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Chapterr  5 

A nn Equilibriu m Model of Term 

Structur ee of Interest Rate and 

Foreignn Exchange Forward Premia 

Inn this chapter we determine the stochastic nominal interest rates and allow the stochastic 

spott foreign exchange rate to be state dependent in equilibrium. As a result our model 

iss capable of explaining some of the empirical features obtained in literature, such as 

skewnesss and excess kurtosis in the nominal interest rates, the volatility smile in the 

exchangee rate dynamics, and the forward exchange rate anomaly. 

Inn order to allow for state dependent nominal interest rates and exchange rate in 

thiss economy, we assume that the growth rate of money and the real rate of return 

inn production in country i depends on the underlying state variables in that particular 

country,, Y (t) and Xt (t). In line with CIR (1985b) we assume that the real rate of return 

off  the productive process in the each countries is governed by 

-5i-^.. = ayiYdt + aXiXidt + aVyi ^Y~JÏ)dwy (t) + aVx. y/X~Jt)dwXi (t), (5.1) 

wheree the parameters aVi1 aXi, ,<r,, . and 0j,ti, are positive constants. The productive 



processs in each country is perfectly correlated with both sources of uncertainty in that 

particularr country, as its diffusion term follows the same stochastic processes. In this 

economyy the representative agents of both countries have full access to the equity markets 

inn both countries. The real rate of return on foreign real investment j in terms of the 

locall  currency i is determined as 

drjJt) drjJt) 
^ ~~ = a, (Xj,t)dt + fy. (X, Y,t) dw (t), for  j (5.2) 

where e 

5,(X,-,r.)) = aV j y( t )+aI ,A ' i (0 + /xeij.(X,y,0 + 5I I .e y(X,y,0 

St.{X,Y,t)dw{t)St.{X,Y,t)dw{t) = S%{X3,Y,t)dw{t) + S^{X,Y,t)dw{t). 

Ass argued by Clark, Goodhart, and Huang (1999) and Christiano and Eichenbaum 

(1992),, the optimum monetary policy is state contingent and shock dependent. Following 

thiss argument, the monetary endogeneity assumption as formulated in equation (3.4) 

resultss in the following state dependent representation for the money supply process in 

countryy i, for i G {/&,ƒ} , by using equation (5.1): 

dM*dM* (t) 
- j ^  ̂ = / i ^ (*,-(*),7(0,t)dt + Sm. (Xi(t),Y(t)tt)dwm. (t), (5.3) 

where e 

5m .. {Xi(t), Y(t), t) dwm. (t) = a^dw  ̂ (t) + ltanvi y/Y~(t)dwy (t) 

andd /im. is the autonomous component of the expected monetary growth rate in country 

i.i. As in Bakshi and Chen (1996, 1997) such a representation leads to an empirically 
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plausiblee stochastic process for money supply in both countries and is consistent with 

thee properties of our economy. The conditional mean and variance of the rate of growth 

off  money supply in each country is linear in the underlying state variables that affect 

economicc development in that particular country. The ultimate effect depends on the 

monetaryy response parameters, 7< = [7/»,7/]. 

5.11 The Equilibriu m Stochastic Interest Rates 

Inn the previous chapter we obtained the equilibrium nominal interest rates in an i.i.d. 

economy,, where several properties of the constant nominal interest rates were reviewed. 

Somee of the empirically important features of nominal interest rates could not be estab-

lished,, such as the capture of higher moments and the covariability of the interest rates 

inn a two-country economy. In this section we consider these features for the stochastic 

nominall  interest rates in equilibrium. Given the process for the money supply in equation 

(5.3),, we endogenously obtain the equilibrium stochastic nominal interest rate in country 

ii  as (see Appendix B.l for the derivation): 

RRii(t)(t) =  P + fimi-cT2
mi+7:Xi + \;Y ie{h,f}, (5.4) 

wheree 7J" = j{ (aXi — 7 ^ J and A*  = 7̂  (aVi — 7 ^ J. The nominal interest rate in 

countryy % is increasing in the time-preference parameter and the autonomous expected 

growthh rate of domestic money supply. This coincides with the results in the one-country 

frameworkk of Bakshi and Chen (1996). In addition the expected stochastic real rate of 

returnn on productive investment has a positive impact on the equilibrium nominal in-

terestt rates. Consistent with our results in the previous chapter, we find that monetary 

endogeneityy and portfolio selection considerations result in an equilibrium nominal in-

terestt rate that is decreasing in the real and nominal uncertainties in this economy, as 
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measuredd by the variance of the money supply process.1 

Thee nominal interest rate in each country in equation (5.4) is linearly dependent on 

twoo state variables, which is in line with the results obtained by Longstaff and Schwartz 

(1992)) for the equilibrium real interest rate. In contrast to existing monetary equilib-

riumm models in finance, the stochastic nominal interest rate depends on both the real 

andd nominal sources of uncertainty as captured by the state variables [e.g., Foresi (1990), 

Bakshii  & Chen (1996) and Basak k GaUmeyer (1999)]. The impact of both state vari-

abless on the level of the nominal interest rate in country i depends on the value of the 

monetaryy response parameter, 7^ in that particular country. In general we expect 7* 

andd A* to be positive constants, which implies that the expected money growth offsets 

thee unanticipated movements in the money supply process. Consider a positive shock to 

anyy of the underlying state variables in this economy. Initially, the real rate of return on 

productionn and the money supply in that particular country increases, as can be observed 

fromfrom equations (5.1) and (5.3). Ceteris paribus, there will be an increased demand for 

productivee investment and money balances. The increased demand for money balances 

iss for both productive investment and consumptive purposes at the expense of nominal 

bondd holdings. In this economy the agent's desired portfolio holdings of cash balances 

andd nominal bonds depend on the expected nominal rate of return on these bonds, Ri, 

i.e.. the opportunity cost of holding money. To restore the equilibrium holdings of bonds 

andd money, requires an increase in the nominal interest rate to induce the agents to 

increasee their demand for nominal bonds and to re-establish a new portfolio composition 

off  money balances and bond holdings. 

Applyingg Itó's lemma on equation (5.4) results in the following dynamics for the 

nominall  interest rate in country i, for i € {h, ƒ} : 

dRi(t)dRi(t) = toP»-^*))+ <(*«<-**(*)) ] * 

'Notee that the velocity of money, determined in Chapter 4 as Vi{t) = <p Ri(t), becomes stochastic 
inn this economy. It co-varies with the domestic nominal interest rates and follows the same dynamics. 
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+K°yy/W)d™+K°yy/W)d™yy{t){t)  + l\oXi y/X^)dwXi(t). (5.5) 

Ass can be observed from equation (5.5), the domestic nominal interest rate displays mean 

reversionn in the two state variables that affects the supply of the local currency in this 

economy.. The long-term means with respect to the local and international state variables 

aree 9Xi and 9y, respectively. The parameters «*. = 7*«x. and «*  = X*KV determine the 

speedd of adjustment toward the respective long-term means. Notice that the larger the 

domesticc monetary response parameters, 7*  and A*, the larger the speed of adjustment 

andd the instantaneous interest rate volatility. The volatility of the nominal interest rates 

dynamicss for both countries, as measured by the variance of the changes in the nominal 

interestt rates, and the conditional covariance between these interest rates are defined 

respectivelyy as 

VVdRhdRh (0 = xi^Y (t) + ii<T 2
XhXh (t) (5.6) 

VVdRfdRf (t) = xfa2
yY (t) + l?<rl fXf (t) (5.7) 

Cov[dRitdRAA = \;xyyY(t) i ? j . (5.8) 

Equationss (5.6) and (5.7) show that our nominal interest rates model allows for stochastic 

volatilities,, with nonzero instantaneous covariance between the changes in the nominal 

interestt rates and the changes in the nominal interest rates volatility, given by: 

Covv [dRi, dVdRi]  = xfayY (t) + -yfa^Xt (t). (5.9) 

Thee stochastic nominal interest rates have some economically plausible and empirically 

importantt properties. As Heston (1993) points out, stochastic volatility by itself cannot 

capturee such an empirical phenomenon as "volatility smiles" in the option prices. Rather, 

itt is the correlation between the volatility of the interest rate and the changes in the 

interestt rate that can explain the presence of volatility smiles and skewness in interest-

ratee options. For example, Amin and Morton (1994) and Flesaker (1993) find evidence of 
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volatilityy smiles among Eurodollar futures options of all maturities. Another important 

propertyy of this model is that it allows for the stochastic nominal interest rates in this two-

countryy economy to be correlated in equilibrium. The covariance between the nominal 

interestt rates in both countries, conditional on the information set, is a linear function of 

thee international state variable. The effect of the international state on the covariability 

off  these interest rates depends on the monetary response in both countries to shocks in 

thiss state. 

