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Chapte rr  1 

Introductio n n 

1.11 Motivatio n 
Flowss of two distinct adjacent fluids occur in a wide variety of physical systems and 
engineeringg applications. The interaction of the fluids at their mutual interface 
givess rise to a multitude of complex phenomena. In many cases, however, one of 
thee fluids exerts negligible stress on the interface, so that the other fluid can be 
consideredd separately. The interface then acts as a free surface, i.e., a boundary 
off  which the position depends on the behavior of the enclosed flow. A specific 
instancee of such a free-surface flow, that is of great practical relevance, is the flow 
off  water underlying air. Accurate prediction of the behavior of free-surface flows 
iss therefore important, e.g., in the assessment and design of immersed structures 
andd vessels, such as ships. 

Predictionss of the behavior of free-surface flows are made on the basis of 
models.. These models can be constructed at various levels of approximation. A 
particularlyy reliable mathematical model of fluid flow is a system of nonlinear 
partiall  differential equations, referred to as the Navier-Stokes equations. These 
equationss were formulated independently by Navier (1822) and Stokes (1845). Un-
fortunately,, these equations are too complicated to explicitly extract their solution. 
I tt is, however, possible to construct discrete approximations to the solution. The 
discretizationn of the differential equations yields a system of nonlinear algebraic 
equations.. The solution of the algebraic system can be formulated in terms of 
recurrencee relations, which are ideally suited to treatment by computers. Conse-
quently,, the prosperous development of computers has made it possible to consider 
increasinglyy complex flow problems. The investigation of flow problems by means 
off  a computer is called Computational Fluid Dynamics (CFD). Figure 1.1 on the 
followingg page displays the steps in the solution of a flow problem by CFD, in-
cludingg some examples. 

1 1 



Chapterr 1. Introduction 

Physicall  formulation of the problem 

Mathematicall  formulation of the problem 
Navier-StokesNavier-Stokes equations 

Discretizationn of the equations 
FiniteFinite elements, finite volumes, finite differences 

\\ J 

Numericall  solution method 
Newton'sNewton's method, multigrid, Krylov-subspace methods 

Solution n 

Figuree 1.1: Steps in the solution of a flow problem by means of CFD. 

Thee numerical solution of the Navier Stokes equations with a free bound-
aryy has only recently become tractable. Previously, one had to revert to simpler 
models,, for instance, the free-surface potential-flow equations. The free-surface 
potentiall  flow equations already describe many of the prominent features of free-
surfacee flow. The numerical techniques for these potential-flow equations are well 
developed,, and they are routinely used in the investigation of practical flow prob-
lems.. However, to include viscous effects, e.g., the interaction between the viscous 
boundaryy layer and the free surface near a surface-penetrating object, it is nec-
essaryy to progress to the Navier-Stokes equations. Unfortunately, many of the 
numericall  techniques for free-surface potential flow cannot be extended straight-
forwardlyy to the free-surface Navier-Stokes equations. 

Ann important class of problems for which efficient numerical techniques are 
availablee for the potential-flow equations, but not for the Navier-Stokes equations, 
aree steady free-surface flows. An example of such a steady free-surface flow is the 
wavee pattern carried by a ship at forward speed in still water. In the field of ship 
hydrodynamics,, dedicated techniques have been developed for solving the steady 
free-surfacee potential-flow equations. In contrast, methods for the Navier-Stokes 
equationss typically continue a transient process until a steady state is reached. 
Thiss time-integration method is often computationally inefficient, due to the spe-
cificc transient behavior of free-surface flows. Alternative solution methods for 
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thee steady free-surface Navier-Stokes equations exist. However, the performance 
off  these methods usually depends sensitively on the parameters in the problem, 
orr their applicability is too restricted. In general, the numerical solution of the 
steadyy free-surface Navier-Stokes equations by current computational methods is 
prohibitivelyy expensive in actual design processes. 

Thee need for efficient numerical techniques for the steady free-surface Navier-
Stokess equations in practical applications, and the inadequacy of available meth-
ods,, provide the motivation for the research presented in this thesis. 

