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CHAPTERR 2 

AA survey of the Gleason problem 

2.1.. Some definitions and examples 

Lett A be a commutative complex Banach algebra with unit. It is known that each 
maximall  ideal of A is closed and has codimension one. For a £ Awe define a function 
aa on M := {M : M is a maximal ideal in A}. Namely, let M be a maximal ideal in 
A,, let I be the identity element in A. We define a(M) as the unique complex number 
suchh that a - a(M)I e M. 
Itt was during his search for multidimensional structure in spectra of commutative 
complexx Banach algebras that Gleason ([20]) proved the following theorem : 

Theoremm 2.1.1. Let A be a commutative complex Banach algebra with unit. Assume 
thatthat the subalgebra generated by I, z\, . . ., Zk is dense in A. If M is a finitely generated 
maximalmaximal ideal in A, then M is generated by 

zizi - £i{M)I,... ,zk- zk{M)I. 

Definition .. For a domain Q, in Cn, we define P(H) as the set of the holomorphic 
polynomialss on fi. 

Noww let Q = £(0,1) C C2. Because the closure of P(tt) is exactly A(Q) in the 
supremumm norm topology, it follows that if 

IIQQ := {ƒ € A{Q) : ƒ(0) = 0} 

iss finitely generated, then 1$ = (21,22). Gleason mentioned that he was not able to 
answerr the question whether this ideal is finitely generated or not. 

Off  course one can generalize the problem. Let fi be a domain in Cn, p a point in Q 
andd R(Q) a ring of functions on J) that contains the polynomials. Let 

II pp := {ƒ e R{Q) : f(p) = 0} . 

Iss Ip generated by the functions z1 —pu ..., zn -pn ? In other words : given ƒ E R{0.), 
doo there exist functions ƒ1, . .. , ƒn £ R(£l) such that 

n n 

ƒ(*)) - f(p) = £ > - Pi)!M v2 e o? 
i= l l 

Wee say that one can solve the Gleason problem for R{Vt) at p if this decomposition is 
possiblee for every ƒ G R(ü). We say that one can solve the Gleason problem for R(Q) 
(orr that O has the Gleason i?-property) if this is the case for all p e Q, ƒ e R(£l). 

21 1 
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Theoremm 2.1.2. Let fi be a domain in Cn, let p be a point in O. Suppose that one 
cancan solve the Gleason problem for A(Q) at p. Then there is a neighborhood W of p 
suchsuch that for every w € W and ƒ e A(Q) there exist functions fi(-,w) € A(Q) with 
fifi  e H(ü x W) and 

n n 

f(z)f(z) - f(w) =  ̂ fi(z, w)(Zi - Wi). 

1 =1 1 

Seee [16] for a proof by Fallström. The proof relies on the ideas of the original article by 
Gleasonn ([20]). Thus, ideals in a neighborhood U of an algebraically finitely generated 
ideall  in the maximal ideal space of A{Q) are also finitely generated. Consequently, U 
containss an analytic variety. This is one of the motivations for studying the Gleason 
problem. . 

Beforee we continue with some examples, we would like to point out that there is at 
leastt one other problem in the literature known as the Gleason problem : does any 
probabilityy measure on the lattice of all projections of a JW-algebra of type II extends 
too a normal linear functional on the whole algebra ? See e.g. [44]. 

Example.. Suppose Q is open in C, R(iï) is, e.g., H°°(Q), p £ Q. If ƒ vanishes at p, 
| q^^ is holomorphic and bounded. Since f{z) = ~^-{z — p), this solves the Gleason 
problemm for H°°(Q) at p. 

PROOF.. This is well-known. The function ƒ is holomorphic on f2, hence it has a 
powerr series that converges uniformly on a neighborhood V of p. We divide out a 
factorr (z — p), and the resulting function is both holomorphic and bounded. D 

Wee see that the Gleason problem for domains in C is rather uninteresting. However, 
inn Cn(n > 2) everything becomes more difficult, since the zero set of a function (e.g. 
z\z\ — p\) is no longer a set of isolated points, but is an analytic variety instead. Thus 
wee cannot simply repeat the previous proof, and divide out factors —-— in the power 
seriess of ƒ : the problem has global nature, instead of local nature. 

