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5 5 
Predictionn of absolute crystal-nucleation 
ratee in hard-sphere colloids 

CrystalCrystal nucleation is a much-studied phenomenon, yet the rate at which it occurs remains difficult to pre-
dict.dict. The reason is that the rate-limiting step - the formation of a so-called critical nucleus - cannot easily 
bebe probed experimentally. Small crystal nuclei can form spontaneously in a supersaturated solution. But, 
unlessunless their size exceeds a critical value, they will  dissolve rather than grow. The crystal-nucleation rate 
dependsdepends on Pcru, the (very small) probability that a critical nucleus forms spontaneously, and on K, a 
factorfactor that measures the rate at which critical nuclei grow. Given the absence of a priori knowledge of 
eithereither quantity, classical nucleation theory [17] (CNT) is commonly used to analyse crystal nucleation 
experiments,experiments, with the unconstrained parameters adjusted to fit the observations. This approach yields 
nono first principles prediction of absolute nucleation rates. Here we approach the problem from a different 
angle,angle, simulating the nucleation process in a suspension of hard colloidal spheres, to obtain quantitative 
numericalnumerical predictions of crystal nucleation rates. We find large discrepancies between the computed nu-
cleationcleation rates and those deduced from experiment [3,29,30]: the best experimental estimates ofPCTxtseem 
toto be too large by several orders of magnitude. 

5.11 Introduction 

Thee probability (per particle) that a spontaneous fluctuation wil l result in the formation of a 
criticall  nucleus, depends exponentially on the free energy AGc rt t that is required to form such 
aa nucleus: 

Pc r l t =exp ( -AGc r i / k B T) ,, (5.1) 

wheree T is the absolute temperature and ke is Boltzmann's constant. According to CNT the total 
freee energy of a crystallite that forms in a supersaturated solution contains two terms: the first is 
aa "bulk" term that expresses the fact that the solid is more stable than the supersaturated fluid -
thiss term is negative and proportional to the volume of the crystallite. The second is a "surface" 
termm that takes into account the free-energy cost of creating a solid-liquid interface. This term 
iss positive and proportional to the surface area of the crystallite. According to CNT, the total 
(Gibbs)) free-energy cost to form a spherical crystallite with radius R is 

AGG = ^7rR3psAu. + 47tR2Y, (5.2) 
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wheree ps is the number-density of the solid, Ayi (< 0) the difference in chemical potential of the 
solidd and the liquid, and y is the solid-liquid interfacial free energy density. The function AG 
goess through a maximum at R = 2y/(psjAu.|) and the height of the nucleation barrier is 

AG c r i t== ^ V / ( P s l A u | )2 . (5.3) 

Thee crystal-nucleation rate per unit volume, I, is the product of Pc r i tand the kinetic prefactor K: 

I -Kexp(-AGc r i i /kBT) .. (5.4) 

Thee CNT expression for the nucleation rate then becomes 

1671 1 
II  = Kexp 33 -Y/(PSIAH! (5-5) ) 

Thiss expression has been used extensively to analyze a crystal-nucleation experiments. How-
ever,, as a rigorous theory for the kinetic prefactor is lacking, CNT has not been very successful 
inn predicting absolute nucleation rates. Rather, the kinetic prefactor K and, more often than not, 
thee effective interfacial free energy y are fitted to match the experimental nucleation rates [17]. 
Thiss situation is now changing. The computer simulations that we report in this Letter, allow us 
too predict absolute crystal nucleation rates without making use of any adjustable fit parameters 
nor,, for that matter, of the assumptions underlying CNT. It is obviously important to compare 
thee simulation results with crystal-nucleation experiments on a system that is very well charac-
terized.. For this reason, we chose to simulate crystal nucleation in suspensions of hard-sphere 
colloids.. The hard-sphere freezing transition is probably better characterized than any other. 
Moreover,, several groups have performed experimental studies of crystal nucleation in sus-
pensionss of hard-sphere colloids [3,29-31]. Experimental nucleation rate densities are usually 
expressedd in dimensionless form: I*  = Ia5/D0. Here a is the hard-core diameter of the colloidal 
particless and D0 is their self-diffusion coefficient at infinite dilution. In what follows, we al-
wayss use reduced quantities and hence we wil l omit the superscript *. We use o" as our unit of 
length,, kBT as our unit of energy and a2/Do as our unit of time. In the analysis of experiments 
onn hard-core colloids, the kinetic prefactor K is usually written as A<pl(^D($iiq), where 4>Uq is 
thee volume fraction of the colloids in the liquid phase, D{cp) is the (known) reduced diffusivity 
att volume fraction 4>, while A and y are treated as adjustable parameters [3,28,30]. Note that, 
evenn apart from the use of adjustable parameters to fit the data, the experimental tests of CNT 
forr hard-sphere freezing are, at present, rather indirect as experiments do not probe the shape 
off  the nucleation barrier directly Nor do they provide information about the structure of the 
criticall  nucleus. 

