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1.11 Nucleation rate experiments and classical nucleation theory 

Heatingg a block of ice wil l result in melting. Cooling the resulting water wil l freeze it again. 
Waterr and ice can coexist at only one temperature. This temperature is so important for every-
dayy life, that it has been defined as the zero-point of the most widely used temperature scale 
inventedd by the Swedish physicist Celsius. A closer inspection of this melting and freezing 
transitionn showed that this transition is not so symmetric. Ice heated above 0° C always melts, 
whereass cooling it below 0° C does not result immediately in freezing. In fact water and most 
otherr liquids can be cooled significantly below their freezing temperature and kept there with-
outt crystallizing [1,2]. This phenomena is known as undercooling. An undercooled liquid can 
bee triggered into freezing by adding a littl e bit of the corresponding solid. A single snowflake in 
aa glass of undercooled water wil l induce freezing of water that touches it and grow rapidly into 
aa big chunk of ice. Other disturbances, such as dust or even shocks, can trigger the freezing of 
undercooledd liquids as well. It thus seems that the freezing process has great difficulty to start 
spontaneously,, but becomes very easy once it is started. The spontaneous formation of a piece 
off  solid is an example of nucleation. 

Thee fact that a liquid can be undercooled is best understood qualitatively in the framework 
off  classical nucleation theory (CNT). According to CNT the free energy of a spherical nucleus 
thatt forms in a supersaturated solution contains two terms. The first is a bulk term, which takes 
caree of the fact that the solid phase is more stable than the liquid. This term is negative and 
proportionall  to the volume of the nucleus. The second term is the surface term which describes 
thee free energy needed to create a liquid-solid interface. This term is positive and proportional 
too the surface area of the nucleus. The (Gibbs) free energy of a spherical nucleus of radius R has 
thee following form: 

AGG = ^7tR3psAu + 47rR2y, (1.1) 

wheree ps is the number density of the bulk solid, A\i the difference in chemical potential between 
thee liquid and the solid, and y is the liquid-solid surface free energy density. The function AG 
goess through a maximum at R = 2y/(ps|Au.|) and the corresponding height of the nucleation 
barrierr is given by 

A G c H t ^ y - ^ .. (1-2) 

Forr small nuclei the surface term dominates and the free energy increases. Only if this nucleus 
exceedss a critical size does its free energy decrease and the liquid start to crystallize, see Fig. 1.1. 
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Figuree 1.1: Free energy barrier of a spherical nucleus described by classical nucleation theory 
Eq.. (1.1). For small radii the surface term dominates and the free energy increases. The function 
thenn goes through a maximum and for larger radii the bulk term dominates and the free energy 
decreases. . 

Wee note from the above equation that for a constant surface free energy y the nucleation bar-
rierr decreases with supersaturation An. The probability for the formation of a critical nucleus 
dependss exponentially on its free energy of formation: 

PcrUccc exp(-AGCTi t/kBT). (1.3) ) 

Thee crystal nucleation rate is given by the product of Pc r i tand a kinetic factor K, which describes 
thee rate with which a critical nucleus grows, and the corresponding expression from CNT is: 

I I Kexp p 
1671 1 r ' ' 

3kBT(ps|Ani: : 
(1.4) ) 

with h 24plZDsnfr
/
1

3/A2 2 Heree pi is the number density of the liquid, Z = c 

iss the Zeldovitch factor, Ds is a self-diffusion coefficient and A is a typical diffusion distance for 
particless to attach to the critical nucleus. The above expression for the nucleation rate is the one 
mostt commonly used to analyse crystal nucleation rate experiments. The problem with the CNT 
approachh is however that, in most cases, neither A nor y are accurately known. Both parameters 
aree used to fit the experimental observations. The result is often that estimates for the kinetic 
prefactorr seem unphysical. To illustrate the problems that can arise from this approach we give 
twoo examples. 

Lett us start with Turnbull's first quantitative measurement of a nucleation rate in liquid 
mercuryy [2], see Fig. 1.2. For the interpretation of his data he used Eq. (1.4), where he estimated 
thee difference in chemical potential between the two phases by A p. ss Ah(Tm — T)/Tm. Here Ah 
iss the enthalpy change per particle on freezing at coexistence, Tm is the coexistence temperature 
andd T is the temperature of the liquid mercury. A plot of log(I) versus 1/TAT2 should give a 
straightt line with the slope proportional to y3 and the intercept equal to log(K). From this two 
parameterr fit we see that the functional form given by CNT for the nucleation rate reproduces 
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Figuree 1.2: The steady state nucleation rate, I in units of 1/(m3s), as a function of undercooling 
inn Kelvin for liquid mercury from Ref. [2]. The open and the filled circles correspond to two 
differentt samples. The solid lines resultt from a two parameter fit of Eq. (1.4) to the experimental 
data. . 

thee experimental data. However, the resulting value of K is about 107 larger than predicted 
fromm CNT. The corresponding estimate for the typical diffusion constant A is many orders of 
magnitudee too small. To explain this Turnbull noted is his paper: ...suppose that y depends upon 
temperaturetemperature according to the equation: y = Yo + bT, [where yo is the value at coexistence and 
bb is a constant], .... a value of b=0.0008/K is sufficient to change the apparent value of the kinetic 
factorfactor by six orders of magnitude. A remarkable statement which might be correct, but at the time 
directt corroboration was not possible because of the absence of a priori knowledge of both fit 
parameters. . 

