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4 4 
Quantitativ ee prediction of a nucleation 
rate::  A computational approach 

Thee aim of this chapter is to illustrate in some detail how a nucleation rate can be calculated 
numerically.. From Eq. (2.20) or Eq. (3.7) we know that the nucleation rate has the following 
form: : 

II  = Kexp[-AG(ncr i t)/kBT] , (4.1) 

wheree K is the kinetic factor and AG(nCTtt) is the free energy needed for the formation of a 
criticall  cluster. The calculation of the nucleation rate is split into two parts. First we compute 
thee nucleation barrier and second we compute the kinetic factor. In the following we discuss 
thee procedure step-by-step using the hard sphere system as an example. We start with the 
calculationn of the nucleation barrier, and then move onto the kinetic factor. 

4.11 Calculation of the nucleation barrier 

Inn order to compute the free energy barrier that separates the liquid from the solid state, we 
needd to choose a reaction coordinate that connects the two phases. It has been shown that it is 
betterr to use a global rather than a local reaction coordinate and we use the cluster size [18,19]. 
Wee can then use the theory of thermodynamic fluctuations [20], which relates the probability 
P(n)) for the formation of a cluster of size n to the corresponding Gibbs free energy: 

G(n)) = constant - ln[P(n)]. (4.2) 

Inn the following we first derive an expression for the probability distribution function P(n). 
Nextt we discuss how clusters can be identified using local bond-order parameters, and finally 
wee show how we compute the equilibrium distribution function in a Monte Carlo simulation. 

4.1.11 Distributio n of cluster  sizes in equil ibriu m 

Thee distribution can be derived both macroscopically from thermodynamics, and microcopi-
callyy from statistical mechanics. We describe the two approaches in turn. 

Thermodynamicc description 

Wee first compute the equilibrium distribution of cluster sizes of phase a in the metastable super-
saturatedd phase 3, see Fig. 3.1, using a thermodynamic description. To this end, we assume that 
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thee concentration of clusters is low enough that we can ignore interactions between them. Then 
wee can treat the system as an ideal mixture of clusters consisting of Ni monomers, N2 dimers, 
...,, N n n-mers, where N t = £I°l i Ni is the total number of clusters. Before we can calculate 
thee cluster size distribution, we recall some thermodynamic relations for an ideal mixture. The 
Gibbss free energy of this system is given by 

G(P,T)=^NiUH(P,T),, (4.3) 
i=l l 

wheree mf P, T) is the chemical potential of a cluster of size i at pressure P and temperature T. We 
shouldd also note that after mixing, each n-mer exerts a partial pressure pn , such that Y_ Pn = P-
Thee chemical potential of a cluster of size n is then given by 

un(pn,T)) = un(P,T) + kTln[pn/P] (4.4) 

== ^n(P,T) + kTIn[Nn/Nt] , (4.5) 

wheree we used the fact that the ratio of the partial pressure pn and the pressure P is equal to the 
ratioo N n / N t (Raoult's law). Combining Eq. (4.3) with Eq. (4.5) yields 

G(P.T)) = ^ N n W ( P , T ) + k T l n [ Nn / N t ] }  (4.6) 
n=l l 
00 0 

== ^ N n ^ n ( P , T) + TSmiX) (4.7) 
n=l l 

wheree Smi x = —k £ ^= 1 N n ln[N n/N t ] is the entropy of mixing the clusters. 
Wee can now calculate the difference in Gibbs free energy between system I, containing N 

nucleii  of size one, andd system II , containing one nucleus of size n and N — n nuclei of size one. 
Usingg Eq. (4.3) the difference in Gibbs free energy between the two systems is 

AG(n)) = Gn(P ,T)- G](P,T) - un{P,T) - n m ( P , T ). (4.8) 

Wee can now obtain the cluster size distribution from the equilibrium condition | in(pn,T) = 
nmm (pi, T). Insertion of Eq. (4.5) in Eq. (4.8) yields 

AG(n)) = k T k [ N n / N t ] - k T l n [ ( N 1 / N t )
n ] . (4.9) 

Thee probability for the formation of a nucleus of size n is then just given by 

exp[-AG(n)/kBT|| = M S = ^ , (4.10) 

wheree we have used the fact that the number of monomers is almost equal to the total number 
off  nuclei Ni « N t . As the monomers are often in large excess, we can also approximate Ni by 
NN to get 

P(n)) = ^ . (4.11) 

Statisticall  mechanical description 

Wee turn now to a statistical mechanical derivation of the cluster size distribution. The derivation 
iss based on Refs. [18,19,21]. The partition function of a system containing N particles in a volume 
VV at temperature T is given by 

