledd the interleaving hypothesis; it is axiomatized by 

xx II y = x \}_y + y\Lx+x \y, 

wheree x\\_y describes the parallel execution of x and y with the restriction that 
anyy initial action must be performed by x, and x \ y also describes the parallel 
executionn of x and y, but now with the restriction that any initial action must 
bee a communication between x and y. The operations []_ and I lack the natural 
interpretationn of the other operations; they were introduced as auxiliary oper-
ationss for the axiomatization of the interleaving semantics that we described. 
AA characteristic of ACP, that is a consequence of the interleaving hypothesis, 
iss that all operations for parallel composition can be eliminated from closed 
terms:: terms describing concurrent processes can be rewritten into a linear 
formm in the signature of BPA with deadlock. 

Ass a parameter of the axiom system, we assume a communication function 
thatt defines which actions are allowed to communicate, and what the result is: 
withh A the set of action symbols, it is a partial function y : A x A  A, that is 
associativee and commutative. For example, if y (a, b) is defined to be c, then 

aa || b = ab + ba + c. 

Assumingg an operational semantics in a style as suggested above the corre-
spondingg transition system would be as depicted in Figure 3. If y(a, b) is 
undefined,, then a \ b equals the deadlock process 8. (Recall that S is a zero for 
alternativee composition.) 

aa \\ b 

yy ^ 
bb c a 
b\b\ \ /a 

FIGUREE 3. A transition system for a \\b with a \ b = c. 

Verification n 

Thee main application of process algebra has been the verification of commu-
nicationn protocols. A protocol is a prescription for the behavior of the compo-
nentss of a distributed system, intended at the realization of a certain behavior 
off  the system as a whole. Importantly, we distinguish between external and 
internall  actions of the system. The communications between components are 
usuallyy considered to be unvisible for an external observer, or, from a different 
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perspective,, to be irrelevant for the interaction of the system with its environ-
ment.. We use the renaming operator rIt where / is a set of actions that we 
considerr to be internal, to hide, or to abstract from, internal activity: if p is a 
processs term, then x\ (p) is the result of renaming all internal actions in p to 
thee special action r. The execution of the action r is not visible, and we have 
severall  equivalences that take this special character of T into account (cf. the 
introductionn of Chapter III) . 

Now,, a process algebraic verification assumes two descriptions of a dis-
tributedd system: one gives an abstract or high-level view of the system in terms 
off  its external actions—call this view the specification—while the other one 
givess the behavior of the parallel components, call this the implementation. 
Thee specification is usually the desired behavior of a system, and the objective 
off  the verification is to show that the implementation complies to the specifica-
tionn by proving that the two descriptions are equivalent: let Spec be a process 
expressionn for the system specification, and let Impl be the (encapsulated, see 
thee example below) parallel composition of the expressions for the compo-
nents.. Then, a process algebraic verification is a proof of the equality 

T// {Impl) = Spec, 

wheree / is the set of actions that we want to abstract from. By equality we 
meann derivable equality in the axiom system; we assume an axiomatization of 
ourr preferred abstract semantics. 

Ass an example, we specify a simple system consisting of « +1 parallel com-
ponents.. The components can send eachother messages via numbered ports. 
Wee define for naturals i: 

PPii = J2ri(m)-si+l(fi(m)). 
m m 

Thee summation sign is used to describe an alternative composition: its param-
eterr m ranges over a finite set of messages. So, a process P{ reads any message 
mm at port i by the action ^(m). Then it applies the function ƒ  to the received 
message,, and proceeds to send the value fi(m) at port i + 1 by the action 
Si+i(fi(m)).Si+i(fi(m)). We leave the exact status of the message terms implicit; we ad-
dresss this point in the next section. Send and receive actions at the same port 
communicate:: we let s{ | r, = Q, and let no other communications be defined. 

