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Appendixx D 

Applyingg Levenberg-marquardt as a local 

optimizationn method 

Inn this appendix the downhill simplex method (DHS) and the Levenberg-Marquardt method 
(LM)) are applied to the matched field inversion problem, and the performance of both 
methodss in finding the global optimum is compared. For this comparison use is made of the 
SIM11 simulations of Chapter 6 and Chapter 7. 

D.. 1 Levenberg-Marquard t 

Forr applying the Levenberg-Marquardt (LM) algorithm, an energy function based on the 
quadraticc deviation is required. For example, the following energy function can be used for 
thee acoustic problem 

E(m)E(m) = [dobs - d ^ C m ) ] .^ -dca/c(m)r =eV (1) 

withh superscript T denoting the transposed. Symbol d0bs denotes the absolute values of the 
measuredd complex pressures at the vertical receiving array (row vector) and deck denotes the 
absolutee values of the calculated complex pressures at the vertical array (row vector). The 
amountt of hydrophones is denoted by Afo, and dQbs and dcaic have size (IxNf,). The symbol m 
denotess the vector of unknown parameters. The number of unknowns is denoted by M. 

AA Taylor expansion with terms up to the second order is carried out for determining the 
valuee of E for a model perturbation <5m (Mtl) 1 

£(mm + <^) = £(m) + gr<5m + -<5nirH&i i (2) 

withh g the (A/xl) vector containing the first derivatives of E to the unknown parameters 

gg = 2 JV (3) 

andd J the Jacobian matrix written as 

ddddcalcJcalcJ(m) (m) 

dm, dm, JJt3t3==  f ^ (4) 
i i 
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withh dcaic.< the absolute value of the calculated complex pressure at the i hydrophone. H is the 
(MxM)(MxM) Hessian of the object function 

HH = 2J7J + 2[VJ]V = 2 Jr J (5) 

Neglectingg the last term in Eq. (5) corresponds to assuming e to be linear with respect to 
thee unknown parameters. 

Thee Sm for which the minimum of Eq. (2) is obtained is given by 

H<5m=-gg or Jr J<5m=-JV (6) 

However,, if Eq. (2) is not a good approximation, the only thing that can be done is to step 
downn the gradient 

<5mm = -Cg or <5m = - C JV (7) 

withh C a constant, small enough to not exhaust the downhill direction. 
LMM varies between Eq. (6), the inverse Hessian method, and Eq. (7), the steepest descent 

method.. The steepest descent method is used far away from the minimum, whereas the 
inversee Hessian method is used in the area close to the minimum. It can be written as 

H(l+Al)<5bii  = -g or JrJ(l + AI)fii i = - J V (8) 

Forr very small AEq. (8) is equal to Eq.(6), i.e., the Hessian method. For large A, Eq. (8) 

cann be written as Sm,. = g,, i.e., Eq. (7) with the constant C having a value of - — . 
JJ Ah J Ah 

UU JJ 

Thee use of derivatives is one of the disadvantages of LM. For the acoustic problem 
considered,, these derivatives cannot be calculated analytically, and therefore have to be 
calculatedd numerically. This is inefficient and often not accurate. Another disadvantage is the 
requirementt that the energy function is based on quadratic differences, which is not always 
thee most favorable measure for the similarity. Also, LM requires the tuning of several magic 
parameters,, such as A (see Eq. (8)). The final drawback of LM is that is assumes linear 
behaviorr of e with respect to the unknown parameters, which might not always be the 
situation.. The advantage of LM lies in its efficiency in locating the global optimum. 

