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CHAPTERR 5 

Reinhardtt  domains and the Gleason problem 

5.1.. Introductio n 

Expandingg the idea of Beatrous (theorem 2.2.5), Backlund and Fallström proved in 
[6]]  that on a bounded, pseudoconvex Reinhardt domain in C2 that has C2 boundary 
andd contains the origin, one can solve the Gleason problem for A(Q,). For every p € Q 
theyy constructed a finite open covering of U, such that the Gleason problem can 
bee solved easily on each of its open sets; moreover the pairwise intersections of its 
openn sets intersect the boundary only in strictly pseudoconvex points. Then a global 
solutionn was obtained by formulating an additive Cousin problem and using 0vrelids 
theoremm ([48]). By using similar techniques, we prove that the result of Backlund and 
Fallströmm also holds without the assumption that the domain SI contains the origin. 
Inn the second part of this chapter we show that even the condition that SI needs to 
bee pseudoconvex can be dropped. Furthermore, this result also holds for the Gleason 
problemm for H°°(Q). 

5.2.. Some definitions, notations and lemmas 

Forr a function h, let Zh := {z : h(z) — 0}  be its zero set. We denote the boundary of 
ann open set D by dD, and Co(D) wil l denote the convex hull of D. The interior and 
thee closure of a set V are denoted by V° and V respectively. 
Wee recall that a domain in C2 is Reinhardt if it is invariant under the standard T2 

actionn on C2 given by (81,82)  (21,22) *-*  (eieizi,ete2Z2). Throughout this chapter 
QQ will be a bounded Reinhardt domain in C2. 
Ass usual, C*  shall denote C \ {0} . Let 

LL : (C*)2 - K2, L(Zl,z2) := (log |zi|,log \z2\). 

Wee denote the logarithmic image of SI D (C*)2 by u. The logarithmic image of Zf D 
(C*)22 is denoted by L{Zf), and the C2 strictly pseudoconvex points of SI and C2 

strictlyy convex points of UJ are denoted by 5(f2) and S(u) respectively. Recall that 
aa point q € du is C2 strictly convex if there exist (after rotation, if necessary) a 
neighborhoodd U of q and a function r £ C2(U) such that 

dd22f f 
 and U flw = {{x,y) e U : f(x,y) > 0} . 

Wee recall some basic facts (cf. [36]) about the relation between Q and u; : U is 
pseudoconvexx «=> w is convex. If Q has C2 boundary, UJ wil l also have C2 boundary. 
Alsoo note that a point z (having no zero coordinate) in dQ is strictly pseudoconvex 

 L(z) is a strictly convex point of doj. 

47 7 
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Lemmaa 5.2.1. Let ft be a bounded pseudoconvex Reinhardt domain in C . Suppose 
thatthat either 

 ft does not meet the axes Z\ = 0 and z2 = 0 or 
 ft has C2 boundary 

LetLet X be a smooth B-closed (0,l)-form on ft, whose coefficients are bounded on ft. If 
suppXsuppX does not meet the axes, and dft n suppX consists of a finite number of connected 
setssets containing only C2 strictly pseudoconvex points, then there exists a function u in 
C(ft)C(ft) nC°°(ft) such that Bu = X. 

PROOF.. First suppose that ft does not meet the axes z\ = 0 and z2 = 0. Then the 
logarithmicc image a; of 1) is bounded. The logarithmic image X of suppA n dft is a 
closedd subset of S(UJ). Hence there exists a bounded strictly convex domain w C R2 

suchh that u> C u> and X C du). 
Thenn 0 := {(21,22) £ C2 : L{z) e a?}  is a strictly pseudoconvex domain with C2 

boundaryy . The form A can be trivially extended (by defining it to be 0 at ft \ ft) 
too a C°°-form A on ft. Since ft is strictly pseudoconvex, there exists a function 
üü € C(ft) n C°°{ft) such that dü = X (theorem 1.3.4). The restriction u = i % has 
thee desired properties. 

