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Chapterr 1 

Introduction n 

1.11 Circulation models 

Thee weather affects everyone. It is among the most discussed topics around the 
world,, although its context might differ significantly. Consider, for instance, people 
inn Africa who struggle with drought, whereas we wonder whether it is necessary to 
bringg an umbrella to work; or thousands of people who are being evacuated because 
theirr home town is hit by a tornado, whereas others try to decide whether Corsica 
orr Cyprus would be a better location to spend the holidays when it comes to hours 
off  sunshine; or an Egyptian farmer who happily overlooks the Nile flooding and 
fertilizingg its surrounding banks, whereas a Limburger hopes that the heavy rainfall 
wil ll  stop, so the Maas will not burst its banks. For a multitude of reasons, the 
abilityy to predict the weather and climate has fascinated people for centuries. 

Inn 1922. Richardson was the first to use numerical modeling as a tool in weather 
prediction.. He acknowledged that to complete a numerical weather prediction an 
enormouss number of calculations had to be made very rapidly. He estimated that 
aa typical global prediction would require a factory of 64.000 people equipped with 
calculators,, see [60]. Consequently, the idea of numerical weather prediction (NWP) 
wass discarded and it was not until the late 1940s that NWP flourished when Von 
Neumannn used one of the first electronic computers (ENIAC) to perform these 
calculations. . 

Today.. wreather and climate prediction rely on so-called global circulation mod-
els,, i.e., a numerical model for describing the evolution of the state of the atmosphere 
onn a global scale. A circulation model numerically solves a set of equations which 
representt this evolution. It consists of three main interacting parts. These are data 
assimilation,, numerical dynamics, and physical parametrization; 

 Data assimilation involves the incorporation of data from observations into 
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thee model. At the beginning of a forecast an initial guess of the current state 
off  the atmosphere is required. Observations obtained over a certain period 
off  time and at different locations, for instance, from ships, weather stations, 
radiosondess etc.. must be quality controlled and combined to produce this 
initiall  condition. In addition, data assimilation is used to correct the global 
circulationn model during or after a forecast simulation. 

 The dynamical component is concerned with the numerical solution of the 
so-calledd primitive equations of the hydrodynamics in the atmosphere. These 
equationss are the equations of momentum, the continuity equation, an energy 
equationn and an equation of state. 

 Physical parametrization is used to incorporate other important physical pro-
cessess occurring in the atmosphere, for instance, radiation, cumulus convec-
tion,, large-scale precipitation, and turbulence. Most of these processes occur 
onn scales too small to be directly resolved by the numerical model and can 
differr significantly in their representation. In addition, each circulation model 
includess a different parametrization scheme depending on the accuracy re-
quiredd and the computational capacity available to solve the problem. 

Figuree 1.1 visualizes the components of 
pattern. . 

circulationn model and their interaction 

Dataa Assimilation 

Circulationn Model 

Parametrization n 

Figuree 1.1: Schematic representation of the components in a circulation model. 

1.1.11 Horizontal dynamics 
Inn this thesis, we focus on the dynamical part of a circulation model. In particular, 
wee investigate numerical methods to efficiently solve the shallow water equations 
(SWEs)) in spherical geometry. These equations serve as a first prototype of the 
horizontall  dynamics in a global circulation model. 

Thee SWEs can easily be derived from the primitive equations of hydrodynamics. 
Thesee primitive equations are the classic Navier Stokes equations of fluid mechanics 
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withh the exception that atmospheric motion evolves in a rotating reference system, 
whichh introduces an additional force, the Coriolis force. This force is particularly 
importantt in large scale atmospheric motion. For a thorough derivation of the 
primitivee and shallow water equations, we refer to [32,55]. The numerical solution 
off  the SWEs is discussed in Chapter 3 5. 

1.22 Numerical methods in circulation models 

Weatherr prediction demands results which are as accurate as possible over a time pe-
riodd of a couple of days calculated within given time, say, a couple of hours. Climate 
simulation,, on the other hand, demands that the results remain accurate over a time 
periodd which is as long as possible, e.g., several years, decades or even centuries. 
Thee accuracy of the prediction depends on the numerical method, the resolution of 
thee space-time grid, the incorporated data and the physical parametrization scheme. 
Sincee the computations are known to be very time-consuming, much interest is di-
rectedd at the development of efficient numerical methods on high-resolution grids. 
Onn these grids, the requirements of the numerical scheme for weather and climate 
predictionn practically coincide. In Section 1.3, we summarize our achievements in 
thatt direction. First, we discuss typical considerations necessary to obtain an effi-
cientt numerical method for solving the horizontal dynamics in spherical geometry. 