Thee implementation is the encapsulated parallel composition of the pro-
cessess Pi for i = 0 , . . ., n. The encapsulation blocks the separate execution of 
internall  actions that are supposed to communicate. In our example, the send 
andd receive actions at ports 1 , . . ., n synchronize, yielding internal communi-
cations,, while r0 and sn+\  are the only external actions. Hence, we block the 
executionn of actions in the set 

HH = {si,ri | / = ! , . . . , « } , 
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byy putting the parallel composition of the components in the scope of the en-
capsulationn operator 3#; we let 

Impl=dImpl=dHH(Po\\---\\Pn). (Po\\---\\Pn). 

Duee to the encapsulation, the only initial actions of the system are the receive 
actionss by /fy the system starts with the receiving of a messsage at port 0. 
Thenn the message is passed on through the system, while every process on the 
wayy updates the message with its function ƒ. So, if we abstract from internal 
communications,, then we find that we can express its external behavior as 

SpecSpec = £ / o ( m)  sn+i(fn(-  (Mm))
m m 

Now,, a verification would be a proof of 

T[ci,...,c„)VmpOT[ci,...,c„)VmpO =Spec, 

whichh is a straightforward exercise for any instance of n. Here, we are assum-
ingg any abstract semantics except orthogonal bisimulation equivalence, since 
inn that semantics internal activity can be compressed, but not be hidden com-
pletelyy (see Chapter III) . 

Data a 

Inn the example above we assumed a data type for the messages and we used 
parametrizationn of actions with messages and summation over a data type to 
modell  the input of any datum. These are typical uses of data in applications of 
processs algebra. However, data types are not part of ACP; usage such as in the 
examplee is informal and in the end insufficient for larger scale applications. 

Thee axiom system /iCRL (micro Common Representation Language) [52] 
iss an extension of ACP with equationally specified abstract data types. It of-
ferss a many-sorted signature that may be extended further by adding new data 
types.. Data terms occur in process terms in three ways: first, actions and re-
cursionn variables may be parametrized with data; second, there is a binding 
constructionn allowing summation over possibly infinite data types; and finally 
theree is conditional composition, where the condition is a boolean term. 

Forr example, a buffer process transmitting natural numbers may be given 
byy the recursive specification 

BufferBuffer = 5Z r(n)  s(n)  Buffer. 
n.Nat n.Nat 

Rememberr that in the example in the previous section we used summation over 
inputt values as well, but there the summation was an abbreviation for a finite 
alternativee composition. Here, the summation binds the variable n that ranges 
overr infinitely many values (cf. [66]). 
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Ass a second example, we define a register process by 

Register(nRegister(n : Nat) = succ  Register(n + 1) 

++ (zero  Register (n) + exit) < n = 0 > pred  Register(n — 1). 

AA conditional composition x < b > y behaves like x if the boolean condition 
bb is true, and like y if the condition is false. The register process can perform 
thee exit action if it holds value 0; it can always do the successor action, thereby 
increasingg its value, and it can do the predecessor action if its value is at least 1. 
Itt has a zero test action that does not change its value. (See Section 7 of Chap-
terr III for the expression of registers in ACP using recursive operations.) 

Manyy case studies have been performed using /ACRL, see for example [25, 
37,, 51, 78], and a set of tools aiding verification and analysis of systems is 
available,, and is still under further development [28]. 

AA useful methodology for verification is the so-called cones and foci proof 
techniquee [53]. In Chapter IV, we present a verification of a leader election 
protocoll  using this technique, and in Chapter V we extend it to a setting with 
explicitt timing (see also the section on time below). 

Logic c 

Wee consider two uses of logic: first there are modal logics that are used to 
expresss properties of states in transition systems, this use falls in the domain of 
processs theory rather than process algebra; second, logical formulas may enter 
processs terms, if they are used as conditions in a process algebraic construction 
like,, for example, the guarded command $:—> x, expressing that process x can 
bee executed under the condition that formula <f>  holds. 