Nextt suppose that ft meets at least one of the axes. Note that we do not have to 
considerr the case that ft meets one of the axes and ft does not. This is because ft is 
pseudoconvexx and has C2 boundary. Thus there are two possibilities : 

1.. 0 e ft. Then ft meets each axis in a disk about 0. 
2.. 0 ^ ft. Then ft meets only one of the axes, say the 22-axis, in an annulus. 

Wee wil l show how to deal with the second case, the first one being completely similar. 
Observee that for e, c, k > 0 

ftofto = {(zi,z2) : log|z2| +c|2 i |2 < Ar, log J2r2| — c|^i[2 > -h, \zi\ < e} 

iss strictly pseudoconvex at the intersection of its boundary with the Z2-ax\s. Its 
logarithmicc image is 

WQWQ = {{x,y) : y + ce2x <h,y- ce2x > -k,ex < e}. 

Thee logarithmic image a; of O is contained in a half-strip : \y\ < N, x < N. Let 
YY C du be a (relative) neighborhood of X, contained in the strictly convex boundary 
pointss of u. Let u>' be the intersection of the half-planes that contain w and are 
tangentt to UJ at some point of Y. Then u C u/. Now we take k > N and e so 
smalll  that UJ0 C u/. As in the case where u is bounded, we can find a strictly convex 
domainn Q (with C2 boundary), the boundary of which contains Y and the part of the 
boundaryy of u0 where x is sufficiently small. Now ft := (L_1(u>)) has Cl boundary, 
iss strictly pseudoconvex, and we proceed as in the previous case.

Lemmaa 5.2.2. Let ft be a bounded pseudoconvex Reinhardt domain in C2 with C2 

boundary.boundary. Let p £ ft. Then there exist analytic polynomials g, h, open sets UQ, U\, 
f/22 and a constant e > 0 such that: 

 zgnzhnft = {p} 
 UQ is strictly pseudoconvex, and p £ UQ CC ft 
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 \g\ > e on U\, \h\ > e on U2 
 Ö C UiUi 
 u1nu2ndnc 5(0) 

PROOF.. First, we will  construct the analytic polynomials g and h, then we construct 
thee open sets U%. We start with the case that Q does not contain points with a zero 
coordinate,, using the following elementary fact : 
lett tjj  a bounded, convex domain in R2, having C2 boundary. Let q G u. Then du> 
containss 3 strictly convex points, u, v and w, such that q lies in the interior of the 
trianglee uvw. Of course one can choose u, v and w such that the slopes of the lines 
ququ and vw are rational numbers. 
Givenn a line I in R2 passing through q = L(pi,p2) with rational slope , we con-
structt a polynomial ƒ in C2 such that L(Zf) = I : 
Iff  =22 < o, m, n > 0, we take f(z) = zfz  ̂ - p^PÏ-
Iff  f > 0, m, n > 0, we take ƒ (2) = z^p?1 - z^p^. 
(Justt as in [6].) Choose u, v, w e ui as above. Let g be a polynomial on C2 such that 
gg vanishes at p and the logarithmic image of Zg is a line in R2 passing through u. 
Similarly,, let h be a polynomial on C2 such that h vanishes at p and the logarithmic 
imagee of Zh is a line in M2 parallel to vw. 

L(Z g), , 

Noww we are ready to construct the open covering U0 U V\ U U2 of 17. 
9ww consists of 3 arcs, namely J\ (from u to D), J2 (from u to 10), and J3 (from w to 
u).. Let Si, S2, S3, S4 be open (in the usual topology on duj) neighborhoods of u, u, 
vv and w respectively, consisting only of strictly convex points, such that Si C S2-
I tt is then possible to choose open sets V{ C R2 as follows : 
lett Vi such that d(Vi,L(Zh)) > e, and Vi ndw = S2U (S3 U J2 U S4). 
Thee set V2 is chosen such that d(V2, L{Zg)) > e, and V2ndu) = (S3 U J\ \ S\) U (S4 U 
Jz\S[). Jz\S[). 
Forr sufficiently small e there is a strictly convex set VJ) CC w such that ÜJ c UVï 
andd du) C Vi U V2. Then Vi fl V2 PI duj contains only strictly convex points. The sets 
UiUi  :=  {L~l(Vi)) fulfil l the requirements of lemma 5.2.2. 
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V22 supp X 