Conditionally,, the distribution function of the nominal interest rate is a bivariate 

non-centrall  x2 distribution times a constant. This is a direct result of the conditional 

distributionn functions of the state variables, X{ (t) and Y (t), which are non-central \2 

distributionss times a constant.2 As shown by Feller (1951) the conditions 2KX.QX. > 7*ax 

andd 2Ky6y > A'cr2., for i e {h,f}, imply that the stochastic process in equation (5.5) 

precludess negative nominal interest rates. The conditional probability density function 

off  the nominal interest rates is a joint density of the two independent state variables. 

Unconditionally,, the distribution of the nominal interest rate is a convolution of two 

independentt gamma distributions. As t — 00, the steady state mean and variance are 

respectively: : 

EE [Ri (t)] =p + fimi-(T
2
mi+ \*0y + 7*0X (5.10) 

and d 

Wee observe from equations (5.10) and (5.11) that the evolution of the nominal interest 

ratee is stationary in the long-run. The long-run unconditional mean of the nominal 

interestt rate in country i depends, among others, on the autonomous rate of growth 

off  domestic money supply and the long-run means of the state variables.3 The latter 

dependss on the monetary response parameters in that particular country. In addition 

2Seee Feller (1951) and CIR (1985b) for a detailed discussion of the distributional properties of these 
typee of square root processes. 

3Notee that this is also the long-run unconditional mean of the velocity of money, Vi(t). 
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thee co-variability between the nominal interest rates in this two-country economy as 

tt — oo is given by: 

covcov (Rh(t),Rf(t)) =  9yX£f(7y- (5-12) 

Equationn (5.12) shows that the domestic nominal interest rate co-moves with the foreign 

nominall  interest rate in this economy. The covariance between the two nominal interest 

ratess in the economy is stationary in the long-run. It is determined by the variability in 

thee international state variable and the monetary response in both countries on changes 

inn this state. Furthermore, it is also affected by the long term mean of the international 

statee variable. 

Ann empirically appealing feature of the stochastic process in equation (5.5) is that 

itt can capture higher moments of the nominal interest rates, such as skewness, /J3, and 

excesss kurtosis, Q, respectively: 

,, rami 9  i 9'rf< ^ i * 
/*33 IK (01 = 2K2 + —2 2̂ (5-13) 

yy %i 

and d 

«WW!-!?-++ F7'- <5-14> 
Thee presence of these higher order properties coincide with the empirical evidence pre-

sentedd by Babbs and Webber (1997), Das and Foresi (1996), El-Jahel, Lindberg and 

Perraudinn (1997), and Heston (1993b). Notice from equation (5.13) that the changes 

inn the domestic nominal interest rate are positively skewed. This implies greater prob-

abilitiess for upward movements as compared to downward movements in the nominal 

interestt rate. The probabilities for upwards movements depends, among others, on the 

monetaryy response to shocks in the economy. The skewness is an increasing function 

off  the monetary response parameters in the economy. Equation (5.14) reveals that the 

leptokurtosiss in the changes in the nominal interest rate is independent of the monetary 

responsee parameters, 7*  and A*. The fourth central moment of the changes in the nom-

inall  interest rates depends on the monetary response parameters, 7*  and A*. However, 
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thiss dependency disappears when we divide this moment by the squared second central 

moment. . 

5.22 The Term Structur e of Nominal Interest Rates 

Denotee Nt (Ri(t),t, r) as the nominal value denominated in currency i of an interest rate 

contingentt claim with time-to-maturity r and boundary conditions that do not depend 

onn wealth. Under a risk-neutral probability measure Q, Theorem 2(b) in Chapter 4 can 

bee applied to obtain the partial differential equation for the domestic nominal interest 

ratee contingent claim: 

00 = l^f^yY^N^Y +\*K y(0y-Y) NhY + ~1fa
2
XiXl(t)NhXiXi 

+l*K+l*K XiXi (K - X t) JVi,*  + Ni,t - Ri(t)Ni, (5.15) 

wheree BVi and 9Xj are risk-adjusted parameters.4 As such, this partial differential equation 

iss the nominal counterpart of the fundamental valuation equation in equation (4.31). 

Noticee that the valuation equation has the same form when the contingent claim and the 

interestt rates are expressed in nominal terms as when both these variables are expressed 

inn real terms. Since most securities are denominated in nominal terms, it is convenient 

forr empirical and practical purposes to employ the valuation equation in which all values 

aree expressed in nominal terms. 

Lett Pi(t,T) denote the nominal price denominated in currency i at time t of a pure 

discountt nominal bond that matures at T. This bond price must satisfy the PDE in 

equationn (5.15) subject to the following boundary conditions: 

Pi(T,T)Pi(T,T) = l i£{h,f}. 

**  For notational convenience, in the remainder of the section, we suppress the "hat" for the risk-
adjustedd parameters. 
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Theoremm 3 The pricing formula f or the nominal bond denominated in currency i, Pi (t,T), 

forifori  € {h, ƒ} , is given by: 

PiPi (t, T) = Ai (t, T) e - l p + N - O ^ - ^ C W W - ^ W W, (5.16) 

where where 

,, ( 2*M** +K*)T* 2 \W ( 2y.>e7?('"'+^)r/a \ ^ T 

2 ( ^ > ' i T - l ) ) 
B**  ( t , r ) "  (^W)( e7:^ r - i )+2^ ' 

2(eA *"vi T - l ) ) 

V»» = ^«5 + 2 ^ , 

r = ( T - r ) . . 

Proof:Proof: See Appendix B.2. 

Thee nominal bond price in country i in equation (5.16) is a decreasing convex function 

off  both state variables that captures the underlying sources of uncertainty in the economy. 

Notee that in this circumstance, the domestic nominal interest rate in equation (5.4) is 

increasing.. Consistent with existing general equilibrium models of the nominal term 

structure,, our model reveals that a decrease in the nominal interest rate in country i is 

accompaniedd by an increase in the nominal bond price denominated in currency i. In 

conformityy with the nominal interest rates, the bond prices in this two-country economy 

alsoo co-vary with each other as both have the same sources of real risk. 

InIn line with existing literature on bond pricing, the equilibrium price of the nominal 

bondd is a decreasing function of maturity [e.g., Vasicek (1977), Bakshi and Chen (1996), 

andd CIR (1985b)]. The nominal discount bond in country i is decreasing in the time 

preferencee parameter, p. An increase in the autonomous expected growth rate of the 

supplyy of currency i, /im., has a decreasing impact on the value of the bond denominated 
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inn currency i. An increase in the domestic autonomous source of monetary uncertainty, 

crj^.,, has an increasing impact on the bond price i. 

