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8 8 
Phasee behavior  and crystallization 
kineticss of PHSA-coated PMM A 
colloids s 

PolymethylmethacrylatePolymethylmethacrylate (PMMA) colloids sterically stabilized by a layer of chemically-grafted poly-12-
hydroxystearichydroxystearic (PHSA) are widely used in experiments as model hard-spheres. However, due to the 
coating,coating, the interaction between particles is slightly soft. Here we report a numerical study of the effect of 
thethe PHSA coating on the phase behavior and crystallization kinetics of PMMA colloids based on parame-
tersters determined from surface-force measurements PHSA [74,75]. We find that the core volume fraction of 
particlesparticles at freezing measured by Pusey and van Megen [41] can only be reproduced by using a thickness 
ofof the PHSA layer that is considerably larger than literature values. This may indicate that the particles 
areare in fact slightly charged. Compared to perfect hard spheres, the crystallization rate in these slightly 
softsoft particles was found to be increased by about two orders of magnitudes. 

8.11 Introductio n 

AA disordered collection of hard spheres is perhaps the simplest possible interacting fluid. The 
experimentall  realization of a colloidal suspension that closely mimics the phase behavior of 
hard-spheress was a milestone in soft matter research [45,53,76]. Pusey and van Megen showed 
inn the 1980s that polymethylmethacrylate (PMMA) particles stabilised by chemically-grafted 
polyhydroxystearicc acid (PHSA) system reproduced closely the equilibrium phase behavior ex-
pectedd of hard-spheres [53]. Other model systems are also known [77,78]. Recently, it was 
shownn that the crystallization kinetics of hard-spheres predicted by computer simulations [48] 
differedd by several orders of magnitude from the crystallization rates measured in model col-
loidss [3-5,29,30,35,62]. Polydispersity in the synthetic colloids cannot account for this discrep-
ancyy [70]. Another possible explanation is a slight softness in the interparticle potential. In this 
report,, we investigate how such softness may affect phase behavior and crystallization kinetics. 

Inn the following we first introduce a model potential for PHSA-coated PMMA spheres. Us-
ingg this potential we calculate the freezing and melting volume fractions. These quantities can 
bee compared to values obtained in experiments [41]. Next, we study how the softness affects the 
crystallizationn kinetics by calculating the nucleation barrier and the nucleation rates at different 
volumee fractions. 
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Figuree 8.1: Estimated interaction potential between two PMMA spheres coated with a layer of 
PHSA.. The curves were computed using the Alexander-de Gennes scaling blob model. Results 
aree shown for two sphere radii R = 201 nm and 305nm. For the density of the grafted chains we 
usedd a value s = 2.0nm and the layer thickness was assumed to be L = 13.5um. The prefactor 
aa = 0.025 was taken from the experimental data. 

8.22 Model potential 

Thee potential that we used to model the interaction between two PHSA-coated PMMA spheres 
wass deduced from surface-force measurements. Costello et al. [74,75] measured the force be-
tweenn two mica surfaces coated with a PMMA (backbone)-PHSA (sidechain) comb copolymer, 
withh the PMMA backbone directly adsorbed on the mica and the PHSA side chains protruding 
intoo the solvent. The interaction thus mimics that between the surfaces of two PHSA-stabilized 
PMMAA colloids. The measurements of Costello et al. followed a model proposed by Alexander 
andd de Gennes [79,80]. In this model, expected to be valid for high grafting densities, each chain 
iss assumed to consist of connected semi-dilute blobs. The chains are stretched by osmotic repul-
sionn between the blobs. This tendency is opposed by the increase in elastic free energy of the 
chainn upon stretching. The resulting expression for the force per unit area between two parallel 
platess at a distance r is 