D.22 Applyin g LM for loca l minimizatio n of GA result s 

Forr applying LM the complex pressures at 4 frequencies ([200.0 300.3 400.3 600.2] Hz) have 
beenn used. Letting *̂  (k= 1, ..,4) denote the different frequencies and d\)hs (fk), &cók. (fk) the 
absolutee values of the pressure fields (row vectors) at frequency fk, then 

d**  = [*'«*  (/.) *'«.  t/i ) *' *  (A) <T*  t/i ) L 
<U-- = [d'ca/c (ƒ, ) d'ca/f (f2 ) d'ca/c. (h ) <T«* (A ) 1 

Sincee the LM optimization has to be started close to the global optimum, 41 standard 
geneticc algorithm runs have been carried out using the energy function of Eq. (1). The 
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situationn considered is that of the SIM1 simulations. The results are shown in Fig. 1 for all 
optimizedd parameters. 
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Fig.. 1 SIM1 parameter estimates obtained after inversions of synthetic data using the genetic algorithm 

forr the optimization and Ê as the energy function. 

Whenn applying LM, first several parameters of LM need to be set. These parameters 
comprise: : 

 The amount of iterations. After some initial test runs, using 25 iterations was, in general, 
foundd to be sufficient for convergence (see Fig. 2); 

 The amount by which A is multiplied or divided, t,. We have considered | = [5 10 15], 
withh 10 being the default value; 

 The starting value for X, X\. We have considered X\ = [0.00001 0.0001 0.001 0.01 0.1] 
withh 0.001 taken as default value; 

ddddmkmk,, (m) 
 The steps taken in determining the derivatives J = — (Eq. (4)). The step sizes 

drrtj drrtj 

aree based on the lower and upper search bound applied in the genetic algorithm. The 
defaultt step sizes are the differences of these bounds, divided by 1000 (TV). In addition, 
valuess for N of 100 and 10000 have been considered. 

Thee figures below show the results of the LM optimization. As starting points we have 
usedd the 41 parameter sets obtained through inversion using the genetic algorithm. Figure 2 
showss the energy as a function of iteration, employing the default settings. Using 25 iterations 
iss seen to be sufficient for the majority of the runs. Each run required 289 forward 
calculationss per frequency. 
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Fig.. 2 Energy as a function of iteration employing the default settings for LM. 

D.2.11 Influence of £ 
Figuree 3 shows the optimized energy function values obtained with a GA only and obtained 
byy additionally applying LM for different values of £ 

realization n 

Fig.. 3 Optimized energy function values obtained from the minimization by GA (-x) and obtained by 
additionallyy applying LM (-o) for different values of £,. 

Sincee it is difficult to draw a conclusion from Fig. 3, Fig. 4 shows the optimized energy 
functionn values obtained when applying LM with £ = 5 and £ = 15, plotted against those 
obtainedd for £=10. The dashed lines indicate equal results. Using a value for £of 15, instead 
off  10 does not degrade nor improve the optimization. Employing a somewhat lower value for 
££ seems to improve the optimization, i.e., in general, the obtained energy function values 
becomee somewhat lower. 



211 1 

optimizedd energy (unction values for ̂  = 10 optimized energy function values for § = 10 

Fig.. 4 Optimized energy function values obtained when applying LM with £ = 5 and £= 15, plotted 
againstt those obtained for £= 10. The dashed line indicates equal results 

D.2.22 Influence of X1 

Figuree 5 shows the energy function values obtained from the minimization by GA and those 
obtainedd by also applying LM for different values of X\. Clearly the results are different for 
differentt values of Xi, but there is no clear difference in performance. Also an analysis as 
presentedd in Fig. 4, did not show any clear effect and it can be concluded that X\ is not a very 
criticall  parameter. 
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Fig.. 5 Optimized energy function values obtained from the minimization by GA (~x) and obtained by also 
applyingg LM (-o) for different values of fa. 

