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Chapterr 3 

Spatiall  Discretization of the 
Shalloww Water Equations in 
Sphericall  Geometry using Osher's 
Scheme e 

Summary y 

Thee shallow water equations in spherical geometry provide a first prototype 
forr developing and testing numerical algorithms for atmospheric circulation 
models.. Since the seventies these models have often been solved with spec-
trall  methods. Increasing demands on grid resolution combined with massive 
parallelismm and local grid refinement seem to offer significantly better per-
spectivess for gridpoint methods. In this paper we study the use of Osher's 
finitefinite volume scheme for the spatial discretization of the shallow water equa-
tionss on the rotating sphere. This finite volume scheme of upwind type is well 
suitedd for solving a hyperbolic system of equations. Special attention is paid 
too the pole problem. To that end Osher's scheme is applied on the common 
(reduced)) latitude-longitude grid and on a stereographic grid. The latter is 
mostt appropriate in the polar region as in stereographic coordinates the pole 
singularityy does not exist. The latitude-longitude grid is preferred on lower 
latitudes.. Therefore, across the sphere we apply Osher's scheme on a com-
binedd grid connecting the two grids at high latitude. We will show that this 
providess an attractive spatial discretization for explicit integration methods, 
ass it can greatly reduce the time step limitation incurred by the pole singu-
larityy when using a latitude-longitude grid only. When time step limitation 
playss no significant role, the standard (reduced) latitude-longitude grid is ad-
vocatedd provided that the grid is kept sufficiently fine in the polar region to 
resolvee flow over the poles. 

31 1 
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3.11 Introduction 
Peoplee have long tried to forecast the weather, first by observation of current and 
historicall  meteorological data and later by numerical simulation with circulation 
modelss based on atmospheric primitive equations [12.26.32.48]. Today, circulation 
modelss are widespread. In addition to being used in weather forecasting, they are 
appliedd as climate simulation models and provide meteorological input data needed 
inn air pollution descriptions. 

Duringg the sixties the field of frequently used approximation methods in circu-
lationn models consisted mainly of gridpoint methods. When Orszag and Eliasen et 
alal [17.51] introduced the spectral transform method in global atmospheric modeling, 
thiss accent shifted. Because spectral methods proved to be very accurate and cost 
efficient,, they started to dominate the field of approximation methods used in global 
atmosphericc modeling. Recently, the discussion on numerical methods applicable 
inn circulation models has been renewed. Spectral methods are no longer considered 
ideal.. Progression in atmospheric modeling, on the meteorological as wTell as on the 
computationall  side, demands higher grid resolutions than in the past. The workload 
off  a spectral method grows very fast when the number of grid points is increased. 
Therefore,, the relevant question can be posed whether at high resolutions an im-
provedd gridpoint method can compete with a spectral method. This is also stated 
inn [8, 16]. In addition, the global property of a spectral method has some other 
drawbacks.. Although this property contributes highly to the accuracy of the found 
solution,, it leads to inconveniences when one tries to parallelize spectral codes on 
parallell  machines with distributed memory. Furthermore, a spectral method can 
sufferr from Gibbs' phenomenon (spectral ringing) when applied in areas where flow 
patternss with strong gradients are encountered, for example, in front simulation. 

Inn this paper, we develop a new numerical gridpoint method. We apply a finite 
volumee method of upwind type. We decided on this method, because it is con-
servativee and respects the characteristic directions associated with the hyperbolic 
characterr of our equations. In addition, compared to a spectral method, it behaves 
welll  in areas where flow patterns with strong gradients are expected. From the 
classs of finite volume methods. Oshers approximate Riemann solver makes a good 
choice.. First, it is robust and second-order accurate when combined with the right 
statee interpolation. Second, from a future perspective, it has a logical extension 
too more realistic primitive equations and it has a consistent boundary treatment, 
whichh makes Oshers solver preferable to, for instance. Roe's solver. Finally, our 
upwindd scheme is a scheme of flux difference splitting type (FDS). Schemes of flux 
vectorr splitting type (FVS) do not provide an alternative in this case, since the 
necessaryy condition for these schemes, i.e.. that the Jacobian of the flux vector is 
homogeneouss of degree one, is not fulfilled. For a detailed description of FDS and 
FVSS methods we refer to [31]. 

Too avoid the well-known pole problem [69], which arises when a gridpoint method 
iss applied on a full uniform latitude-longitude (lat-lon) grid, we study a reduced iat-
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Ionn grid and a combined grid composed of a (reduced) lat-lon grid away from the 
poless and a stereographic grid at the two polar caps. The combined grid consists 
off  three computational domains with a rectangular grid almost everywhere. All 
threee mappings used to map the physical domain onto the computational domain 
aree conformal. These qualities yield flux calculations that are simple and straight-
forward.. The use of a stereographic grid has been proposed before by Phillips [56] 
andd Browning et al [7]. 

Too validate our discretization scheme and grid, we consider the 2D shallow 
waterr equations (SWEs) on the rotating sphere, which serve as a first prototype for 
aa circulation model. The SWEs describe the behavior of a shallow homogeneous 
incompressiblee and inviscid fluid layer. Although in comparison to the full set of 
atmosphericc primitive equations, the SWEs are incomplete, they present some of 
thee major difficulties associated with the horizontal dynamical aspects of circulation 
modelss on the Earth. 

Inn Section 3.2, we focus on the formulation of the SWEs in the two different 
coordinatee systems. In Section 3.3.1. we attend to the construction of our combined 
grid.. The spatial discretization of the equations, i.e., a description of our finite 
volumee method, is given in Section 3.3.2. Special attention is paid to the connection 
problem,, which occurs at the grid interface, when coupling the spherical grid part 
withh the stereocaps. Numerical results from calculations on combined grids and on 
fullyy lat-lon grids are given in Section 3.4. Calculations are done on test case 2 of 
thee test set in [88], which is standard for testing new numerical methods for solving 
thee SWEs in spherical geometry. Test case 2 provides us with a good non-linear 
testt to evaluate the scheme's ability to handle the poles. Since the test set consists 
off  problems with smooth flow patterns, it does not provide a test to reveal all 
favorablee features of our scheme. Therefore, the objective of this paper can best be 
summarizedd as a first validation of whether Osher's scheme applied on a combined 
gridd yields an appropriate candidate to solve the SWEs in spherical geometry. The 
mainn conclusions of our investigations are formulated in Section 3.5. 

3.22 The shallow water equations 

Sincee they cover important aspects of the horizontal dynamical behavior of the 
atmosphere,, the SWEs on the sphere suffice as a first prototype of a circulation 
model.. Through the laws of conservation of mass and momentum, the SWEs on 
thee sphere can be derived to describe the behavior (velocities and fluid depth) of 
aa shallow homogeneous incompressible and inviscid fluid layer on the Earth. In 
otherr words, we assume that the atmosphere can be regarded as a thin layer of air 
inn which the density is uniform and constant, and viscous effects can be ignored. 
Byy using the SWEs, it is further assumed that the velocity component normal to 
thee earth surface, the vertical component, can be neglected compared to the hor-
izontall  velocity component. Furthermore, the vertical component of the Coriolis 
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accelerationn is neglected in comparison with gravity. The acceleration of gravity, 
g,g, is assumed to be constant, containing both the effects related to the centrifugal 
forcee and the gravitational attraction of the Earth. The pressure gradient force is 
consideredd to be hydrostatic. The SWEs then follow from the Navier Stokes equa-
tionss on the rotating sphere by integration over the fluid depth (depth-averaging); 
forr details see [26]. A derivation of more realistic atmospheric primitive equations 
cann be found in [26,32]. 