F(T) ) 
<xkBT T T-T-(i) ) 3/4 4 

(8.1) ) 

wheree s is the mean spacing between between grafting points and L is the thickness of the poly-
merr layer; a is a numerical prefactor and kBT the thermal energy. The expression is supposed 
too hold for 0 < T < 2L. Integration yields the corresponding energy density. From the distance 
off  onset of the interaction, Costello et al. estimated that their layer thickness was L = 12.5 nm. 
AA fit of the Alexander-de Gennes model to experimental measurements yielded a = 0.025 and 
ss = 2.8 nm. By using the Derjaguin approximation (see e.g. Ref. [81]) we can estimate the 
interactionn potential between two spheres. Different methods have been used to measure the 
thicknesss of the PHSA layer on PMMA colloids synthesized according to the method of Antl et 
al.. [82], giving values of L = 7-13 nm [83-87] and a maximum distance between grafting points 
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Figuree 8.2: Calculated parameter set Uo/kBT,K of a hard-core yukawa potential that accounts 
forr the observed shift in the freezing density. 

off  s = 2.0 nm [88]. 
Inn our simulations we used L = 13.5 nm and s = 2.0 nm to yield the strongest repulsion 

compatiblee with the experimental data. The resulting interaction potentials for spheres with 
radiii  R = 305 nm and 201 nm are shown in Fig. 8.1. These radii correspond to the particles sizes 
usedd by Pusey and van Megen [41] and Harland and van Megen [3] respectively. As can be 
seen,, the interaction potential increases steeply to 1 0kBT within 6 — 7 nm from the point of first 
contact. . 

8.33 Phase behavior 

Wee used the potential obtained in the previous section to calculate the freezing and melting 
densitiess of the colloidal suspensions. At coexistence the chemical potential and the pressure of 
thee fluid and the solid phase are equal. The chemical potential of the fluid and the solid phase 
cann be calculated from simulations using thermodynamic integration [7] 

u(p)) _ Pd(p) + F*(pref) 

kBTT NkBT NkBT 

1 1 

kTf f 
,, ƒ P(p') - p 'kB T\ , P(p) 

d P ll P^  J + P^f' (8.2) ) 

wheree P is the pressure, N the number of particles in the system and Fld(p)/NkBT = ln(p) — 1 is 
thee dimensionless free energy per particle at density p. In addition we need to know the excess 
freee energy Fex(pref) of the liquid and the solid at a reference density pref, which was calculated 
inn a separate simulation. We performed a thermodynamic integration where we coupled our 
systemm to a system of known excess free energy (in this case the hard-sphere system). The result 
forr the excess free energy of the liquid and a fee solid for the particles with radii R = 201 nm are 
r"u""  (Pref = 0.8495)/NkBT = 4.9557 and Fjc

x
c(pref = 0.94458)/NkBT = 6.0262. For the system with 

RR 1 305 nm we obtained F«(pref = 0.8607)/NkBT = 4.5605 and Ffc
x (pref = 0.9559)/NkBT = 

5.6798.. The equation of state for the liquid and solid of the slightly soft system was measured 
inn a Monte Carlo simulation and the integration to calculate the chemical potential was done 
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numerically.. The resulting freezing and melting volume fractions for our model potential were 
thenn estimated to be 4>f = 0.4137 and (f>m = 0.4579 (for R = 201 nm) and fa = 0.4380 and 
4>4>mm = 0.4850 {for R = 305 nm). Thus, by scaling the freezing volume fractions to that of hard-
spheress 4>^s — 0.494 [33] we obtain the effective hard-sphere diameter ueQ = 1.061 cr and crei{ = 
1.0411 cr of the two systems. We can compare these diameter to the effective hard-sphere diameter 
predictedd by first order perturbation theory 

°"eff f dr{1-exp[-U(r)/kBT]} .. (8.3) 

Thee results aeff = 1.061 a (for R = 201 nm) and aen — 1.041 u (for R — 305 nm) are identical to the 
estimatee above. The values for the interaction potential at this distance are U(r — creff)/kBT = 
0.70560.7056 and 0.7065. If we use the effective hard-sphere diameter to rescale the melting volume 
fractionss of the soft systems to that of the hard spheres we find <$>m — 0.5469 and 4>m = 0.5463 
(too be compared with (J>"s = 0.545 [33]). 

Thee results for the particles with R = 305 nm can be compared directly with the observations 
off  Pusey and van Megen, who found core volume fractions at freezing and melting c|)f = 0.407 
andd <J)m — 0.441 [41]. The corresponding effective hard sphere diameter is <reff — 1.067. The 
experimentall  volume fractions are some 3.1% lower than the freezing volume fraction deter-
minedd in our simulations. If we consider the fact that the particles are poly disperse (5%) the 
discrepancyy is even 4.1% [46]. 