5.22 Crystal nucleation barrier 

Wee have performed numerical simulations of hard-sphere colloids, that allow us to compute the 
shapee and height of the nucleation barrier and the structure of the critical nucleus. In addition, 
wee have performed kinetic Monte Carlo simulations to compute the kinetic prefactor K. These 
alloww us to compare our simulation results for the reduced nucleation rate (without adjustable 
parameters)) with the values of I determined in experiment [3,29,30]. 

Too study the formation of a critical crystal nucleus, we used the biased Monte Carlo method 
describedd in Refs. [25,32] . This scheme allows us to compute the equilibrium probability P(n) 
forr the formation of a crystalline cluster of size n. The (Gibbs) free energy of a cluster of size n 
iss given by: 

G(n)G(n) = const. - ln[P(n)]. (5.6) 
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Figuree 5.1: Calculated free energy barrier for homogeneous crystal nucleation of hard-sphere 
colloids.. The results are shown for three values of the volume fraction. From top to bottom: 
4>Uqq = 0.5207,0.5277 and 0.5343. The drawn curves are fits to the CNT-expression (Eq. 5.2). The 
fitss yield the following values: yeff( P = 15) = 0.71 , yef f(P = 16) = 0.737 and yeff( P = 17) = 
0.751. . 

Wee computed the nucleation barrier as a function of the cluster size n for hard-sphere fluids that 
weree compressed above the coexistence pressure PCOex = 11 -67 [33]. Simulations were carried 
outt at reduced pressures P = 15,16 and 17, corresponding to volume fractions of the liquid 
4>Uqq = 0.5207,0.5277 and 0.5343. These state points correspond to the lower range of super-
saturationss where hard-sphere nucleation was studied experimentally [3,29,30].The reason for 
selectingg this density regime is that at higher supersaturations, many crystal nuclei form simul-
taneously. . 

Fig.. 5.1 shows the computed excess Gibbs free energy associated with the formation of a 
clusterr of size n in a supercooled liquid. The top of the barrier determines AGc ruand the crit-
icall  nucleus size. Comparing our results for AGCritwit h the best experimental estimates, we 
findd that the latter are three times too low [3,30]. One possible source of discrepancy could 
bee that we simulated monodisperse suspensions, while the experimental systems have a size-
polydispersityy of approximately 5%. We therefore repeated the simulations for a system with 
5%% polydispersity. However, we found that the only effect of polydispersity is to shift the coex-
istencee curve. To within the numerical error in AGcrU BT), the monodisperse and polydis-
persee suspensions have the same nucleation barrier at the same supersaturation (i.e. at the same 
valuee of A[i). We also compared the computed nucleation barriers with the predictions based 
onn CNT. The dependence of ps and A|j. on P can be accurately computed using the phenomeno-
logicall  equations of state for the solid and fluid phase of hard spheres [34], see appendix 5.6. 
Forr y we take a recent numerical estimate [6]. The resulting CNT predictions for AGCTi tare 
300 to 50% too low. These deviations are not small. For instance, for a barrier height of 40kBT, 
ann error of 30% in AGcr lt implies an error of £>(105) in exp(-AGc r i t /kBT) and the experimen-
tall  estimate of exp(-AGc rn/kBT) is even off by a factor ©(lO1')! While the computed barrier 
heightss are not predicted correctly by CNT, we can still fit our data to the functional form given 
byy CNT (Eq.5.2). Using n = 47rpsR

