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Chapterr 4 

Timee Integration of the Shallow 
Waterr Equations in Spherical 
Geometry y 

Summary y 

Thee shallow water equations in spherical geometry provide a prototype for 
developingg and testing numerical algorithms for atmospheric circulation mod-
els.. In a previous paper we have studied a spatial discretization of these 
equationss based on an Osher-type finite-volume method on stereographic and 
latitude-longitudee grids. The current paper is a companion devoted to time 
integration.. Our main aim is to discuss and demonstrate a third-order, A-
stable,, Rosenbrock method. Reducing the costs related to the linear algebra 
operations,, this linearly implicit method is combined with approximate ma-
trixx factorization. Its efficiency is demonstrated by comparison with a classical 
third-orderr explicit Runge-Kutta method. For that purpose we use a known 
testt set from literature. The comparison shows that the Rosenbrock method 
iss by far superior. 
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4.11 Introduction 

Presentt day atmospheric circulation models used in weather forecasting and climate 
researchh are often discretized by spectral transform methods. These methods are 
knownn to provide accurate solutions and to avoid the pole problem, which arises 
whenn grid-point methods are used on a standard latitude-longitude (lat-lon) grid. 
However,, with the trend towards higher grid resolutions some of the main drawbacks 
off  the spectral transform method become more apparent. These concern the high 
computationall  costs of the Legcndre transform and the communication overhead 
forr parallel distributed memory computers. Our investigations are directed at grid-
pointt methods, which are expected to provide sufficient spatial accuracy for future 
fine-gridd resolutions. 

Thee current paper is devoted to the spherical Shallow Water Equations (SWEs). 
whichh reveal most of the major numerical difficulties associated with the horizontal 
dynamicss found in the full set of primitive equations. The paper is a companion 
too [42]. where we examined spatial discretizations based on an Osher-type finite-
volumee method [53] using the third-order upwind scheme for the constant state 
interpolationn ( («= e [77]). This combination provides a solid spatial dis-
cretizationn for the hyperbolic SWEs. 

Inn [42] we proposed a combined lat-lon and stereographic grid to avoid the pole 
problemm that arises when solving the semi-discrete SWEs on a uniform lat-lon grid. 
Inn this article a different approach is adopted. Enhancing the grid resolution ob-
viouslyy necessitates an efficient time integration method to keep the solution costs 
affordable.. The aim of the current paper is to demonstrate a third-order. A-stable, 
Runge-Kutta-Rosenbrockk integration method. Rosenbrock methods are linearly 
implicitt and hence require expensive linear system solves. We will show that this 
disadvantagee can be overcome by the technique of approximate matrix factorization, 
whichh goes back to the early 1950s with splitting and alternating direction methods, 
seee e.g.. [54], When combined with this technique, the Rosenbrock method does not 
onlyy remain third-order consistent and A-stable, but it also becomes cost-effective. 
Wee wil l demonstrate its efficiency by a comparison with a classical third-order ex-
plicitt Runge-Kutta method using a known SWEs test set from the literature [88]. 
Thee comparison shows that the Rosenbrock method is by far superior. In this paper 
thee two integration methods are combined with the upwind spatial discretization 
fromm [42]. They can, of course, also be combined with the usual central spatial 
discretizations. . 

Thee paper is organized as follows. In Section 4.2 we briefly recall the system of 
SWEss and its linearization. The linearization is used as starting point to analyze 
stability.. In Section 4.3. the third-order Rosenbrock method and the third-order 
explicitt Runge-Kutta method are discussed. For the explicit method the time step 
restrictionss on the uniform lat-lon and on the combined grid are derived. For the 
Rosenbrockk method with approximate matrix factorization. A-stability is proven. 
Sectionn 4.4 describes our numerical experiments, which will demonstrate the quali-
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tiess of the Rosenbrock method combined with approximate matrix factorization. 

4.22 Preliminaries on the Shallow Water Equations 

Inn this section, we briefly recall the system of SWEs in spherical coordinates and 
itss linearization. Assuming Fourier-Von Neumann analysis, the linearized problem 
iss used for the stability analysis. The spherical SWEs describe a pure initial-value 
problemm on the rotating sphere and are defined as follows. 

Lett A 6 [0, 2-K) denote longitude. 0 e f ] latitude, and t>0 time. Let u be 
thee velocity in the longitudinal direction, v the velocity in the latitudinal direction, 
andd h the height of the free surface above the sphere at sea level, i.e., h = H 4- hs, 
wheree hs describes the height of underlying mountains. Further, let u denote the 
horizontall  velocity field (u,v), ƒ the Coriolis parameter 2f2sin0 with Q the angular 
velocityy of the Earth, a the radius of the Earth, and g the gravitational constant. 
Usingg the flux-form, the two-dimensional SWEs, being composed of a continuity 
equationn and two momentum equations, read [32,88] 

^ f + V - ( t f u )) = 0, (4.1) 
at at 
dHu^^dHu^  ̂ ( ( u gH dhs g d{\H2) 
-——-—— + V -{Huu) = ƒ + - t a n 0) H v — ———, (4.2) 

dtdt a acos4> OX acos0 oX 

-^- r̂r + V-{Hvu) - -(ƒ+-tan0)#u -̂ — -?r--, (4-3) 

dtdt a a oq> a ocp 

wheree the divergence operator is defined by 

1 1 VV - u 
aa cos i 

gg +«!£*), . (4,) 
Thee terms on the right-hand side in (4.2) and (4.3) represent forcing terms. It con-
cernss the Coriolis force, the curvature terms, and the hydrostatic pressure gradient 
force.. Along with the lat-lon coordinate system we apply stereographic coordinates. 
Too save space we here omit the corresponding formulations of the SWEs. In [42] we 
havee studied the spatial discretization of both formulations using the Osher upwind 
scheme. . 

4.2.11 The linearization 

Adoptingg standard practice, we consider the frozen linearized system of (4.1)-(4.4) 
too analyze the stability properties of the integration methods. Let us linearize 
aroundd a constant state vector Q = (H.HU.HV)T, where the upper bar refers to 
frozenn variables. The resulting linearized system then reads 

qqtt+Aq+Aqxx + Bq<t) = Cq, (4.5) 
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vheree q =(H.Hu.Hv)T. 