Thee yield-to-maturity for the nominal bond i, R* {X„Y,t,T), for i € {h, ƒ} , is given 

by: : 

RiRi (Xt,Y,t,r) = p + //m, - < - i [logA(T) - BXi(r)Xi{t)  - Byi(r)Y(t)}, (5.17) 

forr r = T — t. The term structure of domestic nominal interest rates in equation (5.17) 

incorporatess both local and international risk factors (real and monetary). As in the 

casee of most two-factor models of the term structure of interest rates, the model in 

equationn (5.17) is rich enough to give rise to yield curves of complex shapes. Another 

empiricall  appealing feature of the domestic nominal term structure of interest rates is 

thatt it permits rates of different maturities to be imperfectly correlated. In addition 

itt can be observed that the international part of the yield curve moves together in the 

twoo countries, and that a divergence in the yield curves in this economy is due to the 

monetaryy policy stance and the developments in the local state variable in each country. 

Ass the time-to-maturity goes to zero, we find that the yield-to-maturity approaches the 

instantaneouss domestic nominal interest rates. Further inspection of this model reveals 

that,, as the time-to-maturity goes to infinity, the yield-to-maturity converges to a long-

termm nominal yield: 

RiRi (XU Y,t,oo) = p +  ̂  - < + 2^ « * g *  +
 2 A ^ * A , (5.18) 

Thee long-term nominal yield is a constant that is independent of the instantaneous do-

mesticc nominal interest rate and the current state of the monetary-production economy, 

whichh is represented by the state variables. Below we consider the relation between 

thee term structure of nominal interest rate and the exchange rate in this two-country 

monetary-productionn economy. 
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5.33 The Equilibriu m Exchange Rate Dynamics 

Inn Chapter 4 we derived endogenously the spot foreign /exchange rate level, e{j (t), from 

thee equilibrium conditions [see equation (4.13)] and the dynamics of the spot exchange 

ratee in an i.i.d. monetary-production economy. This was a convenient analytical tool 

too understand the dynamics of the exchange rate in this economy. In this section we 

examinee the exchange rate process with empirically more plausible properties. Given the 

processs for the production dynamics in equation (5.1), we endogenously determine the 

stochasticc process for the instantaneous rate of depreciation of the domestic currency. 

Byy applying Itö's lemma on the level of the spot foreign exchange rate in equation (4.13) 

wee obtain the rate of depreciation of the domestic currency at time t as 

^ ^^ =  ̂ (X (t), Y (t)) dt + S£hf (X (t), Y (t)) dw (t), (5.19) 
€€hfhf {t) 

where e 

fjLfjL (((X(t),Y(t))(X(t),Y(t)) = a^XH-ZaXj + taY 

SS£hf£hf(X(t),Y(t))dw(t)(X(t),Y(t))dw(t) = a ĥs/X^dwxJt)-anxf̂ /x^T)dwXf(t) 

++ (<v*  - <V/) \/yv)d™v (*) 

Thee properties of the stochastic spot exchange rate in equation (5.19) are consistent 

withh empirical findings in literature. Empirical studies show that both the instantaneous 

meann and variance of the instantaneous rate of depreciation of the currency are not con-

stantt [e.g. Fama and Roll (1968), McFarland et al. (1982), and Nielsen and Saa-Raquejo 

(1993)].. The expected instantaneous rate of depreciation of the domestic currency is 

bothh time-varying and state-dependent. As indicated by equation (5.19) the expected 
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instantaneouss rate of depreciation of the currency is decreasing in the foreign state vari-

ablee and increasing in the local state variable. In line with the arguments put forward in 

Chapterr 4, when the underlying sources of uncertainty in the economy increase, the spot 

foreignn exchange rate adjusts instantaneously in order to restore the equilibrium rate of 

returnn on the two equities in this economy. 

Forr example, the spot exchange rate depreciates when there is a positive shock in the 

domesticc state variable. The rationale therefore is that a positive shock to the local state 

variablee entails a positive technology shock, which ultimately leads to an increase in the 

reall  rate of return on investment in production of the domestic good, a*  (Xu Y, t). As the 

productivee process of the foreign good remains unaffected, the agents in the economy, 

ceteris-paribus,, prefer to invest in the local production technology. In order to restore 

thee equilibrium real rate of return on the two equities in the economy and ensuring that 

thee agents maintain their capital invested in both technologies, the spot exchange rate 

depreciates.. The latter entails that the rate of return on foreign equity expressed in 

domesticc currency, dtj (Xj,Y,t), increases. Thus, rational investors expect the currency 

too depreciate in the face of a positive shock in the local state variables. Rational investors 

expectt the contrary to occur when there is a positive shock to the foreign state variable. 

Thee impact of the common state variable on the rate of depreciation depends on the 

differentiall  between the relative effect of this state variables on each country. When the 

locall  impact is larger, i.e. ay  ̂ > ayj and oVvh > av , than a positive international 

shockk causes the spot exchange rate to depreciate. In this case the same analysis applies 

ass when there is a shock in the domestic state variable. Note that the real rate of 

returnn on the domestic productive investment increases more than that on the foreign 

productivee investment, and therefore the spot exchange rate depreciates proportional to 

thee difference {cty,h — Qy,f) + i^v,, f ~ av *.) av / *° restore the equilibrium between the 

twoo rate of returns. When the international state variable has a larger impact on the 

foreignn country, i.e. aVih < otyj and aVv h < cr  ̂ , the effects on the rate of depreciation 

off  the currency will be the same as that of the foreign state variable. It appreciates when 
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aa positive shock occurs in the international state variable to restore the equilibrium on 

thee goods/equity market. 

Thee exchange rate volatility, as measured by the variance of the rate of depreciation 

off  the domestic currency in equation (5.19), is a linear function of the three sources of 

uncertaintyy in this two-country world economy, 

VV€€ (X (t), Y (t)) = alhXh (t) + a\xXf (t) + (a  ̂ - % / ) V (t). (5.20) 

Thiss feature of our model coincides with empirical evidence that the rate of depreciation 

doess not have a constant instantaneous variance [see Fama and Roll (1968), McFarland et 

al.. (1982), and Nielsen and Saa-Raquejo (1993)]. A negative (positive) shock to any of the 

statee variables in this economy will reduce (increase) the volatility of the spot exchange 

ratee dynamics proportionally. Note that when the foreign impact of the common state 

iss larger than the local impact, that is an > a  ̂ h, it reduces the positive effect of 

ann international shock on the exchange rate volatility. The instantaneous volatility of 

thee spot exchange rate is not affected by the common state variable, when the common 

sourcess of uncertainty have the same impact on both countries, that is av = cr-qvr 

Equationn (5.20) shows that our exchange rate model allows for stochastic volatility, with 

nonzeroo instantaneous covariance between the rate of depreciation of the spot exchange 

ratee and the changes in the spot exchange rate volatility, given by: 

Covv [dehf/ehf, dVe]  = a^a^Xh {t) - a^c^Xf {t) 

+<^K*-%./ ) 3* r ( ' ) -- f5-21) 

Notee that the endogenously determined covariance can take both positive and negative 

values.. This property of the spot exchange rate dynamics is important from an empirical 

pointt of view. As indicated by Bates (1996) it is the nonzero correlation between the 

volatilityy and the depreciation rate that can potentially explain the presence of volatility 

smilee in the currency options. Next, we determine the relation between the spot foreign 
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exchangee rate dynamics and the nominal interest rates in both countries. From the 

equationss below we can observe that the covariances between the rate of depreciation 

off  the spot exchange rate and the nominal interest rates dynamics and the covariability 

betweenn their volatility are non-zero: 