Q<N.V,T)) = ^ drNexp[-(3U(rN)] .. (4.12) 
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Heree U(rN) is the potential energy of the configuration with coordinates rN and A = h/\/Znmk.T 
iss the thermal de Broglie wavelength. Now we assume that we have a criterion, that enables us 
too identify a cluster in our system. We then define a function wn( rn) such that 

nn ƒ 1 If all n particles belong 
M rr ) = | o otherwise. 

too the cluster 
(4.13) ) 

Inn addition, we define a function wresi(r
N}  - nUn+i t1 ~ wn+i (rn, n)l which ensures that all 

otherr particles do not belong to the cluster 

NN ƒ 1 if no other particle belongs to the cluster ^ ^ . 
Wrestlrr J — | 0 if any other particle belongs to the cluster. 

Wee can then define a partition function for a subsystem, that contains at least one n-particle 
cluster r 

Qn(N,V,T)) = 
1 1 1 1 

A 3 nn ! A 3< N ^ } ( N - n ) ! ! 

dr n n drN -nwn( rn)w r e s 1( rN )exp[- j3U(rn, rN -n) ] , , (4.15) ) 

wheree we have used the fact that there are N!/(n!(N - n)!) ways to select an n-particle clus-
ter.. Note that the remaining particles may still form additional clusters of size n. The product 
w n( r n)w r e s 1( rN _ n)) = 1, only if all rn particles belong to a cluster and all the other r N _ n do 
not.. We now rewrite the potential energy of the system as the product of contributions, which 
comee from the particles in the cluster Un( rn) , times the contribution from all other particles 
UN-n( rN " n) ,, times the contribution from the interactions between particles in the cluster and 
thee others Un,N-n(rn, rN _ T l) . The partition function then becomes 

Qn(N,V,T)) = d rN - nexp [ -pUN -n ( rN - n) ]]  x 
A 3nn!!  A 3<N -n>(N-n)! 

d r ' H v n f n w r e s )̂) exphpiMr7 1) ] exp[-(3Un,^n(rT l , rN-T l ) ] . 

Wee can now define effective potentials for all the particles in the cluster 

u ;; = Un-kT ln [wnJ, 

andd the interaction between cluster particles and the others 

U n ,N-nn = UTx,N-n ~ k T l n [ w r eJ, 

(4.16) ) 

(4.17) ) 

(4.18) ) 

yielding g 

Qn(N,V,T)) = 
A 3(N-n)(NN - n ) [ A 3 nn! 

ff  d rnexp [ -pu ;] exp[-(3U;| N_J 

d r ^ n e x p h | 3 UN _ n ( r " - ) j j 

(4.19) ) 

Multiplicationn of the right side by Q(N - n, V, T)/Q(N - n, V,T) gives 

Qn(N,V,T)) = ^ ^ Q ( N - n , V , T ) drn(exp[-pU'' N_n]> exp[-(3U;], (4.20) ) 
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wheree we have defined a potential of mean force 

(expll  p U n i N _ J )_ ( N _ n ) ! A 3 ( N - n ) Q ( N _ n i V ) T )  (4-21) 

Itt is the average potential the particles in the cluster feel due to the interactions with all other 
particles.. We define now the partition function of an n-mer as 

q n ( V ' T )) = n T ^ I ^ ^ P ^ ^ ^ . N - n O e x p I - ^ U ; ]. (4.22) 

Notee that qn( V, T, u.) is the partition function of a cluster in which the interaction with the re-
mainingg (N - n) molecules is included in the factor <exp[-[3Û  fv^n]) . The interaction with 
possiblee other clusters is also included as such clusters can still exist in the remaining (N - n) 
particles.. The partition function Eq. (4.20) can then be written as 

QntN.V.THQtN-n.V.TJqnfV.T).. (4.23) 

Thee probability to find at least one cluster of size n is then given by 

P - == Q(N,V,T) = Q(N>V ,T) q" ( V ' T ) - ( 4 ' 2 4) 

Ass the free energy of the system is given by F = -kTln[Q] , the above equation becomes 

Pnn = qn(V,T)exp[-S(F(N - n, V,T) - F(N, V,T))]. (4.25) 

Using g 

F ( N - n , V J ) « F ( N1 V , T ) - ( ^^ n (4.26) 

i tt follows that 
Pnn = qn( V, T) expt+pun]. (4.27) 