Lemmaa 2.1.3. Let P be a polynomial in z that vanishes at p £ Cn. There exist 
polynomialspolynomials Pi, ..., Pn such that P(z) = P\(z){z\ — p{) + . .. Pn(z)(zn - pn). 

PROOF.. For p = (0 , . .. ,0), this follows immediately. For other points apply the 
appropriatee coordinate transform. D 

Whatt happens if we take the second most natural ring of functions, namely that of the 
holomorphicc ones ? The following theorem is known in the literature as the lemma 
off  Oka-Hefer : 

Theoremm 2.1.4. Let Q be a pseudoconvex domain in Cn, let p e Q. For every 
ƒƒ € H(U) there exist f\, ..., fn £ H(O) such that 

n n 

f(z)f(z) - ƒ(p) = £ ( *  - Pi)fi(z) \lz e fi. 
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I tt would be better to speak of the lemma of Hefer-Oka, since Hefer published the result 
inn his dissertation (1940), and Oka in 1941 ([51]). The Second World War prevented 
thee proof of Hefer being published in a journal until 1950 ([25]). Hefer and Oka were 
interestedd in this decomposition theorem, because it would have implications for the 
Weill  integral formula . This is a generalization of the Cauchy integral formula, 
seee [59]. The Weil integral formula was known to hold on polynomial polyhedra V. 
Recalll  that a polynomial polyhedron V is of the form {z E W : |Pi(.z)| < 1 Vi}  for 
WW an open set in Cn such that V CCW and Pi, . . ., Pm some analytic polynomials. 
Havingg theorem 2.1.4 available, it was easy to prove that the Weil integral formula 
alsoo holds for analytic polyhedra R. Recall that an analytic polyhedron R is of 
thee form {z E S : \fi{z)\ < 1 Vi}  for S an open set in C" with R CC S and fu ..., 
ffmm some functions that are holomorphic on a neighborhood of S. 

Example.. (Rudin, [56].) We now consider the polydisc U in C2. For an ƒ G H°°(U) 
(orr in A(U)) that vanishes at the origin we define 

tftf ï Z M ) , / Ï f(z,w)-f(z,0) 
ffxx(z,w):=(z,w):= , f2(z,w):= . 

zz w 
Wee immediately see that f{z,w) = fi(z,w)z + f2(z,w)w and that / i E H°°(U) 
(orr in A(U)). From the Cauchy integral formula it follows immediately that f2 is 
holomorphic;; we proceed to show that it is bounded. Fix z = c with \c\ < 1, and 
considerr XJ n [z — c]. This is a disc with radius 1, and it (trivially) contains a circle 
withh radius 1/2. The maximum principle yields that 

| / 2 ( c , « ; ) | < ? ^ = 4 | | / | |0 00 for M < 1/2. 

Wee see that f2 £ H°°{U) (or in A(U)) as well. Note that we can solve the Gleason 
problemm at a point (p, q) E U as well, by using the following biholomorphic automor-
p h i s m o f t / : ( ^ ) ~ ( ^ , ^ ) . . 
Whatt is used heavily, is that U H [z = c] always contains a circle with radius 1/2. A 
similarr idea can be found in chapter 6. This kind of proof would not work for the ball 
BB = B(0,1). Namely, B C\[z = c] contains only circles with radius < y/(l — |c|2). If 
cc tends to 1, y/(l — |c|2) tends to 0. 
Onee might think that f\ and ƒ2 defined as above solve the problem anyway. This is 
false.. Namely, let f(z,w) :=  y ^ . Then 

hencee ƒ € H°°{B). However, f2(z,w) = jz  ̂ <£ H°°{B). For g(z,w) = jzrz E A{B) 

onee has that g2(z,w) = fr^  A(B). Nevertheless, B has the Gleason A-property as 
wee shall see now. 
Wee now return to the original question of Gleason. It was solved by Leibenzon ([31]), 
inn 1965. He proved a much sharper result : 