1.2.11 Spatial discretization schemes 

AA wide variety of numerical methods underlie the currently operational global 
circulationn models. In particular, there is discussion about which spatial dis-
cretizationn scheme is best to discretize the horizontal dynamics. For instance, 
thee Integrated Forecast System (IFS)-model of ECMWF and the Community Cli-
matee Model (CCM)-model operational at NCAR incorporate a spectral transform 
method,, whereas the Global Environmental Multiscale (GEM)-model of the Cana-
diann Meteorological Centre applies a variable-resolution cell-integrated finite ele-
mentt scheme. The GME model of the German Weather Service (DWD) and the 
Hirlamm model developed by a consortium of several European weather services in-
cludingg the Royal Netherlands Meteorological Institute (KNMI ) adopt a central 
finite-differencefinite-difference scheme. For a description of the various operational circulation 
models,, we refer to [9-11,40,49,50,89]. 

Forr several decades, the spectral transform method has been most popular. 
However,, over the years, its disadvantages have become more apparent. With in-
creasingg grid resolution, its computational costs increase much faster than those 
off  a finite difference or finite element method. Second, the method suffers from 
Gibbs'' phenomenon which occurs for strongly varying variables, such as the con-
centrationn of water vapor [59,91]. Third, the method is non-conservative. In view of 
thee aforementioned disadvantages and with the trend toward high-resolution grids, 
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alternativee methods are being explored. We investigate a finite volume method, 
viz.,, Oshers finite volume method with a (K — |)-scheme for the constant state 
interpolation,, see Section 1.3.1 and Chapter 3. 

Figuree 1.2: A uniform latitudinal-longitudinal grid over the sphere. 

1.2.22 The pole problem 
AA common prejudice against finite difference and finite volume methods concerns 
theirr inefficiency due to a severe step size restriction when applied on a standard uni-
formm latitudinal-longitudinal (lat-lon) grid with an explicit time integration method 
too solve the resulting semi-discrete system. A standard uniform lat-lon grid uses grid 
liness of constant latitude (parallels) and longitude (meridians), see Figure 1.2. The 
inefficiencyy has to do with the pole problem, which includes all problems related to 
thee non-existence of the longitudinal unit vector in the poles and the convergence of 
thee meridians when approaching them. The pole problem can be resolved in several 
ways:: (1) by a filter suppressing irrelevant high-frequency waves, (2) by a different 
gridd distribution and/or a different coordinate system, or (3) by the application 
off  an implicit time integration method. The first and second approach have been 
investigatedd extensively. A detailed discussion of various filters is presented in, for 
instance,, [57,70]. For a description of several grid types, we refer to [3,41,86] for the 
reducedd grid, to [27,28,64,84] for the icosahedral or geodesic grid and to [58,62,63] 
forr the cubic grid. These different grid types are displayed in Figure 1.3. They all 
aimm at a redistribution of the grid cells over the sphere to obtain a quasi-uniform 
celll  distribution to alleviate the step size restriction. In addition, they remove the 
singularityy at the poles by introducing a non-singular coordinate system, which is 
necessarilyy composite or non-conformal. 
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(a)) Icosahedral grid (b) Conformal cubed grid 

(c)) Reduced grid 

Figuree 1.3: Various grid distributions on the sphere. 

Thee third remedy, the use of an implicit time integration method, has so far 
onlyy been applied efficiently in a semi-Lagrangian semi-implicit method. Its basic 
principlee is explained below. The shallow water equations exhibit two different types 
off  wave-like solutions. These are the slowly varying advective wave propagating 
withh the wind velocity and the much faster low-amplitude gravity waves. The 
latterr low energy waves have no significant role in atmospheric circulation patterns. 
Unfortunately,, these fast waves dictate the admissible step size in explicit time 
integrationn methods. In the semi-Lagrangian semi-implicit method, the governing 
equationss are integrated along the characteristic corresponding to the advective 
wave,, whereas the gravity waves are solved with an implicit time integration method. 
Forr a thorough review of the semi-Lagrangian method, we refer to [71]. 