1.22 Outlin e 
Thee contents of this thesis are organized as follows: 

Inn Chapter 2 we present the mathematical formulation of free-surface flow. 
Thee Navier-Stokes equations are introduced. In addition, we discuss boundary 
conditionss and initial conditions and their relevance for well-posedness of the cor-
respondingg initial boundary value problem. Furthermore, we state the interface 
conditionss for two contiguous fluids and we derive the free-surface conditions as a 
speciall  case. 

Chapterr 3 contains an analysis of the free-surface Navier-Stokes equations 
inn primitive variables, by means of perturbation methods and Fourier techniques. 
Inn contrast to the classical analyses of free-surface flows (e.g., Refs. [37,44,63]), 
wee adhere to a formulation of the equations in primitive variables, instead of a 
vorticity-basedd formulation. By virtue of the formulation in primitive variables, 
thee analysis can serve in the investigation of numerical methods for the free-surface 
Navier-Stokess equations, if the differential operators in the continuum equations 
aree replaced by their difference approximation. Moreover, the formulation in prim-
itivee variables permits a convenient treatment of the practically relevant case of 
threee spatial dimensions, whereas the classical analyses are restricted to two spa-
tiall  dimensions due to the properties of the vorticity formulation. The analysis 
yieldss important information on the properties of viscous free-surface flows in two 
andd three spatial dimensions, e.g., on the dispersive behavior of surface gravity 
waves,, the asymptotic temporal behavior of wave groups and the structure of the 
free-surfacee boundary layer. 

Inn Chapter 4 we propose a novel iterative solution method for solving the 
steadyy free-surface Navier-Stokes equations. Moreover, we prove that the usual 
time-integrationn approach is generally inappropriate for solving steady free-surface 
flows.flows. The proposed iterative solution method is analogous to methods for solving 
steadyy free-surface potential-flow problems. The method alternatingly solves the 
steadyy Navier-Stokes equations with a so-called quasi free-surface condition im-
posedd at the free surface, and adjusts the free surface on the basis of the computed 
solution.. The quasi free-surface condition ensures that the disturbance induced by 
thee subsequent displacement of the boundary is negligible. Each surface adjust-
mentt then yields an improved approximation to the actual free-boundary position. 
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Too establish the efficiency of the method, we show that its convergence behavior is 
asymptoticallyy independent of the mesh width of the applied grid. The asymptotic 
computationall  complexity (computational cost per grid point) of the method dete-
rioratess only moderately with decreasing mesh width. Mesh width independence 
off  the computational complexity can be achieved by means of nested iteration. 
Numericall  experiments and results are presented for a two-dimensional test case. 

Inn Chapter 5 we consider an alternative approach to solving steady free-
surfacee flow problems, viz., the optimal shape design method. A general charac-
teristicc of free-boundary problems is that the number of free-boundary conditions 
iss one more than the number of boundary conditions required by the governing 
boundaryy value problem. A free-boundary problem can therefore be reformulated 
intoo the equivalent shape optimization problem of finding the boundary that min-
imizess a norm of the residual of one of the free-surface conditions, subject to the 
boundaryy value problem with the remaining free-surface conditions imposed. Such 
optimall  shape design problems can in principle be solved efficiently by means of 
thee adjoint method. Chapter 5 investigates the suitability of the adjoint shape op-
timizationn method for solving steady free-surface flow problems. Because inviscid, 
irrotationall  flow adequately describes the prominent features of free-surface flow, 
wee base our investigation on the free-surface potential-flow equations. The adjoint 
shapee optimization method is equally applicable to the free-surface Navier-Stokes 
equations,, but the specifics of the method are in that case much more involved. 
Ourr investigation serves as an indication of the properties of the adjoint shape op-
timizationn method for steady free-surface flows. We formulate the optimal shape 
designn problem associated with steady free-surface potential flow, and we examine 
thee properties of the optimization problem. In addition, we analyze the conver-
gencee behavior of the adjoint method, by means of Fourier techniques. Motivated 
byy the results of the analysis, we address preconditioning for the optimization 
problem.. Numerical experiments and results are presented for a two-dimensional 
modell  problem. 