D.2.33 Influence of the step size taken to calculate the 
derivatives s 

Figuree 6 shows the optimized energy function values, both obtained using the genetic 
algorithmm only, and followed by LM, applying different step sizes for determining the 
derivativess needed for the LM method. The step sizes are calculated as the differences of the 
upperr and lower search bounds used in the GA optimization, divided by N, with N = 100, 
1000,, 10000. 
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Fig.. 6 Optimized energy function values, using the genetic algorithm only (~x), and followed by LM (-o). 
Thee step sizes applied for determining the derivatives (needed for the LM method), are the area 
overr which the GA optimization is performed, divided by N. 

Figuree 7 shows the optimized energy function values obtained when applying LM with N = 
1000 and N = 10000, plotted against those obtained for N = 1000. The dashed lines are used for 
indicatingg equal results. Using a value for N of 100, instead of 1000 results in a degradation of 
thee optimization performance. Employing a higher value for N, i.e., 10000 instead if 1000, 
resultingg in smaller step sizes used for determining the derivatives, seems to improve the 
optimization,, i.e., in general, the obtained energy function values become somewhat lower. 
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Fig.. 7 

Figuree i 
usee of LM 
ofO.001). . 

Optimizedd energy function values obtained when applying LM with N = 100 and N = 10000, plotted 
againstt those obtained for N = 1000. The dashed line indicates equal results. 

II  illustrates the large decrease in the energy function values obtained through the 
employingg the optimal settings (£= 5, N= 10000, and A/ kept at its default value 
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Fig.. 8 Energy function values obtained after applying GA only and GA followed by LM for the SIM1 
inversions,, using the expression of Eq. (1) as the energy function. 

Figuree 9 shows the corresponding parameter estimates. Except for the parameters that can 
nott be determined (hselj, C2,sed and c*), the variation, or uncertainty, in parameter estimates has 
decreasedd significantly by applying LM. 
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Fig.. 9 SIM1 parameter estimates obtained after inversions of synthetic data using the genetic algorithm 

andd LM for the optimization and Ë as the energy function. 
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D.33 Applying DHS for local minimization of GA 
results s 

Forr applying DHS, the SIM1 GA inversion results, as presented in Chapter 6, have been used 
ass starting points for DHS. The energy function used is the multi-frequency Bartlett processor 

E(m)E(m) = 1 - ^ i | P „ , v <ƒ») • pj (A ,m)|2 (9) 

withh fk denoting the frequencies used in the optimization ([200.0 300.3 400.3 600.2] Hz). AT is 
thee amount of frequencies. The aim is now to get a more accurate optimization by applying 
DHSS as a local method after the global optimization. 

Figuree 10 shows the reduction in the values for the energy function obtained by applying 
DHS. . 

'\'\ I I | I I I I L_ 

00 5 10 15 20 25 30 35 40 
realization n 

Fig.. 10 Energy function values obtained after applying GA only and GA followed by DHS for the SIM1 
inversions. . 

Figuress 11 and 12 show the corresponding parameter estimates, obtained by applying the 
geneticc algorithm solely, and when followed by DHS, respectively. The solid black horizontal 
liness indicate the true parameter values. It can be concluded that the DHS algorithm is capable 
off finding the correct solution for almost all parameters. 
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Fig.. 11 SIM1 parameter estimates obtained after inversions of synthetic data using the genetic algorithm. 
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Fig.. 12 SIM1 parameter estimates obtained using the genetic algorithm, followed by DHS optimization. 

Inn Table I a summary of the resulting standard deviations are presented for all inversions, 
i.e.,, GA only and GA followed by the two local methods. Considering the first two columns, 
wheree the only difference is that different energy functions have been used, the most striking 
effectt of using E instead of the multi-frequency Bartlett processor is on the estimate for the 
arrayy tilt. This is due to the fact that use is made of the absolute values of the acoustic 
pressures.. From the last two columns it is seen that using the multi-frequency Bartlett 
processorr (E) and applying DHS as the local optimization method, results in lower standard 
deviationss for all parameters that can be determined than using the energy function based on 
thee quadratic deviation and applying LM. 
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Tablee I Standar d deviation s for the inversio n result s of syntheti c data (SIM1), usin g the multi-frequenc y 

Bartlet tt  processo r (E) and E. 