Supposee Q meets only one of the axes, say z\ = 0 (see [6] for the case 0 6 fl). Let 
pp = (pi,p2) 6 ft. If pi = 0 one defines g{z) := Zi, h(z) := z2 — p2, and the rest is 
easy.. Otherwise, the logarithmic image of z2 = p2 intersects dui in only one point, 
a.a. Now draw a line through L(p) parallel to the tangent line in a. It intersects du; 
att two points, say b and c. Since the boundary of dui between a and b, a and c are 
nott straight lines, and u> is convex, there must be an extreme point d on the arc 
ab,ab, and one, e, on the arc ac. These points d and e can be chosen such that they 
havee neighborhoods of strictly convex points in du>, and that the line de has rational 
slopee (since u) is convex with C2 boundary). Now we choose g(z) = z2 — P2, and h a 
polynomiall  such that h vanishes at p and the logarithmic image of Z  ̂ is parallel to 
de.de. The sets Ui can be constructed as above. D 

5.3.. Pseudoconvex Reinhardt domains 

Thee following result was obtained by Backlund and Fallström ([6]) under the extra 
assumptionn that fi  contains the origin. 

Theoremm 5.3.1. Let fl be a bounded pseudoconvex Reinhardt domain in C2, having 
CC22 boundary. Then fi has the Gleason A-property. 

PROOF.. We solve the Gleason problem locally and patch the solutions together to 
aa global solution using lemma 5.2.1. Let p € fl. Choose g, h, UQ, UI and U2 as in 
lemmaa 5.2.2. Choose functions 4>k G C^{Uk), k = 0, 1, 2, such that 0 < <j>k  < 1 
andd Xlfe=o f̂c = 1 on SI. Let ƒ be a function in A(ü), vanishing at p. Since ƒ is 
holomorphicc on Q, UQ CC f2, the lemma of Oka-Hefer (cf. [36]) implies that there 
existt functions / ° , ƒ2 in A{UQ) such that 

// = /1°(z1-p1) + /2°(22-p2) on U0. 
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Lett F} = £, Fj = 0, F2 = 0, F | = £. Then Ft
k e A(Uk fl fi), and 

(*)) f = F?g + F$h on ÜfcDfi . 

Sincee g is an analytic polynomial, vanishing at p, there are functions Si, 02 £ H(C2) 
suchh that </ = 01(21 — pi) + 02(22 — P2) on C2. A similar formula holds for h. Sub-
stitutingg this in (*), we obtain the existence of functions ƒ*  € A(Uk D fi), k = 1, 2, 
suchh that 

ƒƒ = / i f c (z i -p i ) + / 2 ( 2 2 - p2 ) on Ü^nÜ, fc = 0,1,2, 

(withh y? = Fto+*?&,.) So 

hh '=^2<f>kfi  and j 2 := ^(f>kf2 

givee a smooth solution of our problem. We want to find u such that 

(** )) h = ji+u(z2 - p2 ) and f2 = j 2 - u(zi - p i ) 

aree in A(l^) . Define a form A as follows : 

AA = ~ ^ j l
 = ®i2 

222 - P2 21 - pi 

Thiss form A is a d-closed (0, l)-form on fi, and can be continuously continued to fi. 
Hencee its coefficients are bounded on fi. The support of A is contained in Ui fl Uj, 
ii   ̂ j . Hence we have that suppA D #fi C £(fi). Lemma 5.2.1 gives the existence of a 
functionn u £ C(fi) nC°°(fi) such that du = A. With this u, / i , f2 as defined at (**) , 

ƒƒ = / i ( 2 i - Pi) + /2(22 - p2) on fi, 

andd f\, f2 both belong to A(Q). This proves that the maximal ideal consisting of 
functionss vanishing at p is generated by (21 — pi) and {z2— p2). D 

