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Chapterr 5 

Trackk fitting 

Thiss chapter describes the procedure to fit trajectories through a set of measurements 
off  the LHCb tracking detectors. The fit makes use of measurements in the inner tracker, 
outerr tracker and VELO system. At a later stage also muon, calorimeter and even RICH 
informationn may be included. This chapter only describes the track fitting procedure. 
Thee pattern recognition procedure, that assigns individual measurements to their cor-
respondingg track, is described in chapter 6. In this chapter it is therefore assumed that 
thee correct measurements on the tracks are known. The results therefore correspond to 
thee assumption of perfect pattern recognition, and can be seen as the best that can be 
obtainedd with the LHCb tracker. 

Thee chapter is divided into four sections. Section 5.1 describes the event simulation 
programss that generate the data used to study track reconstruction. Section 5.2 de-
scribess the procedures and algorithms used in the LHCb track fit. Section 5.3 describes 
thee results and performance of the fit. In section 5.4 conclusions are drawn. 

5.11 Event simulation 

Ass the LHC is not yet operational no real detector data is available. Therefore, the 
expectedd detector output is obtained by computer simulation. The simulation consists of 
thee three sequential steps indicated in figure 5.1, i.e. event generation, particle tracking 
andd detector response. 

Al ll  reconstruction studies, as presented in chapters 5, 6 and 7 of this thesis, are based 
onn these simulated data. In LHCb we have a simulation program SICBMC[79] and a 
reconstructionn program Brunel[80]. In SICBMC the event generation and the final state 
particlee interaction with the detector is performed. Currently1 the detector response is 
includedd in Brunei and is performed before the event reconstruction takes place. The 
reconstructionn results presented in this thesis are obtained by using SICBMC v247rl, 
detectorr description database(DBASE) v240 and Brunei v8. 

! Thee detector response is in principal a simulation step but is included in Brunei for practical 
reasons.. Once an object oriented version of SICBMC exists the detector response wil l be included 
there. . 
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5.1.11 Event generation 

Inn the event generat ion the physics processes in the 
protonn collisions are simulated resulting in a list of four-
momentaa of particles ("primary" tracks). LHCb uses 
thee Pythia (v6.1) event generator[25] extended with the 
QQQ CLEO Monte-Carlo program[81] to simulate the 
particlee decays. As mentioned in the first chapter (sec-
tionn 1.5) the branching fractions for the B meson decays 
usedd to study CP-violation are small. Therefore, apart 
fromm generating large samples of minimum bias events 
(forr background studies), the generator is used to pro-
ducee specific B meson decay samples. Not all bunch 
crossingss contain a single interaction, i.e. a part of the 
eventss contain several overlayed interactions. The ef-
fectss of such a pile-up are described in more detail in 
thee next chapter (section 6.1). 

5.1.22 Particle tracking 

event t 

generatio n n 

physic ss even t 

particl e e 

trackin g g 

detecto rr  hit s 

detecto r r 

respons e e 

measurement s s 

Figur ee 5.1: Program flow 
off  event sim-
ulation. . 

Thee GEANT[82] program is used to propagate the gen-
eratedd particles through the simulated LHCb detector. 
Thee magnetic field map of the LHCb magnet is taken 
intoo account in the propagation. Particles with a rela-
tivelyy short lifetime can decay into more stable particles 
insidee the detector. These processes are simulated in GEANT. The particles interact 
wit hh the detector materials in several ways. In the next paragraphs the most relevant 
interactionn processes for track reconstruction, i.e. multiple scattering and energy loss, 
aree described. The final output of the GEANT simulation step are, for each particle, 
thee positions where the trajectory crosses the active detector components. 

AA charged particle traversing a medium wil l be deflected from the original trajectory. 
Thiss is primarily due to elastic Coulomb scattering from nuclei in the material. The 
RutherfordRutherford formula describes the differential scattering cross-section of a particle with 
momentumm p and charge 2 on a single nucleus of charge Z at an angle 9, i.e. [83]: 

da{9) da{9) 
du du 

zZrzZreemmeecc \ ' 

2/3pp sin2 (9/2)) 
(5.1) ) 

wheree re (= 2.817  10~15 m) is the classical electron radius and me the electron mass. 
Onn a macroscopic scale a particle will encounter many nuclei. These multiple Coulomb 
interactionss cause a "zigzag" movement through the medium of which all individual 
scatteringg angles are described by equation 5.1. This process is called multiple scattering. 
Thee program GEANT follows a theory formulated by Molière to precisely simulate 
multiplee scattering. The description of this theory is beyond the scope of this thesis and 
thee reader is referred to the GEANT manual[82] or the original publications[84, 85, 86]. 
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Inn addition to multiple scattering, particles will lose energy. The major energy 
losss is due to inelastic collisions with atomic electrons in the medium. There is a wide 
variationn in the amount of energy transferred from the particle to the electrons. Because 
aa particle will encounter many electrons it is common practice to use the average energy 
losss per unit path length. The average energy loss per unit length for a charged (charge 
z)z) particle, traversing at velocity v, that is heavy in comparison with the electrons it 
encounters2,, is given by the Bethe-Block formula [86, 83]: 

dEdE o o Zi z 2m2meeCC p imax 0^2 (5.2) ) 

Heree Na is Avogadros number, p, Z and A, the density, atomic number and weight of 
thee medium, / the mean excitation potential and Tmax the maximum energy transfer 
inn a single collision. The quantity S is a correction factor for the density effect [87] that 
playss a role at high energies. GEANT simulates the energy loss such that the average 
losss follows the Bethe-Bloch formula. 

Lightt charged particles (electrons and positrons) suffer an additional energy loss 
duee to Bremsstrahlung. Classically Bremsstrahlung is understood as the acceleration 
off  a particle in the electric field of the nuclei. This process results in the emission of 
photons.. The radiation length X0 is defined as the distance required in a certain medium 
too reduce by Bremsstrahlung the mean energy of a high-energy electron by a factor e. 
Thee radiation length is a material constant that is determined and tabulated in the 
literature[88,, 89]. The average energy loss due to Bremsstrahlung is thus given by: 

dEdE E (5.3) 
dxdx X0 

5.1.33 Detector response 

Inn the final simulation step the detector response to the passage of a particle is 
calculated.. In this section the digitisation procedure of the detectors used in the track 
fitfit  (outer tracker, inner tracker and VELO) is briefly described. 