3/3, we can express Eq. 5.2 in terms of the cluster size n. The 
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onlyy adjustable parameter in our fit of the simulation data is the effective interfacial free-energy 
densityy yef f The figure shows that CNT reproduces the functional form of the nucleation bar-
rier,, except for very small clusters. The fit yielded the following values: yê i? = 15) = 0.71, 
Yeff^PP = 16) = 0.737 and ycff( P = 17) = 0.751. Again, we find the same answer for the system 
withh 5% polydispersity: i.e. at the same supersaturation we obtain the same values for y ef f of the 
monodispersee and polydisperse samples. We note that the numerical estimate of ye f f is higher 
thann the value deduced from the analysis of experimental nucleation data: the data-analysis of 
Refs.. [3,30] suggests that yef f = 0.5. As AGc r i t - y\  ̂ the experimental estimate of AGc r i t i s a 
factorr three too low. If we assume that yef f depends linearly on pressure, then our simulation 
resultss extrapolate to a value of y ss 0.64 at coexistence - in surprisingly good agreement with 
thee numerical estimate [6]. However, in the regime where nucleation experiments have been 
performed,, we find much larger values for ye f f (between 0.7 and 0.75). CNT fails because it 
usess the value of y at coexistence in Eq. 5.3 to predict AGcri1. 

5.33 Crystal nucleation rate 

Ourr simulations allow us to give the first parameter-free estimate of the crystal nucleation rate. 
Too this end, we need to compute the reduced kinetic prefactor K. It has the following form 
KK = Zpf^ /Do, where Z is the Zeldovitch factor [17], p is the number density of the super-
saturatedd liquid, and f ̂  is the addition rate of particles to the critical nucleus. The Zeldovitch 
factorr Z = y/\AG"{nCTî \/(2nkBJ) can be obtained directly from the simulation results. We have 
computedd f ̂  / D 0 using kinetic Monte Carlo simulations of the hard-sphere suspension [26]. In 
suchh simulations, the effect of hydrodynamic interactions between colloids is ignored. How-
ever,, in the spirit of ref. [27], we correct for this effect by multiplying our MC results for f̂  
withh a factor a.{ty} = Ds(4))/D0,where Ds((f)) is the short-time self-diffusion coefficient at vol-
umee fraction 4>. Several, rather similar, functional forms for cx(4>) have been proposed in the 
literature.. Here we use the phenomenological expression a(cb) = (1 - 4V0.64)1 17[28]. When 
applyingg the same approach to the computation of the long-time self-diffusion constant, we re-
producee the experimental data in the same density range (see [30]) to within the statistical error. 
Wee estimate that the error in In K is , i.e. about the same as the error in AGcrit/k BT. Figure 
5.22 shows our numerical estimate for the reduced nucleation rate I. We have computed I both 
forr a monodisperse suspension and for a suspension with 5% polydispersity. The latter results 
cann be compared directly with the experimental studies of steady-state nucleation [3,29,30]. 
Inn Ref. [35] the polydispersity is about 2.5%. As can be seen in figure 5.2, the simulated and 
experimentall  curves almost intersect, but for most densities we observe discrepancies of many 
orderss of magnitude. Such discrepancies are real and worrisome, as we estimate that our com-
putedd nucleation rates are accurate to within one order of magnitude. We therefore argue that 
thee problem must be with the interpretation of the experiments. Hopefully, future "real-space" 
experimentss wil l provide an explanation for the discrepancy in the computed nucleation rates 
andd barrier heights. 

5.44 Structure analysis 

Thee simulations allow us to address a question that cannot, at present, be answered experimen-
tally:: what is the structure of the critical nucleus? Fig. 5.3 shows an example of a snapshot of a 
criticall  nucleus observed in our simulations. CNT makes the assumption that the (pre) critical 
nucleii  are effectively spherical and have the same structure as the stable bulk phase that is nu-
cleating.. However, already in 1897, Ostwald pointed out [36] that the phase that nucleates need 
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Figuree 5.2: Reduced nucleation rates I as a function of the volume fraction of the meta-stable 
liquid.. The simulation data for monodisperse colloids are indicated by the *- the drawn curve 
joiningg the simulation points is meant as a guide to the eye. In the same figure we show the 
experimentall  results of Ref. [29](o), Ref. [3](o and , Ref. [30](A) and Ref. [35](T). We also 
performedd simulations on model systems that have the same polydispersity (5%) as the exper-
imentall  systems. These simulation results are denoted by the filled squares. The discrepancy 
betweenn the latter simulations and experiment is unexpected and significant. Several factors 
couldd complicate the comparison with the available experiments: firstly the experiments yield 
aa "time-averaged" nucleation rate that may differ from the steady-state rate that we compute. 
Secondlyy it is conceivable that the experimental systems contain some pre-critical nuclei. 