5.4.. Non-pseudoconvex Reinhardt domains 

Inn this section we prove that a bounded Reinhardt domain in C2 with C2 boundary 
hass the Gleason property with respect to A(fi ) and if°°(fi) , even if it is not pseudo-
convex.. It is logical to consider the Gleason problem on fi, the holomorphic hull of 
fi,fi,  because every function in A(Q) (or #°°(fi) ) extends to one in A(U) (or H°°(Q)). 
Notee however, that Q will not have C2 boundary, thus we cannot simply apply the 
precedingg proofs. We need some more machinery; this is developed in the following 
propositionss and corollaries. 

Definition .. Let V C Rn be a closed connected set, v a point in V. We say that 
vv is an extreme point of V if v is an extreme point of Co(V). In other words : if 
vv = Xr + (1 — A)s for some A € (0,1), r, s € Co(V) implies that v = r = s. 
Notee that V may be strictly convex at a point v without v being an extreme point of 
V. V. 

Lemmaa 5.4.1. Let g be a convex ^-function such that g(x) = g(0) + xg'(0) + o(x2) 
atat 0. Then g" exists at 0 and equals 0. 
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PROOF.. Without loss of generality, we take g(0) = g'(0) = 0. Since g' is increasing, 
wee find for y > 0 : 

g(2y)g(2y) = ƒ g'{x)dx > / g'(x)dx >  yg'{y)7 
J0J0 Jy 

s oo that ^ M < ^2p- = o(l). Therefore the second right derivative of g at 0 exists and 
equalss 0. Similarly for the second left derivative.

Proposit ionn 5.4.2. Let co a domain in M2, with C2 boundary. Denote by E the set 
ofof extreme points ofü. Then E° — E. 

PROOF.. We endow dCo(uj) with the relative topology. As E^_ C dCo(cu) is clearly 
open,, E is closed in dCo(uo) and W C E. The complement of E° in dCo{u>) is a union 
off  disjoint open arcs. We will show that these arcs are in fact straight line segments. 
Takee p in such an arc U C dCo{u). If p ^ E, then p obviously lies on a straight line 
segment.. So let p£ E. Then p e dCo(uj) n dw. Since u) has C2 boundary, Co{u) has 
CCll boundary (in fact it even has C1'1 boundary, cf. [22]). After rotating and scaling 
wee can assume that there exists ƒ € C2 [ - l , 1] and g E C ^ - l , 1] with the following 
propertiess : 

 p = ( 0 , / ( 0 )) = (0,0(0)) 
 X = {(x,f{x)) : x e [-1,1]}  QdüüH [-1,1] x [min/,max ƒ] 
 Y = {(x,g(x)) :xe [-1,1]}  C 9 C o ( w ) n [ - l , l] x [min^, max5] 
 5 is convex 
 ƒ > </on [-1,1]. 

Notee that p G l f l F and therefore the tangent to du at p equals the tangent to 
0Co(u)0Co(u) a tp : ö'(0) = / ' (0). Furthermore, since p e E, /"(0) > 0. But if /"(0) > 0, 
thenn pe E°. Hence /"(0) = 0. It follows that 

5(0)) + xg'{0) < g(x) < f(x) = /(0) + xf'{0) + o(x2) = g(0) + xg'(Q) + o(x2). 

Thereforee g(x) = g(0)+xg'(0) + o(x2). Application of the previous lemma gives that 
g"(0)g"(0) = 0. Since we can repeat the argument for every point of K, it follows that g" 
iss identically zero on [—1,1], meaning that Y is a straight line segment. Thus p^E, 
whichh is a contradiction. Of course U is a straight line segment too. This yields that 
UU (and any other subset of E~°°) does not contain extreme points, hence E C E°. D 

Lemmaa 5.4.3. Let u and E be as above, let e e E. There exists a point b e E 
arbitraryarbitrary close to e such that duj and dCo(u) coincide on a neighborhood B of b. 
Furthermore,Furthermore, this neighborhood can be chosen such that it (as part ofdCo(u)) consists 
onlyonly of strictly convex points. 