Covv [dehf/ehf, dRh (t)} = \*h (a  ̂ - aVv{) ayY{t) + 7 ; V l ^ ( t ) , (5.22) 

Covv [dehf/ehf,dRf (t)] = X} (a  ̂ - a  ̂ <r yY(t) - 7}*,,,. , *«,*ƒ(*) > (5.23) 

Covv [dVRh (t),dVt (*)] = A;a ( % h - a,y)\yY (t) + 7f <fc<* *  (0 , (5.24) 

Covv [dVRf (t), dVe [t)]  = A} ' (« r^ - a%f)\yY (t) + 7 ? < , < X/ (0 . (5.25) 

Theoremm 4 In equilibrium the expected rate of depreciation of the domestic currency is 

givengiven by: 

HH(hf(hf(X(t),Y(t))(X(t),Y(t)) = tf«i ( * * - * / ) + « (Kr* , V«,) 

-1>*-1>*  (»mh ~ Vmf ~ « , " </))  (5.26) 

and and 

HH (VdRh,VdRf) = Tp(2VdRh - Tpt3VdRf, 

where where 

^^ = (a,f c (Al - A» - ?ht-t2 + (YfaXh - 7Jtfei) ^ - ) / 7 j ? < ^ 

^ 33 = ((AS - A» eei - 7K<2 + (7}tt.h - 7 & J $ £ ) /7 jM^<4 
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a)a) = (aVf - «,,$£-) 

Proof:Proof: See Appendix B.3. 

Wee observe from equation (5.26) that the uncovered interest rate parity hypothesis 

doess not hold in this economy under the true probability measure P.5 The instantaneous 

expectedd rate of depreciation of the domestic currency, equation (5.26), is a function of 

thee nominal interest rates differential in the two countries and a so-called risk factor, 

"H."H. (VdRi^VdR,). This risk factor depends, among others, on the volatility differential of 

thee nominal interest rates in the two countries as defined in the equations (5.6) and (5.7). 

Thee effect of the volatility differential on the expected instantaneous rate of depreciation 

off  the currency depends on the relative parameter values, which capture the impact of 

statee variables on the production and money supply process in these countries. In general 

ann increase in the volatility of the domestic nominal interest rate relative to the foreign 

nominall  interest rates increases the expected instantaneous rate of depreciation of the 

currency,, when the domestic parameters are larger than the corresponding parameters 

inn the foreign country. An increase in the volatility of the foreign nominal interest rate 

underr these circumstances leads to an appreciation of the spot exchange rate. The reverse 

iss the case when the parameters that capture the impact of the state variables in foreign 

countryy are relatively larger. 

Equationn (5.26) explains the currency price puzzle observed in empirical literature, 

thatt is the tendency for high interest rate currencies to appreciate [see Engel (1995) 

forr a survey]. Close examination of equation (5.26) shows that the parameter for the 

nominall  interest rate differential, ipel, can take both negative and positive values. As 

cann be observed from equation (5.26) there are several scenarios that can explain the 

currencyy price puzzle (ipel < 0). The most plausible explanation of the puzzle is when 

forr example the common state has an asymmetric impact in the two countries. That is 

55 Note, however, that under the risk-neutral probability measure Q the uncovered interest rate parity 
conditionn does hold. 
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whenn the common state variable has a stronger impact on output in one country than in 

thee other, but the monetary response on this shock in that country is smaller than in the 

otherr country. Stated more formally, the currency puzzle is explained when one of the 

followingg (asymmetric) conditions are satisfied: a*h > a*f > 0 and \*h < X*f or 0 < a*h < a) 

andd X*h > A}. 6 Note that in this region the differential parameter, ^e l, in equation (5.26) 

iss in general negative. A less plausible alternative is when the parameter that captures 

thee impact of the local state on the real rate of return of production is much larger than 

thee parameter that captures the impact of the foreign state variable. Formally this means 

thatt the currency puzzle is explained when 0 > a**  > a£ and \*h > \*, or 0 > a*h > af 

andd A; < A}. 7 

Too illustrate the dynamics of the relation between the expected instantaneous rate 

off  depreciation of the currency and the nominal interest rate differential we consider the 

moree plausible case of the asymmetrical monetary response, namely (a£ > a) > 0 and 

^Jii  < ^/)- Note that the same argument holds for 0 < a*h < af and X*h > Ax. Let 

theree be a negative shock in the economy that decreases the foreign nominal interest rate 

relativee to the nominal interest rate [A£ < A*f and y*h < 7̂  in equation (5.4)], therefore the 

nominall  interest rate differential increases. As mentioned above the nominal interest rate 

differentiall  parameter, ip£l, in equation (5.26) is negative under these conditions (ipe4 < 

0).. The expected instantaneous rate of depreciation is then decreasing in the nominal 

interestt rate differential, which explains the currency puzzle that relative high interest 

ratee currencies appreciate. This relation between the nominal interest rate differential 

66 In order to determine the sign of the differential parameter, ipfl, in equation (5.26) we must notice 
thatt the diffusion parameters play a minor role compared with the drift parameters. In general it can be 
expectedd that aXt > ctVi and that J*2(TX. > A*2<r£, for i e {h, ƒ} , since this would otherwise imply that 
inn general the foreign state variable has a larger impact than the local state variable on the real rate of 
returnn of production and on the money supply process, respectively. Although we expect that aXt > aVi 

i tt is plausible to assume that a*  = ( a^ - aXi ~h^H') > 0, for i e {h, ƒ} , since K2alhi2<J'i i € [0,1], 

forr i € {h, ƒ} . Then the currency puzzle is explained when one of the following conditions are satisfied: 
a££ > off and AĴ  < A^ or a£ < aj and A£ > \ f . 

7I tt is less plausible because we do not expect a* = laVti - aXi -k~^~) < 0, for i e {h, f}, since this 

impliess that A*V£/7*V£ . > 1, for i 6 {/»,ƒ} . Given the definition of A*  and 7*  this only holds when 
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andd the expected rate of depreciation of the domestic currency is consistent with the 

equilibriumm conditions on all the markets in this two-country world economy. 

Notee that by using equations (5.1), (0.82), (0.83), and (0.84), we can write the ex-

pectedd instantaneous real rate of return on domestic and foreign production as function 

off  the nominal interest rate differential, 

aahh(R(Rhh,R,Rff,V,Vkk,V,Vff)) = ah{Rh-Rf)-Hait{Vh,Vf) 

-3fcc [ ( ^ -Pmj)- (ffm*  - 0mt)\ , (5.27) 

afi^Rf.V^Vf)afi^Rf.V^Vf) = dcf{Rh-R})-Ha}{Vh,Vf) 

-Of-Of (JjW - ^ / j - (a™» _ a™/)) ' (5-28) 

and d 

HHahah(V(Vhh,V,Vff)) = v1Vh-v2Vf, 

HHafaf(V(Vhh,V,Vff)=v)=v33VVhh-ViV-ViVff, , 

where e 

h*h°lj>eA, h*h°lj>eA, 

aahh = a*h/rpc4, 

v*v*  = (T*/* , , - ax, (yh -Xf + $ £ ) ) /-ifalfa. 