3.2.11 The shallow water equations in spherical coordinates 

Lett (A, (p.t) denote the independent variables longitude (A € [0. 27r)). latitude (<fr  e 
[ _f '' + f ])' a nd t i m e (*  - 0)- Let u be the velocity in the longitudinal direction, v 
thee velocity in the latitudinal direction, and H the depth of the fluid layer. Let h 
bee the height of the free surface above the sphere at sea level, h = H 4- hs, where hs 

accountss for the orography of the Earth associated with the height of mountains. 
Further,, let u denote the horizontal velocity field (u.v) defined by u — acoscf)^-
andd v = a-£. Let ƒ denote the Coriolis parameter, 2S1 sin 0, with Q the angular 
velocityy of the Earth, a the radius of the Earth, and g the gravitational constant. 
Thee SWEs on the sphere in flux form can then be formulated as 

dHdH , s 

__ + V - ( # u ) = 0, (3.1) 

^ +̂+ V.(Huu)V.(Huu) =  ( / + U t a n 0 ) i / v - - ^ ^ . (3.2) 
efteft a acosq) o\ 

^^ + V.(H„ a) = - ( / + « t a n ^ ) H u - ^ , (3.3) 
0101 a a ocp 

wheree the divergence operator is defined by 

VV -u = 
aa cos 1 

dudu dv cos 
7TTT + d\d\ d<f> 

Thee right-hand sides in the momentum equations (3.2) and (3.3) represent, respec-
tively,, the Coriolis force, the hydrostatical pressure gradient force, and an additional 
termm due to the relative motion in the rotating coordinate system in longitudinal 
andd latitudinal direction, see [32]. 

3.2.22 The shallow water equations in stereographic coordi-
nates s 

Thee spherical formulation of the SWEs (3.1)-(3.3) has the disadvantage that it is 
singularr at the poles. To circumvent this problem, the SWEs can be formulated in 
thee stereographic coordinate system using a different stereographic projection on 
eachh hemisphere. Since these projections are only singular in opposite poles, no 
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singularityy problem arises. We note that the stereographic projection is conforraal, 
soo the general form of the equations is preserved. 

Thee stereographic projection in terms of the latitude-longitude coordinates is 
definedd by 

wheree m is the map factor 

^st t 

IM IM 

= = 

= = 

aa m cos 0 cos A, 

aa m cos 0 sin A, 

2 2 

11 + a sin < 

(3.4) ) 

(3.5) ) 

(3.6) ) 

withh a distinguishing between the northern (a = 1) and the southern hemisphere 
projectionn (a = — 1). The poles are directly projected onto the origin of the stereo-
graphicc planes. The northern hemisphere is projected from the south pole onto the 
northernn stereographic plane, which is the plane locally tangent to the sphere at 
thee north pole, see Figure 3.1. Likewise, the southern hemisphere is projected from 
thee north pole onto the southern stereographic plane, which is locally tangent to 
thee sphere at the south pole. A description of the construction of the stereographic 
projectionn can be found in Appendix 6.1. Note that the positive stereographic 
xst-axiss for both the northern and the southern hemisphere corresponds with the 
intersectionn of the half-plane S\=0 and the corresponding stereographic plane. Like-
wise,, the positive stereographic yst-axis corresponds, for both hemispheres, with the 
intersectionn of the half-plane S\=n/2 and the corresponding stereographic plane. 

Figuree 3.1: The stereographic planes for the northern (southern) hemisphere projections. 

Beforee we give the SWEs in the stereographic formulation, as found, for instance, 
inn [7,56,87], we need to define the velocity field in the new stereographic coordinate 
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system.. Let U_ = (U. V) be the velocity field in stereographic coordinates with U 
thee velocity in the xst-direction and V the velocity in j/st-direction. We have 

UU = m m 
m m 

-11 dXat 

-11 dywt 

dt t 

wheree ~f at at dt dt aree the usual total derivatives and — is a scale factor with m as 
givenn in (3.6). When we now consider the momentum equations in the stereographic 
x-st-- and yst-direction. the stereographic formulation of the SWEs in flux form reads 

dH dH 
~dt ~dt 

dHU dHU 

dt dt 

dHV dHV 

dt dt 

++  V  (HU) = 

++ V  {HUH) = 

++ V  {HVU_) = 

0. . 

«ƒ ƒ 
[x[x slslV-yV-yststU) U) 

af af 

2a2a2 2 

> s t VV

HVHV - mgH 
dh dh 

V»tU) V»tU) 

wheree the divergence operator is defined by 

dd [AU 
VV -{AU_) =m' 

d: d: i 8 t t 

2a2 2 

++ m' dydys s 

HU-mgH^-. HU-mgH^-. 
OVst OVst 

AV AV 
m m 

(3-7) ) 

(3.8) ) 

(3.9) ) 

(3.10) ) 
Thiss formulation is derived in Appendix 6.2. To complete the discussion on the two 
differentt coordinate systems, we here give the relations between the stereographic 
andd spherical velocity components. These relations, which of course are valid only 
outsidee the poles, are needed in Section 3.3.2. 

UU = -us in A — a vcos A, 

VV = u cos A — a v sin A. 

(3.11) ) 

(3.12) ) 

3.33 Spatial discretization 

Inn the past, several types of grids have been proposed to circumvent the problems 
relatedd to solving the SWEs on a global lat-lon grid. Two examples are the compos-
itee cubic grid [62,63] and the icosahedral grid [83]. The first yields a non-conformal 
mappingg of the sphere onto a cube. The latter grid consists of triangles. 

Inn this section we introduce another grid. Our motivation is to provide a grid 
onn which calculations are simple and straightforward. Therefore, we aim at a grid 
distributionn which can be conformally mapped onto a rectangular computational 
domainn without any singular points. 

3.3.11 Using stereographic grids 

Overr the years several suggestions have been made to circumvent the singularity 
problemm which arises at the poles when one tries to solve the SWEs in spherical 
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coordinates.. In 1956. Phillips [56] studied this problem. He suggested covering the 
spheree with three different coordinate systems. On part of the northern as well as on 
thee southern hemisphere he used a stereographic coordinate system centered at the 
poles.. In between those two regions he chose a mercator projection. His distribution 
off  the coordinate systems is illustrated in Figure 3.2(b). To couple the different 
coordinatee systems, Phillips had to interpolate from points in neighboring grids 
wheneverr a variable outside the current grid part was needed. In 1975 Stoker [74] 
showedd that these interpolations could contribute to loss of mass. 

(a)) Our combined grid (b) Phillips' combined grid 

Figuree 3.2: Two combined grids and their applied coordinate systems, 
(I)) northern hemisphere stereographic projection, 
(II )) spherical coordinate system, 
(III )) southern hemisphere stereographic projection, 
(IV)) mercator projection. 

Inn 1977 Starius [72] introduced the composite mesh method. Like Phillips, he 
usedd multiple coordinate systems, but he avoided interpolations within neighbor-
ingg grids by letting the grids, corresponding with the different coordinate systems, 
overlap.. To prosper from both methods, Browning et al [7] combined the ideas of 
Stariuss and Phillips. They applied the composite mesh method to the SWEs by 
usingg two stereographic coordinate systems centered respectively at the north and 
southh pole and extended beyond the equator. 