Thee problem with this definition of the probability is that it depends on the volume V. To see 
thiss wee rewrite Eq. (4.22) 

qn(VT)) 1 

! A 3n n d rnexp [ -3Ue f^^ (4.28) 

wheree we defined an effective potential Uef f = (U^>N_n) + Un. Rewriting the partition function 
inn terms of the center of mass of the cluster yields 

1n(V,T)) = ^ ^ J d R c M J d r ^ - ' e x p h p U e d. (4.29) 

Performingg the integral over the center of mass and defining a partition function of the cluster 
inn terms of the internal coordinates we get 

qnn = -X: x q ™te™,1 (4.30) 

wheree A n = H/v/27mmkT is the de Broglie wavelength of the cluster and 

n 3 /2 2 
n t n t e r n a l__ l 

Hn n A3(n-1)nii  ^ 
d rmm 1exp[ - (3Ue f i (4.31) 
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Itt is better to define an intensive probability distribution 

^^ = J L q ^t e™ Q e x p [ - 3 u n ], (4.32) 

wheree p is the number density of the system. For rare clusters we can write the probability as 

P n = P n ( D + P n ( 2)) + . . . « P n ( l ), (4-33) 

wheree pn( i ) is the probability that there are exactly i clusters of size n. If we assume that the 
formationn of different clusters is uncorrelated pn( i ) = [pn(1 )1\ then we can neglect higher order 
termss provided the probabilities are small, pn( 1) « 1. As the average number of clusters of size 
nn is equal to 

N nn = W D + 2pn(2) + 3pn(3) + ... (4.34) 

wee can write in the case of rare clusters 

££ = ^ < M " " " M - f H - ^  ("5) 

Wee note that this is a classical result and should not depend on Planck's constant h, and, in fact 
itt does not, as the ideal gas part of the chemical potential 

HH = u.ex + lcTln[A] (4.36) 

cancelss the h in A n. 
Thee main point of Eq. (4.35) is that we can write down a microscopic expression for the 

equilibriumm number of n-cluster if this number, which is equal to the probability of finding one 
clusterr of size 1, is much less than one. 

4.1.22 Identificatio n of sol id clusters: Local bond-order  analysis 

Forr the identification of solid-like particles we use a local bond-order analysis based on that of 
tenn Wolde [18]. The advantage of this analysis is that it is only sensitive to the overall degree of 
crystallinityy in the system, but independent of any specific crystal structure. This requirement 
iss important as otherwise we would apply an external biasing potential, which could force the 
systemm to crystallize in a specific structure. A second advantage is that these bond-order param-
eterss can be constructed so as to be independent of the reference frame. 

Thee local bond-order parameters are a measure of the local structure around a particle and 
aree constructed as follows. First we define a (21 + 1}  dimensional complex vector with the 
components s 

11 N„(i) 

qim(i)) = rrrTT Y. Y ^ ^ > ( 4-37) 

wheree the sum goes over all neighboring particles Nb(i ) of particle i. Neighbors are usually de-
finedd as all particles that are within a given radius rq around particle i. Y lm(r\j) are the spherical 
harmonicss evaluated for the normalized direction vector ftj between the neighbors. The orien-
tationn of the unit vector ftj is determined by the polar and azimuthal angles ötj and 4HJ. The 
rotationallyy invariant local bond-order parameters are then defined as follows 

// , i \ 1 / 2 

q i ( i ) == 2TTT ^ lq i- ( i ) |2j  (438) 
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Figuree 4.1: Typical distribution functions of the local bond-order parameters from Monte Carlo 
simulationss in a hard-sphere system. Here the cutoff radius rq for the local environment of a 
particlee is chosen to be 1 Aa, where a is the hard-core diameter. This means that we included 
thee first, and in some cases also the second nearest neighbors. 

and d 

with h 

Wi(i ) ) 
<vi(i ) ) 

(ZU-iIWi ) ) 

fti(l) fti(l) Z Z 
m ,, + m 2 I m 3 -

I I I I I I 
TTl]]  TT12 ITI3 

2)3/2 2 

qim,, (l)qim2(^)qim3(t). 