Equationss (5.27) and (5.28) show that the expected real rate of return on production, 

(*i(*i  (Rh,Rf,Vh,Vf) for i € {h, ƒ} , is a decreasing function of the nominal interest rate 
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differential,, when a* > 0 and X*h < X*f (i.e. ^e4 < 0). Given the assumption in this 

particularr case that a*h > a*f, the real rate of return of domestic production decreases 

relativelyy more than that of foreign production. Ceteris paribus, rational investors will 

shiftt their portfolio investments towards the foreign productive assets. Under these cir-

cumstancess the exchange rate appreciates to restore the equilibrium between the real rate 

off  return on domestic equity and that on foreign equity expressed in domestic currency 

[seee equation (4.13)]. The decrease in the value of the foreign currency vis-a-vis the do-

mesticc currency decreases the real rate of return on the foreign equity denominated in the 

domesticc currency such that it equates the real rate of return on the domestic physical 

capital.. As a result the representative investors are indifferent between purchasing any 

off  the two equities in this two-country world economy. This result is consistent with that 

obtainedd from the direct relation between the expected instantaneous rate of depreciation 

andd the nominal interest rate differential in equation (5.26). It is also consistent with the 

equilibriumm conditions on the other markets in equilibrium. 

Underr these conditions (that is the monetary response parameters are smaller in 

thee domestic country) the decrease in the foreign nominal interest rate relative to the 

domesticc nominal interest rate increases the relative opportunity cost of holding domestic 

money,, i.e. Rh/Rf. Ceteris paribus, the increased relative opportunity cost induces 

rationall  investors to shift away from domestic nominal money balances towards foreign 

nominall  money balances [see Theorem 1]. Note, however, that in terms of domestic 

currencyy the relative opportunity cost of holding domestic money increases more, as the 

appreciationn of the spot exchange rate decreases the opportunity cost of holding foreign 

currencyy expressed in domestic currency, th{(t)Rs{t). As can be observed from equation 

(4.16),, a decrease in the rate of return on domestic production relative that of foreign 

productionn is consistent with a reduction of the price of domestic money relative to the 

pricee of foreign money. In terms of the price level, the price of the domestic good increases 

moree than the price of the foreign good. Thus, the equilibrium on the money market, 

equationn (4.20), is restored through the adjustment of the exchange rate and the price of 
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money.. An increase of the nominal interest rate differential in this economy is consistent 

withh an appreciation of the spot exchange rate, a relative decrease in the price of money, 

andd a relative decline in real demand for domestic money balances. 

Thee same arguments can be applied if we maintain this condition but instead allow 

forr a positive shock in the economy, which reduces the nominal interest rate differential 

andd depreciates the value of domestic currency. Also, the same reasoning applies for 

a££ < a ƒ and A£ > A^, whereby a positive (negative) shock increases (decreases) the 

nominall  interest rate differential and the currency appreciates (depreciates). To analyze 

thee economics of this relation consider a negative shock to the domestic economy that 

reducess the nominal interest rate differential under these conditions (the domestic mon-

etaryy response parameters are smaller than the foreign monetary response parameters). 

Ass can be observed from equation (5.26), the nominal interest rate differential parameter, 

V>ci,, is negative since a*h — a*f < 0 and tpt4 is positive (A£ > A^). Therefore, the expected 

instantaneouss rate of depreciation of the currency increases. Given that a  ̂ < a) and 

V>£44 > 0, the real rate of return on domestic production decreases less than the foreign 

returnn on production [see equations (5.27) and (5.28)]. The depreciation of the spot 

exchangee rate is consistent with developments on the equity market, since it increases 

thee value of foreign currency relative to domestic currency and, therefore, the real rate of 

returnn on foreign equity expressed in domestic currency to the extent that it equates the 

reall  return on domestic production. As above, the money market equilibrium is restored 

throughh the adjustments of the relative price of money and the spot exchange rate when 

thee nominal interest rates differential decreases due to a negative shock. 

Inn the analysis above we have only considered those circumstances that explain the 

currencyy puzzle. Let us briefly review a case when the differential parameter is positive, 

thatt is for example when ot*h > ctj and \*h > \* f. The interest rate differential is increasing 

inn economic shocks if the monetary response parameters are larger in the home country 

thann in the foreign country. Prom equation (5.26) we can observe that the expected 

instantaneouss rate of depreciation increases with the nominal interest rate differential 
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whenn there is a positive shock in the economy. The real rate of return on production in 

eachh country is increasing function of the interest rate differential, as ip(4 in equations 

(5.27)) and (5.28) is positive under these conditions. Since the foreign output parameter, 

a} ,, is smaller than that of the domestic output (a*h), the real rate of return of domestic 

productionn increases more than that of foreign production. The depreciation in the value 

off  the domestic currency under these circumstances restores the equilibrium between 

thee real rate of returns on these equities expressed in the domestic currency. Ceteris 

paribus,, the money market is not in equilibrium, as the relative opportunity cost of 

holdingg domestic money (Rh/Rf) is higher and rational investors are, therefore, shifting 

awayy from domestic money balances. The imbalance between the increased production 

off  the domestic good and the reduced demand for domestic money is resolved through 

thee depreciation of the value domestic currency. As a result, the opportunity cost of 

holdingg real foreign balances expressed in domestic currency increases. In addition note 

thatt under these circumstances, the local price of domestic money increases relative to 

thee foreign price of money [see equation (4.16)]. As before the money market equilibrium 

[equationn (4.20)] is restored through the adjustment of the nominal interest rates, the 

exchangee rate, and the price of money. The same analysis can be performed when the 

otherr conditions are not satisfied and, as shown above, the differential parameter is 

positivee while the exchange rate adjusts to restore the equilibrium on the world markets. 

5.44 The foreign exchange forwar d premium 

Inn the previous section we have solved the equilibrium exchange rate as a result of cur-

rencyy transaction in the spot market to finance international trade. In this section we 

determinee the equilibrium forward exchange rate, which can be used by the representa-

tivee agent in its role as international trader on the forward exchange market for hedging 

purposess or for portfolio management purposes to cover interest rate arbitrage and earn 

aa return that is free of currency risk. 
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Thee representative agent of the home country can in this two-country economy invest 

onee unit of the domestic currency in the local nominal riskless bond, which yields the 

nominall  rate of return. Alternatively, he can purchase foreign currency on the spot ex-

changee market and invest this amount in the foreign nominal riskless bond. By using the 

forwardd exchange market, the expected proceeds of this foreign investment at maturity 

cann be converted into the local currency at a contractual forward rate. The return from 

bothh investments should be equal to offset any arbitrage opportunity in this economy. 

Thiss argument holds for all maturities. Based on this no-arbitrage argument we can 

formulatee the covered interest rate parity as 

wheree Fe (2, T) denotes the forward exchange rate determined at time t for delivery at 

timee T with T > t. We can use the closed-form expression for the pure discount nominal 

bond,, equation (5.16), to obtain closed-form expression for the term structure of forward 

exchangee rates from equation (5.29), 

ff€€(t(tttT)T) = eh /(t) + log^S+( ĥ-^)r 

+B+B IhIh{t{t ttT)XT)Xhh(t)-(t)- BXt(t,T)Xf(t) 

++  [BVh{t,T)-Byf(t,T)]Y{t), (5.30) 

wheree fe (t,T) = \ogFe (t,T), ehf (t) = logeh/ (t), n*m. = /zmi - <r t̂, and the parameters 

aree denned as in equation (5.16). Equation (5.30) shows that the log-forward exchange 

ratee at time t for delivery at time T is a linear function of the state variables and the 

log-exchangee rate at time t. The differential between the autonomous expected rate of 

growthh of money in the two countries, i.e. (nmti - y-m. J, has a positive effect on the 

log-forwardd exchange rate. Note that the parameters that capture the impact of the 

statee variables, BXh (<,T), BX} (t,T), BVh (t,T), and BVf (t,T), take positive values. For 

example,, a domestic shock increases the forward exchange rate of the domestic currency. 
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Thee rationale for this depreciation of the forward exchange rate is that a positive domestic 

shockk will in this circumstances lead to an increase in the domestic nominal interest rate 

andd a decrease in the bond price. The lower domestic bond price entails an increase in the 

nominall  rate of return at maturity. Thus the forward exchange rate at time t for delivery 

att time T must depreciate to restore the equilibrium between the nominal rate of return 

onn the two nominal bonds in this two country economy. The same reasoning applies for a 

shockk to the other state variables. The impact of the international state variable, Y (t), 

dependss on the parameter differential BVh {t,T) — BVf (t,T). If international uncertainty 

hass a larger effect on the foreign bond price, that is when A/ > A ,̂ the forward exchange 

ratee is decreasing in the international state variable. In the previous section we have 

examinedd the relation between the nominal interest rate differential and the expected 

ratee of depreciation of the currency value. The question is how this relates to the forward 

exchangee rate premium, fc (t, T) - ehf (t). 