Thee major problem of experimental investigations of crystallization kinetics in atomic sys-
temss is the high speed of nucleus formation and subsequent crystal growth, as well as the dif-
ficultyy of preventing heterogeneous nucleation. The second example we take from more recent 
experimentss on the crystallization kinetics in a suspension of hard-sphere colloids. Crystal-
lizationn in colloidal suspensions is interesting because it can be studied in considerable detail, 
sincee colloidal particles are much larger than atoms. Colloids therefore crystallize on a timescale 
whichh is about ten orders of magnitude longer than that for an atomic liquid. Moreover because 
off  their size, colloids can be probed by powerful optical methods such as time-resolved static 
laserr light scattering and confocal microscopy. In these systems it is also somewhat easier to 
controll  heterogeneous nucleation. In Fig. 1.3 we show the results from crystallization rate mea-
surementss in hard-sphere colloids, performed by two different groups [3,4]. For this system the 
differencee in chemical potential between the two phases can be calculated accurately from ex-
istingg analytical expressions for the equation of state. The curves in the figure result from a two 
parameterr fit  of Eq. (1.4) to the experimental data. Palberg [5] fitted the data from Harland and 
vann Megen [3] and obtained y = 0.5kBT/ff2 and A = 17dNN/ while for the data from Heymann et 
al.. [4] he found y = 0.54kBT/cr2 and A = 2.8dNN, where a is the particle diameter and dNN is the 
nearestt neighbor distance. Again, the functional form is described well by the CNT expression 
forr the nucleation rate. The estimates for the surface free energy are now known to be rather 
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Figuree 1.3: Measured crystal nucleation rates I as of function of volume fraction fy in a system 
off  hard-sphere colloids. The data are taken from Ref. [3] (open circles) and Ref. [4] (filled cubes). 
Thee lines result from a two parameter fit of Eq. (1.4) to the experimental data. The inset shows 
thee dimensionless nucleation rate densities plotted logarithmically versus 1/(<t>A|i)2. The figure 
iss taken from Ref. [5]. 

loww [6]. In addition, the values of the effective jump length A seem rather extreme. However, as 
thee experimental results could be fitted with Eq. (1.4), there was littl e reason to doubt the values 
off  the fit parameters thus obtained from experiment. As the crystal nucleation rate is a difficult 
quantityy to measure there is a clear need for a first principle prediction of a crystal nucleation 
rate. . 

Inn this thesis we approach this problem by using a combination of numerical techniques to 
simulatee the crystal nucleation process. We use umbrella sampling, in combination with local 
bond-orderr analysis for the identification of crystal nuclei, to compute the shape and height 
off  the nucleation barrier and to study the structure of critical nuclei. Our barrier calculations 
inn combination with a precise knowledge of the difference in chemical potential between the 
twoo phases enable us to deduce the surface free energy for the critical nucleus. This allows 
uss to detect any dependence of the surface free energy on supersaturation. In addition we 
performm kinetic Monte Carlo simulations to compute the actual nucleation rate. The result can 
bee compared directly with experiments without any adjustable parameter. 

1.22 Overview 

Thiss thesis is devoted to the numerical study of crystallization in a suspension of spherical 
colloids.. It is divided into two parts. The first part contains a brief review of the relevant 
theoreticall  background and a description of the methods used. In the second part we apply 
thesee techniques to several model colloids. 

Inn chapter 2 we give a summary of the general formulation of the theory of rare events in 
thee framework of linear response theory. Our aim is to illustrate how molecular simulations 
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cann be used to compute the rate of activated processes. At the end of this chapter we apply 
thiss formulation to the special case of diffusive barrier crossing, which is appropriate for crystal 
nucleation.. We continue in chapter 3 with a detailed discussion of classical nucleation theory, 
whichh is widely used to analyse crystallization rates, both in experiments and in computer sim-
ulations.. We also make the connection between the results for the nucleation rate from chapter 2. 
Inn chapter 4 we give a practical introduction to the numerical techniques needed for a quantita-
tivee prediction of a nucleation rate. 

Inn the second part, we first study the crystallization kinetics in hard-sphere colloids (chap-
terr 5). As crystallization of hard-sphere colloids has been extensively studied experimentally 
thiss system was an obvious choice. To our knowledge, this work constitutes the first example 
wheree computer simulations of crystal nucleation rates are compared quantitatively with ex-
periment.. Furthermore a comparison with CNT is made. Secondly, we study the effect of poly-
dispersityy on the crystallization kinetics, again in a system of hard-sphere colloids (chapter 6). 
Thiss project was mainly driven by the experimental observation that polydispersity suppresses 
crystall  nucleation. These simulations shed a new and rather surprising light on this subject. The 
thirdd project (chapter 7) was motivated by the experimental observation that charged colloidal 
spheress seem to crystallize much faster than hard-spheres. In addition, there were observations 
off  the formation of crystal nuclei with a body centered cubic structure in a region of the phase 
diagramm where a close packed structure is stable. Based on our simulation results, we can give 
explanationss for both observations. Chapter 8 is an extension of the previous project. We study 
thee effect of a slight softness on the phase behavior and the crystallization kinetics compared to 
hard-spheres.. The motivation for this project arises from the fact that experimental hard-sphere 
colloidss are actually slightly soft. At present, there is littl e a priori knowledge of the effect of 
thiss softness on crystal nucleation. Here again our simulation results can be directly compared 
too the experiments. We end part two with chapter 9 where we apply our techniques to a het-
erogeneouss system. We study how the presence of a flat hard wall influences the crystallization 
barrierr in a hard-sphere system. This constitutes an example of a free energy calculation for a 
heterogeneouss nucleation process. 