Ourr approach is also based on the ideas of Phillips, that is, we use three different 
non-overlappingg coordinate systems, where stereographic coordinate systems are 
appliedd in the arctic and antarctic regions. In the intermediate region, however, our 
choicee of the coordinate system differs from Phillips'. Since spherical coordinates 
aree natural and easily implemented in regions away from the poles, we prefer a 
sphericall  coordinate system in the intermediate region. In addition, lat-lon grids are 
stilll  standard in meteorological applications. A further differentiation from Phillips' 
methodd concerns the coupling of the different coordinate systems. Although this 
subjectt is not addressed until Section 3.3.2, we state here that with our choice of 
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aa finite volume method we are able to avoid the interpolation problems found by 
Phillips.. Our distribution of the coordinate systems is shown in Figure 3.2(a). 

Inn this paragraph we discuss the exact distribution of the three different coor-
dinatee systems across the sphere. As mentioned before, we prefer to use a lat-lon 
gridd in a region away from the poles. We define this region as Ru = {(X.(j).a) : 
AA € [0, 27r), 4> G [—</>,(/>] with 4><  f }. From an illustrative point of view we assume 
thatt our lat-lon grid has a uniform distribution. Note that more advanced grid 
distributionss are possible. In Section 3.4, for instance, we apply a reduced lat-lon 
grid.. To find a suitable grid distribution in the stereographic regions, we project the 
uniformm lat-lon grid of region Ru onto the stereographic planes, as illustrated for 
onee hemisphere in Figure 3.3. Note that meridians and parallels correspond with 
respectivelyy dashed and solid lines. 

Figur ee 3.3: Northern hemisphere projection from the south pole of a uniform lat-lon 
grid.. Dashed lines correspond with meridians (A constant). Solid lines correspond with 
parallelss (<t>  constant). 

Inn the middle of the resulting projection we place a square with bottom left-hand 
cornerr (xst,yst) = (—xr,—xr) and top right-hand corner (xst,yst) = (xr,xr), xr > 
0.. The corresponding regions on the sphere are denoted by region I (northern 
hemisphere)) and II I  (southern hemisphere). To secure a proper fit  between the grids 
onn regions I, III , and Ru, we extend the projected meridians until they intersect 
withh the squares. The resulting cells between these regions are added to region RJJ 
givingg the region II shown in Figure 3.2(a). The solid lines in Figure 3.4(a) and 
Figuree 3.4(b) correspond with the cell edges. We then demand that N\, defined as 
N\N\ = ^ r , is a multiple of eight. Under this condition the intersection points have 
mirrorr images on the opposite edge. After these points are connected, a non-uniform 
rectangularr grid distribution on the square results, see Figure 3.4(a). The total grid 
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distributionn over the sphere is now fully known, see Figure 3.4(b). Finally, we 
remarkk that xr, N\ and <f>  are still free parameters. Exact values are given for each 
testt case. These values affect, for instance, the CFL-number, the meshwidth factors, 
andd the accuracy. For visualization purposes we used N\ = 56, xr = 0.32279 a, and 
00 = 57.8°. 

(a)) Northern hemisphere stereographic (b) Side view of the grid over the northern 
projectionn of the grid. hemisphere. 

F i g u r ee 3 .4: Detai ls of a combined grid. 

3.3.22 The semi-discrete system in general terms 
Withoutt the Coriolis and additional forces, the SWEs closely resemble the Euler 
equations,, which can be found in, for instance, gas dynamic applications. For the full 
sett of primitive equations this resemblance is even more explicit. Much theory con-
cerningg the space discretization of the Euler equations has already been developed, 
see,, for instance, [31]. In our approximation method we gratefully adopt existing 
ideass from this theory. In this section, we will describe the semi-discrete system for 
thee SWEs (3.1)-(3.3) and (3.7)-(3.9) with special attention to the coupling between 
thee spherical and stereographic grids. 

Mai nn outlin e of the finite volume method 

Wee begin this section with a main outline of our method. To guarantee conser-
vationn of mass and momentum in our semi-discrete system or, in other words, to 
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respectt the underlying physical conservation laws, we use the finite volume method, 
whichh is standard practice for the Euler equations. We focus on the stereographic 
regionn I. Similar results can be derived for the spherical region II  and for region III . 
Calculationss are done in the computational domain, which results after projection 
off  regions I, II , and II I  on the regions associated with the corresponding coordinate 
systems.. In the computational domains regular, (non-)uniform rectangular grids 
occur. . 

< < 

- \ t t 

Figuree 3.5: The grid cell fijj  in the stereographic coordinate system. 

Lett Qij be a grid cell with boundary SClij. We denote its four neighbors by 
 a nd  The boundary between two neighboring cells, for instance, be-

tweenn fit+i,j  a nd £2t,j) is denoted by <$fli+i/2 ,j > Ri+1/2 j = (nx,^nyBt) 'ls the outwardly 
directedd unit normal along this boundary. Axij and Ay,._, are respectively the 
lengthss of 2 and , see Figure 3.5. We associate with each grid cell 
itss cell center x  ̂ = (xsti ., yst, t) with state variable q . . = (Hij, HijUij,  HijVij) 
andd we assume that the state variable is constant over each cell. The finite volume 
methodd now gives 

&7, , DIJ DIJ 

+ + dtdt AxijAy. j^yijj^yij  Jön 
FTU FTU GG nVst dS 

(Ukij'&ij+Uiiij'&ij))'(Ukij'&ij+Uiiij'&ij))'  <3-i3> 
wheree F_ and G are the fluxes in stereographic xst- and yst-direction, 

T T 

F{q)F{q) = (HU.HU2+)-gH2.HUv\ 

G{q)G{q) = HV,HUV,HVHV,HUV,HV22 + -gH2 
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and d 

ƒ„„  (<7^st) 

ƒ„„  (q<Xst) 
—— J/st — 

( x s t^ - y s t ^ ) l L r T // , „dhs 1 2 0 , - [ a//  ̂ ] / f y + m 5 f f _ + _ f l H Xst,0 

0,0,, [a/  ̂ ]HU + mgH— + —gHys 

Too respect the characteristic directions associated with the hyperbolic character 
off  our equations, we apply an upwind scheme to discretize the integral in (3.13). 
Withinn the group of finite volume upwind methods we distinguish two different 
categories,, concerning flux vector splitting (FVS) and flux difference splitting (FDS) 
methods.. For a detailed description of both methods we refer to [31]. Methods 
fromm the first category do not suffice as discretization schemes for the SWEs. The 
conditionn that the Jacobian of the flux vector F_ with respect to q is homogeneous 
off  degree one (see [31]) is not fulfilled. We apply Oshers approximate Riemann 
solverr [52,53], which makes an excellent choice from the group of FDS methods. 
Osher'ss scheme is robust and second-order accurate, when combined with the right 
statee interpolation [76]. Furthermore, from a future perspective, it has a logical 
extensionn to more realistic primitive equations and a consistent boundary treatment. 
Thee last argument made us decide in favor of Osher's approximate Riemann solver 
beforee Roe's, which is often used in gas dynamics applications. 