Notee that when maturity shortens, that is when r approaches zero, equation (5.30) 

convergess to the instantaneous forward premium, fe(t,T') - ehf (t) = Rh(t) - Rf(t), 

wheree V denotes a very short maturity. By substituting this expression in equation 

(5.26)) we obtain 

fifi tt (X (t), Y («)) = V,i (ƒ« (t,T') - ehf (t)) + V»(1 ( /C, ~ lCf) + n (VdRh,VdRf) (5.31) 

Equationn (5.31) shows that the expected instantaneous rate of depreciation of the spot 

exchangee rate when expressed as a function of the forward exchange rate premium de-

pendss on the parameter value tp€l to adjust to the changes in this premium. The same 

conditionss as before apply to determine whether the expected rate of depreciation is 

negativelyy correlated with the forward premium. 

Followingg Fama (1984) we can decompose the forward foreign exchange premium 

intoo a "risk premium" on the currency, rp(t,T), and an expected rate of depreciation 

off  the currency, q(T,t). Closed form solution for the forward risk premium, rp(t,T) 

cann be obtained by taking the difference between the forward foreign exchange rate, 
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equationn (5.30), and the conditional expectation at time t of the future exchange rate 

att time T. Note that the conditional distribution function of the exchange rate is not 

known.. As a result the conditional expectation of the exchange rate cannot directly 

bee determined from equation (4.13). As in Nielsen and Saa-Raquejo (1993) we can 

usee the homogeneous Kolmogorov backward equation of the spot exchange rate under 

thee true probability measure P, adapted to the natural filtration F(£)= {f(t)} t>0, to 

obtainn the conditional expectation of the future spot exchange rate at time T. Let 

F(€hfF(€hf (t) ,X(t),Y(t),t,T) be the value of a security whose payoff is the exchange rate. 

Assumee that F (e^f, Xh, Xf, Y, t) is continuously differentiable in t and twice continuously 

differentiablee in its other arguments c /̂ (t) ,X(t), and Y(t). Since risk-neutrality imposes 

zeroo condition on the drift term, the price process F(thf,Xh,Xf,Y,t) must satisfy the 

followingg partial differential equation 

00 = Ft + eFlfie(Xh(t),Xf(t),Y(t)) 

++¥¥FF«« {a^Xh {t)+^Xf {t)+K»  a^)2y {t)) 
++ ll iiXhXh (Xk, t) FXh + \a\hXh (t) FXhXh 

+H+H XfXf (Xf, t) FXf +  l-al}Xf (t) FXfX, 

++ tiytiy{Y,t)F{Y,t)FYY++ ll-alY{t)F-alY{t)FYYY Y 

+ea+ea(Xh(XhXXhh (t) FtXh - ea^Xf (t) FeXf + ea€yY (t) F(Y (5.32) 

subjectt to the boundary condition 

F(tF(thfhf,X,Xhh,X,Xff,Y,T),Y,T) = e(T), 

where e 

OtxOtxhh = <7xhVt,x,h 

VtXfVtXf  = VxfV^j 

aafyfy = av (aVvh - a  ̂ f J . 
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FoDowingg CIR (1981,1985b) and Longstaffand Schwartz (1992), we apply the stan-

dardd separation of variable technique to solve this partial differential equation and obtain 

thee logaritm of the expected value of the exchange rate at time T conditional on the fil -

trationn Ft, 

]QgE[e]QgE[ehfhf(T)\?(T)\?tt]]  = ehf(t)+log A* (T) + B'Xh(T)Xh(t) 

-B'-B' (T)Xf{t) + B;(T)Y(t)t (5.33) 

where e 

K,K, (r) = 

A'(r)=AlA'(r)=Al hh(r)Al(r)Al ff(T)Al(r) (T)Al(r) 

(<P*(<P* XfXf + "x, + <Tezf) (/''S " l ) + 2pXf 

2a2aXhXh (e**H T - l) 
B*B*  (T) = ^ J-

KK + « I h - ^ ) ( e ^ T - l ) + 2 ^ 

KKhh (r) = ' ^ 
(Vl(Vlhh + ««h ~ <?«„) ( e ^T - 1) + 2ip*x 

ZZ-K^ -K^ 

2 « i , e, , 

// 2w*  e(^ f
+K'f +tT"f) T/2 \ "f 

A*A*XfXf ( r ) = I ^ » 

KK (r) = log 

(vi ,, + «*ƒ + *«,) (e^ /r - l ) + 2ip*f J 

2tp*eto+*2tp*eto+*vv~°~°lvlv))T/2T/2 \ "» 
(v?;; + K » - e r€ y ) ( ^ T - l ) + 2 ^ 

with h 
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finfin == yu** *  - g«J2 - 2<ygh
a«fc) 

Equationn (5.33) shows that the log of the expected exchange rate at time T is a 

positivee function of the home state variable, as B*h (r) > 0 for Vr. The foreign state 

variablee has a decreasing effect on the log-expected value of the currency at time T given 

thatt B* (r) > 0 for Vr. The impact of the international state variable depends on the 

parameterr value, £f2
 = av,h — &y,f + ( ^ , ~ ar\  h )&nv ƒ  ^n genera-l the magnitude of 

thiss parameter is determined by the value of the drift parameters, since the diffusion 

parameterss are relatively small. Therefore, when the international state variable has 

aa larger impact on the foreign country, the log-expected exchange rate at time T is 

decreasingg in the international state variable. The log of the expected value of the 

domesticc currency at time T is increasing in the international state variable, when the 

latterr has a larger impact on the home country compared with the foreign country. The 

presentt value of the exchange rate has a positive effect on the expected value at time T. 

Noww we can obtain close form solutions for the term structure of forward "risk" 

premium,, denned as rp(t, T) = logF€ (£, T) — logEt [eh/ (T) \Ft], and the term structure 

off  expected depreciation rate at time T condition on the information set at time t as 

q(t,T)q(t,T) = log£[e (T) \Tt} - ehf (t), from equations (5.30) and (5.33), 

-[B-[BXfXf(t,T)-B*(t,T)-B*XfXf(T,t)]x(T,t)]xff(t) (t) 

++  [BXh(t,T)-B;h(T,t)]Xh(t) 

++  [Byh (t, T) - BVf (t, T) - B; (T, 0] Y (t) (5.34) 
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and d 

q{t,T)q{t,T) = \ogA*(T,t) + B;(T,t)Y(t) 

+Bl+Bl hh (T, t) Xh (t) - Blf (T, t) Xf (t). (5.35) 

Thee parameters are defined as above [see equations (5.16) and (5.33)]. Equation 

(5.34)) shows that the so-called risk premium on the forward exchange rate, that is the 

expectedd excess return on the currency, can take both positive and negative values. The 

riskk premium on the forward exchange rate is an increasing function of the differential 

betweenn the long term mean rate of growth of money, fimh - \i . The impact of the 

statee variables on the risk premium of the forward foreign exchange rate depends on the 

parameterr values. It is increasing in the domestic state variable, Xh (t), when this state 

hass a larger effect on the bond price relative to its impact on the expected value of the 

currencyy at time T. This ultimately depends on the values of aXh and 7ft, which capture 

thee impact of the domestic state variable on the expected value of the exchange rate at 

timee T and the rate of return on the nominal domestic bond, respectively. A relatively 

largee domestic output parameter, aXh, implies that a positive shock in the domestic state 

variablee increases the expected exchange rate relative to the rate of return on the domestic 

nominall  bond. As a result the expected excess return on the currency decreases. The 

riskk premium is decreasing in the domestic state variable when aXh is relatively small. 