Theoremm 2.1.5. Let O c C be a bounded domain with C2 boundary. Suppose Q is 
starshapedstarshaped with respect to p E Q. Then for every ƒ € A(Q) that vanishes at p, there 
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existexist fi, ..., fn e A(Q) such that 

n n 

f{z)f{z) = Y,(zi-Pi)fM v*€ö. 

Sincee a convex domain is starshaped with respect to every point, an immediate corol-
laryy is : 

Corollar yy 2.1.6. Let 0, C Cn be a bounded convex domain with C2 boundary. Then 
oneone can solve the Gleason problem for A(ïï). 

Thee solution of Leibenzon is remarkably simple. For g e A(ü) let D^g denote the 
derivativee of g with respect to the Ar'th coordinate. For every ƒ € A(Q) that vanishes 
att the origin we define holomorphic functions Tv{f) (1 < j < n) as follows : 

Ti{f)(z)Ti{f)(z) := / Dtf(Xz)dX. 
Jo Jo 

Then n 

mm = f ^ ^ = f E * A / (A*)dA = E *r<(/)(*)> 

whichh gives a solution to the Gleason problem for H(Q). Leibenzon estimated £>*ƒ 
alongg the line segments [0, z] to show that Ti(f) is indeed in A(Sl) if ƒ e -4(0). 
Later,, Grange (1986, [21]) used different techniques to show that the functions fi, 
. . . , ƒ„„  as above still solve the Gleason problem for H°°(Q) if fi  is a bounded convex 
domainn with C1+t boundary. He also gave an example (that can be found in chapter 
4)4) of a bounded convex domain Q in C2 having C°° boundary except for one point 
(wheree the boundary is C1), and a function ƒ 6 i/°°(fi ) for which the Leibenzon 
divisorr T^ / ) is not bounded. However, one can solve the Gleason problem for H°°(Q) 
usingg different techniques (see chapter 5). 
Thee estimates of Leibenzon were sharpened by Backlund and Fallström, who showed 
thatt one can solve the Gleason problem for both A(Q) ([4]) and H°°(H) ([5]) if Q is 
aa bounded convex domain with C1+t boundary. In chapter 4 we will use Leibenzon's 
ideass to solve the Gleason problem for these algebras if fl is a so called C-convex 
domainn (a generalization of convex) that is bounded and has C1+É boundary. 

2.2.. The use of d-techniques 

Inn the early seventies, there were many developments in the area of ö-techniques, 
whichh led to considerable progress in solving the Gleason problem. We cite the fol-
lowingg theorem of Fallström ([15]): 

Theoremm 2.2.1. Let SI be a bounded domain in Cn. Let £(Q) be an algebra of C°° 
functionsfunctions on 0. Let R(Sl) := H(Q)n£(Q), let £(0,g)(O) be the set of (0, q)'forms on Q 
withwith coefficients in C(Q). Suppose that f or every d-closed form X € £(0,«j)(fi)(<7 < n) 
therethere exists a (0,q — \)-form u e £(0i9_i)(fi ) such that du — A. Then O has the 
GleasonGleason R-property. 
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"Iff  one can solve the ^-problem, one can solve the Gleason problem." Basically, the 
prooff  goes as follows : one has local solutions that are patched together to a global C°° 
solution.. Then, using d (compare lemma 1,3.3), this smooth solution is modified to a 
holomorphicc one. This is quite hard, since the combinatorics get pretty wild. These 
aree tamed using a construction of Hörmander ([27]). Combining theorem 2.2.1 with 
theoremss 1.3.4 (of 0vrelid) and 1.3.5 (of Kohn) now yields the following corollaries : 

Corollar yy 2.2.2. (0vrelid, [49].) Let Q C Cn be a bounded strictly pseudoconvex 
domaindomain with C2 boundary. Then one can solve the Gleason problem for both i/°°(f£) 
andand A(Q). 

