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Appendixx A 

AA numerical solution to the modal equation 

Forr applying finite-difference discretization, each layer (water column, sediment, sub-bottom) 
iss divided into equally spaced (per layer) intervals. When dividing the water column into N 
intervalss hw, the mesh in the water column is 

zj=jhzj=jhww j = l,2,...,N (1) 

with h 

HHww=Nh=Nhww (2) 

Thee mesh in the sediment (M intervals) and the mesh in the sub-bottom (K intervals) are 

ZjZj=H=H ww+(j-N)h+(j-N)hss j = N + l,N + 2,...tN + M (3) 

z,z, =Hw+H+(j-N-M)h b 

jj  = N + M + \,N + M + 2,...,N + M + K-l 

Figuree 1 illustrates the finite-difference discretization. 
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N+M+K--

artificiall  boundary 

Fig.. 1 Discretization of the ocean environment. 

Ass mentioned before Hi, must be taken sufficiently large to represent 'half-infinite'. All three 
intervalss hw, hs, and hi, are different. It should also be noted that a small correction is applied 
too Hs. It will be shown in the remainder of this section that by using the finite-difference 
disrcetizationn the problem can be written as 

AAxxPP = n'¥ (5) ) 

with h 

V V 

Vs-i Vs-i 

{{  Vs J 

(6) ) 

withh ju the eigenvalue, ffzj) = y/j, and S = N+M+K-l. 
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A.11 The finite-differenc e equation s 

Fromm the forward and the backward Taylor series expansion the forward and backward 0(h) 
approximationn of the first derivative is obtained 

VjVj = 
VJ«-VJ VJ«-VJ (7) ) 

VJ-YJ-VJ-YJ- (8) ) 

Sincee in each layer, the density is assumed to be constant, the modal equation (Eq. (8) of 
Chapterr 2) for mode n becomes 

dd22*¥, *¥, 22 JL 2 -

dz' dz' 
»-»-++(k(zy-k(k(zy-knn<)v<)vnn=o =o (9) ) 

withh k(z) the total wavenumber and the eigenvalue kn the horizontal wavenumber of the «* 
mode.. Employing this expression, the following 0(h2) approximations for the first derivatives 
aree obtained 

 = Hk(2)2 _ w h 
hh 2 

(10) ) 

==  ll ikiz)2_M) h 
hh 2 (11) ) 

Further,, by adding the forward and backward Taylor series expansion, the 0(h ) 
approximationn for the second derivative becomes 

VJVJ = 
¥j«-tyj+Vj-¥j«-tyj+Vj- (12) ) 

Noww the modal Eq. (9) becomes 

+(k(z+(k(zJJy-M)wy-M)wJJ=o =o (13) ) 

or,, for the water column (h = h„) 

VJ-I VJ-I 
,, 2 +K,j' (14) ) 
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foryy = 1,2, ..., AM and ƒ = 1, 2, ..., AM. Similarly the modal equation for the sediment (hs) 
andd the sub-bottom (ht) layer can be obtained 

Vj-Vj-

forjforj  = N+\, N+2, ..., N+M-l and ƒ = 2, 3, . . ., M. 

VH VH 

K K VVrr j+j+ ^  ̂ = JUWJ 

for;; - N+M+1, N+M+2, ..., N+M+K-1 and/ = 2, 3, ..., K. 

(15) ) 

(16) ) 

A.22 Treatmen t of boundarie s and interface s 

Sincee the sea surface is a pressure release surface (y/o = 0) Eq. (14) reduces fory' =1 to 

(17) ) 

AtAt z = Ht = Hw + Hs + Hb, a rigid boundary is assumed, i.e., y/f forj = N+M+K-l.  Using the 
0(h)0(h) forward approximation for the first derivative 

Y*N+M+K-\ Y*N+M+K-\ 

onee obtains 

WN+M+K-2 WN+M+K-2 

VA A ~w ~w N+M+KN+M+K YN+M+K-X (18) ) 

-1 1 
22 + Kb,K Ws Ws == MV* (19) ) 

Att the water/sediment interface (j=N) and the sediment/sub-bottom interface (J=N+M) the 
situationn is more complicated. The finite-difference equations at these interfaces can be 
obtainedd by imposing that both the pressure and the particle velocity must be continuous. 
Continuityy of pressure is imposed implicitly by assigning a unique value to yat the interface. 
Continuityy of the particle velocity implies 

(20) ) 

Usingg the 0(h2) approximations for the backward and forward first derivatives this becomes 
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KPsKPs 2PS 

(21) ) 

Inn order to allow for the use of efficient numerical methods, the matrix A of Eq. (5) has to be 
symmetrical.. This can be accomplished by choosing hs according to 

hh =hw-^- (22) ) 

Then n 

¥N-¥N- ii  i K/+K-/ 
ii22 h2 2 

¥N¥N + Vff  = M¥N (23) 

Similarlyy by taking 

KK = K (24) ) 

thee finite-difference equation for the sediment/sub-bottom interface becomes 

V V 
== MVN+M 

11 1 Ktf+i  +^ , i 
hh22 h2 2 (25) ) 

Withh the finite-difference equations given above the matrix A has the following form 

AA = 

rrddxx ex 0 

ee{{ d2 e2 0 

00 e2 d3 e3 0 

!!  0 "-. "\ ' \ 

0 0 

00 es_2 ds_x e,_i 
00 e 

(26) ) 

s-\s-\ *s J 

with h 
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dd = 

4+)t„2 2 

2 2 

~K ~K 
ïï ï 

TT + Ka 

++ k 

kk  + k ' 

2 2 
" T T ++ * . . ' 

- AA  + ̂ M 2 

JJ 1 | ^ , ju + i 2+^  2 

A.22 ft 2 2 

VA, 1 1 

TT + V 

hhk k 

-- + k l 

22 * ,£ 

ee = 

f l /^ 1 1 
l / C C 

1/A„2 2 

l/V V 
l/*, 2 2 

1//I,2 2 

l/V V 
l/V V 

,1'V, , 

(27) ) 

Thee eigenvalue problem, Eq. (5), is solved by using EISPACK routines that determine the 
eigenvaluess and eigenvectors (or eigenfunctions) for the real symmetric tridiagonal matrix A 

inn the specified interval 
'a'a1 1 

K"b K"b 
</// < 

ff <0^ 

\\CCnaanaa ; 