(4.39) ) 

(4.40) ) 

Thee term in brackets in Eq. (4.40) is the Wigner-3j symbol. These order parameters are sensitive 
too the degree of orientational correlations of the vectors that join neighboring particles. In simple 
liquidss we expect that there are no preferred orientations around a particle and therefore the 
correlationss decay rapidly. In contrast, for a particle with a solid-like environment the vectors 
aree correlated and as result there should be a clear separation between distribution functions 
forr the bond-order parameter. In Fig. 4.1 we show typical distribution functions of the local 
bond-orderr parameters one gets from Monte Carlo simulations of a hard-sphere system, under 
conditionss close to the coexistence point, where the liquid and the solid phase are equally stable. 
Thee figure illustrates that there is some separation between the distribution functions obtained 
fromm the liquid and those obtained from the solid, but the separation is never very pronounced. 
Sometimes,, there is a separation between the solid structures themselves, a property which we 
wil ll  use later to distinguish between different solid structures. For the identification of solid-like 
particless we have to choose an order parameter that is able to distinguish between the liquid 
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200 30 

Figuree 4.2: Distribution functions of the dot product q6(i )  që(j) from Monte Carlo simulations 
inn a hard-sphere system. 

andd all possible solid structures. From Fig. 4.1 we see that q6 has some of the desired properties, 
ass the values of the solid phases are all shifted to higher values compared to the liquid. As 
mentionedd above, we can enhance this separation of the distribution function by calculating the 
correlationn function of the vectors qe of neighboring particles i and ) 

q6(i)) -q6(j) 

6 6 

m—— —6 
qemO)*, , (4.41) ) 

wheree the * indicates the complex conjugate. In Fig. 4.2 we show the corresponding distribution 
functionss one get for the hard-sphere system. In this case we did not normalize the dot-product 
too one, as it just causes additional calculations. In this case the relevant solid structures (FCC, 
HCPP and BCC) yield much higher values for thee dot-product than the liquid. We now define two 
neighboringg particles i and j to be connected, if the dot-product exceeds a certain threshold, in 
ourr case 20. By using this definition we can identify all particles in a solid to be solid-like, how-
everr also in the liquid it happens quite frequently that a particle has more than one connection. 
Too illustrate this, we show in Fig. 4.3 the distribution functions for the number of connections 
perr particle. We note that the peak for the solid structures is at 12 for FCC, HCP and around 
133 for BCC. These numbers correspond to the first, or first and second nearest neighbors, which 
weree included in the local environment. In the case of the BCC structure the peak is slightly 
shiftedd to lower values, which is due to the fact that the BCC structure is quite disordered. As 
thee BCC lattice of hard-spheres always melts, we could generate all the distribution functions 
onlyy be adding a polydispersity of 3% to the particles. Therefore it is better to apply a second 
criterionn for particles to be solid-like, which is a threshold to the number of connections a par-
ticlee has with its neighbors. Thereby we have to consider that for a small nucleus almost all 
particless are at the surface, and they need to be considered as solid-like as well. For this reason 
wee choose threshold values between 6 and 8. In summary we can say that this analysis provides 
ann unambiguous local criterion to identifying solid-like particles. Finally, we need to have a cri-
terionn for identifying clusters. The criterion we applied is that if two solid-like particles are less 



30 0 Quantitativ ee prediction of a nucleation rate: A computational approach 

0.8 8 
c c 
o o 
o o 
§0.6 6 

H— — 

c c 
o o 

.aa 0.4 

LIQUID D 

FCC C 

HCP P 

55 10 
Numberr of Connections 

15 5 

Figuree 4.3: Distribution functions of the number of connections per particle from Monte Carlo 
simulationss in a hard-sphere system. 

thann a certain threshold distance apart, then they belong to the same cluster. This threshold is 
usuallyy chosen between 1.5cr — 2a. 

4.1.33 Mont e Carl o simulation 

Too calculate the nucleation barrier, we need to sample the equilibrium distribution function 
forr the probability P(n), see Eq. (4.2). In section 4.1.1 we derived this probability to be Nn /N , 
wheree Nn is the number of clusters of size n in a system containing N particles, see Eq. (4.11) 
andd Eq. (4.35). In the previous section we illustrated how a local bond-order analysis can be 
usedd to identify clusters in a system, which wil l be used for the calculation of N n = (Nn(rN)) 
inn a Monte Carlo simulation. This is the subject of this section. 

Inn all cases we performed Monte Carlo simulations in the isobaric-isothermal (NPT) ensem-
ble.. In this ensemble the average of a microscopic quantity A is given by 

__ J dV J drNA(r N) exp[-f3(li(rN) + PV)] 
\\ / N PT JdVjdrNexp[-|3(U(rN) + PV)] ' {iAl) 

wheree U(rN) is the potential energy of the system with particle positions rN. (3 = 1/(kBT) is 
thee reciprocal of the thermal energy, N the number of particles and P the applied pressure. In a 
Metropoliss Monte Carlo simulation the above ensemble average is approximated by 

<A)r r 
1 1 

M M XA<r iN) ) (4.43) ) 

wheree M is the total number of measurements and A (r;N) the value of our property A associated 
withh configuration r j N . 