Thee digitisation of the outer tracker straw tube detector consists of three sequential 
steps[90]: : 

 First, a "Geometric digitisation" is performed. It consists of calculating the chan-
nell  number of the hit straw tube and determining the closest distance of approach 
dd of the track to the wire. 

 Secondly, the single cell response is simulated, i.e. how a single outer tracker cell 
respondss to the passage of a particle at a distance d. Input to this digitisation 
stepp are the prototype results presented in chapter 4. The cell efficiency is taken 
intoo account by not creating a detector hit for some particles according to the 
efficiencyy profile obtained from test measurements. The distance d is smeared by 
aa Gaussian distribution of 200 /im to simulate the measurement resolution. This 
distancee is converted into a drift-time by applying a T(d) relation. 

2Inn the derivation of equation 5.2 it is assumed that the traversing particle is undeviated from the 
originall  trajectory. This holds for particles with a mass significantly exceeding that of an electron. 
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 Finally, the response of the readout electronics to the created signal is simulated. 
Thiss step takes into account a 20 ns dead-time (in case a cell would be hit twice 
closelyy after each other, only the first measurement wil l cause a hit) of the elec-
tronics.. Furthermore, a readout gate of 50 ns is simulated (see section 6.1). 

Thee response of the silicon strip detectors (inner tracker and VELO) is simulated by 
aa digitisation step followed by a hit clustering step[91]. The digitisation consists consists 
off  three steps 

 First, the charge sharing between the strips induced by a traversing particle is 
calculated. . 

 Secondly, the detector and amplifier noise on each strip is simulated by means of 
thee addition of a Gaussian distributed value. 

 Finally, all strips with a charge above a certain threshold are selected as hit. 

Thee clustering algorithm searches for groups of neighbouring hit strips. The measured 
coordinatee is defined as the weighted average of the strip coordinates of the hits in a 
cluster. . 

Thee digitisations resulting from the above simulation steps are in principle similar 
too what can be expected from the real experiment. In case of the outer tracker the extra 
dataa due to pile-up and spill-over (discussed in section 6.1) are taken into account. The 
digitisationss are used as input for the track reconstruction algorithms. 

5.22 Track fitting procedure 

Thee track fit determines the best estimate of the track parameters along the particle 
trajectory.. In LHCb the track fit is used to obtain 

 the momentum of the particle from the deflection by the B field, 

 the position and direction of the track in the vertex region, 

 the direction and position at which a particle traverses the RICH detectors, 

 the prediction of the particle trajectory when entering the calorimeters and for 
muonss the muon detector. 

LHCbb is a forward spectrometer setup, with detectors at planes of constant z. For 
thiss geometry it is natural to define the track parameters, at reference plane z, as 
xx — (x,y,tx = ^f , t y = ^,K — ^). The first two parameters correspond to the position 
att the reference plane, the third and the forth to the track direction or slope. The last 
parameterr is the ratio of the particle charge q over the momentum p. The track fit also 
determiness the covariance matrix C of the track parameters x. 

Thee track fit  is based on the Kalman filter technique [92]. It is implemented in the 
TRAI LL software package [93] which is part of the reconstruction program Brunei [80]. 
Thee use of the Kalman filter in the track fit  is described in section 5.2.1. Section 5.2.2 
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k+22 k+1 k k-1 k-2 

Figuree 5.2: Shown is the application of the Kalman filter technique to track fitting. 
Thee vertical lines correspond to the detector planes with indicated on it the 
measurementt points and their errors. The cones represent the uncertainty 
inn the reconstructed track parameters. As can be seen the knowledge of 
thee track parameters is step wise updated with each measurement (Kalman 
filterr technique applied from right to left). 

describess how the detector measurements are used in the fit. Section 5.2.3 describes 
thee track propagation. Section 5.2.4 describes the modelling of multiple scattering and 
energyy loss. Section 5.2.5 describes the Kalman smoothing procedure. 

5.2.11 Kalman filter 

Thee Kalman filter technique was developed in 1960 by Kalman[92] to efficiently update 
thee state vector of a dynamic system as a function of time from a set of measurements 
too the system. Mathematically, the Kalman filter is a set of equations that provides 
ann efficient iterative solution of the least-squares method. Since the introduction the 
filterfilter  has been extensively researched and used in areas as diverse as aerospace, marine 
navigation,, nuclear power plant instrumentation, demographic modelling and manufac-
turing.. The technique has also proven to be suited for track (and vertex) fitting in high 
energyy physics experiments[94, 95]. 

Inn the case of track fitting, the system state vector is the set of track parameters (i.e. 
xx = (x,y,tx,ty,K) in LHCb). The measurements are defined at the reference detector 
surfaces.. The coordinate system of the detectors can be different from the track param-
eters.. For the measurements in the reference frame of the detectors the symbol m is 
used.. The ^-coordinate replaces the role time has in the original formulation of the filter. 
Contraryy to a global track fit, the knowledge of the track parameters is progressively 
improvedd by adding the information of the measurements subsequently (see figure 5.2). 
Thee Kalman filter applied to track fitting consists of repeating a prediction and filter 
stepp for each measurement. In the prediction step an estimate is made of the track 
parameterss at a given z-position using the measurements of previous detector planes. 
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k-1 1 

Figur ee 5.3: Shown is the application of the Kalman filter technique to the measurement 
att reference planes k. From the track state xk-i at plane k — 1 a prediction 
iss made of the track parameters at the measurement plane k, i.e. xyï-1. The 
hatchedd area represents detector material. It is accounted for by increasing 
thee track parameters covariance matrix by the system noise factor Qk. 
Thesee predicted track parameters xfc~ are updated with the measurement 
rrikrrik  by applying the Kalman filter step. This results in the best estimate of 
thee track parameters x&. 