Thee semi-discrete system reads 

dq.dq. . 
-*,3 -*,3 

dt dt 

m m 
+ + 

i,3 i,3 

AxijAyij AxijAyij 
r-HojFp,, (r(o)izt

L
+1 rT(o)qf+l  ) ^ 

vv ' V - ^ + 2 'J - * + 2 ' J / m , -, i i+iJ i+iJ 

++ T - ( | ) £ ( 0 ) ( T ( | ) ^ + , . T ( | ) 2 H + , ) 'i,3 'i,3 

++ T-Hn)F io)(TMq_lij.T(n)gl i]) 
' J TT 2 

VCl;VCl; 1 

++ r-.(|,£(0)(r ( |)^è,.(^)2«_è)-^ 

(3.14) ) 

wheree T{9) is a rotation matrix defined by 

T{9) T{9) costf f 
-- sin i 

sinn I 
cos s 

(3.15) ) 
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andd F_  ̂ is the Osher flux given as 

F(oMF(oMLL-f)-f) = \(F(qL)+F(qR))-1-j^ \A(q)\dq. (3.16) 

AA is here defined as the Jacobian of the fluxvector F_ with respect to q, A = dF_/dq. 
Thee absolute value of this Jacobian is defined by 

\A(q)\\A(q)\ = P(q)\A\p-\g). 

wheree P and A result from diagonalizing the Jacobian matrix as A = PAP"1 . Note 
thatt the Osher fluxes in (3.14) describe local fluxes, i.e., they point in the direction 
off  the outwardly directed unit normal on the corresponding boundary. The Osher 
fluxx (3.16) approximates the local flux across a boundary <5fi, which results when 
att the left and the right of this boundary the constant states qL and qR are found. 

Soo far, we have not mentioned the evaluation of the constant7 states. It is through 
thesee evaluations that we are able to properly couple the different grids. Further-
more,, the state evaluations determine the accuracy of our scheme. On a uniform 
grid,, second-order accuracy can be proven [68]. We attend to this topic in the next 
section.. It remains to say that the Osher scheme is special for its choice of the 
integrationn path in its flux (3.16). Using the Osher flux boils down to a maximum 
off  five flux evaluations, P(<?), per cell boundary. In case of the most common atmo-
sphericc flow patterns, i.e., flows where we have \u\ < \/gH. we find that the Osher 
fluxflux requires only one flux evaluation per cell boundary, when we use the P-variant 
Osherr path suggested by Hemker and Spekreijse [30]. Details of the construction of 
thee integration path and the Osher flux can be found in Appendix 6.3. 

Determinat ionn of the constant states 

Inn this section we define the constant states. We still focus on the stereographic 
regionn zooming in on the state evaluation in the :cst-direction. The states in the 
yystst-direction-direction are defined in a similar way. We apply ID state interpolation, i.e., the 
statee qL,1 . only depends on the states of neighboring cells in the xst-direction. For 

—— 1+ 2 'J 

thee remaining part of this subsection, we suppress the index j in our notation. To 
definee the constant states, we use the (K. = |)-scheme [76]. On a uniform grid it 
reads s 

ï t ii  = 4+ ^ - 2 , - : ) + ^ ( 2 * , - 4 ) . 

&i&i  = 2i+I +
 Ü7%,+I -2,+2> + ü?1(2,~2,+I ).

 (3' 17) 

Unfortunately,, our grid in the projected stereographic region is non-uniform. When 
thee grid is sufficiently smooth, this discrepancy is often circumvented by simply 
applyingg the existing K-scheme (3.17). Although this condition holds for our grid, 
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wee do not adopt this approach. We wish to avoid any addit ional errors which 
mightt prevent us from properly identifying the influence of the coupling between 
thee different grids. Therefore, we have applied a modification of the K-scheme (3.17) 
forr non-uniform grids. The general form of this modified K-scheme can be found in 
Appendixx 6.4 for different values of K. The general form is defined as a function, 
IIKK,, with the states and cell widths of neighboring grid cells in the interpolation 
directionn as arguments. The standard non-uniform state interpolation is represented 
inn Table 3.1. 

A A 

B B 

C C 

D D 

Left t 

q\q\ — Transformation 

2 2 

1Ï1Ï =h{qvq2,h,h) 

l \\ = / i ( 2 i ' 2 2 - 23 ' < 1 ' f 2 ' f 3 ) 

Right t 

aaRR , = Transformation 

i _ II  = /è^JV-2'-ïjV-l '-?w,^-2,^-l,^) 

2^_ii  =/ i(9JV,2JV_1.^.^- i) 

22 ^ 

q \ ii  =li(q i . , < ? , , ^ , , , ^ - 2 , 4 - 1 , ^ + 1 , ^ + 2 ), 

Tablee 3.1: The different state interpolation methods used near the grid boundary. The 
indicess A, B, C and D here correspond with the different cell boundary situations illustrated 
inn Figure 3.6. 

Nearr the grid interface between the stereographic and spherical region, see Fig-
uree 3.4(a), the stencil of the non-uniform (K = | ) -scheme is too large, demanding 
statee variables from outside the stereographic region. To avoid transformations and 
difficultiess associated with the kink in the grid cells, we regard the grid interface as 
aa real boundary. This means that locally we have to reduce the size of our stencil. 
Too that end we have also formulated the non-uniform equivalents of the 2-point 
centrall  (« = l)-scheme, the 2-point upwind (K = — 1)-scheme, and the 3-point up-
windd (K=  I)-scheme. Figure 3.6 shows which interpolation scheme is applied on 
eachh cell boundary. The associated state interpolations are given in Table 3.1. Note 
thatt although it is a 3-point interpolation scheme, the (K— ^)-scheme, as opposed 
too the (K= ^)-scheme, cannot be applied at the cell boundaries ÖQ5/2 a nd ÖSÏN-3/2-I 
becausee in these cases a cell width from outside the stereographic region is needed. 
Inn the next section, we wil l discuss the Transformation entry in Table 3.1. 
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N-ll  N 

Figur ee 3.6: Illustration of the cell boundaries, where another interpolation scheme than 
standardd is needed. 

Th ee finite volume method and the constant states on the spherical com-
putationall  domain. 

Thee same line of semi-discretization as described in Section 3.3.2 is applied to derive 
thee semi-discrete system for the region II , see Figure 3.2(a). Note that for this region 
calculationss are done on the (A. 0)-plane. The semi-discrete system easily follows 
fromm equations (3.14)-(3.16), when we replace mi:j , Axitj, Ayitj, ƒ , ƒ , and q 
successivelyy by l / ( a cos <&,.,•), A\itj, A<j) itj, ƒ x , ƒ and q = (H, Hu"tHv)^wheve 

uu qH dhs -- tan 4>)Hv + — 
aa acosó oX 

££xx(g,r)(g,r) = (0 , - ( /+ - t an^) J f J t . + - ^ i T ^ i , 0 
T T 

tt i \ fn n 11 , u
 L \rr gH2 sin 4> qH dhs ff Ml) = 0.0. / + - t a n 0 i ï u + 2- ^ + ^ _ _ ^ 

Notee that the form of the flux vectors £ and G_ remains the same, since both 
coordinatee systems are conformal. 

Too evaluate the constant states on region II we again use ID state interpola
tion.. This time it concerns interpolation in the A- or ^-direction depending on the 
celll boundary under consideration. As standard interpolation scheme the (re = -
schemee is applied. In the A-direction this scheme can be applied everywhere, be
cause,, in that direction, our grid is uniform and has no grid boundaries. In the 
0-directionn we have to account for the grid interface between the spherical and the 
stereographicc grids. We treat this interface as if it concerns a piecewise constant 
reall boundary approximating the cell boundaries by the lines <f>  = ^ . ^ + 1 / 2 , see 
Figuree 3.7. The resulting, partially non-uniform grid distribution resembles the one 
inn the stereographic direction. Therefore, the associated state interpolations easily 
followw by applying Table 3.1 in the (/(-direction. 