0 0 11 0 
AA = 

aa cos <p 
-ü-ü22 +gH 2ü 0 

—— UV V Ü 

BB = 
00 0 

—ÜV—ÜV V 

''22+gH+gH 0 

1 1 
ÏÏ ÏÏ 

2v 2v 
(4.6) ) 

andd the force matrix, 

/ / 

CC = 

0 0 tann 0 

d/u u ^ i ^ P P 
aa cos có ÖA 

22 tan </> — 2 tan i ÏÏ+/ ÏÏ+/ 

-c2. . 23 3 c. . 22 2 / / 

Notee that the constant coefficient matrices A, B, and C do not commute, which 
impliess that their eigensystems differ. Consequently, it is not possible to further 
simplifyy equation (4.5) to a scalar equation. For our "analysis, we therefore need the 
eigenvalue-eigenvectorr decompositions of A and B. We have A = XAEAX^1 and 
BB — XB EB XB 

II  ° XXAA = 0 

VV  VgH 

(( ° 
XXBB==  \fgH 

\\ o 

with h 

l l 

üü + \/ gH 
V V 

1 1 
ü ü 

v+v+ \/g~H 

- 1 1 
- ü++ \fg~H 

—— V 

- 1 1 
—— Ü 

-v+-v+ v 7 ^ 

- - 1 1 
A A x~'x~'  = 

x\ x\ 

\ZgH \ZgH 

Vgü Vgü 

oo IN 
hh o 

{{  - è ( v ^ + ü) i 0 ) 

II  -ü 1 0 \ 
l ( ^ H - ü )) 0 I 

and d 

EEA A 

EEB B 

aa cos 0 a cos <# 
(4.7) ) 

(4.8) ) 

Notee that both decompositions exist, because our system is hyperbolic. The eigen-
valuee expressions for A and B are related to well-known physical features. The 
valuess containing the ygH term are connected with the so-called gravity waves, 
whilee the remaining values are connected with the so-called advective waves. The 
correspondingg wave speeds differ significantly, i.e., the gravity waves run much faster 
thann the advective ones. In practice, these gravity waves need not be resolved, be-
causee most meteorologically important motions are close to geostrophic balance 
whichh implies low amplitude gravity waves. In general, unfortunately, these waves 
dictatee the critical time step at which stability can still be guaranteed when using 
explicitt methods. For this reason, we focus on alternative time integration methods. 

file:///fg~H


4.22 Preliminarie s on the Shallow Water  Equations 63 3 

Followingg [42], we spatially discretize our system using Osher's scheme [53] with 
aa higher order state interpolation, which yields a second-order method. Assuming a 
uniformm grid, Osher's scheme applied to the constant linear system (4.5) simplifies 
too the third-order (K— ^)-upwind scheme [77] as given below. Consider the cell-
centeredd grid points, 

AJJ = ( j - i ) A A , A A = ^ , 0, = - | + ( f c - i ) A 0 , A ^ = ^ , (4.9) 

andd let the grid function w3_k{t) denote the semi-discrete approximation to the 
solutionn q(Xj,4>k-1t) of (4.5) on this grid. Denote A+  — XAE^X^1, where EA = 
(\EA\(\EA\ + EA)/2 is obtained from E A by replacing its negative entries by zero. In-
troducee analogously B+  and A~, B", where the positive entries in the eigenvalue 
matrixx are replaced by zero. The semi-discrete (K — ^)-upwind approximation to 
(4.5)) on grid (4.9) can then be written as 

—— wJ)k = Lwjtk, L = LA+ LB +C, (4-10) 

where e 

LLAA = -(A+D+
A + A'D-A), LB = -(B+D+

B + B-D-B). (4.11) 

Thee operators DA and DA are the upwind and downwind operators in the longitude 
direction,, i.e., 

DDAAWj.Wj.kk = — ^  (4.12) 

DDAAwwjtkjtk = ^ ^  (4.13) 

£>££ and D  ̂ denote their counterparts along latitude. A+, B+  etc. are evaluated in 
eachh grid cell. For convenience of notation we omit their spatial dependence. 

Too analyze the semi-discrete system (4.10), we introduce the harmonic wave 
solution. . 

w w irkirk{t)=w{t)e{t)=w{t)e aa^^xxJJ+UJ2(f>k+UJ2(f>k\\ a = yj^\. 

Ann elementary computation yields the ordinary differential equation for the Fourier 
transformm w, 

—— w = Lw, L = LA + LB+C, (4.14) 
at at 

where e 

LLAA = -XAÊAXA\ LB^-XBÊBXB1. (4.15) 
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EE A and EB are diagonal matrices with entries. 

11 le 41 
êêAA = ̂  ̂ {(cos^-if+sign{eA)(j(4-cos^)mn^). & = ^ A A . (4.16) 

and d 

êöö = 11 kö 
3 3 

—— ((cos£2 - l ) 2 + sign(e/5)fT(4-cos£2)sin£2) , & = u;2A(p. (4.17) 

ee A denotes an eigenvalue of A. Likewise, es denotes an eigenvalue of B. A clarifying 
discussionn on the eigenvalues of the (K — ^)-upwind scheme, (4.16) and (4.17), can 
bee found in [38]. 

Thee stability behavior of any integration method applied to the linear semi-
discretee system (4.10) is governed by its stability behavior for the three-dimensional 
ODEE system in Fourier space (4.14). By periodicity and symmetry, it suffices to 
considerr £i.£2 in the interval [-7T.0]. Note that in our notation the dependence of 
ww on £i. £2 is suppressed. For an introduction to the theory of Fourier analysis for 
differencee schemes, we refer to [24.61]. 

Too analyze stability in case of calculations on a combined grid, we also need the 
linearizationn and the Fourier decomposition of the SWEs in stereographic formula-
tion.. The derivation is similar to the one above and leads to completely equivalent 
expressionss due to the conformal character of the stereographic and lat-Ion mapping. 
Therefore,, we only list the counterparts of the eigenvalues expressions, 

EEAstAst =  diag (mÜ. m(Ü + yfgïï), m{Ü - \fgÜ)).. (4.18) 

EEBsxBsx = di&g(mV.m(V+^S).m(V~y/^)). (4.19) 

where e 

m(<p)m(<p) = 
11 + Q sin <p 

andd U and V denote the 'frozen' stereographic velocity components in xst- and 
g/st-direction.. respectively. 

4.33 The Runge-Kutta integration methods 

Inn this section, we discuss the third-order Rosenbrock method and the third-order 
explicitt Runge-Kutta method. Both integration methods solve general non-linear 
ODEE systems, w = F(w). Note that the semi-discrete system of SWEs fits into 
thiss framework. We expect the Rosenbrock method to be an efficient candidate to 
solvee this semi-discrete system, since it permits large time steps. The costs per time 
stepp are relatively high. Therefore, the third-order explicit method is included for 
comparison. . 
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4.3.11 The third-order Rosenbrock method 
Thee method is derived from the general two-stage Rosenbrock formula from the stiff 
ODEE field [13,25], 

wwn+ln+l  = wn + biki + b2k2, (4.20) 

Sfcii  = TF(wn). 