Inn the filter step the predicted track parameters are updated with the measurement 
inn the current plane. The filter step is based on calculating the weighted mean of the 
informationn of the measurement and the predicted track parameters. 

Thee Kalman filter progresses through the detection planes, at each plane updating 
thee track state vector using all preceding measurements. To initiate the procedure initial 
trackk parameters are required. The determination of these initial parameters (seeds) is 
describedd in the pattern recognition chapter (section 6.2). The filter is illustrated in 
figuree 5.3. The mathematics of the Kalman filter is presented below. 

I nn the predict ion step an estimate is made of the track parameters at the current 
(k)(k) measurement, i.e. x£_ 1, from the parameters at the previous (k — 1) measurement, 
i.e.. Xfc_i  3. This is done with the prediction relation fa, i.e. 

x*-11 = fa(Sck^) . (5.4) 

Thee form of this relation is determined by the track model. When the system is assumed 
too be linear the relation is approximated by 

x ^ 11 = F*xfc_i , (5.5) 

wheree Fk{=  g#-) is called the propagation matrix. Note that the track parameters before 
andd after the prediction are defined at different z-positions, hence the (true) parameter 
valuess change. The LHCb track model is described in more detail in section 5.2.3. 

3Thee wiggles " on top of the track parameters x indicate it is the best estimate of the parameters 
obtainedd from the fit so far. 

.-ftl, , , 
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Propagationn of the parameters to the next measurement plane also changes the 
covariancee matrix C of the track parameters. The predicted covariance matrix Ck~

l is 
givenn by: 

Ci-Ci-ll = FkCk-1F  ̂ + Qk . (5.6) 

Thee first term corresponds to the prediction due to the track model. The second term 
QQkk is an optional term to allow for "system noise". If the particle traverses material, 
randomm perturbations on the trajectory (multiple scattering) occur. These perturbations 
increasee the uncertainty on the predicted track parameters and accordingly changes the 
covariancee matrix. The term Qk allows to take into account such local multiple scattering 
effects. . 

I nn the filter  step the track parameters and covariance matrix are updated with a 
measurementt mk, e.g. the measured drift distance in an outer tracker drift tube. The 
truee track parameters at the measurement plane k can be transformed in a "true" value 
off  this measurement m ,̂rue using a projection relation hk, i.e. 

mmkk™™ = hk{xk)  (5-7) 

Whenn the projection relation is linear this can be written as: 

mm,,TT = Hkxk , (5.8) 

wheree Hk(— p*-) is the projection matrix projecting the track parameters into mea-
surementt space. All projections for the LHCb tracking detectors are linear or can be 
approximatedd as such. They are described in section 5.2.2. The measurement errors are 
representedd by the covariance "matrix" 14, which for the LHCb detectors used in the 
trackk fit  is a single number. 

Thee predicted track parameters x£_1 as well as the measurement mk provide in-
formationn on the true track parameters xfc at the detector reference surface A;. These 
measurementss are combined in a least-squares fit which minimises a x2-function for x^ 
usingg the covariance matrices C£_1 and 14. The x2-function is: 

XX22 = (mfc ~ Hkxk)
TVk

l{mk - Hkxk) + 

Thee first term corresponds to the measurement mk. The quantity r = mk — Hkxk, i.e. 
thee difference between the actual and true measurement, is called the residual of the 
measurement.. It is weighted with 14. The second term corresponds to the error on the 
predictedd track parameters weighted by Ck~

1. 
Minimisationn of equation 5.9 shows the best xk estimate of the track parameters xfe 

too be given by: 
xfcc = x*" 1 + Kk(mk- tffcxjr1) , (5.10) 

withh covariance matrix: 
CCkk = (1 - HkKk)C

k
k-

1 , (5.11) 

wheree the matrix Kk is given by: 

KKkk = CtlHT{Vk + HkC
k
k-

lHT
ky

l (5.12) ) 
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Thee filtered state xfc is equal to the predicted state xjJT1 corrected by a term proportional 
too the predicted residual. The magnitude of the correction Kk depends on covariance 
matricess Vk and C*_1. The matrix Kk is often called the gain matrix. 

Thee predicted residual before filtering is: 

rr kk
kk''

11=m=mkk-H-Hkk . (5.13) 

Thee quantity R^T1 is the error on the predicted residual, given by: 

R$-R$-11 = Vk + HkCt'Hl . (5.14) 

Afterr filtering they can be updated to: 

rr kk = (1 - HkKk)r
k
k-

1 , Rk = {1 - HkKk)R
kfl . (5.15) 

Thesee residuals are extensively used in the pattern recognition algorithm described in 
sectionn 6.3. 

Thee track fitting procedure improves the knowledge of the track parameters by sub-
sequentlyy adding the information of all measurements for the track under consideration 
usingg the Kalman filter technique. At the last measurement plane, therefore, the best 
estimatee is obtained of the track parameters. This estimate takes into account the 
fulll  information of all measurements, multiple scattering and energy losses. In the ab-
sencee of the multiple scattering terms Qk (see equation 5.6) the result is mathematically 
equivalentt to a least-squares fit. 

Thee Kalman filter technique used for track fitting has several advantages over a 
globall  fit. 

 The Kalman filter treats multiple scattering and energy loss locally by including a 
noisee term Qk. As a consequence the fitted track better follows the true trajectory, 
evenn when there are "kinks" due to (large) scatters. 

 A global fit requires inversion of a matrix with the dimension of the state vector 
(i.e.. 5 x 5 ). The Kalman filter only needs the inversion of a matrix with the 
dimensionn of the measurement as can be seen in equation 5.12. For LHCb all 
measurementss are one dimensional, hence mk and Vk are numbers. This makes 
thee Kalman filter a fast algorithm. 