Wee investigate two possible remedies for the pole problem: (1) a combined 
lat-lonn reduced grid with two stereocaps in the polar region and (2) a linearly-
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implicitt Rosenbrock time integration method (Ros3) combined with approximate 
matrixx factorization (AMF) applied to the full Eulerian form of the shallow water 
equationss on a uniform lat-lon grid. The application of a fully implicit scheme is 
commonlyy assumed to be too expensive. We will , however, refute this assumption. 

1.33 Efficient numerical methods 

Inn this section, we briefly introduce the various components of the numerical meth-
odss discussed in this thesis. 

1.3.11 Osher's scheme 

Thee continuous SWEs can be presented in conservation form. In this formulation, 
thee dependent variables describing the state of the atmosphere, are directly derived 
fromm the underlying physical conservation laws, i.e., conservation of mass, momen-
tumm and energy. To guarantee the conservation of these quantities in the numerical 
approximation,, we apply a finite volume method to spatially discretize the SWEs. 

Inn a finite volume method the sphere is divided into a number of grid cells, fi-
nitee volumes, over which the conservation form of the SWEs is integrated in space. 
Thiss gives the more natural integral form of the conservation laws applied to each 
finitee volume. To discretize the resulting integrals, we apply an upwind scheme. 
Ann upwind scheme is favored, because it incorporates information about the char-
acteristicc waves of the shallow water problem into the numerical solution process. 
Furthermore,, an upwind scheme can be combined with a so-called limiter to ensure 
aa smooth capturing of variables with large gradients, which makes this combination 
preferablee to a spectral transform method. 

Wee have chosen Osher's approximate Riemann solver for evaluating the flux be-
tweenn volumes. Our motivation for this choice is as follows. First, Osher's scheme is 
robustt and second-order accurate when combined with a proper state interpolation. 
Second.. Osher's scheme has an excellent boundary treatment, which makes Osher's 
solverr preferable to, for instance, Roe's solver. This property might seem irrelevant 
forr the SWEs, because they describe a pure initial value problem. However, it is 
valuablee for the information exchange at the interface between different subgrids in 
aa composite grid. Finally, Osher's scheme is an upwind scheme of flux difference 
splittingg (FDS) type. Flux vector splitting (FVS) schemes are not applicable in 
thiss case, since the necessary homogeneity condition of the flux is not fulfilled. For 
aa thorough discussion on upwind schemes we refer to [31,82]. Osher's scheme is 
extensivelyy studied in Chapter 3 when applied to the SWEs. 

1.3.22 The combined grid 

Inn addition to the standard uniform lat-lon grid, we consider a combined grid com-
posedd of a stereographic grid at the two polar caps and a reduced lat-lon grid in 



1.33 Efficient numerical methods 7 7 

thee intermediate region, see Figure 1.4. Similar to other alternative grid distribu-
tions,, this combined grid redistributes the grid cells over the sphere to alleviate the 
stepp size restriction for explicit time integration methods. In addition, this grid 
distributionn has no singular points. Each of the coordinate systems is conformal, 
whichh means that the metric coefficient associated with the coordinate transforma-
tionn only depends on the spatial variable and not on its direction. Consequently, 
thee flux evaluations on the aforementioned grids are straightforward. 

Figuree 1.4: A combined grid consisting of a reduced lat-lon grid away from the poles and 
aa stereographic grid at the two polar caps. 

Thee idea of the combined grid originates from earlier attempts by Phillips, who 
suggestedd to cover the sphere with three different coordinate systems, viz., the mer-
catorr and two stereographic projections [56]. Unfortunately, his spatial discretiza-
tionn scheme required the interpolation of grid points in neighboring grids whenever 
aa variable outside the current grid part was needed. These interpolations could lead 
too a loss of mass as was shown by Stoker [74]. In our case, such complications are 
avoidedd because of the mass conservation properties of the Osher's scheme and its 
consistentt boundary treatment. 

1.3.33 A third-order Rosenbrock method with approximate 
matrixx factorization 

Too avoid a severe step size restriction when calculating on a uniform lat-lon grid, 
wee also propose a third-order Rosenbrock method (Ros3) to integrate the semi-
discretee SWEs in time. A Rosenbrock method is a linearly-implicit Runge-Kutta 
methodd which solves general non-linear ODE systems, w = F(w), see, e.g., [13,25]. 
Thiss method is called linearly implicit since per time step it requires the solution of 
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linearr systems rather than non-linear ones. In this sense, the method is intermediate 
betweenn an explicit and implicit Runge-Kutta method. The linear system solves 
aree expensive, but can be simplified significantly to reduce the computational costs. 
Forr that purpose, approximate matrix factorization (AMF) is applied, see, e.g.. [2. 
14,34,54]. . 