Onee may seek to obtain a better fit to experiments by varying the parameters s and L. The 
valuee of s used gives the minimum surface coverage (at aerial density s 2) necessary for steric 
stabilizationn to function [88]. In any case, we find that the effective hard sphere diameter is 
somewhatt insensitive to variations in s. Instead, agreement with the hard-core freezing volume 
fractionn of Pusey and van Megen can be obtained by using a value of L « 22 nm. While there 
wass no direct determination of the PHSA chain length for the batch of PMMA particles used by 
thesee authors, this value of L is twice to three times as long as values obtained from a variety of 
experimentss on PHSA-coated PMMA particles [83-87]. It is therefore possible that there is an 
additionall  source of weak repulsion. 

Onee possible source of this additional repulsion is a slight charge on the colloids. If we as-
sumee that the interaction between charged colloids is described by a repulsive hard core Yukawa 
potential:: Uo/kBTexp[— K(T/V— 1 )]/(T/<T) for r > a, we can use Eq. (8.3) to estimate the values of 
thee parameter Uo/keT and K needed to account for the observed shift in freezing volume frac-
tion.. Here Uo/keT is the value of the Yukawa repulsion at contact and K is the inverse screening 
lenghtt in units of the hard-sphere diameter cr. We find that the added repulsion is indeed quite 
weak,, and very soft (see Fig. 8.2). Note that such a weak, soft repulsion can hardly be detected 
inn the surface-force measurement. We can estimate the charge on a particle from the contact 
valuee of the interaction potential: Uo/ksT — Q2/47reoecr, where Q is the charge, eo and e are the 
permittivityy of the vacuum and the PMMA. A value Uo/keT = 0.1 corresponds to an average 
colloidall  charge of about one electron per sphere. 

8.44 Crystallization kinetics 

8.4.11 Homogeneous nucleation 

Whenn a liquid is compressed to densities beyond freezing crystallization can be very slow. The 
reasonn is that the free energy of a crystalline nucleus that forms in a supersaturated solution is 
thee sum of two competing terms. The first is a bulk term, that favors the transformation from 
thee liquid to the solid state. If n particles transform from liquid to solid the free energy gain 



8.44 Crystallization kinetics 83 3 

45 5 

40 0 

OO 30 
< < 

25 5 

20 0 

1u.33 0.4 0.5 
AH H 

Figuree 8.3: Computed crystal nucleation barriers for the slightly soft hard-sphere system plotted 
ass a function of supersaturation. In addition we also show results from previous simulation on 
thee pure hard-sphere system, to which the results can be compared. 

iss nA|j., where A|i. is the chemical potential difference between the two phases. This term is 
counterbalancedd by the surface term, that describes the free energy required to create a liquid-
solidd interface Ay, where A is the surface area and y the surface free energy density. For small 
crystallites,, the surface term dominates and the free energy increases. The free energy has a 
maximumm at the critical cluster size nc r t t 

167TT v 3 

AG(n cri JJ = ^ - J- (8.4) 
33 (Ps|AH)z 

wheree ps is the number density of the solid. For larger sizes (smaller surface/volume ra-
tio)) the bulk term dominates and the free energy decreases. The crystal nucleation rate per 
unitt volume is given by the product of the probability for the formation of a critical nucleus 
P(n-crit)) c*  exp(—AG(ncrvt)/kBT) and a kinetic prefactor V 

II  = rexp[-AG(nCTit)ABT] . (8.5) 

Wee stress that, whilst Eq. (8.4) is an approximation (based on classical nucleation theory), Eq. (8.5) 
iss more generally valid. Below, we use simulations to estimate V and AG(ncrit) -

8.4.22 Nucleation barrie r 

Thee (Gibbs) free energy of a nucleus of size n is given by 

AG(n)) = const - ln [P(n) ]. (8.6) 

Too compute the equilibrium cluster size distribution P(n) we used a biased Monte Carlo scheme 
inn combination with a local bond-order analysis for the identification of crystal nuclei [48]. 
Forr the system with R = 201nm we computed the crystal nucleation barrier at four differ-
entt pressures Pff3/kBT = 12.5,13,13.5 and 14, corresponding to volume fractions of the liquid 

''  i , , , , 
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Figuree 8.4: Results for the crystal nucleation rate for the slightly soft hard-sphere system com-
paredd to the pure hard-sphere as a function of supersaturation Ap.. 