 The fact that measurements are added step by step makes the Kalman filter an 
ideall  technique for finding the measurements on the track as is discussed in chap-
terr 6. A global fit  would require a re-fit when a new measurement is added to the 
track. . 

 A global track fit  in principle yields a best estimate of the track parameters at 
aa single predefined reference surface. Using the Kalman smoother relations (see 
sectionn 5.2.5) the best estimate is automatically obtained at all measurement po-
sitions. . 
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detectorr wafer 

siliconn strip hit 

Figur ee 5.4: Projection of track parameters into the measurement space of an inner 
tracker. . 

5.2.22 Measurements 

Inn the current LHCb track fit the measurements of the outer tracker, the inner tracker 
andd the vertex detector are used. The vertex detector comprises two different detector 
types,, R detectors and <f>  detectors. Consequently, measurements from four different 
detectorr types are used in the fit. 

Thiss section describes the way these measurements are used in the track fit. Projec-
tionss of the true track parameters into the measurement space of a particular detector 
providee the "true" measurements m)^ue via the projection relation hk or projection ma-
trixx Hk as described in equations 5.7 and 5.8. 

innerr  tracker  clusters 

Thee inner tracker silicon strip detector measures the centre of gravity of charges collected 
inn clusters of strips as a consequence of a traversing particle[91]. Part of the inner tracker 
stripss are vertically oriented and hence measure the x-coordinate. The other strips are 
installedd under a small stereo angle as. The coordinate u is defined to be perpendicular 
too the strip as indicated in figure 5.4, i.e. 

uu = x cos as + y sin cvs . 

Thee inner tracker detector measures this coordinate, i.e. 

(5.16) ) 

mm = u . (5-17) 

Thee projection relation /i(x), projecting from the track parameter space x into the 
measurementt space is defined by: 

/i(x)) = x cos as + y sin as (5.18) ) 
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Figuree 5.5: Projection of track parameters into the measurement space of an outer 
trackerr straw tube. 

Consequently,, the track projection matrix H is given by: 

H H 

(( cos a,, \ 
s inas s 

0 0 
0 0 

VV o / 

(5.19) ) 

outerr  tracker  hi t s 

Ann outer tracker drift tube measures the drift time of the electrons of the ionisation 
clusterr nearest to the wire4. The outer tracker, as used in the track fit , therefore 
measuress the d istance of closest approach of the particle to the wire d. The D(t)-
relationn (see chapter 4) provides the conversion, i.e. 

d=d= D(t) (5.20) ) 

Ass for the inner tracker part of the detectors are placed under a stereo-angle as. The 
samee coordinate u as in equation 5.16 is used but now with respect to the wire. The 
projectionn relation /i(x), projecting the track parameter x into the measurement space, 

44 In reality the measured time includes a contribution due to the propagation of the signal along the 
wire.. Furthermore, the time depends on the time of flight of the particle. These effects are taken into 
accountt in determining the readout-gate described in the digitisation section 5.1.3. However, at present 
thesee effects are not included in the track fit. 
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Figuree 5.6: Projection of track parameters into the measurement space of a vertex 
.R-detector. . 

iss then defined as: 

with h 

/i(x)) = Aucos9u (5.21) ) 

(5.22) ) AMM  = ut — uw , 

wheree uw is the wire ordinate as indicated in figure 5.5. The angle 6U is the angle the 
traversingg particle projected into the (u,z)-plane makes w.r.t. the z-axis (see figure 5.5), 
i.e. . 

tann 9U = tu = tx cos as + ty sin as . (5.23) 

Therefore,, combining equations 5.16 and 5.21-5.23, the projection relation /i(x) can be 

writtenn as: 

h(x)) = (x cos as + y sin as — uv 
1 1 

yrnf f 
AA littl e algebra shows the projection matrix H is then given by: 

// cos a5 \ 

H H 

(( dh/dx \ 
dh/dy dh/dy 
dh/dtdh/dtx x 

dh/dty dh/dty 
\\ dh/dn ) 

sinas s 

-- Au tu cosas 

-A uu tu s inas 
// 3— 

(5.24) ) 

(5.25) ) 

RR c lus ters 

Thee ^-detectors of the vertex detector measure the distance to the origin r (see fig-
uree 5.6) corresponding to the centre of gravity of the charges collected in clusters of 
stripss as a consequence of a particle traversing the detector plane. Hence, the measure-
mentt m is defined as: 

mm = r , (5.26) 
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Figuree 5.7: Projection of track parameters into the measurement space of a vertex 
(^-detector. . 

wheree r is the radial distance of the reconstructed cluster in the vertex detector. 
Thee projection relation in terms of the track state x is: 

h(x)h(x) = \/x2 + y2 . 

Consequently,, the track projection matrix H is given by: 

(5.27) ) 

H H 

( ( \A 2+w2 2 

v v 

0 0 
0 0 
0 0 

\ \ 

(5.28) ) 

cpcp c lusters 

Vertexx detector (^-clusters measure the angle <j> t or "almost <p" as indicated in figure 5.7. 
Thee angle <f> t is the 4> coordinate of the strip that is hit at the inner radius of the silicon 
wafer.. There is a difference between <j> t and the azimuthal angle of the strips <f>  as the 
stripss are tilted under an angle at (</>  = <pt — at). 

Insteadd of using the angle <j> t a distance is used as the measured quantity in the 
trackk fit . The vertex 0-detector measurement is defined as the shortest distance d to an 
imaginaryy strip through the origin under the angle <j> t — at. From figure 5.7 it becomes 
clearr that the measurement m then satisfies: 

dd = Rsin(at) (5.29) ) 

wheree R is the inner radius of the silicon wafer. At first sight this looks surprising as 
theree is no dependence on the angle <pt, i.e. the measurement value is the same for all 
clusters.. However, the actual measurement does not only correspond to the value d but 
includess the determination of the strip that is hit and hence the angle <f> t. 
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Thee projection of the track parameters x on the strip uses this angle and is given 
by: : 

h(x)h(x) = -xsin((pt - at) + ycos(4>t — at) . (5.30) 

Consequently,, the track projection matrix H is given by: 

(( - sin(0t - at) \ 
COs(4>COs(4>tt - Q ( ) 

H=H=  0 . (5.31) 
0 0 

\\ o / 

Pulll  distributions 

Thee Kalman filter fit assumes all measurements to be Gaussian distributed (with a 
equall  to the assigned measurement error) around the true value. A useful monitoring 
quantityy is the pull of the measurement, namely the difference between the measured 
andd the Monte Carlo value divided by the calculated error. If all measurements are 
Gaussiann and have been attributed with the correct error the pull distribution should 
followw a Gaussian distribution centred on zero with unit variance. In figure 5.8 the pull 
distributionss of the four measurement types are presented. 