Corollar yy 2.2.3. (Ortega Aramburu, [53].) Let Q C Cn be a bounded pseudoconvex 
domaindomain with C°° boundary. Then one can solve the Gleason problem for A°°(Q,) = 

H(n)nc°°(Ti). H(n)nc°°(Ti). 

Afterr Leibenzon solved the Gleason problem for convex sets, the first new result was 
obtainedd by Kerzman and Nagel ([30]). They used sheaf-theoretic methods (that 
are,, in some sense, related to the construction of Hörmander mentioned above) and 
estimatess on the solutions of d-problems to solve the Gleason problem for A(iï), 
wheree 17 is a bounded strictly pseudoconvex domain in C2 with C4 boundary. Lieb 
([38])) independently used similar techniques to solve the Gleason problem for A(Q) 
onn bounded strictly pseudoconvex domains in C" with C5 boundary. 

Theree are two more ways known for proving the result on strictly pseudoconvex do-
mains.. These do not use estimates on solutions of 9-problems. Jakobczak ([29]) 
usess the embedding theorem of Fornaess ([18]) to embed £1 C Cn in a strictly convex 
domainn Q C Cm (where m >> n in general). All functions in H°°(tt) and A(Ü) 
extendd to i/°°(S7) and A(Q) respectively (as proved in [18]). Now on £1 one has the 
Leibenzonn solution, and pulling back yields a solution on VI. 
Anotherr approach is of Khenkin ([31]), who decomposes ƒ into functions fi that are 
definedd on a larger sets Q{. Using the ideas of Leibenzon he then solves the Gleason 
problemm for A(Q). 
Especiallyy the proof of Jakobczak uses heavily that the domain is strictly pseudocon-
vex. . 

Inn C2 everything is easier. If one could solve all (0, l)-forms (like in theorem 2.2.1), 
onee can solve the Gleason problem, as Cegrell showed in [13]. We still face two 
problemss : 

 find a covering such that one can patch local solutions together to a global 
solution n 

 find local solutions. 

Onee can imagine that the simpler the geometry of the domain, the easier the problem. 

Definition .. For a domain f l c C with C2 boundary, S(fi) denotes the set of strictly 
pseudoconvexx boundary points of f2. 
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Thee following two theorems are due to Beatrous ([8]). We give the proof of the second, 
becausee its ideas are used in chapter 5 and 6. 

Theoremm 2.2.4. Let O be a bounded pseudoconvex domain in Cn with C°° boundary, 
letlet a be a C^O, q)-form (1 < q <n) that is d closed and extends continuously to d£l. 
SupposeSuppose that supp a n dQ C S(Cl). Then there is a C1(0, q — l)-form {3 that extends 
continuouslycontinuously to d£l such that dp — a. 

Theoremm 2.2.5. Let Q be a bounded pseudoconvex domain in C2 with C°° boundary, 
letlet p G Q. Suppose that there is a complex line through p that intersects dQ only in 
strictlystrictly pseudoconvex points. Then for every ƒ E A(Q) there exist / i , ƒ2 G A(Q) such 
that that 

f(z)f(z) - f(p) = h{z){Zl -Pl) + f2{z){z2-P2) v*  € n. 
PROOF.. Since we may have rotated and translated O at the beginning, we may assume 
thatt p = 0, and that the complex line given by Z\ — 0 intersects the boundary only 
inn strictly pseudoconvex points. We fix an ƒ E A(Q) that vanishes at the origin. 
Theree is an e > 0 such that B(0,3e) C Ü and {z : \zi\ < 2e} n diï C S(Q). Let 
UiUi  := {z :\zi\> e}, U2 := {z : \z2\ > e}, U3 := B(0,2e). For i = 1,2,3 we choose 
functionss fa 6 Co°(C/i) such that Y^i=i fa{z) = 1 on Q,, 0 < fa < I, fa = 1 on a 
neighborhoodd of the weakly pseudoconvex points. Let 