Thee risk premium on the forward exchange rate, depending on the differential BXf (t,T)-

B*B* ff {T,t), is negatively related to the foreign state variable. As above, when aXf is rel-

ativelyy large the local uncertainty in the foreign country has a larger impact on the 

expectedd currency value at time T relative to the rate of return on the foreign nominal 

bond.. Consequently, the expected excess return on the currency is increasing in the for-

eignn state variable. The impact of the international sources of uncertainty on the expected 

excesss return on the currency value depends on its effect on the two nominal bonds and 

thee expected currency value at time T. These effects can be examined as follows. From 
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thee analysis above, we know that a large domestic monetary response X*k relative to the 

foreignn monetary response \* f implies that international uncertainty has a larger impact 

onn the nominal rate of return on domestic bond than on that of the foreign bond. This 

positivee return differential can be either mitigated or reinforced by the expected currency 

valuee at maturity. Note that for X*h < A}  the return differential, BVh (t,T) - Byj (t,T), 

iss negative. As mentioned above, the value of the expected exchange rate at time T is 

decreasingg in the international state variable when £(2 — avA — <*y,f  + (&r) v , - crn h)crv f 

iss negative. That is when ayh < ayj. Thus in this case the expected excess return on 

thee currency is increasing in the international state variable. All the other combinations 

off  ay,h. and ayj versus A£ and X*f give either an increasing or decreasing relation between 

thee international sources of risk and the forward risk premium. 

Thee uncovered interest rate parity hypothesis assumes that the variance of the risk 

premiumm is zero, var[rp(t,T)] = 0. By using equation (5.34) we obtain the variance of 

thee risk premium as 

var[rp(t,T)}var[rp(t,T)} = [BXf(t,T)-BXf(T,t)]\ar[X f(t)} 

++  [BXh(t,T)-B;h(T,t)]2var[Xh(t)] 

++ [BVh (*, T) - Byf (t, T) - B*y (T, t)]2 var [Y (t)}, (5.36) 

whichh can become zero under certain circumstances, that is only when the effect of the 

statee variables on nominal rate of return of the bonds is equal to that on the expected 

valuee of currency at time T. Thus in general, as argued above, the uncovered interest 

ratee parity hypothesis does not hold in this economy. 

Byy using the decomposition of Fama (1984) we can write the forward foreign exchange 

ratee premium as 

ffee(t,T)-e(t,T)-ehfhf(t)(t) = (ft(t,T)-\og[Etehf(T))) 

++  (log [Etehf (T)] - ehf (t)) for T > t. (5.37) 
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Thee uncovered interest rate parity assumes that the forward foreign exchange rate is 

equall  to the expected spot exchange rate at time T, fe(t,T) = log [Etehf (T)]. This 

assumptionn implies that the foreign exchange risk premium (or say the expected excess 

returnn on the currency) is zero and that the forward exchange rate premium is equal to 

thee expected rate of depreciation of the currency. Equations (5.26) and (5.31) show that 

thiss assumption does not hold in this economy under the true probability measure P. 

Mostt empirical studies of the forward foreign exchange premium perform the following 

regression: : 

eehJhJ {T) - ehf (t) = 0i + & {fe (t, T) - ehf (t)) + residual, 

wheree Et [ehf (T)\ = e^f (T) -f residual.8 From a theoretical perspective one expects that 

0011 = 0 and /32 = 1, which implies that f€ {t,T) = Etehf (T). The main results obtained 

inn most of these studies of the forward premium can be summarized as follows [see Fama 

(1984,, 1994), MacDonald and Taylor (1991), and, particularly, Engel (1996) for a survey 

off  recent evidence]: 

 Both components of the forward exchange rate premium, rp (t, T) and q(T,t), are 

timee varying. 

 The risk premium, rp(t,T), and the expected depreciation rate, q{T,t), display 

negativee co-variability, which gives the following results: 

P2P2 var[rp{t,T) + q(t,T)) 

 The variability of the risk premia accounts for most of the variability in the forward 

foreignn exchange premium, i.e. \cov (q (t, T), rp (£,T))\ > var (q (t, T)) 

88 Alternatively, as in Fama (1984), the following regression can be performed: 

ƒ«« (t, T) - eh} (T) =d3+04 (ƒ« (t, T) - ehf (t)) + residual. 
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Notee that the last two results account for the anomaly of the forward exchange rate 

premiumm observed in empirical literature.. Equations (5.34) and (5.35) shows that our 

modell  is consistent with the first empirical result mentioned above, as both the term 

structuree of forward risk premia and the term structure of expected rate of depreciation 

aree state dependent. 

Forr illustrative purposes we consider the case of the spot nominal interest rate dif-

ferential,, —*  ';— ~ /—K We obtain the covariance between the expected rate of 

depreciationn and the nominal interest rate differential and the variance of the nominal 

interestt rate differential, respectively, as 

covcov [q, Rh - Rf]  = Zt2 [\* h - A}] var [Y] + l* haXhvar [Xh] 

+Y+Yff{a{aXfXf-al-alff)var[X)var[Xff)) (5.38) 

and d 

var(Rvar(Rhh-R-Rff)) = -yfvar{Xf) + ^var(Xh) 

++  [X* h-X}] 2var{Y). (5.39) 

Sincee each state variable in this two-country world economy follows a square root process, 

itss unconditional distribution is a gamma distribution. From the unconditional sec-

ondd moment of the gamma distribution we obtain var (Xh) = 9XkaXh/2KXh, var (Xf) = 

00XfXf(T(T22
XfXf/2K/2KXfXf,, and var(Y) = 6v<r 2

y/2Ky. 

Ourr model extends existing general equilibrium and existing multi-currency aifine 

termm structure models of the forward premium puzzle [e.g. Bekaert (1996, 1994), Bansal 

ett al. (1995), Hodrick and Srivastava (1986), Nielsen and Saa-Raquejo (1993), Saa-

RaquejoRaquejo (1994), Ahn (1995), Bakshi and Chen (1997), Backus et al. (1993), and Backus 

ett al. (2001)], since equations (5.38) and (5.38) provide a tractable explanation of the 

Famaa (1984) conditions based on the general equilibrium conditions and realistic para-

meterr values. Equation (5.38) explains the currency price puzzle observed in empirical 
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literature,, when £e2 > 0 and \*h < A}  or for £e2 < 0 and X*h > AJ. Prom the definition of 

£e22 in equation (5.19), we observe that our model accounts for the puzzle mainly through 

thee expected return differential (ayA - ayJ). Under certain conditions the asset-risk 

differentiall  {a  ̂ f - aVvh) also accounts for this puzzle. This result is an extension of 

existingg studies, which explain the puzzle based only on the risk differentials [Backus 

ett al. (1993), Nielsen and Saa-Raquejo (1993), Saa-Raquejo (1994), Ahn (1995), and 

Backuss et al. (2001)]. 