Interactio nn between the different computational domains. 

Itt remains to discuss the Transformation entry in Table 3.1. We again turn to 
thee stereographic computational domain associated with region I and focus on the 
xst-direction,, see Figure 3.6. At the grid interface between region I and II the 
computationall domains of these regions interact. To find the states qL , and qR 

- i l / 22 i N + 1 / 2 
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Figur ee 3.7: Projection of the northern hemisphere part of region II on the (A, 
inn combination with the approximated cell distribution at the grid boundary. 

-plane e 

inn stereographic variables, we transform the states in spherical variables found at the 
samee cell interface boundary in the computat ional domain associated with region 
II .. The word "transform" here indicates that we must convert the velocity field 
uu = (u, v) into its stereographic representation. Note that the constant states in 
sphericall  variables are calculated by one-sided (/t = - l ) - s t a te interpolation in the in-
direction.. This way of state evaluation yields that at every cell interface boundary, 
thee I D state interpolation to obtain qh andd a», , ,„  is performed in a different 

/22 2-N+1/2 r 

direction,, i.e., in the direction of the projected meridians Aj / 2 and AJV+I /2- i n 

i.e... qL
1/2 and -direction,, the Transformation entries. casee of interpolations in the 

<7RR , in spherical variables, follow after transformation of the corresponding 
^^  + 1/2 

constantt states in stereographic variables found at the same cell boundaries in the 
computat ionall  domain of region I. Here the word "Transformation" means that 
wee must convert the velocity field U_ = (U, V) into its spherical equivalent. Note 
that,, depending on the cell's position, the constant state in stereographic variables 
concernss a constant state calculated by one-sided (K = - l ) - s t a te interpolation in 
xxsst-t- or ys t-direction. 

Wee conclude this section with some remarks on accuracy. In more dimensional 
problemss a finite volume method is at most second-order accurate. To provide an 
orderr est imate we cite Spekreijse [68]. For a uniform grid, he proved, that a scheme 
likee (3.14) is second-order accurate for interpolations based on the «-scheme. On 
aa large part of our domain, i.e., almost everywhere on the spherical region, see 
Sectionn 3.3.2, his est imate is valid, because our grid is uniform. However, since we 
combinee different grids, it is difficul t to give the exact order of our scheme across the 
wholee sphere. It is obvious that we endure some accuracy loss around the interface, 
whichh wil l be referred to as the connection problem. To be conclusive about its 
impact,, we wil l give a numerical order estimate in Section 3.4.2. 
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3.44 Numerical tests 

I nn this section we focus on two main objectives. First, we wish to establish to what 
extentt the introduct ion of the stereographic grid resolves the problems related to 
thee use of a global spherical coordinate system. Second, we wish to validate our 
spat iall  discretization scheme or, in other words, how Oshe rs scheme behaves, when 
appliedd to the SWEs on the sphere, and how accurate its results are. 

Too meet the necessity of a good benchmark to test new numerical methods for 
solvingg the SWEs in spherical geometry. Will iamson et al [88] developed a test 
set,, containing seven different test cases of increasing complexity. We concentrate 
onn test case 2 of this test set. i.e.. on the global steady state non-linear zonal 
geostrophicc flow. Test case 2 provides us with a good test to examine the scheme's 
abil i tyy to handle the poles. Furthermore, it serves as a test for our Osher scheme, 
becausee it includes non-linear aspects of the SWEs. As holds for the whole test 
set.. test case 2 is not entirely appropriate to demonstrate all favorable features of 
ourr scheme, i.e., its behavior around strong gradients. The problems in the test 
sett have solutions with rather smooth flow pat terns. Hence it is suitable for a first 
assessmentt of accuracy behavior. Besides test case 2. we also successfully solved test 
casess 1 and 6, i.e., advection of a cosine bell over the pole and the Rossby-Haurwitz 
wave.. To save space we present only results for test case 2. In future work we wil l 
a t tendd to the other cases. 

3.4.11 Test case 2: Global steady state non-linear zonal geo-
strophicc flow 

Testt case 2 concerns a steady state analyt ic solution to the non-linear SWEs. It 
consistss of a solid body rotat ion with the corresponding geostrophic height field 
H.H. A parameter a is used to specify the angle between the axis of the solid body 
rotat ionn and the polar axis of the spherical coordinate system: a = 0 indicates 
equator iall  flow and a = TT/2 yields flow across the pole. The analytic solution of 
testt case 2 reads 

HH — ho-I + - ^ I ( - c os A cos 0 sin a + sin 0 cos a) , (3.18) 

uu — uo (cos 0 cos a + sin 0 cos A sin a ), (3.19) 

vv = - UQ sin A sin a, (3.20) 

wheree the Coriolis parameter ƒ = 2Q ( - cos A cos 0 sin a + sin 0 cos a) and u0 = 
38.611 m/s, ho = 3.00 x 103 m. To be consistent with the article of Williamson 
etet al [88]. we tested our code for a = 0. 0.05. 7 r /2 -0 .05, and ir/2. where the second 
andd th i rd parameter values were added to avoid symmetries. In this article we wil l 
nott present all the results, as our code produced good results for either value. We 
wil ll  concentrate on tests with parameter value a = TT/2, since for these tests the 
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correspondingg velocity components init iate the strongest flow across the poles. We 
remarkk that these kind of flows can indeed be encountered in practical situations. 

Figur ee 3.8: Representation of the analytic longitudinal velocity component u (left) and 
latitudinall  velocity component v (right) on a global uniform lat-lon grid in case of global 
steady-statee non-linear zonal geostrophic flow across the pole (a = 7r/2). 

Inn addition to the fact that we encounter a singularity problem when we apply 
thee spherical formulation of the SWEs in the poles, we have to deal with some 
problemss when approaching the poles. Figure 3.8 clearly i l lustrates the demand for 
additionall  caution near the poles. This figure represents the analytic longitudinal 
andd lati tudinal velocity components, u and v, found in the cell centers of an under-
lyingg uniform lat-lon grid in case of flow across the poles (a = ir/2). To emphasize 
ourr point we give the velocity components u and v, which follow from (3.18)-(3.20) 

uu = UQ sine/;cos A. (3-21) 

vv = —uosinA. (3.22) 

Thee figure shows that the spherical velocity components strongly vary in the polar 
region,, bringing about difficulties in numerical approximation methods. To properly 
representt these velocity components, a fine grid resolution, especially in the longi-
tudinall  direction, is necessary. However, too many grid cells can lead to problems 
forr  integration methods related to stability. 

Wee discuss two remedies to these approximation and stability problems. First, 
wee can decide to solve the SWEs on a stereographic grid. On a stereographic grid no 
severee resolution problems arise, as the velocity components U and V vary much less 
thann the spherical ones, see Figure 3.9. Second, we can consider the reduced grid 
approach.. In that case, the lat-lon grid is coarsened in the longitudinal direction 
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att given latitudes. For details we direct to [3] and [86]. Both remedies suffer some 
problemss though. On a stereographic grid, we are confronted with a connection 
problemm at the equator when we try to combine the stereographic grids on the 
northernn and southern hemispheres, see Figure 3.9. On a (nearly) global lat-lon 
grid,, we are not allowed to apply the reduced grid approach to its fullest extent. 
Repeatedd reductions to arrive, for instance, at four remaining grid cells next to the 
poles,, are inadmissible, since in that case the grid near the poles is too coarse to 
representt the strongly varying velocity components. With a combination of both 
remedies,, i.e., a combined grid with a reduced lat-lon grid away from the poles and 
aa stereographic grid at the two polar caps, we can avoid these problems and benefit 
fromm either advantages, see Figure 3.10. 