Thee top left histogram of figure 5.8 shows the pull distribution of the outer tracker 
hits,, i.e. (d — dtTue)fe,i- The fitted curve is a Gaussian centred at zero with a = 1.0, 
indicatingg the errors are correctly estimated. 

Thee top right histogram in figure 5.8 shows the pull distribution of the inner tracker 
clusters,, i.e. (u — utrue)/eu. The distribution does not have a Gaussian shape, rather 
itit  is block shaped with a RMS of 0.99, The block like shape is explained by the fact 
thatt coordinate measurements correspond to the discrete values of the strip positions. 
Becausee of the large strip pitch most measurements are due to a single strip causing a 
blockk shape. The small deviation from a perfect block is because some clusters consists 
off  2 strips. 

Thee bottom right histogram in figure 5.8 shows the pull distribution of the ^-clusters, 
i.e.. (d — dtrue)/£d- This distribution is similar to that of the inner tracker. It has as well 
ann RMS close to one. 

Thee bottom left histogram in figure 5.8 shows the pull distribution of the .ft-clusters, 
i.e.. (r — rtrue)/er. Again, the coordinate measurements have discrete values causing a 
non-Gaussiann shape. Because the average strip pitch is smaller in this case the shape is 
differentt from that of the ^-clusters. The distribution has an RMS of 0.99. 

Thee non-Gaussian pull distributions for the inner tracker and the VELO measure-
mentss indicate that non-Gaussian effects can be expected in the track fit. The conse-
quencess of these effects on the track fit  are discussed in more detail in section 5.3.2. 

5.2.33 Track parameter propagation 

Thee trajectory of a charged particle in the absence of detector material satisfies the 
equationn of motion given by the Lorenz force. In case no magnetic field is present the 
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Figur ee 5.8: Pull distributions of the measurement values of the four measurement types 
usedd in the track fit, i.e. (m — ratrue)jem. 
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particlee wil l move in a straight line. Within a homogeneous magnetic field parallel the 
particlee trajectory becomes a helix. As mentioned in section 2.3.1 the LHCb magnetic 
fieldfield is inhomogeneous and it contains field components along all the coordinate axes. 
Underr these conditions the equation of motion can not be solved analytically and one 
hass to rely on numerical methods. The non-uniformity of the field prescribes the use of 
thee full field map in the track model. 

Thee Kalman filter method allows in an elegant way to take into account external 
influencess on the trajectory like the magnetic field and the detector material. In the track 
reconstructionn a simplified description is used for the detector (with respect to the full 
GEANTT description) by representing the detector components as thin walls of material 
withh the interaction length of these components. This is done to save on the CPU time 
neededd as otherwise a complete navigation is required through the GEANT detector 
description.. The Kalman prediction step of the track parameters and covariance matrix 
(seee equations 5.5 and 5.6), between successive measurements, is divided into a sequence 
off  propagation steps from one material wall to the next. In this section the propagation 
off  track parameters in vacuum is presented. In the next section the interaction with the 
materiall  is discussed. 

Neglectingg the interaction with material, the equation of motion for a particle with 
chargee q in a magnetic field B is: 

dp dp 

It It == g v x B (5.32) ) 

Expressingg the time in terms of the ^-coordinate it can be shown[96] that the equation 
off  motion can be expressed in the following set of differential equations of the track 
parameters: : 

// x \ 

dz dz 
d_ d_ 

dz dz 

V " / / 

ty ty 

cc  K  Ax(tX7ty, rJJ 
CC  K  J\y\tX, ty, JjJ 

0 0 

\ \ 

== gw (5.33) ) 

wheree the functions Ax and Ay are: 

AAxx = yjl + tx + ty- {ty • (txBx + Bz) - (1 + t2x)By)) 

AAyy = yJÏ+% + Py'{-tx-{tyBy + Bz) + {l  + #v)Bx)) 

(5.34) ) 

(5.35) ) 

andd with c the velocity of light. The changes in position are proportional to the slopes. 
Thee change of the slopes depends on the momentum, the local magnetic field and the 
slopess itself. Note that because the particle is assumed to move in the vacuum the 
absolutee value of the momentum, and hence the fifth track parameter, does not change. 

Becausee the equation of motion in an inhomogeneous magnetic field can not be solved 
analytically,, a procedure based on a Runga-Kutta interpolation method[97] is used to 
solvee the set of equations ^ = g(x) numerically. Contrary to other numerical methods 
too solve a differential equation Runga-Kutta methods do not require differentiations of g. 
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Runga-Kuttaa methods of different order exist. The fourth order Runga-Kutta method 
iss most often used5. A fourth order Runga-Kutta method provides a precision that is 
proportionall  to the step size to the fifth power. In case the extrapolation distance dz 
iss too large to obtain the required precision the step size can be divided into smaller 
intervals. . 

Thee LHCb parameter propagation is based on code developed for the Hera-B ex-
p e r i m e n t ^ ].. It uses a fift h order Runga-Kutta method to perform the propagation. 
Thiss code uses "adaptive step size control" meaning that the step size is automatically 
adjustedd to obtain a given numerical precision. The precision is estimated by performing 
ass well a fourth order Runga-Kutta propagation. The difference between the fift h and 
fourthh order solutions is an estimate of the precision. 