Inn the case of crystal nucleation we need to calculate the average number of clusters of size 
nn and Eq. (4.43) becomes 

(Nn) ) 
M M 

^ N n ( r i
N ) ) (4.44) ) 

i = i i 
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Figuree 4.4: Measured probability distribution P(n) from Monte Carlo Simulations in a system 
off  hard-spheres. 

Ass an example we show the results from a Monte Carlo simulations in a system of hard-
spheres.. In the simulations we used N = 3375 particles and applied a pressure |3Pcx3 = 16. At 
thiss pressure, the liquid phase is meta stable with respect to the solid, but does not crystallize 
spontaneouslyy as the Gibbs free energy barrier between the two states is too high. The tempera-
turee T does not play a role in that system. After equilibrating the system, one could in principle 
measuree the cluster size distribution after every Monte Carlo move, however this would be 
computationallyy expensive and statistics would still be poor, as the measurements are strongly 
correlated.. Instead we measure the cluster size distribution after one trajectory which consists 
off  20 moves per particle (plus some volume moves) in the case for the simulations in a hard-
spheree system. The total length of each simulation was 100000 trajectories. In Fig. 4.4 we show 
thee results for the probability distribution P(n) for the formation of a cluster of size n. From 
thiss probability distribution we can calculate the corresponding Gibbs free energy Eq. (4.2) for 
thee formation of such a cluster, which is shown in Fig. 4.5. In this simulation we could measure 
clusterr sizes up to n = 12 particles. The formation of larger cluster was so rare that the statistical 
accuracyy was too poor. In order to sample larger cluster sizes we needed to apply the umbrella 
samplingg technique of Torrie and Valleau [22], which we describe in the next section. 

4.1.44 Umbrell a Sampling wit h parallel tempering 

Thee umbrella sampling scheme was proposed to handle situations where important contribu-
tionss to the ensemble average come from configurations whose Boltzmann factor is small, lead-
ingg to poor statistical accuracy. The method is based on the idea that the ensemble average can 

11  r i ' i ' i ' i ' i 

-JJ . I i — I — É — U 



32 2 Quantitativ ee prediction of a nucleation rate: A computational approach 

66 8 10 
Clusterr size n 

Figuree 4.5: Corresponding Gibbs free energy AG(n)/kBT 
clusterr of size n. 

-ln[P(n)]]  for the formation of a 

bee rewritten as follows 

<A)N N PT T 
JJ dV J drNA(r N) exp[-|3(U(rN) + PV)]W(rNr1W(r l v 

ƒƒ dV ƒ drNexph|3(U(rN) + PV)]W(rN)-1W(rN) 

JJ dV J drNW(rN) exp[-(3(U(rN) + PV)] 

JdV/ckNW(rN)exp[-|3(U(rN)- l-PV)] ] 

(A/W(r N) ) 

(W(rN)-i ; ; 
'W 'W 

(4.45) ) 

(4.46) ) 

wheree we have introduced a, as yet, unspecified weighting function W(rN) = exp[—|3u>(rN}] , 
wheree cu(rN) is the so-called biasing potential. Instead of performing a Monte Carlo simulation 
usingg the original Boltzmann distribution function, we now sample phase space according to 
thee biased distribution function exp[-(3U(rN) + PV)]W(rN), which is indicated by the subscript 
(...)) w . By specifying the weighting function W we can force the system to sample in that region 
off  phase space which is important to improve the statistical accuracy. 

Inn the case of crystal nucleation we can calculate the ensemble average according to the 
weightedd ensemble Eq. (4.46) as follows 

(N N n/NPT' ' EtMiWfoN)-i ]]  ' 
(4.47) ) 

wheree the sum goes over all measurements M. We now need to consider the choice of the 
weightingg function. In section 4.1.1 we showed that the probability for the formation of a larger 
clusterr is so small, it can be approximated by the probability to find one cluster of a certain size 
inn the system, see Eq. (4.33). For this reason we can choose a bias potential that just controls 
thee size of the largest cluster in the system. In all cases the bias potential was chosen to be a 
harmonicc function of the size of the largest cluster in the system 

cu[n(rN)] ] ^ ^ nn00Y Y (4.48) ) 
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Figuree 4.6: Examples of the cluster size sampled during one simulation. The different configura-
tionss started with clusters of sizes n = 20,50 and 110. Due to the parallel tempering technique, 
swappingg between different windows is possible and the configurations could sample almost 
alll  possible cluster sizes. 