Chapterr 6 presents a preliminary investigation of the interface capturing ap-
proachh to solving free-surface flow problems. Free-surface flows form a specific 
classs of two-fluid flow. If the objective is the numerical solution of a free-surface 
flowflow problem, then it can be attractive to adhere to the underlying two-fluid flow 
formulation.. In the absence of viscosity, two-fluid flow is described by a system 
off  hyperbolic conservation laws. The numerical techniques for such systems of 
hyperbolicc conservation laws are well developed and, in particular, efficient al-
gorithmss are available for solving steady hyperbolic problems. In Chapter 6 we 
presentt the prerequisites for a Godunov-type interface capturing method. We 
considerr an Osher-type approximate Riemann solver and we elaborate its appli-
cationn to two-fluid flows. Moreover, we address the spurious pressure oscillations 
thatt are commonly incurred by conservative discretizations of two-fluid flows, and 
wee construct a non-oscillatory conservative discretization. The implementation of 
thee interface capturing approach with efficient techniques for steady problems is 
deferredd to future research. 
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Chapterss 7 and 8 contain concluding remarks and suggestions for future re-
search,, respectively. 

Partss of the Chapters 3 to 6 have been published before. Chapter 3 is based 
on: : 

E.H.. VAN BRUMMELEN, Analysis of the incompressible Navier-Stokes 
equationsequations with a quasi free-surface condition, Tech. Report MAS-R9922, 
ISSNN 1386-3703, CWI, 1999, Available at h t tp : / /www.cwi .n l / f tp/ 
CWIreportS/MAS/MAS-R9922.ps.Z. . 

Chapterr 4 has appeared as: 

E.H.. VAN BRUMMELEN, H.C. RAVEN, AND B. KOREN, Efficient numer-
icalical solution of steady free-surface Navier-Stokes flow, J. Comput. Phys. 
1744 (2001), no. 1, 120-137. 

AA condensed form was also published as: 

E.H.. VAN BRUMMELEN, H.C. RAVEN, AND B. KOREN, Numerical solu-
tiontion of steady free-surface Navier-Stokes flow, Computational Fluid Dy-
namicss 2000: Proceedings of the First International Conference on Com-
putationall  Fluid Dynamics (Kyoto, Japan, 10-14 July, 2000) (N. Satofuka, 
ed.),, Springer, Berlin, 2001, pp. 305-310. 

Chapterr 5 will appear as: 

E.H.. VAN BRUMMELEN AND A. SEGAL, Numerical solution of steady 
free-surfacefree-surface flows by the adjoint optimal shape design method, Int. J. 
Num.. Meth. Fluids, 

andd has been published in condensed form as: 

E.H.. VAN BRUMMELEN AND A. SEGAL, Adjoint shape optimization for 
steadysteady free-surface flows, Numerical Methods for Fluid Dynamics VII : Pro-
ceedingss of the Seventh ICFD Conference on Numerical Methods for Fluid 
Dynamicss (Oxford, U.K., 16-19 March, 2001) (M.J. Baines, ed.), ICFD, 
Oxfordd University Computing Laboratory, Oxford, pp. 549-556. 

Sectionss of Chapter 6 appeared as: 

E.H.. VAN BRUMMELEN AND B. KOREN, A level-set method and an ap-
proximateproximate Riemann solver for capturing free-surface water waves, Pro-
ceedingss of the AMIF-ESF Workshop Computing Methods for Two Phase-
Floww (Aussois, 12-14 January, 2000) (H. Paillère, ed.), CEA, Saclay, 2000, 
(Paperr 23 from CD-ROM), 

as: : 

E.H.. VAN BRUMMELEN AND B. KOREN, A Godunov-type scheme for 
capturingcapturing water waves, Proceedings of: Godunov Methods, Theory and 
Applicationss (Oxford, 12-22 October, 1999) (E.F. Toro, ed.), Kluwer (to 
appear), , 

http://www.cwi.nl/ftp/
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andd as: 