Thee Kalman filter fit  requires the linearised propagation matrix F in order to prop-
agatee the covariance matrix (see equation 5.6). The matrix is defined by Fk = ^lL. It 
iss obtained by numerical differentiation of xjiT1 as function of xfe_i, i.e. by numerically 
determiningg the change in predicted track parameters for small changes in the starting 
parameters. . 

5.2.44 Multipl e scattering and energy loss 

Ass mentioned in the previous section, the LHCb detector description used in the track 
reconstructionn is approximated by material walls with a material thickness equivalent 
too the detector components. In propagating the track through the detector the track 
parameterss and covariance matrix are modified to take into account multiple scattering 
andd energy loss at these material walls. 

Multipl ee scattering is a random process with an average scattering angle of zero. This 
meanss that the track parameters remain unchanged. The covariance matrix, however, 
iss increased. In the Kalman filter procedure multiple scattering is incorporated by the 
systemm noise term Q  ̂ in equation 5.6. 

Multipl ee scattering is a non-Gaussian effect. The Kalman fit, however, assumes 
Gaussiann errors. As seen from equation 5.1 the cross-section for small angles is large. If 
thee small probability of large angle scattering is neglected and if the number of nuclei 
encounteredd is large (N > 20) the resulting angle of the multiple scattering follows 
roughlyy a Gaussian distribution. It can be shown that the variance of the multiple 
scatteringg in a layer of thickness x is then given by [86]: 

SBSB22=(=(  — )i^r(l + 0.038 l n ^ -V , (5.36) 

withh p the momentum in MeV/c and X0 the radiation length. To correct for the non-
Gaussiann tails in the track fit  equation 5.36 is corrected by the factor flls, i.e. 

5Geantt uses a fourth order Runga-Kutta method to propagate particles through the detector. 
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Thee factor is tuned such that the pull distributions of the fitted track parameters have 
aa a close to one (see section 5.3.2). 

Duee to the energy loss the momentum of a track is lower on the downstream side 
off  the spectrometer than at the track vertex. In the track reconstruction the average 
energyy loss due to ionisation {see equation 5.2) is approximated by: 

== Ciwi/Xo , (5.38) 

wheree cion is an average energy loss factor for all detector materials of about 50 MeV. 
Contraryy to the scattering angle, the average energy loss is predictive and hence the 
trackk parameter K is corrected accordingly. The effect on the covariance matrix can be 
neglected.. The tuning of parameter the cion is also described in section 5.3.2. 

Forr electrons and positrons above a few tens of MeV the energy loss is dominated 
byy Bremsstrahlung. As this is a highly non-Gaussian effect it is difficult to correct for. 
Inn the track fit an average correction 

-- E/X0 , (5.39) 
rad rad 

cann be switched on [99]. 

5.2.55 Kalman smoother 

Afterr applying the Kalman Filter to all measurements the full information of the particle 
trajectoryy is available at the position of the last measurement. The track parameters 
att previous measurements contain only the information of the measurements up to 
thatt point. To get the full information at all measurement positions (e.g. to get the 
bestt estimate of the track slopes in the RICH detectors) the information at the last 
measurementt is passed "backwards" to the other measurement positions. The smoothed 
trackk parameters are obtained with the smoother equations 

xxnn
kk=5t=5tkk + Ak(x

n
k+1-5tkk+1) , (5.40) 

withh covariance matrix 

C%C% = Ck + Ak(CJ!+1-Ci+1)Al , (5-41) 

andd the smoother gain matrix Ak given by: 

AAkk = CkFk
T

+l(C£+l)-
1 . (5.42) 

Thee index " indicates that the smoothed parameters x£ are obtained for a fit  containing 
nn measurements. 

Thee smoothed track parameters are especially useful to reject measurements that 
weree incorrectly added to the track during pattern recognition. The smoothed residual 
off  the track parameters w.r.t. a measurement are given by: 

rl=mrl=m kk-H-Hkk9L9Lnn
kk , (5.43) 

dE dE 

dx dx 

( - ) ) 
\dx\dx J 
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withh variance 

R£R£ = Rk-HkAk(CÏ+l-C*+1)Aï;H];  . (5.44) 

Inn case the \ 2 contribution of a measurement is too large it can be removed from the 
track. . 

5.33 Track fitting performance 

Thiss section reports on the performance of the track fit . As the assignment of the 
measurementss to the track, i.e. the pattern recognition, is assumed perfect, the results 
onn reconstructed track parameter precisions should be considered as the best that can 
bee achieved for the given setup. 

Duee to the presence of the detector material a large amount of low momentum 
secondaryy particles are produced in an event. These particles are usually not directly 
relevantt for the reconstruction of the B decay. Therefore, the following track selection 
criteriaa are applied: 

•• track momentum must be larger than 3 GeV/c, 

•• the first hit must lie at a position before z — 1.0 m, 

•• the last hit must lie at a position after z = 9.2 m. 

Thesee criteria select only those tracks that originate from the vertex region and cross the 
fulll tracking system of the spectrometer. Tracks satisfying these selection criteria are 
calledd physics tracks. Furthermore, electrons and positrons at this stage are discarded 
fromm the sample. Because of the highly non-Gaussian energy loss processes they require 
aa special track fit approach. 

Inn section 5.3.1 the resolution and pull distributions of the reconstructed track pa
rameterss are presented. These results are obtained after tuning various fit model pa
rameters.. In section 5.3.2 the tuning of these parameters is discussed. In section 5.3.3 
thee momentum dependence of the resolutions of the track parameters is discussed. 

5.3.11 Resolution and pulls 

AA measure of the reliability of the fit are the pull distributions of the fitted track param
eters.. The pull distributions of the track parameters (x,y,tx,ty,K) at the ^-position of 
thee track creation vertex are given in figure 5.9. The reconstructed track parameters and 
covariancee matrix at the vertex where the track originates are obtained by propagating 
thee track parameters at the measurement position that is closest to the z-position of 
thee vertex, taking into account the remaining material traversed. 