ƒ.'(*)) : = ^ . fH*)=0, 
Z\ Z\ 

f?(z):=0,f?(z):=0, fi(z) = 

>rr i, j G 
f(z)f(z) = 'ff(z)Zl + fi(z)z2 on U3. Then 

33 3 

~h{z)~h{z) : = £ > ( * ) ƒ ; ( * ) , h(z) : = £ > ( * ) ƒ £ ( * ) 
i = ll  i = l 

formm a continuous solution of our problem. We search for a function u such that 

h{z)h{z) := fi(z) + u(z)z2, f2{z) :=  f2(z) - u(z)Zl E A(ty. 

Definee a (0, l)-form a as follows : a := ~ *1. One can easily check that it is equal to 

^ k ,, that it is enclosed and that it extends C1 to the boundary. Furthermore, supp 

aa n diï C S(£l). Applying the previous theorem yields a t tG C(U) such that du = a. 

Withh this u we define f\, f2 G A(Ct) as above, and we see that 

f(z)f(z) = f1(z)z1+f2{z)z2 WzeU. 

D D 

Remark.. There is a similar theorem for a bounded pseudoconvex domain fi in C2 

withh C2 boundary, provided that Q has a Stein neighborhood basis (this means 
thatt there is a sequence Hi, Q2, . .. of pseudoconvex domains in Cn with Q C fij t VA; 
andd Q, — n^Ljfifc) . This is because the necessary d-machinery has been developed 
(cf.. [55]). 

z\ z\ 

ƒ(*) ) 

Thenn f) G A{Ui) for i, j G {1,2} . There are functions /f, ƒ£ G A(J73) such that 
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Remark.. One might think that a simple modification of the proof yields results in 
Cn,, n > 3. However, in e.g. C3 for the construction of Hörmander (used to prove 
theoremm 2.2.1) it is required that one can solve a (0, q)-form for all q < 3. The 
supportt of the relevant (0,3)-form a can be controlled, thus there is a (0,2)-form (3 
withh dp = a. Unfortunately the support of /? cannot be controlled anymore, and 
theree is no way known how to solve d"y = j3. 

Thee ideas of Beatrous were extended by Fornaess and 0vrelid, and Noell. They solved 
thee Gleason problem for A(il) where fl is a bounded pseudoconvex domain in C2 with 
C°°C°° boundary, having real analytic boundary ([17]) or having a boundary of finite 
typee ([46]) respectively. The idea behind their proofs is that through every point 
off  the domain there passes a complex line such that one has good ^-estimates on a 
neighborhoodd of its intersection with the boundary. 
Thee results of Backlund and Fallström ([6]), Lemmers and Wiegerinck (chapter 5 and 
6)) also make use of this idea of Beatrous. 

Theoremm 2.2.5 and the ideas behind it can be used to solve the Gleason problem on 
somee "notorious" domains. 

Example.. The "Worm domain" W of Diederich and Fornaess ([14]). This is a 
boundedd pseudoconvex domain in C2 with C°° boundary. Let N(W) denote the 
interiorr of the intersection of all pseudoconvex domains in C2 containing W. One 
off  the remarkable properties of W is that the set N(W) \ W has interior points. In 
otherr words : W has no Stein neighborhood basis. Since dW fails to be strictly 
pseudoconvexx precisely on the set {(z,w) € dW : 1 < |z| < 2,iu = 0} , for every 
pp € W there is a complex line through p that intersects the boundary only in strictly 
pseudoconvexx points. Applying the theorem of Beatrous yields that one can solve the 
Gleasonn problem for vl(U^). 

Example.. For v G C, let Rv denote the real part of v. Consider the following domain 
inn C2 with C°° boundary : 

QQ :=  {{z, w)eC2:$lw+ \z\8 + ~\z\2ftz& < 0} . 