E.H.. VAN BRUMMELEN, A Godunov-type scheme with applications in hy-
drodynamics,drodynamics, Tech. Report MAS-R9829, ISSN 1386-3703, CWI, 1997, 
Availablee at http://www.cwi.nl/ftp/CWIreports/MAS/MAS-R9829.ps . 
Z. . 

http://www.cwi.nl/ftp/CWIreports/MAS/MAS-R9829.ps


Chapte rr  2 

Mathematica ll  Descriptio n of Free-Surfac e 
Flow w 

2.11 Introductio n 
Flowss of two distinct, contiguous fluids are encountered in many practical applica-
tions.. A free-surface flow is a particular instance of such a two-fluid flow, in which 
thee properties of the fluids are such that one fluid exerts negligible stress on the 
other.. A model for free-surface flow is therefore included in a model for two-fluid 
flow.flow. The mathematical model for two-fluid flow comprises governing equations 
forr fluid flow and interface conditions, which describe the interaction of contigu-
ouss fluids at their interface. In this chapter we present the governing equations 
forr fluid flow and the interface conditions for two-fluid flow, and we derive the 
free-surfacee conditions from the general interface conditions. 

2.22 Governin g Equation s for Flui d Flow 

2.2.11 Conservatio n Laws 

Fluidd flows are presumed to be governed by conservation laws. These conservation 
lawss state that mass, momentum and energy are conserved during the motion of the 
fluid.fluid. To model a fluid flow, the state of the flow is described by a set of designated 
fluid-propertiesfluid-properties called the state variables, e.g., velocity, pressure, density, etc. The 
conservedd quantities can be expressed in these state variables. The mathematical 
descriptionn of the conservation laws for the derived quantities is a system of partial 
differentiall  equations for the state variables. 

Too present the governing equations for fluid flow, we consider a volume of 
fluid.fluid. The fluid occupies an open domain V C Rd (d — 2,3). Positions in V are 
identifiedd by spatial coordinates (xi,...,Xd) relative to the horizontal Cartesian 
basee vectors e i , . .. , e<i_i and the vertical Cartesian base vector e .̂ The gravi-

7 7 
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Figuree 2.1: Schematic illustration of the free-surface flow problem. 

tationall  acceleration, g, is constant and vertically downward, i.e., g = -gej, for 
somee constant g > 0. See Figure 2.1 for an illustration. 

Suitablee state variables for a viscous, compressible fluid are the velocity, 
thee pressure, the density, the temperature and the internal energy of the fluid. 
Denotingg time by t > 0, we identify the velocity by v(x, t), the pressure by p(x, t), 
thee density by p(x, t), the temperature by T(x, t) and the internal energy per unit 
masss by e(x,i). The total energy is defined by E :=  p(e + |v|2/2). Conservation 
off  mass, momentum and energy is then expressed by, respectively, 

—pp + div (pv) = 0 , X G V , ( > 0 , (2.1a) 

——pvpv + div (pvv + pi - r ) - pg = 0. x G V , i > 0 , (2.1b) 
at at 

— ££ + d i v ( ( £ + p ) v - v - - r - f c V T) - p v -g = 0, x e V . O O. (2.1c) 

withh k the thermal conductivity of the fluid. The tensor r in (2.1b) is called the 
viscousviscous stress tensor. In the absence of r and fc, the equations (2.1) are called the 
EulerEuler equations. 

Thee velocity vector can be represented by d Cartesian components Vj := ve_,. 
Similarly,, the viscous stress tensor has d2 Cartesian components r^. Hence, the 
unknownss in (2.1) are p, Vj (J = 1, d) , p , T, e and T^ (i, j = 1 , . . ., d), and 
theirr number is d2 + d + 4. The momentum equations (2.1b) can be separated 
intoo d independent conditions. Hence, (2.1) specifies d + 2 relations. Closure of 
thee system of equations therefore requires d2 + 2 supplementary relations. These 
relationss are provided by a constitutive relation, which relates the viscous stress 
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tensorr to the state variables, and two additional equations of state, which give a 
mutuall  relation between the state variables; see also [77]. 