Alll pulls are centred at zero indicating that there is no systematic shift in the recon
structedd track parameter values. Furthermore, the distributions show a Gaussian shape 
withh a tail. This tail is caused by the various non-Gaussian contributions to the fit 
(seee section 5.3.2). The pulls of the coordinate parameters are fitted with a Gaussian. 
Thee 1/p pull (bottom plot) is fitted with a double Gaussian to take into account the 
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Figur ee 5.9: Pull distributions of the track parameters at the «-position of the track 
creationn vertex. 
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parameter r 
X X 

y y 
ttx x 

ty ty 

1/p p 

pull l 
0.99 9 
1.01 1 
1.02 2 
1.04 4 
1.10 0 

resolution n 
27fim 27fim 
28fim 28fim 

1.88 x 10 4 

1.88 x 10"4 

4.00 x 10 3 

Tablee 5.1: Pull and resolution value of fitted track parameter distributions at the track 
generationn vertex position. The 1/p resolution is defined as }

 p'. 

non-Gaussiann effects. In table 5.1 the fitted sigma of the (central) Gaussian is shown. 
Thee pulls are all within 10 % of one, indicating the errors on the fitted track parameters 
aree understood within 10 %. 

Thee residual distributions on the track parameters at their origin are shown in fig-
uree 5.10. The distributions are again centred at zero. They have the shape of a Gaussian 
withh long tails. The curves shown are a double Gaussian fit through the distributions. 
Takingg the a of the central Gaussian as the resolution the results summarised in ta-
blee 5.1 are obtained. Note that because Ap' — -  ̂ the resolution on K (bottom plot 
inn figure 5,10) as well represents the momentum resolution. An average momentum 
resolutionn (Sp/p) of 0.40 % is obtained. In section 5.3.3 the momentum dependence of 
thee resolutions of the track parameters is discussed. 

parameter r 
X X 

y y 
ttx x 

*v *v 

RICHH 1 
73/xm m 

452/ m̂ m 
2.33 x 10 4 

2.55 x 10 4 

RICHH 2 
66/im m 
245/im m 

2.88 x 10"4 

2.77 x HT4 

Tablee 5.2: Resolution of directions and positions at the RICH detectors as obtained 
fromm the track fit. 

Inn a similar manner the resolution on the slopes and the positions is determined at-
thee RICH detectors. In table 5.2 the obtained resolutions are shown. For RICH-1 the 
resolutionss at the upstream edge of station 2 are given. For RICH-2 the resolutions at 
thee downstream edge of station 9 are given. 

5.3.22 Tuning the fit 

Inn the track fit  several approximations are made. An important one is mentioned in 
sectionn 5.2.3, i.e. the simplified material description used in the fit to prevent the time 
consumingg lookup of the material crossed by a particle. Another approximation is the 
assumptionn that all errors are Gaussian distributed. As shown in section 5.2.2 this is not 
thee case for some of the measurements. Also multiple scattering has non-Gaussian tails 
(sectionn 5.2.4). From the central limit theorem it can be expected that if the number 



5.3.. Track fitting performance 105 5 

25000 0 

20000 0 

15000 0 

10000 0 

5000 0 

Constant,, = l.82ie+04- 62.38 

Mean,, = -8.01e-05i7.892e-05 

Sigma,, = 0.0272410.0001138 

C o n s t a n tt 3077; 28.37 

Mean,, s 0.00020910.0003076 

Sigma,, = 0.1074; 0.0004628 

—ii ' " T l 1 I ^ T * ^ ^ i 

-0.33 -0.2 -0.1 0.1 1 
(mm) ) 

0.11 0.2 0.3 

Yrec oo "  y „ „ . ( m m ) 

16000 0 

14000 0 

12000 0 

10000 0 

8000 0 

6000 0 

4000 0 

2000 0 

Constantt = 1.1096+04= 48.86 

Mean,, = -1.396e-06  6.639e-07 

Sigma,, = 0.000181111.128*-0( 

Constantt = 38591 39.84 

Mean,, = 2.562e-06i 1.486e-06 

Sigma,, - 0.0005647; 2.324e-0< 

—-f * " "" l l l " " " l * - - — i 

Constantt = 1.076e+04r 49.58 

Mean,, = 5.795e-07i 6.918e-07 

Sigma,, = 0.0001316- I.185e-0 

Constantss 4020 42.14 

Mean,, = 6.648e-07i 1.417e-06 

Sigma,, = 0.0005554A 2.267e-0 

-0.00155 -0.001 -0.0005 0.00055 0.001 0.001 -0.0015 -0.001 -0.0005 0.00055 0.001 0.0015 

y.rec oo y,tru e 

O 1 ^ ^ 
-0.04 4 

Constant,, = 2.56e+04i 59.98 

Mean,, = -0.0001103 I 7.807e-0< 

Sigma,, = 0.004033 * S.42e-06 

Constant,, = 767.8T 19.68 

Mean,, = 0.00356310.0001029 

Sigma.-- 0.01317  0.0001383 

-0.02 2 0.022 0.03 0.04 

(1 /P r eco-1/P, r u eV( 1 / P,rue ) ) 

Figur ee 5.10: Resolution distributions of the track parameters at the 2-position of the 
trackk creation vertex. 
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Figuree 5.11: Distribution of the total number of hits per track. 

ff MS 
1.2 2 
1.3 3 
1.4 4 
1.5 5 

X X 

1.10 0 
1.05 5 
0.99 9 
0.96 6 

y y 
1.08 8 
1.04 4 
1.01 1 
0.95 5 

tx tx 

1.15 5 
1.09 9 
1.02 2 
0.98 8 

ty ty 

1.16 6 
1.09 9 
1.04 4 
0.98 8 

1/p p 
1.30 0 
1.20 0 
1.10 0 
1.06 6 

Tablee 5.3: Pull values at the track creation vertex of the fitted track parameters for 
55 GeV/c particles for various values of /MS-

off  measurements and material walls is large the fitted track parameters will , at least 
approximately,, be Gaussian distributed. In figure 5.11 it is shown that the average 
numberr of hits on a track is indeed large (74). 