nott be the one that is thermodynamically stable. In recent years, several attempts have been 
madee to provide a microscopic explanation for Ostwald's observation [37-39]. Alexander and 
McTaguee [37] have argued, on the basis of Landau theory, that in the early stages of crystal nu-
cleationn a bcc crystallite should form that would subsequently transform into the stable crystal 
phase.. In fact, simulations of pre-critical nuclei in a Lennard-Jones ("argon") liquid, are indeed 
foundd to have a bcc structure, rather than the stable fee structure [25]. In the case of hard 
spheres,, it is known that the stable crystal structure is face-centered cubic - but this fee phase is 
onlyy slightly more stable than the hexagonal close packed (hep) phase [40]. In fact, the fee - hep 
free-energyy difference is so small, that small hard-sphere crystals wil l always contain an equi-
libriumm concentration of stacking faults [31,41-43]. It would clearly be interesting to know 
byy what route hard-sphere crystals nucleate: does the small size lif t the effective degeneracy be-
tweenn fee and hep structures to the extent that one of these dominates, or do hard-sphere crystal 
nucleii  obey the predictions of the Alexander-McTague theory and exhibit a bcc or possibly even 
icosahedrall  structure? To answer this question we analysed the structure of the crystalline nu-
cleus.. The stable structure of a bulk hard-sphere solid is fee [40]. However, as the free energy 
off  stacking faults is small [42,43] small crystallites are expected to exhibit random stacking of 
feee and hep domains. Indeed, direct inspection of the crystal nuclei generated in our simula-
tionss show that the critical nucleus is randomly stacked. The next question to ask is if there is 
anyy evidence for bcc or icosahedral ordering. To this end, we used the analysis technique of ten 
Woldee et al. [25]. This approach allows us to analyse any cluster structure as a mixture of sim-
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Figuree 5.3: Snapshot of a cross-section of a critical nucleus of a hard-sphere crystal at a liquid 
volumee fraction <$> = 0.5207. The figure shows a three-layer thick slice through the center of the 
crystallite.. Solid-like particles are shown in yellow and liquid-like particles in blue. The layers 
shownn in the figure are close-packed hexagonal crystal planes. The stacking shown in this figure 
happenss to be fcc-like, i.e. ABC-stacking - however, analysis of many such snapshots showed 
thatt fee and hep stackings were equally likely. 

piee reference structures. We assume that pre-critical nuclei need not have the random-stacked 
close-packedd (rhep) structure. Rather, we allow for the possibility that the nuclei exhibit a signa-
turee characteristic of bec, icosahedral or even liquid-like ordering. Every structure is characterized 
byy a set of numbers fbcc, frhepfico» f uq- where the value of f a denotes the relative importance 
off  structure a in the cluster. In Fig. 5.4 we show the results for fbco frhcp ficosand fUq as a 
functionn of the size of the largest cluster in the system at P = 15. The results for P = 16 and 
177 are qualitatively similar. The figure shows that icosahedral ordering is not observed for any 
nucleuss size. Small clusters still have some bec or liquid-like signature. But in all cases the rhep 
signaturee is dominant. The same conclusion holds for the weakly polydisperse crystals that 
wee studied. This observation is interesting, as it shows that the simplest of all crystals does 
nott confirm the theoretical prediction that bec (or icosahedral) (pre)nuclei should be favored 
inn the crystallization of simple liquids [37-39]. Our finding is also unexpected in the light of 
thee finding that pre-critical Lennard-Jones nuclei have a bec structure [25]. As the structure of 
simplee liquids is known to be dominated by the short-ranged repulsive forces, one would have 
expectedd that the structure of the pre-critical nucleus in hard-sphere fluids would be bec, as in 
thee Lennard-Jones case. Random hexagonal close packing (rhep stacking) in freshly nucleated 
colloidall  hard-sphere crystals has been observed in several experiments [31,41]. It is usually 
assumedd that the origin of the rhep stacking is purely kinetic. While this may be correct for 
largerr crystals, the present simulation indicates that, in the early stages of nucleation, the rhep 
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Figuree 5.4: Structure analysis of (pre) critical crystal nuclei. The figure shows the relative weight 
off  the structural signatures for rhcp, bcc, icosahedral and liquidlike ordering in hard-sphere 
crystall  nuclei of size n . In order to carry out the structural analysis, we first computed the distri-
butionn of bond-order parameters for the various pure structures (see Ref. [25]). This is straight-
forwardd for liquid structures. In the case of the randomly-stacked hexagonal close-packed struc-
ture,, we determined the signature of a randomly stacked bulk crystal. However, no stablee bcc or 
icosahedrall  structures exist for monodisperse hard spheres. However, we found that we could 
generatee meta-stable bcc structures for slightly (3%) polydisperse hard-sphere crystals. We com-
putedd the bcc signature for this structure. In the case of the icosahedral structre, we computed 
thee relevant bond-order parameter distributions for a particle that was constrained to be in an 
artificiallyy stabilized icosahedral environment of the correct density. The figure shows that bcc 
andd icosahedral structures play no role in the nucleation process. Small clusters are fairly disor-
deredd and have an appreciable liquidlike signature. The figure shows that the rhcp signature is 
dominantt for all cluster sizes. However, small crystallites tend to be fairly disordered. In those 
structures,, the bcc and liquidlike signatures become noticeable. 