Thee combination of Ros3 with AMF leads to an efficient time integration method, 
whilee preserving the important properties of A-stability and third-order accuracy 
off  the original Ros3 method. The A-stability property suggests that large step sizes 
aree admissible in the numerical approximation of the evolution in the shallow water 
system.. Ros3 with AMF is studied in Chapter 4 and Chapter 5. 

1.44 Ai r quality models 

Anotherr important group of atmospheric models consists of air quality (or transport-
chemistry)) models, which are used to describe the chemical composition of the 
atmosphere.. These models are used to study the effects of air pollution. The 
chemicall  composition of the atmosphere is altered by chemical reactions, advection. 
diffusion,, emissions and depositions, which are all included in the model. Advection 
iss the transport of a species by a given wind field. Diffusion represents the turbulent 
mixingg of the species. 

Globall  circulation and air quality models are sometimes connected. In so-called 
on-linee air quality models the transported species are treated as additional variables 
inn a complete circulation model. As a consequence, their concentration is directly 
affectedd by the calculated wind field. A simpler approach is provided by a so-called 
off-linee model. In these models, the transported species are advected by a given wind 
fieldfield from a meteorological database. In that case, there is no direct interaction with 
resultss from a circulation model. In Chapter 2, we investigate a specific numerical 
technique,, viz. operator splitting, and its effects when applied in air quality models. 
Forr further reading on air quality models, we refer to [20,67,80,86]. 

1.55 Operator Splitting 

AA numerical technique often applied in circulation and air quality modeling is op-
eratorr splitting. This technique subdivides the full problem in a number of sub-
processes,, which can then be solved with different numerical techniques and step 
sizess suitable to the specific subprocess. An air quality model is commonly subdi-
vided,, e.g.. in the advection. the diffusion, and the chemistry part. The solution 
off  the chemistry part requires a numerical method adapted to efficiently solve stiff 
problems,, whereas the advection part requires a numerical advection scheme which 
respectss the underlying mass-conservation laws and avoids the generation of over- or 
undershoots.. Undershoots can lead to nonphysical negative concentrations, which 
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severelyy lowers the robustness of the solution process, as they can introduce insta-
bility .. A global circulation model incorporates operator splitting at various levels. 
Forr instance, most models separately treat the physical parametrization and dy-
namicall  part. The first part is very time-consuming, requiring an efficient solution 
methodd which permits large step sizes, whereas the dynamical part requires a more 
frequentt update. Other splittings concern the subdivision of the horizontal and ver-
ticall  dynamics or the subdivision of the horizontal dynamics in the longitudinal and 
latitudinall  direction. These splittings are often referred to as dimensional splittings, 
sincee the operators are subdivided along a specific direction of movement. Finally, 
wee mention the subdivision of the horizontal dynamics in the advection part, and 
thee Coriolis and pressure gradient forces. 

1.5.11 The splitting error 

Operatorr splitting significantly simplifies the numerical solution process. Unfor-
tunately,, this simplification has one disadvantage. The separate treatment of the 
variouss subprocesses creates a splitting error. The magnitude of this error must 
bee controlled and may not lead to an unstable solution process. In Chapter 2, we 
investigatee this error for a Strang splitting method [75] which adopts a symmetri-
call  order of reappearance to solve the different subprocesses. This splitting error 
iss known to be of second-order. We focus on pure initial value problems. An ex-
pressionn for this error is derived by the application of the Lie operator formalism 
whichh facilitates the analysis of the splitting error for a coupled non-linear system of 
partiall  differential equations. The error expressions are investigated in more detail 
forr advection-diffusion-reaction equations as used in air quality modeling. 

1.5.22 Approximate matrix factorization vs Strang splitting 

Likee operator splitting, approximate matrix factorization (AMF) is used to simplify 
aa numerical solution process and to make this process cost effective. In Chapter 5, 
wee compare both techniques when applied to the SWEs. We investigate Ros3 
withh AMF and Strang splitting combined with a third-order Rosenbrock method 
too integrate the subprocesses in time. We are interested in the local error and the 
numericall  dispersion relations. The numerical dispersion relations demonstrate the 
influencee of the numerical method on the characteristic waves of the shallow water 
problem.. The advective (or Rossby) wave must be represented accurately, because 
itt describes an important part of atmospheric dynamics. 