Figur ee 3.9: Representation of the analytic stereographic velocity components U (left) and 
VV (right) on a "global" uniform stereographic grid in case of global steady state non-linear 
zonall  geostrophic flow across the pole. 

Inn the remaining part of this section we will address the following questions 
concerningg our grid. Do the numerical results confirm the problems suggested when 
calculatingg on a global reduced lat-lon grid? Which factors determine the actual 
formm of a combined grid, or in other words, how large should the stereocap be 
andd how many reductions are allowed? And, how accurate are the results when 
calculatedd on a combined grid with realistic refinement? 

3.4.22 Experiments on global lat-lon grids 

Th ee pole singularit y 

Forr tests on a global lat-lon grid to make sense, we must account for the non-
existencee of the spherical fluxes F_ and G in the poles. In practice, this problem is 
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Figuree 3.10: Projection of a combined grid consisting of a reduced lat-lon grid away 
fromm the poles and a stereographic grid at the two polar caps onto the cartesian (x,y)-
planee (z=0). Two reductions were applied. 

overcomee by assuming a total zero flux across the boundaries corresponding to the 
poles.. The question is whether the results significantly suffer from this assumption, 
bothh near and away from the poles. In fact, when the results do suffer from this 
assumption,, we should reconsider investigating the global reduced lat-lon grid, since 
thee results would be inadequate without an accurate resolution of the singularity 
problemm in the pole. 

Wee first ran a set of tests on a rectangular global lat-lon grid, where we varied 
thee amount of gridpoints in the ^-direction, thus moving the neighboring cell centers 
closerr to the pole with each test. Let nP define the amount of gridpoints in the 4>-
directionn and let A0 = 7r/nP. In comparison with other tests, our grid distribution 
inn the A-direction is rather coarse (nL = 72). We must only make sure that the 
solutionn can be properly represented in that direction. In this way we are able to 
reducee computing time and avoid problems related to stability. The error measures 
onn H are shown in Table 3.2. For time stepping we used the fourth-order Runge-
Kuttaa method with small steps, such that the error ET(H) represents the spatial 
discretizationn error. Er(H) is defined as a maximum relative error, 

EAH)EAH) = max 
(id) (id) 

H, H, H(XH(X l l 

H{\H{\ uu<t>i) <t>i) 

wheree H(\i, 4>j) gives the analytic solution of H in cell center (i,j). The max-norm 
iss taken over a specified region. Note that since r / > l , the relative error provides 
aa good indication of the accuracy of our results. 
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nPP = 36 

nPP = 72 

nPP = 180 

£r(-tf)polee band £ r ( # ) w h o le 

2.11 10 "3 9.8 - 1 0- 3 

1.11 - 10 "3 5.7-1CT3 

8.77 • 10" 4 5.3 • I d " 3 

Tablee 3.2: Error measures on H for different values of nP taken over the volumes located 
nextt to the poles and over the whole domain on a rectangular lat-lon grid (nL = 72). 

Tablee 3.2 clearly shows that in the band next to the poles the zero flux assump
tionn does not lead to an error increase when approaching the poles. We even observe 
aa minor decrease and the (relative) error certainly is sufficiently small for practical 
purposes.. Moreover, the error in the pole band is smaller than the error over the 
wholee domain. Note that since nL is fixed, convergence of the Osher scheme is not 
examinedd in these tests. 

Polee resolution problem 

Ass mentioned before and as discussed by Williamson and Browning in [87], we en
counterr representation problems when we try to approximate the spherical velocity 
componentss on a too coarse grid around the poles. The following tests have been 
chosenn to show the severity of this problem. We tested four different reduced rectan
gularr lat-lon grids, all having nL(0)=64 grid cells in the longitudinal direction and 
nPP = 192 cells in latitudinal direction. nL(0) is here defined as the amount of grid 
cellss in the longitudinal direction on the unreduced grid part. When approaching 
thee poles, we halve the amount of grid cells in the longitudinal direction, whenever 
thee cell width in that direction projected onto the sphere, i.e., acosc/>AA, is reduced 
withh a factor of 2 following the last reduction. The specific values for nL(0) = 64 and 
nPP = 192 are chosen so that we can arrive on a coarse grid within a few reductions 
andd for each grid part, containing the same amount of grid cells in longitudinal 
direction,, enough grid cells in latitudinal direction are guaranteed. Successively, we 
applyy 1, 2, 3 or 4 reductions at the latitudes 4>=60o, 75.9375°, 82.5°, and 86.25°. 
Thee errors are displayed in Table 3.3. This time we concentrate on the absolute 
error,, Ea(u), found for the velocity component u instead of for H, since this compo
nentt suffers the most from the inadequacy to represent the flux on a coarse lat-lon 
grid.. Furthermore, the absolute error is shown, because the velocity component 
mayy vanish in certain points of the globe, see (3.21) and (3.22). E&{u) is defined as 
thee maximum absolute error 

EEaa{u){u) — max \uij — w(A ,̂ <pj)\. 
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wheree u(\i,<f>j)  represents the analytic velocity component u in cell center (A ,̂ <fij). 
Thee maximum is taken over the whole grid, where the second column entry indicates 
onn which grid part m the maximum error is found. The index m denotes the grid 
partt found between the |m|-th and |m| + l-th reduction. We indicate the different 
gridd parts at the northern hemisphere with positive values of m and at the southern 
hemispheree with negative values of m. 

00 reductions, 

11 reduction at 4> = 60° 

22 reductions resp. at </> = 60°, 

33 reductions resp. at <f>  = 60°, 

44 reductions resp. at <f>  — 60°, 

75.9375° ° 

75.9375°,, 82.5° 

75.9375°,, 82.5°, 86.25° 

EE&& {u) {u) 

0.32 2 

1.03 3 

3.67 7 

15.18 8 

23.99 9 

gridd part m 

0 0 

-1/1 1 

-2/2 2 

-3/3 3 

-4/4 4 

Tablee 3.3: Error measures on u taken over the whole domain on a global reduced lat-lon 
gridd with different levels of reduction (nL(0) = 64, nP = 192). The second column displays 
onn which grid part m the maximum error is located. 

Givingg that the analytic longitudinal velocity component u has a maximum of 
38.611 m/s, the results speak for themselves. It is obvious that a significant number 
off  cells next to the poles are needed to properly represent the velocity components. 
Forr example, in this case and starting from nL(0) = 64, two reductions giving 16 
cellss next to the poles, already result in a maximum relative error in the longitudinal 
velocityy component u of about 10%. Note that the maximum errors are found in 
thee grid part closest to the pole. 

