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Raree events 

Inn this chapter we illustrate how molecular simulations can be used for the calculation of a re-
actionn rate constant, where the rate limiting step is a classical barrier crossing. Examples are the 
trans-to-gauchee transition in an alkane or ion pair dissociation. This is done in the framework 
off  linear response theory, where we follow the book of Frenkel and Smit [7]. Here, however we 
wil ll  not give the detailed derivation of the final results, but focus more on the general concept 
andd their practical application. This background is needed to place the work presented in a 
broaderr content. Finally, we derive an expression for the rate constant for the special case where 
thee barrier crossing is diffusive. The result wil l be applied to the calculation of a crystallization 
rate. . 

2.11 Phenomenological rate equation 

Considerr a unimolecular reaction A ^ B,in which species A is transformed to species B. Let us 
assumee that the rate limiting step of the reaction is a classical barrier crossing. We first look at 
thee phenomenological description of this process. We assume that the reaction can be described 
byy a first order rate equation, where CA and CB are the number density of molecules in state A 
andB: : 

dcA (t) ) 
dt t 

dcB ( t ) ) 

== - kA BCA( t )+k B A CB( t) (2.1) 

+ k A B C A ( t ) - k B A cB ( t } .. (2.2) 
at t 

Heree kA B and kBA are the rate constants of the reaction and we assume that the total number 
densityy is conserved 

d [ cA ( t ) + C B ( t ) ] = aa ( 2 3 ) 

dt t 
Inn equilibrium the concentrations of molecules in states A and B are time independent, cA = 
cBB = 0, and the solution of the rate equation is stationary: 

kABB _ (CA) /2 4) 

kBAA  (CB) ' 

Heree the () denote an ensemble average. If we apply a small perturbation to the system, the 
decayy is described by Eq. (2.1): 

d A ^ ( t )) = -kA B AcA ( t ) + kBAAcA (t), (2.5) 
at t 
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wheree we have used Eq. (2.3) and Eq. (2.4) and defined AcA(t) = C-AU) - (CA). The solution is : 

AcA(t)) = AcA(0) exp(-t /T), (2.6) 

wheree T = (kBA + ^ A B ) - 1 is the reaction time constant. Using Eq. (2.4) we can rewrite it as: 

T = ^ .. (2.7) 

wheree we have normalized the total number density CA + CB = 1- cA and CB are therefore the 
probabilitiess that a given molecule is in state A or B. 

2.22 Microscopic description 

Inn the case of classical barrier crossing the rate constant of the reaction can be computed with 
molecularr simulations. To see this we need to write down a microscopic expression for the 
ratee constant kAB- This is done in the framework of linear response theory. In what follows 
wee present only the essentials of the derivation. For more details see Ref. [7]. First we need a 
reactionn coordinate q, which measures how far the reaction has progressed. In general q can be 
aa complicated function of the coordinates of all particles. As q is increased the system is driven 
fromm state A to state B. The free energy F(q) as a function of q first increases, goes through a 
maximumm at q*, and then starts to decrease. We now apply a small external perturbation to the 
systemm which changes the concentration of the molecules in state A (and B equivalently): 

CAA  -> cA + AcA . (2.8) 

Thiss perturbation is achieved by adding a term to the Hamiltonian Ho of the system, that for 
examplee lowers the potential energy for all states with q < q*  relative to those with q > q*: 

H = H 0 - A g A ( q - q * ) .. (2.9) 

Heree A is the strength of the perturbation and gA is the perturbation function. In the following 
wee assume that the perturbation function gA(q - q*) varies smoothly from 1 to 0 in the barrier 
region,, and is 1 in state A and 0 in state B. With this definition the average value of gA is simply 
equall  to the probability of finding the system in state A and we also note that 