Alternatively,, the puzzle can also be explained when aXf is extremely small, such that 

o\o\xx > aXf and 7ƒ > 0. In this latter case the puzzle is explained when the expected 

reall  rate of return in production of the foreign good is relatively lower than its local risk 

factorr and the monetary response in that country is relatively small. This shows that 

ourr model can explain the puzzle independent of the common factor and with plausible 

parameterr values.9 

Too illustrate the dynamics of the relation between the expected rate of depreciation 

off  the currency and the nominal interest rate differential we examine the case of the 

asymmetricall  monetary response, namely (aVtk > ayJ and \*h< \* f). Note that the same 

argumentss hold for ay<h < aVtf and A); > A). To show that this relation between the 

nominall  interest rate differential and the expected rate of depreciation of the domestic 

currencyy is consistent with the equilibrium conditions on all the markets in this two-

countryy world economy consider a negative shock in the common state in the economy. 

Ass a result the foreign nominal interest rate decreases relative to the nominal interest 

ratee [A£ < Ay in equation (5.4)] and the nominal interest rate differential increases. Given 

thee assumption in this particular case that aVth > ayj, the real rate of return of domestic 

productionn decreases relatively more than that of foreign production. Ceteris paribus, 

rationall  investors will shift their portfolio investments towards the foreign productive as-

sets.. Under these circumstances the exchange rate appreciates to restore the equilibrium 

99 The parameter values do not violate the Feller condition that guarantees the positivity of the nominal 
interestt rates. 
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betweenn the real rate of return on domestic equity and that on foreign equity expressed 

inn domestic currency [see equations (4.13) and (5.19)]. The decrease in the value of the 

foreignn currency vis-a-vis the domestic currency decreases the real rate of return on the 

foreignn equity denominated in the domestic currency such that it equates the real rate 

off  return on the domestic physical capital. As a result the representative investors are 

indifferentt between purchasing any of the two equities in this two-country world economy. 

Thiss result shows that an increase in the nominal interest rate differential is consistent 

withh an appreciation of the currency. It is also consistent with the equilibrium conditions 

onn the other markets in equilibrium. 

Underr these conditions (i.e. the monetary response parameters are smaller in the do-

mesticc country) the decrease in the foreign nominal interest rate relative to the domestic 

nominall  interest rate increases the relative opportunity cost of holding domestic money, 

i.e.. Rh/Rf. Ceteris paribus, the increased relative opportunity cost induces rational 

investorss to shift away from domestic nominal money balances towards foreign nominal 

moneyy balances [see Theorem 1]. Note that in terms of domestic currency the relative 

opportunityy of holding domestic money increases more, as the appreciation of the spot 

exchangee rate decreases the opportunity of holding foreign currency expressed in domes-

ticc currency, €hf(t)Rf(t). As can be observed from equation (4.16) a decrease in domestic 

productionn relative to foreign production is consistent with a reduction of the price of 

domesticc money relative to the price of foreign money. In terms of the price level, the 

pricee of the domestic good increases more than the price of the foreign good. Thus, the 

equilibriumm on the money market, equation (4.20), is restored through the adjustment 

off  the exchange rate and the price of money. An increase of the nominal interest rate 

differentiall  in this economy is consistent with an appreciation of the spot exchange rate, a 

relativee decrease in the price of money, and a relative decline in real demand for domestic 

moneyy balances. 

Similarr explanation applies to the more general case of the whole term structure 

off  forward premia. We can decompose the covariance between the expected rate of 
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depreciationn and the forward premium in two components, namely, the covariance of 

thee forward risk premia with the expected rate of depreciation and the variance of the 

expectedd rate of depreciation: 

covcov [q (t, T), rp (t, T) + q (t, T)) = cov[q (t, T), rp (t, T)] + var [q (t, T)]. 

Byy using equations (5.34) and (5.35) we obtain the covariance between the term structure 

off  forward risk premia and the term structure of expected rate of depreciation and the 

variancee of the expected rate of depreciation, respectively, as: 

cw[q(t,T),rp(t,T)]cw[q(t,T),rp(t,T)] = B'y(T,t) [BVh(t,T) - Byf (t,T) - B*y(T,t)]var[Y} 

+B*+B* XkXk (T, t) [BXh (t, T) - Blh (T, *)] var [Xh] 

+B*+B* XfXf (T, t) [BX{ (t, T) - Blf (T, t)] var [Xf] , (5.40) 

and d 

varvar [q (t)) = [B* Xh (T ,  t)]2 var (Xh) + [B* X} (T ,  t)] '  var (Xf) 

++  [B;(T,t)}2var(Y), (5.41 ) 

Thiss gives us the covariance between the expected rate of depreciation and the forward 

premiumm and the variance of the forward premium, respectively, as 

covcov [q (*, T), rp (t, T) + q (t, T)} = B; (T, t) [BVh (t, T) - BVf (t, T)} var [Y] 

+B:+B: hh(T,t)B(T,t)BXhXh(t,T)var[X(t,T)var[Xhh] ] 

+B*+B* XfXf (7\ t) BXf (*, T) var [Xf]  (5.42) 

and d 
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var(rp(t,T)+q(t,T))var(rp(t,T)+q(t,T)) = B2
Xf(t,T)var(Xf) + B2

Xh(t,T)var(Xh) 

++ [Byh (t, T) - BV! (t,T)]2 var (Y). (5.43) 

Thee tractable expression obtained in equation (5.42) shows that our framework is 

capablee of explaining the forward premium puzzle [ Nielsen and Saa-Raquejo (1993), Saa-

Raquejoo (1994), Ahn (1995), Bakshi and Chen (1997), and Backus et al. (2001)] even for 

longerr horizons based on the equilibrium quantities, since the covariance of the expected 

ratee of depreciation with the forward premium can take both positive and negative values. 

AA negative covariance is obtained for instance for B* (T, t) > 0 and BVh (t, T) < By} (t, T) 

orr for B* (T,<) < 0 and BVh (t,T) > Byf (t,T). Note that B*y {T,t) > 0 when ayh > ayf 

andd BVh (t,T) < BV/ (t,T) when fyhayh < ifayr Therefor, for aVh > ayr the puzzle is 

explainedd when ^ < - ^ < 1. Under these conditions the covariability of the risk premia 

withh the expected depreciation is larger than the variability of the expected depreciation. 

Inn economic terms the puzzle is explained when for instance international shocks 

increasee the expected real rate of return on productive investment relatively more in 

thee domestic economy, while a much stronger monetary response abroad results in rel-

ativelyy higher return on the foreign nominal bond. Recall that the real rate of return 

off  production affects the spot exchange rate and the log-expected exchange rate at time 

T.T. A relatively large rate of return on domestic productive investment depreciates the 

exchangee rate and log-expected spot exchange rate at time T. A smaller monetary 

responsee in the home country (i.e. for instance a relative stronger countercyclical), im-

pliess a relative smaller decrease in the domestic bond price relative to the foreign bond 

[B[BVhVh (t,T) < BVf (t,T)]. The depreciation [increase in q {t,T)] and the stronger counter-

cyclicall  monetary in the home country (i.e. a relative smaller increase in the return on 

thee domestic nominal bond, Rh) decreases the expected excess return on the currency, 

rp(t,T).rp(t,T). This explains the negative co-variability between the expected exchange rate 

depreciationn and the expected excess return on the currency. Thus the puzzle is explained 

whenn the two markets, equity market and bond market, do not move together. That is 
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aav,hv,h > <*yj  while Rh < Rf (this is for short maturities, for the entire term structure this 

iss BVh (t,T) < BVf {t,T)). The reverse holds for B*y (T,t) < 0 and BVK (t,T) > BVf (t,T). 
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