PiPi = 0.43441,0.43803,0.44144 and 0.44480. In Fig. 8.3 we show the results for the crystal nu-
cleationn barrier as a function of Ap. In the figure we also show the results for the hard-sphere 
system.. As can be seen, despite the only slight softness, the crystal nucleation barrier is re-
ducedd by about 2 — 4kBT at constant A î, even though the colloidal particles are very nearly 
hardd spheres. 

8.4.33 Nucleation rate 

Too estimate the crystal nucleation rate we also need to compute the kinetic prefactor I\ In re-
ducedd units, T has the following form T = Zpif+.ri, (ff 5/D0) [17]. HereZ = [|AG"(ncrit)l/(27rkBT)]1/2 

iss the Zeldovich factor which is a quantity that can be computed once the nucleation barrier is 
known.. pt is the number density of the liquid phase. The only unknown quantity is the reduced 
attachmentt rate of particles to the critical cluster f+ /Do, where Do is the diffusivity of col-
loidss at infinite dilution. The attachment rate of particles to the critical cluster can be computed 
byy measuring the size fluctuations around the critical size f+^ = ((n(t) — nc rt t)

2) / t [48]. To 
computee this quantity we used a kinetic Monte Carlo scheme [26]. In such simulations the effect 
off  hydrodynamic interactions between the particles is usually neglected. To correct for this we 
followedd the approach proposed by Medina-Noyola [27]. In this scheme the computed f+ 
iss multiplied by a factor D§/D0, where D | is the short time self diffusion coefficient. For the 
hard-spheree system we could use the approximate expression D| /Do — (1 — 4V0.64)1 ' 7[28]. In 
orderr to apply this expression to slightly-soft spheres, we used the rescaled volume fraction of 
thee corresponding effective hard-sphere diameter. The results for the crystal nucleation rates as 
aa function of Au. are shown in Fig. 8.4. The decrease in the nucleation barrier transforms into an 
increasee of the crystal nucleation rate of about two orders of magnitudes. In addition we show 
thee crystal nucleation rate as a function of the rescaled volume fraction of the liquid (Fig. 8.5). 
Inn this figure too, an increase of the nucleation rate of more than one order of magnitude is ob-
served.. While this is significant it is not enough to account for the nucleation rates observed in 
experiments.. Note that in our simulations we used a particle radius R = 201 nm, which is the 

II | i i i i 

JJ I I I I I I 1 I I L 
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Figuree 8.5: Comparison of the crystal nucleation rates computed for the slightly soft hard-
spheress and the pure hard-spheres plotted as a function of the volume fraction of the liquid. 
Thee volume fraction used for the slightly soft hard-spheres correspond to the effective hard 
spheree model. 

radiuss of the particles used in the experiments by Harland and van Megen [3]. A comparison 
too their results is possible if we assume that the effect of the softness on the nucleation rate is 
thee same for particles that have a polydispersity of 5%. The agreement is only slightly better. 
Wee also show the results of experiments by Sinn et al. [35]. The particles they used are larger 
RR = 435nm (and therefore less soft) and have a polydispersity of 2.5%. If we extrapolate both 
experimentall  measurements to a monodisperse system, wee see that a comparison to our results 
forr the slightly soft system yields at best a discrepancy of four orders of magnitudes. 

Thee fact that the particles are weakly charged and the system has a large Debye screening 
lengthh might have two additional effects on the crystallization kinetics. First of all, the charge 
furtherr lowers the surface free energy which increases the nucleation rates. Secondly, as both 
thee surface charge and the Debye screening length may depend on density this can qualitatively 
changee the dependence of the nucleation rate on supersaturation [89]. A better agreement with 
experimentall  nucleation rates would be obtained if we make the (not unreasonable) assumption 
thatt the colloids become more hard-sphere like at higher densities. 
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