Inn meteorological practice, operator splitting techniques are considered inappro-
priatee for solving the primitive equations when they split the advective and Coriolis 
terms.. Together, these terms generate the Rossby waves. The separate treatment 
off  the advection and Coriolis terms appears to jeopardize a correct representation 
off  these waves and therefore apparently obstructs a correct representation of the 
atmosphericc tendency to geostrophic balance. Ros3 with AMF on the other hand. 
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accuratelyy resolves these waves, see Chapter 5. 

1.66 A future perspective 

Thiss thesis investigates efficient numerical solution methods for solving the 2D shal-
loww water equations in spherical geometry. Our ultimate objective is to extend and 
applyy these methods to more realistic 3D models simulating global atmospheric 
circulation.. This extension however, requires some precaution. For instance, theo-
reticall  results from Hundsdorfer [36.37] predict that Ros3 with AMF factorized in 
threee dimensions is no longer A-stable. This indicates that in 3D practice, it is no 
longerr possible to take large step sizes, while maintaining a stable solution process. 
Iff  necessary, these deficiencies can be resolved, for instance, by the application of 
aa dimensional splitting method solving the horizontal and vertical dynamics, sepa-
rately. . 

Too investigate these matters and possible solutions, a 3D test case is required. 
Forr testing new numerical methods to be used in circulation models. Williamson 
etet al developed a standard 2D SWEs test set [88]. Such a standard test set is not 
availablee for 3D applications, although the dynamical intercomparison project [15] 
providess an alternative. This test case includes a 3D dynamical part extended with 
twoo simple forcing terms simulating the effects of radiation and vertical turbulence. 
Heldd and Suarez [29], Boer and Denis [5], Williamson et al [90] all proposed a simple 
physicall  parametrization scheme for these processes. Unfortunately, a standard 
referencee solution is not provided for the dynamical core test case. Therefore, we 
aree currently investigating a 3D instationary variant of the Ekman boundary layer. 
Resultss are not presented in this thesis. 

1.77 Outline of this thesis 

Thiss thesis is organized as follows. 
InIn chapter 2. we focus on the Strang splitting method applied to arbitrary au-

tonomouss systems of differential equations. An expression is derived for the Strang 
splittingg error using the Lie operator formalism, the concept of commutators for 
non-linearr problems, the modified problem and the Baker-Campbell-Hausdorff for-
mula.. The error is analyzed in greater detail for the advection-diffusion-reaction 
equations,, resulting in a theorem which shows under which conditions advection, 
diffusionn and reaction commute. When all processes commute, no splitting error is 
found. . 

Thee next two chapters are closely related. Both chapters discuss efficient nu-
mericall  methods for solving the SWEs in spherical geometry and for avoiding the 
pole-problem.. Their perspectives are different. 

Chapterr 3 focuses on the spatial discretization of the SWEs. A combined lat-
lonn reduced grid with two stereocaps is proposed. Special attention is paid to 
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thee connection problem at the grid interface between the stereocaps and the lat-lon 
reducedd grid. Osher's scheme is chosen to spatially discretize the SWEs. In addition 
too its favorable properties inherent to a finite volume method, Osher's scheme easily 
resolvess this connection problem. Numerical results for Test 2 of the SWEs test set 
supportt these qualities of Osher's scheme and the combined grid. 

Inn Chapter 4, the linearly-implicit A-stable Ros3 time integration method is 
discussed.. The SWEs are linearized to investigate stability for the combination 
off  Ros3 with approximate matrix factorization. Calculations are performed on a 
uniformm lat-lon grid. This combination proves to be cost-effective, while maintaining 
thee favorable properties of the original Ros3 method. Its efficiency is demonstrated 
byy a comparison to the third-order explicit Runge-Kutta method applied on the 
combinedd grid proposed in Chapter 3. Again, numerical results are given for the 
SWEss test set. 

Inn Chapter 5, Ros3 with AMF is further explored. Its local error and numerical 
dispersionn relations are studied for the SWEs in spherical geometry. A comparison is 
madee between this method and an alternative method for simplifying the numerical 
solutionn process, viz. Strang splitting. Theoretical and numerical results are derived. 
Thee analysis shows that Ros3 with AMF makes a good candidate to efficiently solve 
thee semi-discrete SWEs on a global fine resolution uniform lat-lon grid. Strang 
splittingg on the other hand, is inadequate in view of its inefficiency due to a large 
locall  error in the polar region. 