SkSk22 — T F(wn + a2iki)+j2ii~J  ki. 

SS = I - 1TJ, 

wheree &i, b2, «12, 712 and 7 are free parameters which determine the methods 
specificc properties. The numerical solution wn approximates w at time t — tni 

rr  = tn+i — tn denotes the step size, and J = F' (wn) is the Jacobian matrix of F(w) 
att w — wn. When low to moderate accuracy is required, methods of the Rosenbrock 
typee have proven efficient for a variety of stiff ODE applications [25]. For method 
(4.20)) the order of consistency p is at most 3. 

Wee analyze the stability properties of our method by applying (4.20) to the 
Fourierr transformed problem (4.14). The general two-stage Rosenbrock method 
withh p > 2 then yields an amplification factor R(TL), i.e., wn+1

 = R(TL)WT\ with 
R(z)R(z) defined as the stability function, 

R(z)R(z) = 1 + + -f - . 4.21 
11 — 72 (1 — 72)̂  

Thee stability function R(z) yields A-stability for all 7 > 4. I n case of the special 
valuee 7 = 4 + g\/3 a third-order. A-stable function is obtained. A-stability is 
attractivee as it implies unconditional stability in the sense of Fourier-Von Neumann 
forr stable linear problems. However, for multi-dimensional PDE applications as 
ourss solving twice per time step a linear system with the matrix / — jrF'(wn) is 
ratherr expensive. Therefore, we will apply approximate matrix factorization. By 
thiss technique the numerical algebra costs are substantially reduced, while p = 3 
andd A-stability are still possible. 

Approximat ee matri x factorization 

Wee rewrite the semi-discrete system w = F(w) as w — F(w) = Fj\{w) + Fg(w). 
wheree F4 denotes the semi-discrete longitudinal operator extended with the force 
termss present in equation (4.2) and FB the semi-discrete latitudinal operator ex-
tendedd with the force terms present in equation (4.3). Hence, FA and FB are 
one-dimensionall  operators defined along sets of longitudinal and latitudinal grid 
lines,, respectively. The idea of approximate matrix factorization is to redefine S by 

SS = (I-1TJA)(I-1TJB). JA = FA(wn). JB = F'B(wn). (4.22) 
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or.. equivalently. J by 

JJ = F'{wn) +  1rJ. J = -JAJB. (4.23) 

Insteadd of solving a huge two-dimensional linear system, we thus solve two one-
dimensionall  linear systems, each of which is uncoupled per grid line. The costs 
perr step then amount to two function evaluations for F. one Jacobian evaluation, 
andd one band solve per longitudinal and latitudinal grid line. Since we use Osher's 
schemee on a stencil of five grid points with three solution components, each Jacobian 
matrixx F'A{wn) and F'B(wn) consists of a blockband matrix with five blocks of (3x3). 
Notee that F'A(wn) is slightly more complex as a consequence of the periodicity 
inn longitudinal direction. The costs per time step are still considerably higher as 
comparedd to those of a standard explicit method. However, the Rosenbrock method 
combinedd with approximate matrix factorization yields a far more efficient method, 
ass our numerical results wil l show, see Section 4.4. 

Approximatee matrix factorization is reminiscent of the splitting technique al-
readyy used in more conventional alternating direction methods during the 1950s, 
seee e.g.. [54]. The technique has been used in various other applications since 
then,, see e.g., [2]. The authors have applied it successfully to large-scale at-
mosphericc transport-chemistry problems, using a second-order method from class 
(4.20),, see [4,81], As an iterative technique, approximate matrix factorization has 
beenn successfully applied to large-scale transport problems in surface water [35]. A 
recentt survey can be found in [34]. In [37] and references therein, interesting theo-
reticall  stability results are given revealing some limitations of approximate matrix 
factorizationn in three-dimensional applications. 

Consistencyy and stabilit y properties 

Withh J defined as in (4.23), method (4.20) is third order consistent for arbitrary J 
whenever r 

bi+bbi+b22 = l, b2(a21 +721) = 2 " 7 , ^2^21 = h 72 - 7 + è = 0, 62721 = ~7-

(4.24) ) 

Thee fifth condition &2721 = — 7 results from the matrix factorization. These condi-
tionss yield a unique solution which defines the Rosenbrock method, 

wwnn+\k+\k11 + lk2, (4.25) 

rF{wrF{w nn), ), 

TF{wTF{wnn + lkx)- ^rJh. 

{I-1TJ{I-1TJAA){I-7TJ){I-7TJBB\ \ 

withh 7 = -i 4- ^y/3. For efficiency reasons, the matrix-vector multiplication in the 
secondd stage formula is removed by redefining k2 by k2 — \k\. This gives the 

wwn+1 n+1 

SkSk2 2 

S S 
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followingg third-order Rosenbrock method1 

ww
nn++ ll =  w

n + f*! + \k2, (4.26) 

ShSh = rF{wn), 

SkSk22 = TF(wn + §An) - !&! . 

SS = (I-iTjA)(I-yrJB). 

Inn the remainder of this section, we will discuss stability properties of (4.26) by 
meanss of Fourier-Von Neumann analysis. To obtain the linear recurrence relation 
whichh governs stability, we apply method (4.26) to the ODE system (4.14). Using 
thee notation introduced in Section 4.2, we find the recurrence relation wn+l = 
R(ZR(ZAA,Z,ZBB)w)wnn where ZA=r(L A+CA), ZB = r{LB + CB), and 

R(ZR(ZAA,, ZB) = I + S~l{2S + Ï-Z-I) S~XZ, (4.27) 

withh Z = ZA + ZB and S = (I — jZA) (I — "yZB)- Suppose that ZA and ZB are 
diagonalizablee and share well-conditioned eigensystems. We can then proceed with 
thee scalar counterpart of (4.27), which reads 

R(zR(zAA,z,zBB)) = 1 + -^ + ^— ^ , (4.28) 
{l-jz{l-jz AA){l--fz){l--fzBB)) {l-jzA)2{l-^zB)2 

withh z = zA + zB and zA and zB denoting eigenvalues of respectively ZA and ZB  A 
convenientt property of the stability function (4.28) is that it mimics the A-stability 
propertyy of the original stability function (4.21). However, in this case the range 
off  acceptable 7-values of method (4.26) for which the A-stability property holds, is 
smaller,, as is shown in the following theorem. 