Thee constant kn determines the range of sizes sampled in one simulation, whereas the minimum 
noo determines which cluster sizes are sampled most. 

Thee implementation of the biasing potential in the Monte Carlo simulation is straightfor-
ward.. As in the unbiased run we try to avoid calculating the size of the largest cluster after 
everyy Monte Carlo move. Instead we perform a trajectory of a certain number of Monte Carlo 
movess per particle according to the unbiased potential U(rN). We then re-calculate the cluster 
sizee and accept or reject the whole trajectory according to the pure biasing potential exp[— |3Atu], 
wheree Aw is the difference in the biasing potential after and before the trajectory. This is equiv-
alentt to applying the bias potential after every trial move, but computationally much cheaper. 
Intuitively,, it might seem easier to sample all cluster sizes in one run, but it can be shown that 
thiss is not the case [7], mainly because such a simulation would take too long. Instead we split 
thee simulation into a number of smaller simulations that were restricted to sample a sequence 
off  narrow, but overlapping windows of different cluster sizes n. In practice it turned out that it 
iss best to sample only about 15 different cluster sizes in one window, to ensure high accuracy. 
Thiss implies that the sequence of minima needed to be placed in steps of ten no = 10,20,..., up 
too sizes slightly larger than critical cluster size. 

Inn addition we implemented the parallel tempering scheme of Geyer and Thompson [23]. 
Thee main reason for using this scheme is that stacking rearrangements in the nuclei are very 
slow.. With the parallel tempering scheme the phase space can be sampled more efficiently. The 
ideaa is to run all the simulations in the different windows in parallel and allow them to exchange 
clusterss between adjacent windows. 

Too illustrate this, we consider again the example of the hard-sphere system. In this case we 
neededd to calculate the Gibbs free energy of a cluster up to a size of about n = 170. We therefore 
splitt the simulations into 16 windows, where the sequence of minima was placed in steps of 
ten:: no = 10,20,..., 160. In order to obtain the 16 starting configurations we grew clusters from 
thee liquid. We always started from the liquid, applying the bias potential with no = 10. Every 
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Figuree 4.7: Sequence of measured Gibbs free energies AGi(n)/kBT + bi from Monte Carlo Sim-
ulationss in a system of hard-spheres in different windows. 

timee a cluster was stabilized, the minimum no was increased in steps of 10. In the parallel 
temperingg simulation we started all simulations at the same time, but stopped them after 5 
trajectories,, to allow neighboring windows to exchange clusters. Before that, we need to decide 
whichh sequence we should use to change, either the windows no = 10 with 20, 30 with 40, and 
soo on, or the sequence 20 with 30,40 with 50, and so on. This was done by generating a random 
number.. The actual change between windows i, j is accepted according to exp[—|3(wn — w0)] , 
wheree w0 = ki/2(ri i - no,02 + kj/2(nj - n0 j ) 2 is the energy of the biasing potential before and 
w nn = ki/2(Uj — no,,)2 + kj/2(ni — noj)2 after the change. In practice it is more convenient to 
exchangee the minima of the bias potential rather than configurations. This requires much less 
communicationn between different computer nodes. As a result, each initial configuration is able 
too reach in principle all cluster sizes in course of the simulation. In Fig. 4.6 we show the cluster 
sizess sampled during one simulation for three configurations, which started with cluster sizes 
noo = 20,50 and 110. The value for the constant of the bias potential was kn = k = 0.15 in all 
windows.. As in the unbiased run, the length of one trajectory was 20 moves per particle (plus 
somee volume moves) and in total we performed 100000 trajectories. 

Inn Fig. 4.7 we show the results for the Gibbs free energy of a nucleus obtained from the 
simulationss in each window (unbiased+biased runs). The Gibbs free energies in the different 
windowss are determined up to a constant AGi(n)/kBÏ + bi, where the subscript i indicates 
thee number of the window. In order to determine the constants bi we fitted all the free energy 
estimatess in the different windows to one polynomial in n. This can be done by a linear least-
squaree fit, where we minimize 

XX = Y_ < Xwi(n)[AGi(n ) - X. Qk^ k -b i ] 2 \ . (4.49) 
n=11 lt=1 k=l J 

Heree Wj(n) = l /o^Ghtl ' s t n e statistical weight determined by the variance a2
A(~ , . of the free 

energyy measurement and nw the total number of windows used in the simulation. The maxi-
mumm order of the polynomial used was kmQX = 10. The linear least-square fit can be performed 