Thiss section describes the tuning of the parameters /MS and cion in equations 5.37 
andd 5.38 to obtain proper pull distributions and a good fit.  The results presented in the 
previouss and next section are obtained with the tuned parameters. 

Thee average energy loss factor clon is tuned by requiring the 1/p pull distribution to 
bee centred at zero. In case the energy loss factor is too large the pull is shifted towards 
negativee values, and inversely if it is too small a shift to positive values is obtained. 
Thee pull is found to be best centred for cion = 40 MeV, i.e. an average energy loss of 
400 MeV/X 0 in the radiation walls. 

Thee factor JMS is used to correct for the non-Gaussian effects in multiple scattering. 
Inn table 5.3 the standard deviation of the fitted Gaussians to the pull distributions of 
thee track parameters6 at their origin is given for various values of /MS- For /MS = 1-4 
alll  pull distributions are close to one. This value is used in further studies. 

Thee 1/p pull is fitted with a double Gaussian. 
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Figur ee 5.12: Top) The reduced \2 distribution in the track fit. Bottom) The distribu-
tionn of the x2-probability P(x2 > S) in the track fit. 

Thee fit of a trajectory through the measurements (and material) wil l yield a total 
XX22.. If all errors would be Gaussian distributed the distribution of reduced x2 values, i.e 
thee total x2 divided by the number of degrees of freedom, wil l follow the x2 distribution 
andd have an average value of one. The top plot in figure 5.12 shows the reduced \ 2 

distribution.. As shown the average value is indeed close to one, indicating a good fit. 
AA better test of the goodness of a fit  is the x2 probability distribution. The bottom 

plott in figure 5.12 shows the distribution for the track fit. When the errors are correctly 
takenn into account this distribution is flat. This is the case apart from deviations for 
smalll  probability values and a peak at zero probability corresponding to large x2 values 
duee to some bad fits. These tracks correspond to the tails in the pull distributions, e.g. 
aa particle that experienced a large angle scattering in the material. 

5.3.33 Momentum dependence 

Inn table 5.1 the average momentum resolution Sp/p for reconstructed tracks with P > 
33 GeV/c is shown to be 0.40 %. It can be shown[96] that there are two main contributions 
too the momentum resolution: 

•• The error due to the position measurement is proportional to p, i.e. Sp/p ~ p. 

•• The error due to multiple scattering is given by Sp/p ~ 1//3, which for relativistic 
particless is almost constant. 

Thee bottom plot in figure 5.13 shows the average momentum resolution as a function 
off momentum. The resolution is worse for high momentum tracks. This is because the 
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Figur ee 5.13: Track parameter resolutions as a function of the momentum. The top 
plotss show error distributions of the calculated position at the track ver-
tex,, as a function of 1/p. The middle plots show error distributions of the 
calculatedd slope at the downstream edge of station 9, as a function of 1/p. 
Thee bottom plot shows the average momentum resolution as a function 
off  p. 
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errorr on the position measurements start to play a dominant role. 
Ass each particle travels a different path it wil l encounter different amounts of ma-

terial.. Also, the trajectory wil l be measured by detectors with different coordinate 
resolution,, i.e. inner or outer tracker. Therefore, the average momentum resolution 
cann not easily be understood by one single relation combining the above mentioned 
contributions. . 

Becausee the multiple scattering angle has a l / p dependency (see equation 5.36) the 
resolutionn on the track direction is expected to have a similar behaviour. The middle 
plotss of figure 5.13 show the error distribution for the track slopes tx and ty at the 
downstreamm edge of station 9, as a function of I/p. Because the pull distribution of the 
trackk slopes are Gaussian with a standard deviation close to unity, the calculated error 
cann be interpreted as the resolution. The figure shows the track slope resolution indeed 
too roughly have a l / p dependence. 

Thee top plots in figure 5.13 show the error distribution for the track positions x and 
yy at the track origins, as a function of I/p. The plots show the position errors also to 
dependd on the momentum. The distributions show that the spread in calculated error 
onn the position for a given momentum is larger than that for the slopes. This is because 
thee resolution on the position depends on the distance between the track creation vertex 
andd the first measurement. 

5.44 Conclusions 

Inn this chapter the LHCb track fitting procedure is presented. It is based on the Kalman 
filterr formalism. The following features are included in the fit : 

•• Four different types of measurements; the outer tracker hits, inner tracker clusters, 
VELOO R clusters and VELO (f> clusters. 

•• The energy loss of particles due to detector material. 

•• The random perturbations on the trajectory due to multiple scattering are locally 
takenn into account. This results in a reconstructed track that follows the true 
trajectoryy as close as possible, including the reconstruction of actual kinks in the 
trajectory. . 

•• The presence of an inhomogeneous magnetic field resulting in a complicated track 
modell is taken into account by using a step-wise bth order Runga-Kutta method 
forr propagating the track parameters. 

•• The particle trajectory is parameterised by the track parameters x = (x, y, tx,ty,K,). 
Thee Kalman filter technique allows determining the best estimate of these param
eterss at all positions along the trajectory. Typical positions are the track vertex 
(forr the reconstruction and analysis of the underlying physics event) and the two 
RICHH detectors (to be able to perform the RICH pattern recognition algorithms). 

Resultss are presented for tracks originating from the vertex region and crossing the 
fulll tracking system of the spectrometer. The obtained pull distributions of the track 
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parameterss are shown to be correctly centred at zero. Furthermore, all pulls are within 
100 % of unity. This shows that the errors on the track parameters are well understood. 

Att the track vertex an average position resolution of ~ 27 ^ra is obtained. The 
averagee error on the slopes at the vertex is ~ 1.8 x 10- 4 = 0.18 mrad. At the RICH 
detectorss the error on the slopes is ~ 0.27 mrad. An average momentum resolution of 
0.400 % is obtained. For low momentum tracks this resolution is dominated by multiple 
scattering.. For large momenta the resolution of the measurement devices plays a more 
importantt role. 


