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Walll  induced crystallization in a 
hard-spheree system 

WeWe compute the free energy barrier associated with the formation of a crystal nucleus on a smooth hard 
wall.wall. We find that the nucleation barrier is much smaller than in a homogeneous system. Spontaneous 
crystallizationcrystallization starts already for pressures that are about 5.4% higher than the estimated coexistence pres-
sure.sure. When crystal nuclei form, a (HI) face crystal plane forms at the wall. Initially, this crystal grows 
laterally,laterally, rather than in the third dimension. The calculated free energy of a crystal nucleus that forms 
atat the wall is about two orders of magnitudes lower than classical nucleation theory (CNT) estimates for 
thethe homogeneous system. Our simulations support theoretical estimates based on available data for the 
interfacialinterfacial free energy. The presence of a nucleation barrier is incompatible with the assumption that the 
crystalcrystal phase wets the interface [90] 

9.11 Introductio n 

Manyy liquids can be cooled far below the melting temperature and kept there without freez-
ingg [1]. This phenomena is known as undercooling. The reason why in the real world water 
usuallyy freezes at 0° C is due to the presence of heterogeneous nucleation sites. In the case of 
undercooledd water a single snowfiake can induce the freezing process. 

Thee reason why a liquid can be undercooled is best understood in the framework of classical 
nucleationn theory (CNT). In CNT the free energy of a crystal nucleus that forms spontaneously 
inn the supersaturated liquid is described by two competing terms. The first is a bulk term which 
describess the gain in free energy if n particles transform from the liquid to the solid state nA\x, 
wheree A[i — [ii  — yis is the difference in chemical potential between the two phases. This term is 
opposedd by the energy needed to create a liquid/solid interface Ay, where A is the surface area 
andd y the liquid/solid interfacial free energy density. Turnbull [91] extended CNT to the case 
off  heterogeneous nucleation of a crystal that forms on a plane substrate. The difference with 
thee homogeneous case is that there are now two interfaces present. The Gibbs free energy of a 
crystall  containing n particles is given by: 

AG(n)) = nA\i - A W S{Y W S - yw l ) + A l sy l s, (9.1) 

wheree the indices w, I, s refer to the wall,liquid and solid. For a given value of n, the shape that 
minimizess AG{n) is a spherical vector, with a contact angle 6 of the two phases with the wall 
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Figuree 9.1: Calculated density profile of the particles between the two plane walls at a pressure 
PP = 12.1 after 100000 trajectories. 

givenn by: 

cos(e)) = Ywii —Yws 

Yls s 

Thee resulting height of the nucleation barrier is: 

AG* * 16TII vine) 
33 (PsAu)2 

wheree ps is the number density of the bulk solid and the factor f (9) is defined by 

f(0)) = 
(22 + cos(8))(1 -cos (6 ) ) 2 

(9.2) ) 

(9.3) ) 

(9.4) ) 

Notee that the only difference to the result for the homogeneous case is the factor f (6). Depend-
ingg on the values for the interfacial free energy densities and the resulting value for cos(9) we 
distinguishh between three different cases. The first case is when cos(9) < —1 (or 9 > 180°), 
whichh corresponds to the situation where yw i — yWs < —Yis- This implies that under these con-
ditionss the crystal wil l not form on the substrate, because this would increase its free energy. 
Thiss situation is analog to homogeneous nucleation. The second case is when a finite contact 
valuee is seen: —1 < cos(9) < 1 (or 0 < 6 < 180°) with the following condition for the interfacial 
freee energy densities — y i s < Ywi ~ Yws < Yu- This means that a crystal lowers its free energy by 
attachingg to the wall. This case is also referred to as partial wetting of the wall. The last case is 
whenn cos(9) = 1 (9 = 0°) or y l s < y w l - yw s. In this case the solid phase prefers to form a thin 
layerr on the wall which is referred to as complete wetting. In that case the barrier to nucleation 
disappears. . 