4.22 Calculation of the kinetic prefactor 35 5 

30 0 

25 5 

20 0 
I --

oo o 

gg 15 

10 0 

5 5 

°00 50 100 150 
Clusterr size n 

Figuree 4.8: Gibbs free energy for the formation of a cluster of n hard-spheres, after fitting the 
resultss for the free energy in the different windows to one polynomial. 

byy using the algorithms in Ref. [24]. Note that by using a high-order polynomial, we do not 
assumee a functional form of the nucleation barrier (the barrier might be correctly described by 
CNT).. From the unbiased simulation we get the absolute Gibbs free energy for the formation of 
aa cluster of size n with respect to the liquid state. Therefore the constant b] is known. In Fig. 4.8 
wee show the final result for the calculation of a nucleation barrier in a hard-sphere system. 

4.22 Calculation of the kinetic prefactor 

4.2.11 General approach 

Wee have developed a new scheme for the calculation of the kinetic factor for diffusive barrier 
crossing.. Traditionally the kinetic factor has been calculated using the Bennett-Chandler scheme 
orr a more efficient revised version by Ruiz-Montero et al., as discussed in chapter 2. The prin-
ciplee of both methods is to generate a large number of independent configurations at the top of 
thee barrier. These configurations are then used as the starting point for an unbiased trajectory 
inn which one determines weather the nucleus grows and the system crystallizes, or if it shrinks. 
Fromm the number of nuclei that grow and shrink one can extract the kinetic factor. However, 
inn order to get a reasonable estimate one has to simulate a rather large number of trajectories. 
Inn a more recent publication ten Wolde et al. [25] applied the approach of Ref. [9] to calculate 
thee rate of gas-liquid nucleation rate in a Lennard-Jones system. They used over 300 trajectories 
off  length about 5000 time steps in a isobaric-isothermal MD simulation and still had statistical 
errorss in the transmissions coefficient of about 100%. Here we use a different approach that 
iss more efficient for the present problem. Looking closer at the kinetic factor, K = Zpuqf r̂ i t 

(Eq.. (4.11) and Eq. (4.35)), we see that, after the calculation of the nucleation barrier, the only 
quantityy that we have to compute is the attachment rate f j ^ of particles to the critical clus-
ter.. The Zeldovitch factor Z is already known from the barrier calculation. In order to compute 
f++ , we assume that the critical cluster grows and shrinks via the diffusive attachment of sin-
glee particles. We can then define an effective diffusion constant for the change in critical cluster 

TT I i i r^ 

_.. L _11 I I !_ 
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Figuree 4.9: The figure shows the development of the size n of the critical cluster during one 
trajectoryy at volume fraction 4> = 0.5277. Here one block is 100 moves per particle in an NVE 
Montee Carlo simulation. Note in particular the fluctuations of the cluster size about its critical 
value e 

KL KL 
11 (Anjrtjt) ) 
22 t (4.50) ) 

Heree An2 

I l t r r 
(t)) = [ncrvt(t)— nCTvt(t = 0)]2 is the mean square change in the number of particles 

inn the critical cluster. As the slope of this change is related to the corresponding attachment rates 
viaa <An2

r i t (t)}/ t = (f+ 
equall  f J 

++ fn,.ril )/2, and as we know that the forward and backward rates are 
f__ at the top of the barrier we get 

C C 
11 (An2

r i ^t)) 
(4.51) ) 

Thiss is a general expression for the calculation of the kinetic factor for diffusive barrier crossing. 
Itt also connects the expressions from Eq. (2.20) and Eq. (3.7). Using a Molecular Dynamics 
simulationn one only needs to measure the change in size of the critical cluster as a function of 
time.. The only restriction is that, during the measurement, the critical nucleus needs to fluctuate 
aroundd its critical value. One therefore needs to run a couple of trajectories and select the data 
wheree this is the case. In the next section we show how we applied this method to a system of 
hard-spheree colloids. 

4.2.22 Applicatio n to hard colloidal spheres 

Inn principle, it is straightforward to apply the above method to the calculation of a kinetic fac-
torr for crystal nucleation. However, in the case of hard colloidal spheres one needs to have a 
simulationn method that generates trajectories following Brownian dynamics, and the effect of 
hydrodynamicc interactions also needs to be considered. Trajectories following Brownian dy-
namicss could be generated using a kinetic Monte Carlo scheme proposed by Hinsen and Ci-
chockii  [26]. These authors show that, in the limi t of very small maximum particle displacement, 
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Figuree 4.10: Attachment rate of particles to the critical cluster at volume fraction c() = 0.5277. 
Thee attachment rate for short times is much higher than for long times. As the diffusion time of 
aa cluster over the nucleation barrier is in the range of the long time behavior of the attachment 
rate,, this value has to be used. 