Theoremm 2 The factorized stability function (4-28) satisfies \R(zA,zB)\ < 1 for 
allall  zA, zB with Re(zA) < 0, Re(zB) < 0 if and only if 7 > ^ + è^/3-

Prooff  By the maximum modulus theorem, it suffices to consider imaginary values 
zzAA — ibi,zB = ib2 for arbitrary real numbers b\,b2. A simple computation gives 
\R(ibi,ib\R(ibi,ib22)\)\ < 1 if and only if 

ƒ(&!,, 62) = aibi&i + a2(bl + b\) + a36i62 < 0, (4.29) 

wheree a i = 3 74 - A-y5,a2 = \ - 27 + 572 - 473,a3 = i - 47 + 872 - 47s. 
Ann extremum of the function ƒ is either located at a stationary interior point 

orr at a non-interior point, i.e., for b\ —> 0 or b2 — . We first investigate its 
behaviorr for 61 —> . In that case ƒ yields 

limm lihl^l  = (aib
2, + a2) , V62 6 ÏÏI. 

oo Of v ' 
1Thiss method is studied independently in [45] for integrating advection-diffusion problems on 

sparsee grids. 



68 8 Chapterr  4 

Thiss function is non-positive for all b2 when Qi < 0 and Q2 < 0. which yields 

00 > | . (4.30) 

Thee same result can be derived for b2 — . since f{b\.b2) is symmetric in 6i 
andd &2- An extremum can also be found in a stationary point of ƒ. Solving for 
(J£.J£)) = (0.0) yields 

bb11 = b2 = 0. (a) 

bb11=b=b22 = b^0 with b2 = -'2^g^. (b) (4.31) 

622 = c ^ 0 and b2 - - c / 0 with c2 = - 2 t t j ~ " 3  (c) 

Wee first consider the stationary point (6i. 62) = (0. 0), where f(bi.b2) = Q. Let #ƒ 
denotee the Hessian determinant in a stationary point a. 

dd22ff d2f ( &2f 

Accordingg to. e.g.. [73]. the function ƒ lias a local maximum in 0 if H/(0) >0 and 

f^£(Q)<0.. Taking into account (4.30). we thus find that ƒ remains non-positive in 

aa neighborhood of {bu b2) ~ (0. 0). when 7 satisfies 

Thiss condition is only sufficient. The theorem does not provide a decisive answer 
whenn Hf(0) — 0. In that case a further investigation of the behavior of ƒ in a 
neighborhoodd of 0 is necessary. For the 7-values at which Hj (0) = 0 only l = \ + \ \/3 
guaranteess non-positivity of ƒ in a neighborhood of 0. So, for ƒ to be non-positive, 
77 should satisfy the following necessary condition, 

"t>l"t>l  + l^-  (4-32) 
Finally,, we consider the four remaining stationary points of (4.31). These stationary 
pointss only exist when b2 > 0 and c2 > 0. However, these conditions contradict 
withh the conditions (4.30) and (4.32). Therefore, in case that fi s non-positive over 
]R2,, these points do not exist. 
Summarizing,, ƒ is non-positive for all (b\, b2) 6 IR2 iff 7 > | + | \ / 3-

Thiss result is of interest in its own, as it shows that for useful values of 7 the 
A-stabilityy property is not lost by the matrix factorization.2 In general, the ma-
tricess ZA and ZB do not commute, so that true unconditional stability for the 

2I nn [37] it is pointed out that for a three-term splitting such a result does not exist. 
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linearizedd SWEs cannot be concluded from Theorem 2. Note that Theorem 2 does 
providee a necessary condition in this case. The following example will illustrate 
thatt for the SWEs and noncommuting matrices Z& and ZB- Theorem 2 provides a 
reliablee indication for unconditional stability. 

Example e 

Wcc have approximated the maximum value of the amplification operator (4.27) over 
thee interval £1, 2̂ € [—7r,0]. Calculations are performed at a location near a pole, 
i.e.,, at a location, where the longitudinal grid size AAacoŝ  on the sphere becomes 
veryy small. Locations near the poles are believed to be most critical in relation to 
stabilityy (the pole problem). The example serves to identify the 7-values at which 
thee Rosenbrock method (4.26) yields an unconditionally stable method when applied 
too the linearized SWEs after been spatially discretized with Osher's scheme. For 
comparison,, the same computation will be carried out for the third-order explicit 
Runge-Kuttaa method in Section 4.3.2. 

Lett w = ?l = 30, gH = l()5, a = 42000000/(27r) (space and time units are meters 
andd seconds). Choose (p — (n — A<p)/2, i.e.. a location close to the north pole. 
Furthermore,, put AA = A<i> = 7r/128. which corresponds approximately to a uniform 
1.4°° x 1.4° grid. Omitting the force matrix C, we have computed accurate estimates 
off  the maximum spectral radius of R(ZA, ZB) for r =10\ i — 0,1, 2, 3, 4 and 7 = 
0.25,0.50.0.75.0.8.0.9.1.0.. The maxima are determined for — -K < £1,62 < 0 using 
aa 100 x 100 grid. The following table shows these maxima for 7 = 0.25,0.50,0.75. 

T T 

77 = 0.25 

77 = 0.50 

77 = 0.75 

1 1 

1.0000 0 

1.0000 0 

1.0000 0 

10 0 

1.0000 0 

1.0000 0 

1.0000 0 

102 2 

1.0008 8 

1.0000 0 

1.0000 0 

103 3 

2.2355 5 

1.4014 4 

1.0000 0 

104 4 

3.2207 7 

1.5067 7 

1.0000 0 

Thee table reveals conditional stability for 7 = 0.25 and 7 = 0.5 and indicates un-
conditionall  stability for 7 = 0.75. Also for 7 = 0.8.0.9,1.0 maxima equal to 1.0 
aree found. This leads us to conjecture unconditional stability for all 7 > 0.75, in 
linee with the result of Theorem 2. We believe that the slightly larger value for 
11 — \ -\- £ v3 ~ 0.789 in this theorem is due to the fact that the requirement for 
A-stabilityy is more stringent. This property allows eigenvalues to lie in the whole of 
thee left half of the complex plane, which is not the case in practice. Recall that the 
valuee 7 = 0.75 also plays a special role for the stability function (4.28). Inequality 
(4.29)) implies 7 > 0.75 for \bx\, \b2\ -* oc. 