Inn this chapter we investigate how the crystallization process in influenced by to the pres-
encee of a wall. In particular we focus on a system of colloidal hard-spheres between two pla-
narr hard walls. The hard-sphere system has the advantage that it is thermodynamically well 
characterized.. Even more importantly, it can be studied experimentally. The estimated value 
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Figuree 9.2: Snapshot of the configuration which shows the particles between the two plane walls 
att the end of these 100000 trajectories. 

forr the wall /liquid interfacial free energy density at the freezing volume fraction n = 0.494 is 
Ywii  = 1.99kBT/a2 [92], where a is the hard-sphere diameter and ICBT the thermal energy. The 
valuess for the wall/solid interfacial free energies for different orientations (111), (110), (100) are 
estimatedd to be y w s = 1.42,3.08,2.01 kBT/cr2 [92]. The values for the liquid/solid interfacial 
freee energy again for the three orientations in same order are yu = 0.58,0.64, 0.621<BT/CT2 [6]. 
Basedd on these values we can speculate which of the three cases applies for the hard-sphere 
walll  system. For the (110) plane we find that it prefers not to attach to the wall. The condition 
Ywi-Yws << - Y u is fulfilled-1.09 < -0.64. In contrast to that, the (100) and the (111) prefer to 
partiallyy wet the wall. Both planes fulfil l the corresponding condition —yis < y w \ — y w s < y i s 

(-0.622 < -0.02 < 0.62 and -0.58 < 0.57 < 0.58). We should note that the condition for wetting 
Yiss < Ywi — Yws is almost fulfille d by the (111) plane 0.58 < 0.57. Taking into account the sta-
tisticall  errors which might be present in the calculation of the interfacial free energy densities, 
thee situation of partial wetting and complete wetting of the (111) plane is not completely clear. 
Inn fact, there are earlier simulations that report complete wetting [90] starting about 3% below 
thee coexistence pressure. Clear evidence for surface freezing has been reported for a patterned 
surface.. In this case, surface freezing already sets in 29% below the coexistance pressure [93]. 

Beloww we consider whether crystalline layers wet a plane wall below the bulk freezing den-
sity.. We find that this is not the case. Next, we calculate the free energy of a nucleus that 
partiallyy wets the wall and compare the measured barrier height to a prediction from CNT at 
thiss pressure in the corresponding homogeneous system. 

9.22 Coexistence region 

Too explore the coexistence region we performed Monte Carlo simulations in the constant normal-
pressuree (NP^T) ensemble. Here N refers to the number of hard-spheres in our rectangular 
simulationn box of size Lx, Ly, Lz. Periodic boundary conditions are applied in the x and u di-
rectionss and two plane hard walls at distance Lz confining the system in the z direction. Px 
iss the component of the stress tensor perpendicular to the plane wall, and T is the tempera-
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Figuree 9.3: Calculated density profile of the particles between the two plane walls at a pressure 
PP = 12.2 after 100000 trajectories. The system started to crystallize. 

ture.. As our unit of length we used the hard-sphere diameter a, whereas T only sets the energy 
scale,, but does not affect the phase transition. The hard-sphere system is completely specified 
byy the volume fraction r| of the system. The coexistence volume fractions for the bulk fluid 
andd solid phase are known [33]: r|f = 0.494 and nm = 0.545. The corresponding coexistence 
pressuree is PCoex= 11.57cr3/kBT. In the following we always use reduced units. To avoid finite 
sizee effects we simulated a system containing N = 13824 particles. The wall area was fixed at 
LXLUU = 600.25a2, the distance between the two walls in z direction fluctuated but was close to 
24cr.. The simplest way to detect prefreezing is to measure the density profile of the particles be-
tweenn the two walls. In case solid layers form at pressures lower than Pc o e*  this wil l be visible 
inn the density profile through a pronounced dip, indicating a clear separation between crystal 
planes.. However this was not observed, even at pressures higher than Pc o ex In Fig. 9.1 we show 
thee observed density profile at the end of a simulation performed at a pressure Pi = 12.1. The 
correspondingg bulk volume fraction is n = 0.4966. In the simulation we performed 100000 tra-
jectories,, where one trajectory consists of 20 moves per particle, plus about 10 volume moves. A 
snapshott of the corresponding side view of the last configuration of this simulation is shown in 
Fig.9.2.. The situation changes when the pressure wass increased to Pi = 12.2. The liquid started 
too crystallize, which can be seen from the density profile shown in Fig.9.3. Already from these 
simulationss it becomes clear that the liquid prefers to partially wet the wall rather than complete 
wetting.. However the density region where the liquid does not crystallize spontaneously be-
comess very narrow. In the homogeneous system nucleation is very slow for P < 17 (r| < 0.53). In 
additionn we used a local bond-order analysis [48] to distinguish between particles with a liquid-
lik ee and solid-like local environment. The result of this analysis is shown in Fig.9.4, where we 
showw a snapshot of the particles on the wall at pressure Pi = 12.1. The particles in blue have a 
liquid-lik ee environment and the particles in yellow have a solid-like environment. Only some 
smallerr crystal nuclei can be identified. We should note that solid cluster did only form at the 
walll  and not in the bulk. 
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Figuree 9.4: Snapshot of particles at the wall. A local bond-order analysis was used to distin-
guishh between particles with a liquid-like (blue particles) and solid-like (yellow particles) envi-
ronment.. The snapshot is taken from a simulation at pressure P = 12.1. 