Ax m axx —> 0, the trajectories generated by the kinetic Monte Carlo simulation are stochastically 
equivalentt to the process described by the Smoluchowski equation. The limi t Ax m ax —> 0 means 
thatt simulation time would become infinitely long. However, Hinson and Cichocki also propose 
ann extrapolation procedure with which this limi t can be approached systematically by repeating 
simulationss with a smaller maximum displacement. In experiments nucleation rates are usually 
presentedd in dimensionless form k<j5/Do, where a is the diameter of a monomer and Do the free 
diffusionn coefficient. Therefore we only need to compute the ratio f^rtt /Do- First we computed 
thee nucleation barrier using a biased NPT Monte Carlo simulation. From these simulations we 
couldd determine the critical cluster size and had generated independent configurations in which 
suchh a cluster was stabilized. We used these configurations, to perform an unbiased kinetic NVE 
Montee Carlo simulation, measuring the size of the critical cluster as a function of Monte Carlo 
cycles.. Here one cycle is 10 trial moves per particle. In Fig. 4.9 we show such a measurement 
att 4> = 0.5277(P = 16). From these data we then extracted the attachment rate using Eqn. (4.51) 
(seee Fig. 4.10). Surprisingly, we see that the attachment rate has a different short time and long 
timee behavior. This implies that, at short times, the diffusion in cluster size is not a Markov 
process.. As the diffusion of the critical cluster over the nucleation barrier is on the time scale of 
thee long time behavior of the attachment rate, this is the value we have to use. To test the depen-
dencee of our results on the maximum particle displacement we performed simulations for two 
differentt values AxmQX = 0.12a and 0.012a. The corresponding values for the free diffusion co-
efficientss are Do = {Ax;^ QX)/6. The ratio of the results for f+ /Do in both simulations is equal 
too 4.79. Computing the long time self diffusion coefficient D5/D0 = ((T(0)— r(t))2) /6tD0 we get 
aa ratio in both simulations of 5.07. Therefore the difference in the results for the attachment rate 
iss mainly due to diffusion. In our simulations we did not follow the extrapolation procedure 
forr Ax m ax —> 0 described in [26], as for AxmQX = 0.012a we are already in a limi t where the at-
tachmentt rate has effectively reached its limiting value. We justify this by testing our approach 
onn the calculation of the long time self diffusion coefficient, which wil l be discussed later. So 
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Figuree 4.11: Reduced long time self diffusion coefficients D5/D0 from Monte Carlo simulations 
comparedd with experimental measurements. Our simulation results (large black filled circles) 
aree in the range of the statistical errors of the experimental studies. 

farr in our simulations we did not include the effect of hydrodynamic interactions, which is cer-
tainlyy important at high volume fractions. As proposed by Medina-Noyola [27], we corrected 
forr this effect by replacing the free diffusion coefficient D0 by the short time self diffusion coef-
ficientt D |. We therefore have to multiply our result by a factor a. = D | /D0 . There are several 
ratherr similar functional forms for this factor proposed in the literature. Here we used the phe-
nomenologicall  expression (1 — <p/0.64)'-17[28], where cp is the volume fraction. As a test of our 
approach,, we computed the long-time self diffusion coefficient T)\. We could reproduce exper-
imentall  data within statistical error. The results for the long-time self diffusion coefficient are 
shownn in Fig. 4.11. The resulting value for the reduced attachment rate for our example was 
f̂ .rt,, /Do = 21. For the calculation of the kinetic factor we usually performed about 5 trajec-
tories.. The length of the trajectory depends on whether the cluster size fluctuates around the 
criticall  size or not; if not the simulation is stopped. From these simulations we calculated the 
attachmentt rate. The error estimates vary between a factor of one for the larger critical cluster 
sizess and a factor of two to three for the smaller cluster sizes. In the regime of smaller critical 
clusterr sizes, the fluctuations in cluster size are almost on the order of the critical cluster size 
andd it becomes therefore more difficult to get a good estimate. To compare the efficiency of our 
schemee with the previous one we need to compare the number of trajectories to run, but also 
thee absolute length of the trajectory itself. The latter is difficult to compare as different systems 
weree simulated with different algorithms. However, as the number of trajectories we used is 
aboutt two orders of magnitude fewer the power of our scheme is clear. 