Becavisee the force matrix C can possess eigenvalues with a small positive real 
part,, we have omitted C in the above computation. Note that, since A B and C 
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doo not share the same eigenvectors, adding the matrix C does not simply mean 
thatt the linearized SWEs become unstable. However, maxima slightly larger than 
1.00 can occur, see also the example in Section 4.3.2. We assume that the matrix A 
dictatess the stability behavior of system (4.5). because it grows with the inverse of 
coss 0. Note that the entries of C are comparable in size. However. A multiplies the 
derivativee q\ and C is only a forcing matrix multiplying q. 

4.3.22 Explicit Runge-Kutta time stepping 

Ann explicit s-stage Runge-Kutta method applied to system w = F(w) has the form. 
s s 

u,"+11 = wn + TYtbiF{\Vi). (4.33) 
i = i i 

i - i i 

WiWi = ur + T^aijFiWj). i = L 2 . . . . , s. (4.34) 

Inn combination with central differences for space discretization, the most popular 
explicitt Runge-Kutta method for hyperbolic problems is the classical four-stage 
methodd of order four. This higher order method owes its popularity to its imag-
inaryy stability boundary of y/8. In comparison with other explicit methods this 
boundaryy is satisfactory and in fact close to the optimal value s — 1 = 3 for explicit 
Runge-Kuttaa methods [33]. However, since we employ upwinding in the space dis-
cretization,, a different method is chosen. 

Stabilit yy considerations 

Lett us consider methods of order p = s for s = 1. 2, 3. 4. When applied to a Fourier 
transformedd problem like (4.14), such a method yields a polynomial amplification 
operatorr R(Z).Z = TL, with R(z) defined by the truncated Taylor series, 

R{z)=Y^\z\R{z)=Y^\z\ (4.35) 

Assumingg that the most severe time step restriction indeed emerges from the lon-
gitudinall  operator in the polar region, it makes sense to first examine stability for 
thee longitudinal operator alone. Hence, we take L — LA- Since our operator is 
diagonalizable,, we are then able to examine stability through the scalar recurrence 
relationn wn+1 =R(z)wn, where 

ZZ = Y ((cos& - l ) 2 + s ign(ej 4 ) f T(4-cos6)s in6)- ° = V^T, (4.36) 

withh — IT < £i < 0 and VA denoting the one-dimensional CFL number, 

,44 = ZM. (4.37) 
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andd eA denoting an eigenvalue of A see (4.7). To determine the maximal value of 
vvAA at which each method is stable, it suffices to draw the 24-loci which lie inside 
thee stability region of the stability function. Accurate estimates from [38] yield 

s s 

VA/S VA/S 

1 22 3 4 

00 0.87 1.62 1.74 

00 0.43 0.54 0.43 

Thee scaled CFL-number, VA/S, is related to efficiency. Note that explicit Euler 
(ss = 1) is not stable. For the other three cases, the scaled CFL numbers VA/S are 
almostt equal and close to 0.5. Note that the case s — A includes the classical four-
stagee method of order four. At equal costs, third-order methods are slightly more 
stable. . 

Substitutionn of the maximal wave speed (maximal eigenvalue (4.16)) into UA 
yieldss a time step restriction for linear stability. Let ü > 0. then 

vvAA AA _ a cos(4>) vA AA 
__ maxle l̂ ü+ yfgH 

Onn a uniform grid (AA = A0) closest to the poles, cos(0) « ^AA, yielding 

rr < av*  A A 2. (4.39) 
2(üü + VgH) 

Consequently,, we face a quadratic dependence on the spatial grid size instead of the 
usuall  linear one. The quadratic dependence leads to uriacceptably small step sizes. 

Example e 

Too illustrate the step size restriction (4.38), we return to the example of Sec-
tionn 4.3.1. For the data used. (4.39) yields T<5.8VA- Hence, we find that r < 9.4 
forr any explicit three-stage, third-order Runge-Kutta method. In our application 
thiss step size restriction is very severe. 

Too check the validity of expression (4.38) we again compute the maximal spectral 
radiuss (see Section 4.3.1) of the amplification operator R(Z) with R(z) defined by 
thee third degree polynomial (4.35). We now distinguish between a zero and nonzero 
forcee matrix C. The table below yields the maxima for a sequence of step sizes r. 
Thee cases ZABC

 a nd %AB refer to a nonzero and zero force matrix C, respectively. 
Forr ZAB the one-dimensional expression appears to be very precise, predicting linear 
stabilityy for r<9 .4 and error growth for larger time steps. For ZABC

 w e s ee nearly 
equall  error growth for the larger time steps. For the smaller ones, we also see a 
modestt growth. This growth is caused by an eigenvalue of A + B + C with a small 
positivee real part. 
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r r 

ZABC ZABC 

ZAB ZAB 

88 9 9.4 

1.0155 1.015 1.015 

1.0000 1.000 1.000 

100 11 

1.2011 1.728 

1.2099 1.737 

Relaxingg the step size restriction : A different grid distributio n 

Ass mentioned before, there are several ways to reduce step size limitations. We here 
recalll  the grid modifications as used in [42]. We discussed two possible remedies, 
i.e... longitudinal grid coarsening towards the poles [3.42.86], and the use of a 
differentt grid structure and coordinate system in the polar regions [42,56]. The 
latterr approach concerns the construction of a combined grid consisting of two 
stereocapss on the northern and southern hemisphere, respectively, and a (reduced) 
lat-lonn grid in the intermediate region. Figure 4.1 visualizes such a grid distribution. 
Inn stereographic coordinates the grid distribution on either stereocap is rectangular. 
Thee same holds on the intermediate region in lat-lon coordinates. 

Figur ee 4.1: Projection of a combined grid consisting of a reduced lat-lon grid away from 
thee poles and a stereographic grid at the two polar caps onto the cartesian (x, j/)-plane 
(z(z = 0). Two reductions were applied. 

Onn both grid types, we can derive a step size restriction for explicit Runge-
Kuttaa methods similar to (4.38). We first consider a reduced grid. Such a grid is 
constructedd from a uniform lat-lon grid around the equator by halving the amount 
off  grid cells in the longitudinal direction when approaching the poles, whenever the 



4.33 The Runge-Kutta integration methods 73 3 

celll  width in that direction projected onto the sphere is reduced by a factor 2. The 
distance.. acostó>AA. is called the physical cell width. Following (4.38). the step size 
restrictionn on a reduced grid yields 

rr  <  a C O s ( 0 )^ A A ( 0 ) , (4.40) 
ÜÜ + \fg~H 

wheree AA(<^) depends on the latitude <t>.  i.e., on the level of reduction. Assuming 
thatt the spherical variables, H, ü and v, have the same order of magnitude along 
thee whole domain, the step size restriction is most severe in the area, where the 
smallestt physical cell width is found. On a global reduced grid this gives 

2TTT a c o s ( ^ ^) vA 2TT 2n R ed a c o s ( ^ ^) vA 
rr  < — : T = = — = - ^ = — , (4.41) 

Il^nRedd U + \/gH n L 0 U + \J QH 

wheree nRed denotes the amount of reductions on the northern hemisphere, and 
nLoo and nLnRed denote the amount of cells in the longitudinal direction after 0 and 
nRedd reductions, respectively. 