P R O O F.. E~° = E, hence one can choose a point a e E arbitrary close to e, such 
thatt there is a neighborhood A of a containing only extreme points of ST. Since 
thee extreme points of Ü7 and CO(UJ) are the same, du> and dCo(uj) coincide on A. 
Hence,, after normalization (scaling and rotating) the defining function p for dCo(uj) 
cann be chosen such that it is a C2 function around A. There is a point b E A for 
whichh p"{b) > 0. Then there is a neighborhood B C A of b on which p" is strictly 
positive.. Q 
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Lemmaa 5.4.4. Let Q be a bounded Reinhardt domain in C2 with C2 boundary. Let 
ClCl be the holomorphic hull of ft. Suppose there is a finite number of sets Ai, ..., 
AkAk containing only C2 strictly pseudoconvex boundary points, such that u j L ^ j C 
dQDtXl.dQDtXl. IfU^=1Ai does not meet the axes, there is a bounded pseudoconvex Reinhardt 
domaindomain (l with C2 boundary, such that \j!?=1Ai c dtl. 

PROOF.. Proceed as in the proof of lemma 5.2.1. D 

Theoremm 5.4.5. A bounded Reinhardt domain f2 in C2, with C2 boundary, has the 
GleasonGleason property with respect to both A(Q) and H°°(Q). 

PROOF.. Let Q be the holomorphic hull of fï, and ü its logarithmic image. We first 
considerr the case that ƒ G A($l). Suppose that p G SI such that f(p) = 0. We start by 
consideringg the case that cu is bounded. Then there exist points a, b, c in dcj having 
neighborhoodss A, B, C in du) n E respectively, such that 

 L(p) E Co(a, 6, c) 
 the slopes of the lines ab and L(p)c are rational 
 A, B and C contain only strictly convex points 

Justt as in lemma 5.2.2, we construct polynomials g and h that vanish at p, such that 
L(ZL(Zgg)) is a line through L(p) and c, and L{Zh) is a line through L(p) parallel to ab. 
Thenn one can construct the appropriate covering of a), and formulate the ^-problem 
correspondingg to the patching of the functions. The (0, l)-form that is obtained in 
thiss way, has only support near C2 strictly pseudoconvex points that are away from 
thee axes. It can be trivially extended (by defining it to be zero where it was not 
definedd yet) to a strictly pseudoconvex domain Cl as in lemma 5.4.4. Now simply 
copyy the proof of theorem 5.3.1. 
Noww suppose u) is not bounded. We only consider the case that Q contains points 
off  the form (0, a); the other cases can be solved similarly. Applying the ideas of 
thee second part of lemma 5.2.2 yields the appropriate polynomials g, h and sets Ui. 
Repeatingg the proof of theorem 5.3.1 proves the assertion. 

Nextt let ƒ G H°°(Q,), p G ft such that f(p) = 0. Like above, we obtain an open 

coveringg {£/* }  of Q, and matching functions <fo. As in the proof of theorem 5.3.1, we 
obtainn a (0, l)-form A : 

Z2Z2 -P2 Zi-pi ' 

Notee that A has only support near C2 strictly pseudoconvex boundary points that are 
awayy from the axes. The functions ƒ*  are bounded and holomorphic. 0jt € Co°(t/fc), 
soo d<pk is bounded. The function min(|z ]_ |, \z ]_ \) is bounded on suppA, since 
d(p,d(p, Ui n Uj D Q) > S. Hence the form A is bounded on Q, and we can triviall y extend 
itt to a larger domain O as in lemma 5.4.4. Therefore we can apply lemma 5.2.1 to 
findd a function u G C(Cl) D C°°(Q) with du = A. Now copy the proof of theorem 
5.3.1.. D 
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Wee give an example of a domain UJ with a smooth boundary that has a convex hull 
withh only C1 boundary. Thus theorem 5.4.5 is really stronger than theorem 5.3.1. 