structuree is simply more stable than fee. This phenomenon can be interpreted as a manifestation 
off  Ostwald's "step rule" [36]. The hard-sphere fluid nucleates into the metastable rhcp structure. 
Onlyy later does this metastable structure transform into the stable fee structure [42,43]. 

5.55 Appendix A: Protocol of the simulation 

Thee barrier was computed using Eq. (5.6). A prerequisite for the calculation of the nucleation 
barrierr is the choice of a "reaction coordinate" that measures the progress from liquid to solid. 
Ass our reaction coordinate, we use n, the number of particles that constitute the largest solid-
likee cluster in the system. A criterion based on the one described in Ref. [25] was used to identify 
whichh particles are solidlike (see section 4.1.2. The cutoff for the local environment was set to 
rqq = 1.4a, the threshold for the dot product q6q6 = 20 and the threshold for the number of 
connectionss was set to 6. If two solidlike particles are less than 2a apart, where a is the diameter 
off  a particle, then they are counted as belonging to the same cluster. Using this technique we 
aree able to distinguish between particles in a liquidlike environment and particles that belong to 
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crystallinee nuclei. For all but the smallest clusters, P(n) <§C 1 . We used umbrella sampling [22] 
too determine P(n) in the range where it is very small. The total simulation was split up into a 
numberr of smaller simulations that were restricted to a sequence of narrow, but overlapping, 
"windows""  of n values. It turned out that stacking rearrangements in the crystalline nuclei 
weree slow. To alleviate this problem, we applied the parallel tempering scheme of Geyer and 
Thompsonn [23] to exchange clusters between adjacent windows. Al l simulations were carried 
outt at constant pressure and with the total number of particles (solid plus liquid) fixed. For 
everyy window, the simulations took at least 1 x 106 MC moves per particle, excluding equi-
libration.. The results of all simulations are presented in reduced units. In all cases, periodic 
boundaryy conditions were imposed. To eliminate noticeable finite-size effects, we simulated 
systemss containing 3375 hard spheres. We also used a combined Verlet and Cell list to speed 
upp the simulations. The kinetic factor was calculated using Eq. (4.51). We performed a kinetic 
Montee Carlo simulation [26], to measure the size fluctuations of a critical cluster. Kinetic Monte 
Carloo simulation means in this case a standard Monte Carlo simulation in the limi t of very small 
maximumm particle displacements AxmQX = 0.01a. From the barrier calculations we had gener-
atedd configurations containing a critical cluster, which we used as starting configurations. We 
runn between 5 - 10 independent trajectories, which was enough to get a reasonable estimate for 
thee attachment rate. More details of the simulations are described in section 4.2. 