Onn a stereographic grid, an analysis similar to Section 4.3.2 can be performed. 
Againn assuming that the step size restriction is most severe in the area with the 
smallestt physical cell width, we find on the combined grid, 

rr  < Vlna^cosi _ ^ ^ ( 4 4 2) 

nLinterfacee max | | Ï7 + \/g~H\. \V + y/gH\\ 

wheree 0 is the latitudinal boundary of the (reduced) lat-lon intermediate region of 
thee combined grid and nL;Ilterface denotes the amount of longitudinal grid points on 
thatt boundary. The value \j2-Kacos<^/nL;nterface approximates the smallest physical 
celll  width over the sphere after projection of the stereocap onto the globe. Ü and V 
representt the linearized velocity component in xst- and yst-direction. respectively. 
Notee that the stability condition (4.42) is composed of the two stability conditions 
foundd in each dimension, i.e.. in the xst- and yst-direction, respectively. Since 
thee matrices Ast — XA^EA^X ̂ and Bsi — XB^EB^X^1 do not share the same 
eigensystems,, each linearized system has to be analyzed separately. In case of 
atmosphericc applications, we expect the gravity waves to dominate the flow, i.e., 
thee quantity \fgH is large. Therefore, the step size restriction in stereographic 
variabless is more or less direction independent. 

Too quantify the relation between the three step size restrictions (4.39), (4.41) 
andd (4.42). we again focus on the example in Section 4.3.1. On the global uniform 
lat-lonn grid, AA = A 0= y|g, we have 

r<Tr<T uniuni = 5.8 vA. (4.43) 

file:///fg~H
file:///j2-Ka
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Onn the corresponding reduced grid. AA(0) = A0 = ^ . when applying three reduc-
tions,, we have 

r < r r e d - 2 n R e dr u n i = 8 r u n i .. (4.44) 

Notee that the number of reductions is limited by accuracy, i.e.. too much reductions 
resultt in a too low grid resolution around the pole to properly represent the fast 
varyingg unit direction vectors in this area, see [42]. On the combined grid, we 
mustt first position the stereocap, i.e., we have to specify <ƒ>. For comparison. <fi  is 
chosenn such that the amount of reductions in the intermediate lat-lon region equals 
thee amount of reductions found on the global reduced lat-lon grid, i.e., nLnReci = 
nLjnterface-- In terms of rl in i we find 

4v
/ 2co ŝ ^ , ~ 61TT , 

TT < rcombi = -. — Y runi « 34 runi with $=——. (4.45) 

Fromm (4.43)-(4.45), we can conclude that the step size restriction for explicit 
Runge-Kuttaa methods is considerably reduced when calculating on a global reduced 
orr combined grid, the latter providing an even better alternative for the uniform lat-
lonn grid. On grids with a realistic resolution, the alleviation is even more apparent. 
Onn a global reduced grid with 3 reductions and AA(0) = A0 = 27r/576. and on a 
correspondingg combined grid, 4>= ^ii' : w e ^n(^ 

7"redd ° Tnn[ , 

and d 

^"combii  ^U ^uni-

Thesee are the step size restrictions for the grids on which we will evaluate the time 
integrationn methods in the following section. 

Th ee third-orde r  explicit comparison method 

Inn case the step size is limited by stability, a low order method, e.g., order p = 2, will 
providee sufficient temporal accuracy. However, as seen in Section 4.3.2, order p = 3 
iss slightly more efficient. Therefore, we use the following three-stage, third-order 
methodd for the comparison with the Rosenbrock method, 

wwn+ln+l  = w nn + k F ( ^) + \TF{W2) + $TF(W3), (4.46) 

WWxx=w=wnn,, W2=wn+TF(W1), W3 = wn+  {TF{W1) + \TF{W2). (4.47) 

Too avoid an unacceptable workload, these experiments will be done on a combined 
grid. . 
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4.44 Numerical experiments: A comparison 

Inn the preceding section we described two Runge-Kutta methods, i.e.. the third-
order,, A-stable, Rosenbrock method combined with approximate matrix factoriza-
tionn (4.26), henceforth called Ros3 with AMF, and the third-order, explicit, Runge-
Kuttaa method (4.46), henceforth called RK3. For both methods the stability prop-
ertiess for the semi-discrete linearized system of SWEs (4.10) were investigated. 

Inn this section we intend to show that Ros3 with AMF on a uniform lat-lon grid 
iss far more efficient than RK3 even when this method is applied on a combined grid 
employingg a stereocap to alleviate the step size restriction. We use both methods to 
integratee the system of ODEs resulting from spatially discretizing the SWEs with 
Osher'ss scheme. This finite volume method is discussed in [42]. To analyze whether 
Ros33 with AMF on a uniform lat-lon grid is more efficient than RK3 applied on 
aa combined grid, we consider their relative workload per time step. An estimate 
off  this relative workload is provided, which is confirmed by numerical experiments 
monitoringg execution time. 

Bothh methods are applied to three test cases from the widely acknowledged 
SWTEss test set [88], which was especially developed to validate new numerical meth-
odss to be used in circulation models. It concerns Test 2, global steady-state non-
linearr zonal geostrophic flow, Test 5, zonal flow over an isolated mountain, and 
Testt 6, a Rossby-Haurwitz wave. Test 2 is chosen, because it provides a test with 
considerablee activity in the polar region. Furthermore, it has a known analytic solu-
tionn without compromising the non-linearity characteristic to the SWEs. Test 2 is a 
stationaryy test case, though. Therefore, to truly test our time integration method, 
wee also consider two non-stationary problems, Test 5 and Test 6. For both cases, 
noo exact solution is known and we have to rely on a high resolution spectral model 
forr reference. These tests describe more realistic atmospheric flow patterns. For 
examplee Test 5, resolving a flow around a mountain, is challenging for most numer-
icall  solution methods. The other four tests from the SWEs test set. i.e., Tests 1, 
3,, 4 and 7, will be omitted, since they do not contribute additional information in 
relationn to our efficiency question. 