Inn Chapter III , that is devoted to the introduction of orthogonal bisimulation 
equivalence,, we encounter the first use of logic: there, we give a modal logic 
characterizingcharacterizing orthogonal bisimilarity. As an example, we present here what 
iss probably the best-known modal characterization of a process equivalence: 
Hennessy-Milnerr logic [56]. 

Assumee a transition system with transition labels ranged over by a; for sim-
plicityy of the example we do not distinguish successfully terminating states. 
Thenn formulas are defined inductively as follows: T is a formula ('true'); if 
aa is a transition label and <f>  and \fr are formulas, then a<f>, -><p, and <\>  A \J/ are 
formulas.. We define satisfaction of a formula 0 in a state s, notation s (= <p, 
inductivelyy as follows: 

 s (=T, 
 s \= --^ if not J (= \fr, 
 s^=ilrAx'tfs\=Tfr and s (= x, and 
 s (= axfr if 5 —> r for some state r with r =̂ \j/. 
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Thiss logic characterizes strong bisimulation equivalence: in finitely branching 
transitionn systems, it holds that two states are strongly bi similar if and only if 
theyy satisfy the same set of formulas. 

Next,, we look at the second use of logic: conditionals in process algebra. 
AA principal construction, that we encountered earlier in the section on data, 
iss conditional composition. It is the subject of Chapter II , where it is written 
xx +((, y, a notation that suggests a similarity to alternative composition. Like 
alternativee composition, conditional composition is a mechanism for summing 
upp possible behaviors, but it has information on the nature of the choice. Un-
likee alternative composition, it also has an imperative interpretation: it may be 
readd as an instruction to execute x if the condition <p holds, and to execute 3; 
otherwise.. In Chapter II we propose a four-valued logic for these conditions, 
thatt has truth values for 'overdefined' and for 'undefined'. If the condition <f) 
iss overdefined, then x +# y stands for x + v; if 0 is undefined, then it stands 
forr deadlock. Thus, conditional composition is a generalization of alternative 
composition. . 

Time e 

Untill  now we have not considered the timing of actions, that is, we have been 
ablee to express the order in which actions must be performed, but we have 
nott been able to express that an action must be performed at a certain time. 
Still,, many systems crucially depend on such timing. For example, it may be 
requiredd that a system produces some output exactly at 12:15 in the afternoon, 
orr between 27 and 44 milliseconds after some earlier event. 

Forr the modelling of such timing-dependent systems, process algebras have 
beenn extended with timing operations in a number of ways. Two important 
choicess to be made are that between absolute and relative timing, and that be-
tweenn discrete and continuous time. And then there are many more design is-
sues,, such as, to name some technical terms, urgency of execution, concurrency 
off  simultaneous actions, (immediate) time-deadlocking, and time factorization. 

Inn Chapter VI, an extension of the basis of /xCRL with time-stamping of 
actionss is presented. This exercise served as a preliminary study for the com-
pletenesss proof of timed ^iCRL [77]. 

Timedd /xCRL [47] is a language that allows a very direct specification of 
timedd processes: time can easily be specified as a data type; the only require-
mentss are that the domain should be totally ordered and have a smallest el-
ement.. Furthermore, the binder £ can be used to bind time variables, and 
conditionall  composition can be used to restrict possible timings. Consider for 
examplee the following specification of a process that must perform action a 
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withinn 4 time units: 

^2^2 a<t < t < 4 > S<0, 
f.Time f.Time 

wheree aef means 'action a at time f', and Sc0 is a zero for alternative composi-
tion. . 

Althoughh timed /xCRL is adequate for the expression of timed processes, we 
havee littl e experience in verifying timed systems, that is,, there have been some 
exercisess in analyzing implementations [55], but the integration of time and 
abstraction,, and the actual verification of systems, have hardly been explored. 
Ass a step in this direction, we present a verification technique for timed systems 
inn Chapter V. It can be used to prove timed branching bisimilarity of timed 
transitionn systems (that are the semantical objects represented by timed /^CRL 
expressions).. This proof technique is the timed variant of the aforementioned 
coness and foci technique [53]. 
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