9.33 Crystallization Barrier 

Next,, we computed the free energy of a small nucleus at the wall. According to thermodynamic 
fluctuationn theory the (Gibbs) free energy of a nucleus of size n is given by [20] 

AG(n)) = const - ln[P(n)], (9.5) 

wheree P(n) is the equilibrium distribution of cluster sizes. This is the fundamental relation 
whichh enables us to compute the nucleation barrier in a simulation. We perform a Monte Carlo 
simulationn in the constant normal-pressure (NPj_T) ensemble in combination with a local-bond 
orderr analysis as described above. As for all but the smallest cluster P(n) <C 1 we used umbrella 
samplingg [22]. The total simulation was split into a number a number of smaller simulations, 
wheree each simulation was restricted to sample only a narrow range of cluster sizes. We used 
NN = 13824 particles and simulated 100000 trajectories of same lenght as described before. The 
resultt for the free energy barrier calculated at a pressure Px = 12.1 is shown in Fig. 9.5. The 
estimatedd barrier height is AG* = 17ksT at a critical cluster size nc r i t = 150. We can compare 
thiss estimate with a prediction for the barrier height in a homogeneous system. In an earlier 
publicationn we showed that given the correct value for the interfacial free energy CNT describes 
thee barrier height quite well [48]. But we also found that the interfacial free energy depends 
onn density. As the present system is close to coexistence we use its average coexistence value 
yy = 0.61 [6]. We then get AG*~NT= 1334kBTat a critical cluster size of n.CTit= 52000. The overall 
reductionn of the nucleation barrier due to the plane wall is about two orders of magnitudes. This 
shouldd have dramatic consequences for colloidal hard-sphere systems. The colloidal suspension 
iss usually prepared in a cylindrical container. The curvature of the cylinder is quite small so 
thatt one would expect that crystallization is always initiated by the wall. Finally we look closer 
withh which plane the crystal nuclei attaches to the wall and what the actual shape is. In Fig. 9.6 
andd Fig. 9.7 we show a snapshot of a critical nucleus of size n = 150. We can clearly see that 
thee (111) plane attaches to the wall, as expected. Note that the shape of the nucleus on the plane 
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Figuree 9.5: Calculated nucleation barrier AG(n) of a crystal nucleus formed at the wall as a 
functionn of its size n. 

iss flat and the nucleus prefers to spread on the surface rather to grow in the bulk. This is in 
agreementt with the CNT predictions based on the surface free energy values. The (111) partially 
wetss the wall but the condition for complete wetting is almost fulfilled. 

Thee fact that the range of metastability becomes very narrow might provide a powerful 
tooll  for the determination of the freezing density in experimental systems. The initial crystal 
formationn at a flat surface can be observed using real space imaging. The corresponding density 
shouldd differ less than 1 % from the coexistence value. 
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Figuree 9.6: Snapshot of a crystal nucleus of size n 
displayedd all solid particles in the system. 

1500 shown in yellow. In the figure we 

Figuree 9.7: Snapshot of a crystal nucleus of size n = 150. 