5.66 Appendix B: Calculation of the chemical potential 

Heree we describe the calculation of the chemical potential for the monodisperse hard-sphere 
system.. For the system with 5% polydispersity this is described in section 6.5. For the calculation 
off  the chemical potential of the two phases, we performed a thermodynamic integration. The 
Helmholtzz free energy F, per particle and in units of the thermal energy kBT, of a liquid is 
determinedd by integrating the equation of state, starting from low densities, where the fluid 
behavess like an ideal gas [7]: 

F(p)) F«fp) 1 p> , / ' F V ) - £ W r \ 
N ^ TT = N Ï Ï ^ + k B T j 0

d P l ^ )  <5'7» 

wheree P( p) is the pressure and Fld( p)/NkBT = ln( p) - 1 the free energy of an ideal gas at density 
p.. The corresponding chemical potential is given by: 

u]p)) = _F(p)_ , P(P)_ , _ 
kBTT NkBT ^ pkBT- P' Ö J 

Thee calculation of the chemical potential of the solid is slightly more complicated. The reason 
iss that it is not possible to perform the integration from the ideal gas limit , as the solid melts 
att lower densities. One has to calculate the excess free energy of a solid at a reference density 
wheree the solid is stable, which requires a different thermodynamic integration technique, the 
soo called Einstein integration. The idea is to transform the solid reversibly into an Einstein 
crystal,, where the atoms are coupled harmonically to their lattice sites. The free energy can be 
calculatedd very precisely and we use the results from Poison et. al. [44] for the excess free energy 
off  a (defect free) hard sphere solid at coexistence: Fe x(pc o ex = 1.0409)/NkBT = 5.91889. From 
thee above equation we can then calculate the chemical potential of the solid at any other density 
accordingg to: 

^^ = ^ + 5 . 9 1 8 8 9 + -U
P tf(!W=p£)+m. (5.9) 

kBTT NkBT ^BTJP C O C X ^\ p'2 / pkBT v ' 
Forr the equation of state P(p) we used the analytical expressions by Hall [34] for the liquid and 
thee solid. The integration was performed numerically. 
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* * 
0.5207 7 
0.5277 7 
0.5342 2 

AG(ncr i1j j 
43.0 0 
27,8 27,8 
18.5 5 

n c r i t t 
260 0 
130 0 
75 5 

CC /Do 
189 9 
43 3 
66 66 

logiofl] ] 
-19.3 3 
-13.5 5 
-9.14 4 

A A 
0.31 1 
0.46 6 
0.27 7 

A(j, , 

0.34 4 
0.44 4 
0.54 4 

Tablee 5.1: Summary of the simulation results for the calculation of the nucleation rate for 
monodispersee hard sphere colloids. Here 4> is the volume fraction of the liquid phase. AG(nCTit) 
iss the measured free energy to form a cluster of critical size nCTt t f̂ crit /Do is the attachment rate 
off  particles to the critical cluster divided by the free diffusion coefficient. I is the reduced nu-
cleationn rate and A is the estimated typical jump distance from the calculation of the attachment 
rate.. A|j. is the difference in chemical potential between the two phases 

5.77 Appendix C: Classical prediction of the kinetic factor 

Experimentallyy determined values for the kinetic factor often differ by orders of magnitude 
fromm those predicted by classical nucleation theory (CNT). For this reason it is important to 
comparee our numerical computed kinetic factor with the ones predicted by CNT. The following 
expressionn has been proposed in literature [17] (see section 3.1): 

K CNT=Zpi i 
A22 • 

(5.10) ) 

Heree Ds is a self diffusion coefficient in the bulk liquid, pi is the number density of the liquid, 
n c r i t i ss the critical cluster size, A is a typical atomic jump distance in the liquid and Z is the Zel-
dovitchh factor. In the calculations of the nucleation barrier we saw that the functional form of the 
nucleationn barrier can be fitted accurate to the corresponding analytical expression from CNT. 
Thee prediction of the Zeldovitch factor from our numerical calculations and CNT are therefore 
almostt identical. The attachment rate can be identified as f ̂ N T = 24Dsuc(. i/A

2, which we can 
comparee directly to our numerical calculations. If we assume that Ds = Dg, where D<- is the 
long-timee diffusion constant, and treat A as a fit parameter to reproduce our calculated attach
mentt rates, we get values between A RJ 0.27 — 0.46<r (see table 5.1). This is in the order of the 
interr particle spacing and therefore close to what we would expect for a typical jump distance. 
Inn contrast to that, experimental estimates yield values A = 2.8 — 17a [5]. The identification 
Dss = D5 is justified by the fact that the time A2/D<j corresponds to long-time diffusion. 