Inn [34] Kohn and Nirenberg noted that there does not exist a holomorphic function 
thatt vanishes at the origin and whose zeros lie outside 1) in a neighborhood of 0. 
Thuss the domain does not have a holomorphic support function at the origin. In this 
examplee it is even impossible to introduce holomorphic coordinates relative to which 
dQdQ is convex in a neighborhood of 0. 
Onee can check that every point of dQ outside the set {(2, w) : z = 0, 3tw — 0}  is 
strictlyy pseudoconvex. Thus through every point of H there passes a complex line 
thatt intersects the boundary only in strictly pseudoconvex points, and from theorem 
2.2.55 follows that one can solve the Gleason problem for A(Q). 

Example.. Fornaess and Sibony constructed in [19] a bounded pseudoconvex Hartogs 
domainn Q in C2 with C°° boundary that is strictly pseudoconvex except for one point 
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suchh that there is a bounded «9-closed (0, l)-form a with coefficients in C°°(Q) for 
whichh all solutions u of du = a are unbounded. Furthermore, they showed that there 
existt ƒ, g 6 H°°(Q) with | f\ + \g\ > S on £3, such that for every 0, tfj G iï"°°(ft ) with 
4>f4>f + ipg = 1 on O, one has that sup(|<^>| + |^|) = oo. In other words : one cannot 
solvee the Corona problem on Q. 
Ass in the proof of theorem 2.2.5 one can cover Q and formulate the appropriate d-
problemm such that the corresponding (0, l)-form A has no support near the weakly 
pseudoconvexx point. Then one can extend A (by defining it to be zero where it was 
nott defined previously) to a bounded enclosed (0, l)-form with coefficients in C°°(il) , 
wheree 17 is a strictly pseudoconvex domain. Thus there is a bounded function (i such 
thatt dfi = A, and this /z can be used to solve the Gleason problem for i7°°(fi) . 

Remark.. One should not underestimate the importance of the previous example. It 
tellss us that the ^-problem and the Gleason problem are not the same. We now show 
thatt there are domains where one can not solve the Gleason problem. 

2.3.. Counterexamples to the Gleason problem 

Wee start with some definitions. The spectrum MR  ̂ of the Banach algebra R(£l) is 
thee set of non-zero multiplicative complex homomorphisms on R(Q). In this section 
R(Q)R(Q) wil l always be a ring of functions on Q. We denote by -K the projection from 
MMR(Q)R(Q) t Q C n d e f i n e d b y 

7r(m)) = (m(zi),... ,m{zn)) 

forr m G MR(n). For p e tt, the set 

TT^ip)TT^ip) = {me MR{U) : 7r(m) = p} 

iss called the fibr e over  p. For such p, the point evaluation mp (defined by mp(f) — 
f(p)f(p) for ƒ E i?(0)) is an element in the fibre over p. A domain f2 C Cn is said to be 
i?-spectrumschlichtt  at p 6 Q if the fibre over p contains exactly one element. We 
sayy O is ü-spectrumschlicht if this is the case for all p G 17. For the definition of 
non-schlichtt and related terms we refer to chapter 1. A domain that is non-schlicht 
withh respect to R(Q) is not /?-spectrumschlicht, but later in this section we will see 
aa domain that is schlicht, but not #°°-spectrumschlicht. 

Thee following example given in [35] is a non-pseudoconvex domain Q where one 
cannott even solve the Gleason problem for H(Q,). We define D as follows : 

D:={zGCD:={zGC22 : |2i| < l , |z2| < 2}  U {z € C2 : 1 1̂ < 2 ,1< \z2\ < 2} . 

Wee now choose an arc 7 that is part of the circle around (4i,0) with radius 4, that 
liess completely in the Z\-plane. Let 7 start at the origin, turn counterclockwise, make 
almostt a full circle and then terminate between the circles C(0,1) and C(0, 2). Let 
UU be a small neighborhood of 7 such that the set U C\ D C\ {5?2i < 0}  is empty. We 
definee SI as the union of D and U. 