Calculationss are performed on two different grids with related resolution. The 
uniformm lat-lon grid has 576 grid points in longitudinal direction and 288 grid points 
inn latitudinal direction, i.e., a 0L625° X 0.625° grid. The combined grid consists of a 
reducedd lat-lon grid for 4> E [—</>, 4>\ with </>=1377r/288 applying three reductions on 
eachh hemisphere and two stereocaps. Around the equator the resolution is equal to 
thee resolution found on the uniform grid. By construction, the stereocap contains 18 
gridd points in xst- and yst-direction. Note that a combined grid has approximately 
20%% fewer grid points than the corresponding uniform lat-lon grid. The influence on 
thee workload is not significant though, since some additional work is needed for the 
spatiall  coupling between the stereocap and the intermediate region. As mentioned 
before,, efficiency mainly depends on the maximal step size allowed by the time 
integrationn method and its workload per time step. 
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Inn case of the RK3 method the step size is restricted by stability. We determine 
thiss step size by trial-and-error and denote it by TRK3. Note that the discussion 
onn the step size restriction in Section 4.3 concerned the linearized system of SWEs 
andd thus provides only an estimate for an upperbound for the step size. Analysis of 
thee computational complexity of Ros3 with AMF shows that the workload per time 
stepp of the Ros3 method is approximately six times as large as the workload per 
timee step of the RK3 method. This value is confirmed by numerical experiments 
onn Tests 2. 5. and 6 monitoring execution time. Therefore, the Ros3 tests are run 
withh step size TR.OS3 = 6 X TRK3. Next the step size will be increased to determine 
thee maximal step size at which stability is still obtained and the accuracy is still 
acceptable. . 

Besidess testing on stability, we measure the accuracy of our solution for each 
methodd and step size over a prescribed time period. The accuracy is evaluated 
byy the max-norm of the relative error of the depth of the fluid layer, Rel(if), and 
thee absolute errors of the velocity components in longitudinal and .rst-direction. 
Abs(u.U).Abs(u.U). and latitudinal and t/Kt.-direct ion, Abs(v.V). i.e.. 

Rc\(H)Rc\(H) = max 
i.ji.j  H{Xi,Ójl 

Abs(w)) = ma,x\ui_j — u(Xl.(f)j 

EE%%,,33 -H{\i,èj\ 

i-j i-j 

Abs(t')) = ma,x\vij — v(\i.(pj 
*<j *<j 

andd similar expressions for Abs(U) and Abs(V). HU]. uLj etc. denote the approx-
imatee solutions. H{Xl,4>j) etc. are the reference solutions, where the solution is 
exactt in case of Test 2 and given by a high resolution spectral method in case of 
Testt 5 and Test 6. The high resolution spectral solutions are given on a daily basis. 

Besidess accuracy and stability, methods can also be tested on their abilities to 
conservee physical quantities, like energy and enstrophy. which are important for 
atmosphericc flows. We monitored both quantities in the Ros3 runs. The cascade 
iss negligible in all cases, i.e., approximately 0.1 percent over the prescribed time 
periods. . 

4.4.11 Test 2 

Testt 2 represents a solid body rotation, where the height field and the velocity 
componentss in longitudinal and latitudinal direction read 

HH = h0 - (aüu0/g + u^/{2g)) ( -cos A cos 0 sin a -t-sin0cosa)2 , (4.48) 

uu = UQ (cos 0 cos a + sin 0 cos A sin a ). (4.49) 

vv = — UQ sin A sin a, (4.50) 

wheree h0 and u0 are given. u0 = 38.6 m/s. and gh0 = 2.94 • 104 m2 /s2 . Several 
orientationss are specified, however, we use the one over the poles (a = | ) . The 
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simulationn period is five days. For the RK3 method TRK 3 = 108 s. To reach equal 
efficiency,, we use Ros3 with AM F on the uniform grid with step size T = 6 X TRK3 = 
6488 s. The computat ions remain stable. For Ros3 with AMF , we then increase the 
stepp size to r = 1350 s, which still results in a stable computat ion. Instabil ity is 
foundd for r = 1500 s. So, Ros3 with AM F applied on a uniform lat-lon grid is more 
efficientt than an explicit method used on a related combined grid. We emphasize, 
thatt this grid type already significantly alleviates the step size restriction found on a 
uniformm grid for an explicit method (recall the factor of 40 found by linear analysis). 
Wee also ran this test with the unfactorized Ros3 method. The computat ions with 
thiss method remained stable independent of the chosen step size. 

Inn addition, the results on the uniform grid are more accurate than their coun-
terpartss on a combined one, as can be seen from Figure 4.3. The difference in 
accuracyy is not caused by the t ime integration method, but can be at t r ibuted to 
thee higher spatial errors found when calculating on a combined grid, see [42]. Fur-
thermore,, increasing the step size for Ros3 with AM F does not yield significant 
accuracyy changes. Reducing the resolution on our uniform grid shows that, also in 
thiss case, the errors represent spatial ones. Note that for both methods the accuracy 
iss satisfactory. 

-1.5 5 

-2 2 

-2.5 5 

~»» -3 

X X 
£t £t a a 
jf-3.5 5 

-4.5 5 

2.22 2.4 2.6 2.8 3 3.2 2.2 2.4 2.6 2.8 3 3.2 

logg (T) log (x) 

Figuree 4.2: An order estimate applied to H and u respectively for Ros3 with AM F in 
casee of test 2. The marks 'o' denote the log(abs(i7)r) or log(abs(w)r), respectively. The 
solidd lines illustrates the slope for a third order method. 
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AA numer ical o rder  e s t i m a te for  t h e non- l inear  S WE equa t i ons 

Testt 2 is also used to i l lustrate that Ros3 with AM F behaves as a third-order 
method.. Calculations are done on a grid with resolution nL = 288 and nP = 144 for 
varyingg step sizes. As order estimate we use the / ^ -no rm of' the absolute error. 

abs(var)TT = max |var [; t — varie)°f |. 
i.ji.j y"  -J~ 

wheree var[^ t yields the approximate value of a variable var in gridpoint X;^ at 
t imee t calculated with step size r . We plotted this norm against the step size in a 
Ioglog-plott for respectively H and u, see Figure 4.2. The figure confirms that our 
methodd is third order consistent. 