AcAA = <CA)A - (cA> = (gA)A - <9A) , (2.10) 

wheree ()\ is the ensemble average with the Hamiltonian H in Eq. (2.9). This identification is 
possible,, because by definition c A and gA may differ only in the barrier region, where the system 
doess not spend much time. In thee limi t of a small perturbation A ^ O w e can use linear response 
theoryy to describe the relaxation process. Onsager's famous regression hypothesis says that 
thee relaxation of the macroscopic system is governed by the same laws as the regression of the 
spontaneouss microscopic fluctuations of the system. If we switch off a perturbation gA at time 
tt = 0 the concentration CA wil l relax to its equilibrium value as follows: 

AcA(t)) _ (AgA(0)AcA(t)) = (AgA(0)AgA(t)) 
AcA(0)) (AgA(0)AcA(0)) (AgA(0)AgA(0))' l " J 

wheree we have used Eq. (2.10). The basic idea of finding a microscopic expression for the rate 
constantt kA B is based on the identification of Eq. (2.11) with Eq. (2.6). However one needs to be 
careful,, as for very short times (such as the average time that the system spends in the barrier 
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region),, one should not expect the auto-correlation function to relax exponentially. Only at 
timess that are long compared to typical barrier-crossing times this should be correct. For times t 
muchh larger compared to molecular times but still much shorter than the regression time T, the 
reactionn rate is given by 

kk B _ (q(0)3q9B{0)gB(t)) ( 2 1 2) 

(CA) ) 

wheree we have defined a function gB = 1 - gA- Here the right side of the equation explicitly 
dependss on time, whereas kAB does not. Therefore the above expression is only valid after a 
transientt time, where the system relaxes to its steady state and reaches a plateau value. The 
expressionn above is general for the calculation of rate constant. It is still necessary to rewrite it 
inn a form that is convenient for a numerical calculation. In particular the choice of the pertur-
bationn function gA turns out to be important for the efficiency of the numerical calculation. In 
thee following we show the well-known Bennett-Chandler expression for the rate and a revised 
versionn of it that is particularly efficient for diffusive barrier crossing. It should be stressed that, 
apartt from computational efficiency, both expressions yield identical results. The expressions 
differr only in the choice of gA-

2.33 Bennett-Chandler approach 

Iff  we use for the perturbation function gA = 0(q - q*) the Heaviside function, we get the 
Bennett-Chandlerr expression for the rate [8]: 

<q(0)S(q(0)-q*)O(q-q*))) f 2 m 
K A BB <e(q*-q}} 

Inn practice it is more convenient to write the rate in a slightly different form. We multiply 
Eq.. (2.13) by <S(q - q*)>/(5(q - q*)) to get: 

(q(0)5(q(0)-q*)O(q-q*)}}  „ (5(q' - q)> „ . . . 
k A BB = < ó ( q * - q )) X e ( q - qT ^ 

Thee first term on the right hand side describes the average flux over the top of the barrier. In 
aa molecular simulation one needs to compute the product of the derivative of the generalized 
velocityy q at t = 0, multiplied by the probability that the system is at point q*  at time t = 0, and 
thiss is then multiplied by one if the system ends up in state B or zero otherwise. As the barrier is 
usuallyy much higher than the thermal energy kBT, it is not possible to get an good estimate for 
thee average flux using a conventional molecular simulation, since the statistics would be very 
poor.. Rather one has to use constrained dynamics or a biased Monte Carlo scheme to generate 
aa sequence of configurations at the transition state. 

Inn the present thesis, we use biased Monte Carlo sampling to generate an ensemble at the top 
off  the barrier. The implementation of this biasing scheme is straightforward and wil l be shown 
laterr in section 4.1.4. 