Orderr  tests 

Inn this part, we provide a numerical order estimate for our spatial discretization 
scheme.. As described in Section 3.3.2, we expect to find second-order accuracy on a 
uniformm grid. To verify this, we ran some tests on a global uniform lat-lon grid. We 
onlyy performed calculations on a band between latitudes <j)=—  60° and 0 = 60° to 
avoidd small steps related to stability. On the other areas of the sphere we prescribed 
thee analytic solution. Note that in this way accuracy losses due to the zero flux 
assumptionn across the poles are circumvented. Successively, we applied a uniform 
lat-lonn grid with nL = 72, 144, 288, and 576. Table 3.4 shows the relative error 
measuress on H. We consider the max-norm over the band. 

Thee order factor between two successive grids is given in the third column of 
Tablee 3.4. In case of second-order accuracy this factor should be 4. For the higher 
orderss observed, we have two possible explanations. First, the theoretical order 
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nLL = 72 

nLL = 144 

nLL = 288 

nLL = 576 

£V(^Obancl l 

2.055 • 1 0 - 3 

2.69-- 10" 4 

3.655 • 1CT5 

7.17-- 10 _ c 

£ r ( H } h a n d i i L / 2 2 

Er(«)l ,« ndn L L 

7.6 6 

7.4 4 

5.1 1 

Tablee 3.4: Error measures on H for different values of nL taken over a band between the 
latitudess <p=  —60° and <ö = 60° on a global uniform lat-lon grid, where we prescribed the 
analyticc solution outside the band. 

estimatee holds in the asymptotic case, i.e., when nL approaches infinity. The order 
factorr between the grids with nL = 576 and nL = 288 already approaches four. 
Second,, on the band between the latitudes <fi  — —60° and 0 = 60°, the flow has 
aa strongly one-dimensional character which coincides with the meridians. For a 
uniformm grid Spekreijse [68] proved, that a scheme like (3.14) is third-order accurate 
forr interpolations based on the (K— |)-scheine in the ID case. This might explain 
whyy on the coarser grids our order factors are close to eight. Note that the value 5.1 
cann then be attributed to the fact that on finer grids the volumes move closer to the 
boundaryy of the band, where the one-dimensional character of our flow diminishes. 

Inn case of a non-uniform grid we provide a numerical order estimate. We evaluate 
thee results found after calculations on a global reduced lat-lon grid. We ran four 
tests,, each time doubling the value of nL(0) defined as the amount of grid cells in 
thee longitudinal direction on the unreduced grid part. We begin with nL(0) = 72. 
Thee cell distribution in the unreduced grid part is uniform. We again coarsen our 
gridd each time the cell width in the longitudinal direction projected onto the sphere 
iss reduced by a factor of 2 as compared to the preceding reduction. In case of our 
grids,, this rule yields three or four reductions. To make sure that our grid is not too 
coarsee in regions close to the poles, we also ran test on grids with nL(0) = 288 and 
nL(0)) = 576 where three instead of four reductions were applied as was originally 
prescribedd by the reduction rule. The error measures on H, ET(H), are shown in 
Tablee 3.5. This time the max-norm is taken over the whole domain. The entries in 
thee third column yield the order factor. Per grid we give the amount of reductions 
andd their corresponding latitudes. 

First,, the results show that the reduced grid approach leads to first order ac
curacy.. It should be noted though, that the error estimate is calculated in the 
max-normm over the whole domain. At the interface between the reduced grid parts 
wee suffer from order reduction. Along the rest of our domain nearly second-order 
accuracyy is found. Again, the grid must not be too coarse in the polar region. In 
casee of nL(0) = 288 with four reductions, this condition is obviously not fulfilled 
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nL(O)) = 72, 

nL(O)) = 144, 

nL(O)) = 288, 

nL(O)) = 576, 

nL(O)) = 288, 

nL(O)) = 576, 

33 reductions at 0 = 60°, 70°, 80° 

33 reductions at <*>  = 60°, 75°, 82.5° 

44 reductions at <£ = 60°, 75°, 82.5°, 86.25° 

44 reductions at 0 = 60°, 75°, 82.5°, 86.25° 

33 reductions at <f>  = 60°, 75°, 82.5° 

33 reductions at <p = 60°, 75°, 82.5° 

£ r ( H ) „ L ( 0 ) ) 

l.i oo - i c r2 

3.666 10^3 3.0 

3.400 - 1 0 -3 1.1 

1.74-10"33 2.0 

1.777 - 10~3 2.1 

8.811 • 10~4 2.0 

Tablee 3.5: Error measures on H for different values of nL(0) taken over the whole domain 
onn a global reduced lat-lon grid (nP = nL(0)/2), where grid coarsening is performed at the 
givenn latitudes. 

resultingg in almost no error reduction. Compared to unreduced grids, see. for in
stance,, the entry 9.82 x 10" 3 in Table 3.2 and 1.09 x 10" 2 in Table 3.5, the reduced 
gridd approach results in a small accuracy loss on coarse grids. The accuracy loss on 
finerr grids will be larger since we find first order accuracy on a reduced lat-lon grid. 
However,, its positive influence on the stability restriction for explicit time stepping 
compromisess its use. As long as we take special care to guarantee an acceptable 
amountt of grid cells next to the poles, the errors are sufficiently small for practical 
purposes. . 

Wee here omit an order estimate for calculations on a combined grid. As we will 
laterr show, the results mimic the accuracy behavior found on the reduced lat-lon 
grids.. Investigations related to the connection problem are reported in the next 
section. . 

3.4.33 Experiments on combined grids 

P l a c e m e ntt  of t h e s te reocap 

Ass nicely illustrated by Figure 3.9, in stereographic coordinates velocities over the 
poless behave normal and smoothly and hence can be approximated with much 
greaterr accuracy using a stereocap. However, we have also concluded that to cover 
thee whole sphere a stereographic grid must be combined with, for instance, a lat-
lonn grid, creating a connection problem as examined in Section 3.3. In addition 
too the question of how this connection problem influences the accuracy, we wish 
too answer the question of what value we should take for 4>. which we defined in 
Sectionn 3.3.1 as the latitudinal boundary of the uniform lat-lon region Ru. We 
expectt these questions to be related, since the larger 4>, the smaller the cells in the 
connectionn band. We ran four tests on a combined unreduced grid, having nL — 144 
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points,, i.e.. with AA = A 0 = 2.5°. where we gradually changed 0. Figure 3.11 shows 
thee combined grids in case of the extreme values of 0. We coupled xr defined in 
Sectionn 3.3.1 as the xs t-coordinate of the top right-hand corner of the stereocap to 
0,, following <pXr = 0 + A 0 / 2. 0T r denotes the latitudinal coordinate corresponding 
too the stereographic coordinates (xst,yst) — (xr.yr). Table 3.6 displays the different 
errorr measures on H, u and U over five different regions, i.e.. over the uniform lat-
lonn grid part, over the cells located at the equator, over the interface cells connecting 
thee two grids, over the stereographic grid parts and over the cells next to the poles. 
Notee that the interface cells, the cells located at the equator and the cells next 
too the poles are also included in the lat-lon grid part or the stereographic parts, 
seee Section 3.3.1. ET(H) again describes the max-norm of the relative error on H. 
EEaa(u)(u) and EA{U) describe max-norms of the absolute error on u and U, respectively. 