4.4.22 Test 5 

Testt 5 consists of a zonal flow parallel to the equator which impinges on a mountain. 
Thee initial solution is given by the solid body rotat ion provided for Test 2 (4.48)-
(4.50)) with a = 0, u0 = 2 0 m / s. and h0 = 5960 m. The surface or mountain height is 
prescribedd by a cone. 

hs=hshs=hs00(l-^).(l-^).  (4.51) 

wheree hS(t = 2000 m. R = TT/9. r2 =min[R2, (A - A c)
2 + (0 - 0C)2] . Ac = 3TT/2. and 

QQCC = TT/6. The simulated t ime period is 15 days. 
Wi t hh regard to efficiency the results lead to conclusions similar to those found 

forr Test 2. The RK3 method is run with a step size r R K 3 — 108 s. The Ros3 
methodd yields computat ional stability for r = 648s = 6 x TRK 3- Since the reference 
solutionn is given on a daily basis, we have to secure that a one day t ime period 
cann be taken in an integer number of t ime steps. The step size for Ros3 with AM F 
cann be further increased. Even a step size of 2 h is possible. The results are less 
accuratee though, see Figure 4.3. When a step size of 1 h is applied, an error in H 
off  less than one percent is found. For the 2 h step size, we notice an error growth. 
Furthermore,, we like to comment on the accuracy loss caused by the definition of 
thee mountain height. To prescribe the orography, the test set introduces a cone 
ass given by (4.51). This choice is a l itt l e unfortunate. The surface height is not 
continuouslyy differentiable over the whole domain. The derivatives ^ and %& do 
nott exist in the top and on the boundary of the cone. However, to evaluate the 
forcee terms of the SWEs (4.1)-(4.3) on the right-hand side, these derivatives are 
required.. To circumvent this problem, we apply second-order central differences 
too approximate them. Results show an accuracy loss in the cells surrounding the 
areas,, where ^jf and ^ are not defined. The test set does not prescribe how the 
undefinedd derivatives should be handled. Therefore, we can not be conclusive about 
accuracyy in these areas. Figure 4.4 i l lustrates the relative error of H after 1 day 
computedd with Ros3 with AM F on the uniform lat-lon grid with r = 675 s. The 
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rell (H) abss (u,U) abss (v,V) 

xx 10" 

0.8 8 

0.6 6 

0.2 2 

I I 

Ros3,, 648 
Ros3,, 1350 

-- - RK3, 108 

00 1 22 3 
tt in days 

0.06 6 

0.05 5 

0.04 4 

0.03 3 

0.02 2 

0.01 1 

0 0 

0.02 2 

0.015 5 

0.01 1 

0.005 5 

Ros3,, 648 
Ros3,, 3600 

-- Ros3,7200 
—— RK3, 108 

J J 
i i 

^J ^J 

II ,; 
11 /: 

yuZ^^ yuZ^^ 
0 0 55 10 

tt in days 

Ros3,, 450 
Ros3,, 3600 

- —— RK3, 75 

12 2 

r r 
1 1 

1 1 

11 / 

11 1. 
if if 

1/ 1/ 

,, J 
1 ' ' " " 

/ / 

10 0 
tt in days 

tt in days 
44 8 12 

tt in days tt in days 

Figur ee 4.3: Max-norm of the relative error in H (first column), absolute error in u, U 
(secondd column) and absolute error in v, V (third column) for Test 2 (first row), Test 5 
(secondd row) and Test 6 (third row) found for the two time integration methods (RK3 
andd Ros3 with AMF) with given step sizes. The errors are computed after each time step 
(Testt 2) or on a daily basis (Test 5 and Test 6). 
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maximall  errors are indeed located close to the circle (A - A c)
2 + (d> - éc)

2 = 0 and 
closee to the top (A, 0) = (Ac, <f> c). Note that the errors remain local over the 1 day 
t imee period. 

Figur ee 4.4: Relative error of H on a uniform grid in case of Test 5. Calculations are 
donee with Ros3 with AM F on a uniform grid with T = 6 75 S. 

Fromm our results for Test 5 we again conclude that Ros3 with AM F on a uniform 
lat-lonn grid is far more efficient than RK3 on a corresponding combined grid. We 
addd that for Test 5 we are not really satisfied with the accuracy found in case of 
calculationss on a combined grid. Numerical experiments show that the accuracy 
losss on the combined grid is mainly due to the introduction of the stereocaps. When 
calculatingg on a global reduced lat-lon grid the results are much more accurate. We 
assumee that the vorticity waves partly intervene with the interface band and can 
nott be represented sufficiently accurate. We could avoid this problem by moving 
thee stereocap closer to the poles, however, this would result in a smaller step size. 

4.4.33 Test 6 

Testt 6 is a Rossby-Haurwitz wave with a simulation period of 14 days. Again, no 
exactt solution is known. Meteorologists consider this test standard, since similar 
flowflow pat terns occur in practical applications. A reference solution is provided by a 
highh resolution spectral circulation model. 

Thee step size TRK3 = 75 s yields computat ional stability for the explicit RK3 
methodd over the prescribed 14-day period. Ros3 with AM F is run for r = 6 x rR K 3 = 
4500 s. Increasing the step size, computational stability is still found for step size 
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rr = 3600 s. We can conclude, that Ros3 with AMF on a uniform lat-!on grid is 
moree efficient than the RK3 method on a corresponding combined grid. Again, the 
resultss on the uniform grid are more accurate. 

4.55 Conclusion 

Whenn solving the semi-discrete SWEs on a global uniform lat-lon grid, an explicit 
timee integration method suffers from severe restrictions on the step size (pole prob-
lem).. This problem can be avoided by applying a suitable spatial grid or by choosing 
aa more stable time integration method, viz. an implicit one. In [42] we proposed 
thee application of a stereographic coordinate system in the polar regions combined 
withh a reduced lat-lon grid in the intermediate region. In this article we consid-
eredd an alternative time integration method, viz. the third-order Ros3 method with 
approximatee matrix factorization. 

Wee showed that the method is unconditionally stable, when applied to the lin-
earizedd semi-discrete SWEs system on a uniform grid, provided that the Jacobian 
matricess of the fluxes in longitudinal and latitudinal direction commute. Further-
more,, we showed that, due to the approximate matrix factorization, the method is 
costt effective. To verify its efficiency, we compared Ros3 with AMF on a uniform 
lat-lonn grid to a third-order explicit RK3 method applied to the system of ODEs 
resultingg from spatially discretizing our SWEs on a combined grid. Based on Test 
2,, Test 5 and Test 6 of the SWEs test set, we found that Ros3 with AMF is far more 
efficientt than RK3 even when the latter is applied to the semi-discrete SWEs system 
onn a combined grid, which already significantly alleviates the step size restriction. 