Thee second term on the right hand side of Eq. (2.14) is the probability density of finding the 
systemm at the top of the barrier divided by the probability of finding the system in state A: 

<6(q*-q))) = exp(-ftF(q*)) 

0(q-q*)) /J*  dqexp(-PF(q))' 

wheree (3 = 1 /kBT. This is an equilibrium quantity that can be computed with a Monte Carlo 
simulation.. However as the probability is very small one needs to use biased sampling. 
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2.44 Diffusive barrier crossing 

Thee Bennett-Chandler expression for the rate constant for classical barrier crossing is widely 
usedd in numerical simulations. However it becomes inefficient for diffusive barrier crossing. 
Thee reason is that it prepares the system far from the steady state and the relaxation process for 
diffusivee barrier crossing can be very slow. Furthermore, it uses the noisy 0-function to detect 
whetherr the system is in state A or B. The result is a poor statistical accuracy. In an improved 
versionn of this scheme [9] Ruiz-Montero et al. used a perturbation function which prepares the 
systemm closer to the steady state and also replaces the detector function by a much smoother 
function.. The expression for the rate constant then has the following form [9]: 

kA BB = dt(q(O)q{t)exPmTiq(t))-¥(q(0))}})P-j^- with (2.16) 
Joo Nz

 (CA) N 2 ( CA ) ) 

r<iB B 

NN = 
QB B 

dqexpOF(q))) and 
PA A 

rqB B 

N'' = dqexp(2|3F(q)) and 
JQA JQA 

exp(2(3F(q)) ) 
HH N' 

Heree qA and qB are the values of the reaction coordinate in states A and B. The index (...)p 

indicates,, that the ensemble average is biased by the distribution function exp(2(3F(q)). The 
functionn 2[3F(q) acts as a biasing potential which forces the system to sample at the top of the 
barrier.. The term {...)p is a kinetic factor which can be computed in a molecular dynamics 
simulation.. If we compare this factor with Eq. (2.14), we see that the starting points of the 
trajectoriess are no longer exactly constrained to the top of barrier. They are generated by the 
distributionn that is proportional to exp(-(3F(q)) x exp(2(3F(q)) =exp(6F(q)). 

Thee calculation of the rate constant is then again split into two parts. First one computes the 
staticc term N '(P)/N2(cA ). The static term can be computed in a biased Monte Carlo simulation. 
Thee average (P) is proportional to the probability density of finding the system at the top of 
thee barrier. The quantities (P), N and N' can all be computed once F(q) has been chosen. Then 
thee kinetic term can be computed in a molecular dynamics simulation. In practice it may be 
convenientt to generate an ensemble of configurations at the top of the barrier using a biased 
Montee Carlo simulation. Each configuration is then the starting point of a molecular dynamics 
trajectoryy and one measures the reaction coordinate q as a function of time. 

Itt should be stressed that the above expression is valid for any choice of F(q). Even if we 
havee only a rough estimate of the free energy barrier the rate constant can be computed. It 
iss also not necessary that the barrier crossing be truly diffusive. Note also that the function 
exp[6{F(q(t))) - F(q(0))}] decreases rapidly once the system moves out of the barrier region. 
Thiss means that the main contribution to the average wil l come from trajectories close to the top 
off  the barrier. If we approximate the top of the barrier by a parabolic function, and if the mean 
freefree path is much shorter than the width of the barrier, than Eq. (2.16) reduces to the diffusive 
limit : : 

wheree the diffusion constant D is defined by the Green-Kubo relation: 

DD = dt<q(0)q(t)).. (2.21) 
o o 
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Moreoverr we used the fact that (P) = (1/\/2)peq(q*), where peq(q*) = pAexp(-(3F(q*)) is the 
equilibriumm density at the top of the barrier, and PA is the number density of state A. 

Inn nucleation it is necessary to think of c A as the probability that the system is in state A. Note 
thatt the diffusion coefficient results from the correlation function of the reaction coordinate and 
thereforee in nucleation, where our reaction coordinate is the size of a cluster, it is related to the 
attachmentt rate of particles to the critical cluster. The above expression is then identical with 
thee expression for the steady state nucleation rate from the classical theory of nucleation, which 
wee wil l derive in section 3.1. 