Lemmaa 2.3.1. The domain O has non-schlicht envelope of holomorphy. 

PROOF.. Let ƒ be that branch of log( î — 4i), for which 3 / on 7 runs from —7r/2 to 
37r/22 — 7r/8. We now restrict ƒ to D. This function can be extended to a function ƒ 
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onn the whole polydisc A2(0,2) = {z € C2 : \z\\ < 2, \z2\ < 2} . However, ƒ does not 
assumee the same values as ƒ on {z e C2 : 1 < \z\\ < 2,5Rzi < 0, | 2̂1 < 1}  D 7 : $ƒ 
wil ll  be approximately — n/2 — n/8 over there. Thus Cl has non-schlicht envelope of 
holomorphy.. D 

Onee can see the i/(Sl)-envelope of holomorphy of Cl as a Riemann domain Cl over Cl 
consistingg of two sheets. Given ƒ € H(Cl), we denote its extension to H(Cl) by ƒ. 
Wee choose p E CI on the first sheet, and p on the second sheet such that ir(mp) = 
7r(mp).. There is a function ƒ € H(Ci) such that f(p) ^ ƒ(ƒ>). We may assume that 
f(p)f(p) = 0. We now define a homomorphism m in MH  ̂ as follows : for g € H(Cl), 
m(g)m(g) :=  g(p). For many functions g € H(Cl) one still has that 771(5) = 9(P) = 9{p)-
Takee for instance g a polynomial : the polynomials cannot separate p from p. 
Noww suppose that one could solve the Gleason problem for H(Cl) at p. Then there 
wouldd be ƒ1, ƒ2 € H(Cl) such that ƒ(z) = Yli=i( zi ~Pi)fi(z)- However, since m(f) = 
f(P)f(P) ¥" f(p) = O? this would imply that 

22 2 

00 ^ m(/) = m(^2{zi -Pi)fi{z)) = ^2m(zi -pi)m(fi) = 0. 

Thiss is a contradiction. Thus one cannot solve the Gleason problem for H(Cl) at 
p.p. Of course one can use this domain to construct a counterexample to the Gleason 
problemm for A(Ct) and H°°(Cl) instead of H(Q) as well. 

Inn [7] Backlund and Fallström give an example of a pseudoconvex domain Q in C2 

wheree one cannot solve the Gleason problem for H°°(CI) and A(Cl). This domain 
hass a same obstruction as the example above : its H °° -envelope of holomorphy is 
non-schlicht.. Note that one can solve the Gleason problem for H(Cl), since CI is 
pseudoconvexx (see theorem 2.1.4). 

Theyy also gave an example of a pseudoconvex ür°°-domain of holomorphy CI in C3 

wheree one cannot solve the Gleason problem for H°°(Cl). This is quite surprising, 
becausee the jFf°°(il)-envelope of holomorphy of Cl is schlicht, since it is CI itself. How-
ever,, CI has a 2-dimensional subspace S that has non-schlicht iï°°(5)-envelope of 
holomorphy,, thus it is not if°°(5)-spectrumschlicht. In the same way as above, one 
cann give a function ƒ e H°°(Ct) and a homomorphism m in MH<X(-S  ̂(which can be 
appliedd to ƒ as well) that show that there is no solution to the Gleason problem for 
H°°{Cl). H°°{Cl). 

Applyingg the reasoning of the example above to the general case, with Cl a domain in 
Cnn and R{Cl), yields that if Cl is not i?-spectrumschlicht, then one cannot solve the 
Gleasonn problem for R(Cl). This implies that if one can solve the Gleason problem 
forr R(Q), then Cl is .R-spectrumschlicht. It is a conjecture that the other implication 
holdss as well : 

Conjecturee 2.3.2. Cl is R-spectrumschlicht  ̂ one can solve the Gleason problem 
forR(Cl). forR(Cl). 
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