00 = 47.5° 

00 = 57.5° 

00 = 67.5° 

00 = 77.5° 

00 = 87.5° 

00 = 47.5° 

00 = 57.5° 

00 = 67.5° 

00 = 77.5° 

00 = 87.5° 

£ r ( # ) l a t - l o ri i 

1.40-- K T 1 

7.58-- K T 2 

6.53-- 1 0 -3 

2.48-- 1 0 -3 

1.29-- 10 3 

£ a ( « ) l a t - l on n 

43.06 6 

21.31 1 

5.23 3 

0.84 4 

0.14 4 

t^tt^t \H jequator 

1.35-- KT 1 

3.64-- 1CT2 

7.6-- 10-5 

2.30-10-3 3 

1.29-- 1(T3 

^ aa (.^/equator 

17.45 5 

11.00 0 

2.39 9 

0.27 7 

0.02 2 

t^r\tit^r\ti  ./interface 

4.56-- 10~2 

3.27-- 10~2 

6.53-- 1 0 -3 

2.311 • 10~3 

6.67-- 10~4 

^ aa (.^interface 

43.06 6 

21.31 1 

5.23 3 

0.84 4 

0.14 4 

EJT\HEJT\H Jstereo 

5.10-- 10~2 

1.411 • 10" 2 

4.30-- 1 0 - 3 

7.422 • 10~4 

6.333 • 10" 4 

foa.\Ufoa.\U /stereo 

37.38 8 

19.19 9 

3.43 3 

0.58 8 

0.30 0 

£'r(W)p 0i e e 

3.86-- 1 0 - 2 

7.14-- 10" 3 

1.43-- 10~3 

3.000 • 10~4 

6.000 • 10" 4 

Ea{U)Ea{U)popo\\e e 

6.0-- 10 - 2 

3.6-- 10" 2 

1.3-- 10 - 2 

3.8-- 10 - 4 

2.8-- 10" 4 

Tabl ee 3.6: Error measures on H, u, and U for different values of 0 on four combined 
uniformm lat-lon stereographic grids (nL=144). We give the errors Er(H), E&(u) and Ea{U) 
overr five different regions, i.e., over the uniform lat-lon grid part, over the cells located at 
thee equator, over the interface cells connecting the two grids, over the stereographic grid 
partss and over the cells next to the poles. 

Ass expected. Table 3.6 shows that it is best to make the stereocap as small 
ass possible, restricting accuracy loss due to the connection problem at the grid 
interface.. The influence of reducing t h e size of the interface cells is particularly 
visiblee when concentrat ing on the maximum absolute error of the velocities. We 
encounterr an accuracy reduction at the grid interface. However, on grids with a 



3.44 Numer i cal t es ts 55 5 

smalll  size stereocap this error is sufficiently small. Furthermore, both the errors 
onn H and U are impressingly small at the poles. Comparing the overall error 
EETT(H)(H) for 0 = 77.5° with the second entry in Table 3.5, we see that our calculations 
onn a combined grid with a stereocap result in the same overall accuracy as the 
calculationss on a compatible reduced grid. Note that this conclusion is t rue for 
modestt and small sized stereocaps. For large stereocaps the interface cells become 
tooo distorted. 

AA comb ined gr i d w i t h real is t i c re f inement 

Figuree 3.11 shows that our conclusion should be handled with some consideration. 
Whenn performance issues are important, the resolution increase on the stereocap 
duee to size reduction can lead to a cut-back on the t ime-step caused by stabil ity 
restrictions.. However, this problem is easily resolved when we add the reduced grid 
approachh to our combined grid. To show this, we end our numerical section on 
testt case 2 of [88] by giving the results of a test on a combined reduced grid with 
realisticc refinements. The stereocap is placed such that 0 = 85.625°, nL(0) = 5 76 
andd nP = 288. We apply three reductions, one at 60°, one at 75°, and one at 82.5°. 

Figur ee 3.11: Projection of two combined grids (nL = 144) onto the cartesian (x,y)-plane 
(zz = 0), where the stereocap in the right picture is moved closer to the pole. 0 = 47.5° 
(leftt picture) and 0 = 87.5° (right picture). Along the axes, the x- and y-coordinate are 
givenn as multiples of the earth radius. 

Thee results confirm our expectations. We find a maximum relative error on H 
overr our whole domain of ET(H) = 8.6 • 10~4 and a maximum absolute error on 
u,u, U of i?a(u, U) =0.092. These errors show that a combined grid provides a good 
alternativee to a global reduced lat-lon grid, see Table 3.5 case nL(0) = 576 with three 
reductions.. This conclusion holds in particular, when the CFL-restriction demands 
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aa too coarse lat-lon grid around the poles to maintain an acceptable time-step. This 
followss in comparing the smallest grid sizes found on the two different grid types. 
Notee that in either case the smallest stepsize is found next to the poles. For the 
combinedd grid, the smallest grid size on the globe approximately reads 

\/2.TTa\/2.TTa cos ó 
—— -. (3.23) 
^-'-'interface e 

Onn a reduced lat-lon grid, the smallest grid size reads 

2TTÖÖ COS (90° - Aè) 

IlJ-Jinterface e 
(3.24) ) 

Basedd on (3.23) and (3.24). we give the smallest grid size ratio for Aé — 0.625c 

nLinterfacee = 72 and 0 = 85.625°. The ratio reads 

hh \fï cos 4> 
4.95. . coss (90° - Aé) 

Forr explicit integration methods this ratio suggests a difference in computing time 
off  approximately a factor of 5 in favor of the combined grid. Note that the time 
stepp restriction can indeed be encountered in practical situations, since high velocity 
componentss do occur in the polar regions. 

3.55 Concluding remarks 

Spectrall  methods currently dominate the field of approximation methods used in 
globall  circulation modeling. Since spectral methods become relatively expensive 
onn fine grids, the demand for higher grid resolution and the better prospects for 
parallelizationn and local grid refinement have renewed interest in gridpoint methods. 
Inn this paper we have studied a sophisticated finite volume scheme for the spatial 
discretizationn of the SWEs in spherical geometry, viz. Osher's scheme [53] using 
thee P-variant of Hemker and Spekreijse [30] for the integration path in the flux 
evaluationn and third-order upwinding for the determination of the constant states. 
Thee scheme's second-order accuracy, its robustness, and its apprehension for the 
characteristicc directions associated with the nonlinear equations, makes it a possible 
competitorr to spectral methods for computations on fine grids. Note that in case of 
aa combined grid, our method is second-order accurate in smooth regions away from 
thee grid interface and first-order otherwise. 

Wee have paid special attention to the pole singularity and the associated CFL-
restriction.. We have examined a combined grid to thoroughly alleviate the asso-
ciatedd problems. This combined grid connects a stereographic grid in the polar 
regionss with a lat-lon grid used at low latitudes. We have found that it is best to 
keepp the size of the stereocap rather small to minimize connection errors at the grid 
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interface.. Since a small stereocap involves small grid sizes at and near the cap, grid 
reductionn in the lat-lon part can be used when it is needed to avoid very small grid 
sizes.. In this manner the time step limitation for explicit integration methods ema-
natingg from the pole problem can be significantly reduced. Therefore, the resulting 
combinedd grid is advocated to be used together with an explicit integration scheme. 
Inn case time step stability plays a minor role, or when an implicit type integration 
methodd is used, we advocate using only a lat-lon grid, possibly reduced, because 
thiss approach is simpler. However, on lat-lon grids the singularity remains so that 
inn case of flow over the poles the grid should be sufficiently fine. 

Ourr findings are based on test cases 1, 2, and 6 of the standard test set from [88]. 
Too save space we have shown results for test case 2 only. In the near future we will 
presentt results on time integration aspects using the spatial discretizations described 
inn the current paper. 