Paramete r r 

Ci,sedCi,sed  (m/s ) 

hserf(m ) ) 
C2,s9rf(m/s ) ) 
CbCb  (m/s) 
^(g/cm 3) ) 
ar(dB/X ) ) 
rr ss(m) (m) 
4(m ) ) 
ee (degr ) 
HHww(m) (m) 
Mm) ) 

Stdd (ostd) , SIM1 GA 
only ,, E 

10.77 (1.2) 
4.466 (0.49) 
41.88 (4.6) 
81.44 (9.0) 
0.0422 (0.005) 
0.1055 (0.012) 
60.77 (6.7) 
0.1777 (0.020) 
0.03977 (0.0044) 
1.122 (0.12) 
0.5855 (0.065) 

Stdd  (CM) . SIM1 GA 

only ,, E 
18.00 (2.0) 
6.899 (0.76) 
54.00 (6.0) 
944 (10) 
0.03611 (0.0040) 
0.1244 (0.014) 
52.22 (5.8) 
0.2111 (0.023) 
5.144 (0.57) 
0.988 (0.11) 
0.4422 (0.049) 

Stdd (0*d), SIM1 
GAA + DHS, E 

1.633 (0.18) 
17.77 (2.0) 
75.66 (8.4) 
2088 (23) 
0.01077 (0.0012) 
0.02033 (0.0022) 
0.7500 (0.083) 
0.005611 (0.00062) 
0.0003688 (0.000041) 
0.01666 (0.0018) 
0.00955 (0.0010) 

Stdd (o„d) , SIM1 

GAA + LM, E 
7.100 (0.78) 
8.822 (0.97) 
47.00 (5.2) 
2788 (31) 
0.01777 (0.0020) 
0.05388 (0.0059) 
18.77 (2.1) 
0.06500 (0.0072) 
2.133 (0.24) 
0.3488 (0.038) 
0.1733 (0.019) 

D.44 Whic h loca l optimizatio n metho d to use? 

Bothh DHS and LM show good performance in decreasing the energy function value, and in 
findingg the true parameter values. From the results it can be concluded that DHS is more 
robust,, i.e., it always finds a better solution than the GA, whereas LM sometimes does not 
managee to improve the solution. This is one of the reasons for the larger standard deviation of 
thee parameter estimates that were obtained by LM, compared to the DHS results. The other 
reasonn for the larger standard deviation is the fact that when applying LM, the energy function 
hass to be based on the quadratic difference between measured and modeled data. The first 
causee of the larger standard deviations is difficult to eliminate. Probably it is the result of the 
factt that the assumption of linear behavior as required for the LM method is not valid. The 
secondd cause might be eliminated by the use of a different energy function. It should be noted 
thatt different energy functions show a somewhat different behavior as a function of the 
unknownn parameters, and, therefore, the local and global method should use the same energy 
function.. Another disadvantage of LM lies in that fact that it makes use of derivatives. In the 
situationn considered here, these derivatives have to be calculated numerically, which is 
inefficientt and difficult to do it accurately. 

Inn general, however, DHS requires more (about 10 times as many) function evaluations. 
Sincee the function evaluations are computationally expensive, this is a disadvantage of DHS. 
Typicall  run times for LM are 5 min, whereas it can be 40 min for DHS. 

Sincee the goal of applying a local method is to reduce the uncertainty in the inversion 
results,, we have selected the DHS method as the local optimization method. Future research 
mightt be directed towards modifying the LM method, such that it is capable of handling a 
widerr set of energy functions, and becomes more robust. It should, however, not be forgotten 
thatt the local methods have been applied in a straightforward way, i.e., after the global search. 
Inn literature2"6 other approaches are described, applying DHS (or LM) during the global 
search,, thereby making the optimization much more efficient. 
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