0)) \ . _ ^ / Co(co) 

Remark.. The crux of the approach is to formulate a d-problem (du — A) on Q 
suitablee for solving the Gleason problem, in such a way that A can be extended by 
00 to a larger domain f) where du = A has a good solution. While O is strictly 
pseudoconvexx in our situation, the method will give results in some other cases, e.g. 
whenn Q is an analytic polyhedron in C2. 

Propositionn 5.4.6. Let UJ C M2. If the set of C2 boundary points of UJ contains a 
densedense subset of E, then E° = E. 

PROOF.. We endow dCo(u>) and dw with the relative topology. As Ec C dCo(uj) is 
clearlyy open, E is closed in dCo(co), thus E° C E. To prove the other inclusion, 
supposee e € E° D E. This point e cannot be an isolated point of E\ then it would 
bee in this dense subset of E, thus a C2 boundary point. This is clearly impossible. 
Soo suppose that e is not an isolated point of E. Then there is a sequence {en} of C2 

boundaryy points in E° HE that converges to e. However, the proof of proposition 5.4.2 
showss that such points en do not exist. This is a contradiction, hence E° Pi .E = 0, 
andd EC IF. D 

Theoremm 5.4.7. Let f£ C C2 be a bounded Reinhardt domain. Suppose UJ is bounded 
asas well, and that the set of C2 boundary points of UJ contains a dense subset of E. 
ThenThen one can solve the Gleason problem for both A(Q) and H°°(ti). 

PROOF.. Using proposition 5.4.6 we can repeat the proof of theorem 5.4.5. D 

Remark,, The only thing that matters is that there are enough strictly pseudoconvex 
pointss in the boundary of f£ to make a "good" cover of Q. This can e.g. be done 
inn the setting of theorem 5.4.7 if we merely assume that 0 ^ f2 instead of u being 
bounded.. In that case, given a point p E Q, one takes g(z) = Z2 — p2 (if fï contains 
pointss of the form (0, a)) or g(z) = z\ — p\ (if Q. contains points of the form (a,0)), 
andd proceeds like, e.g., in lemma 5.2.2 . 
Usingg only the techniques of this chapter, one cannot solve the Gleason problem for 
aa bounded domain H c C 2 of e.g. the form |zi|2 < \z2\

3 < 2\zi\2 for \zi\ < 1, that 
iss rounded off in a strictly pseudoconvex way for larger z\. Solving this problem is 
postponedd to chapter 6. 
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5.5.. An example 

Lett Q, be a bounded convex domain in Cn. For convenience, we briefly recall some def-
initionss of the previous chapter. For every ƒ G H°°(Q), vanishing at p, the Leibenzon-
divisorss Xï(/) are defined in the following way: 

 f Dif(p + t(z-p))dt » = l , . . . , n. 
Jo Jo 

Then n 
n n 

f(z)f(z) = Y,(zi-Pi)Ti(f)(z) V«6fi. 
i = l l 

Iff  in addition Q has C2 boundary, then Ti(f) E #°°(f2), as Leibenzon proved in [31]. 
Inn [21] Grange was able to show that the functions Ti(f) remain in H°°(Q) if Q only 
hass C1 +€ boundary. There he also gave the following example : let h(x) :— j  ̂ for 
xx > 0, h{0) := 0. Let 

fifi  := {(zi,Z2) € C2 : \z2\ < 1, \Zl\
2 + /i(J22|) - 1< 0} . 

Thee domain Q, is convex, dfï is C1, even C°° and strictly pseudoconvex at the points 
(zi,Z2)(zi,Z2) € Q , Z2 ̂  0. Then a function ƒ € /f°°(f) ) (that vanishes at the origin) was 
givenn for which the Leibenzon-divisor T2{f) ^ H°°(Q). 
However,, one can find a "good" cover for Q (as described in the remark after theorem 
5.4.7)) and hence there exist functions fi and f2 in H°°(H) such that 

f(z)f(z) = z1f1(z) + z2f2{z) Vz€f t. 
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