AA common constitutive relation for the viscous stress tensor is (see, for in-
stance,, Ref. [5]) 

r:=pr:=p  ( (Vv ) + (Vv ) T - §(div v) i ) , (2.1d) 

wheree /i is the dynamic viscosity of the fluid. A fluid with constitutive rela-
tionn (2.Id) for the viscous stress tensor is called a Newtonian fluid. The mo-
mentumm equations (2.1b) with T according to (2.Id) are called the Navier-Stokes 
equations. equations. 

Thee flows considered in the sequel have a constant temperature and internal 
energy.. The considered fluid either satisfies a barotropic equation of state p := 
p(p),p(p), or it is homogeneous and incompressible, i.e., p is constant and v is solenoidal. 
Inn both cases, conservation of mass and momentum implies conservation of energy, 
andd (2.1c) is redundant. 

2.2.22 Dimensionles s Equation s 

I tt is often convenient to express the quantities that are used to describe the flow 
problemm on scales that are relevant for the considered problem. For example, an 
appropriatee reference length for flow around a ship hull is the length of the hull. 
Forr the considered fluid flows, three independent reference scales can be assigned, 
viz.,, a reference length LQ, a reference velocity VQ and a reference density po- All 
otherr scales in the problem are then implicitly defined, e.g., the implied time scale 
iss LQ/UQ. 

Lett La, UQ and po denote a suitable reference length, velocity and density, 
respectively.. We introduce the dimensionless variables 

x ' : = x / L 0 ,, tf:=W0/L0, v' := v/V0, p':=p/p0 p' := (p -po)/p0V^ 
(2.2) ) 

withh PQ a reference pressure, typically, the atmospheric pressure. The dimension-
lesss form of the Navier-Stokes equations is obtained by inserting (2.2) into (2.1b), 
(2.Id).. Upon omitting the primes, we obtain 

—pv—pv + div (pvv + pi - T) + pFr"2ed = 0, x e V, t > 0 , (2.3a) 

withh T the dimensionless viscous stress tensor, 

rr := Re"1 ( (Vv ) + (Vv ) T - §(div v) i ) , (2.3b) 

and d 

R ee : = ^ M 2 , Fr := -^= . (2.3c) 

Thee dimensionless numbers Re and Fr are called the Reynolds number and the 
FroudeFroude number, respectively. The Reynolds number is the ratio of inertial and 
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viscouss forces in the flow. The Froude number is the ratio of the reference velocity 
overr the velocity of a particular gravity wave, viz., a sinusoidal wave with dimen-
sionlesss wave-number one in a fluid of infinite depth. In the absence of free-surface 
stresses,, such as surface tension, the parameters Re and Pr are the distinguishing 
parameterss for a viscous flow subject to gravity. 

2.2.33 Additiona l Condition s and Well-Posednes s 

Too complete the description of a flow problem, the governing equations (2.1) must 
bee provided with additional conditions. The additional conditions specify condi-
tionss which the state variables must satisfy at the boundaries of the considered 
space-timee domain. In general, we can distinguish initial conditions and boundary 
conditions.conditions. The partial differential equations (2.1) and the additional conditions 
formm an initial boundary value problem. 

Thee properties of an initial boundary value problem depend critically on the 
additionall  conditions. In particular, the additional conditions determine whether 
aa boundary value problem is well posed or ill posed. An initial boundary value 
problemm is said to be well posed if it possesses the following properties: 

Existence:Existence: a solution exists, 

Uniqueness:Uniqueness: the solution is unique, 

Stability:Stability: the solution is stable, 

andd il l posed otherwise. The stability requirement implies that the solution can 
bee bounded in terms of the right-hand side of the differential equations and of the 
additionall  conditions (in some appropriate sense). 

Onlyy in specific cases has it been established that initial boundary value 
problemss from fluid dynamics are well posed. A detailed discussion of additional 
conditionss and of existence, uniqueness and stability of initial boundary value prob-
lemss is beyond the scope of our research. Relevant references on the subject of 
additionall  conditions and posedness include, e.g.: [69, 70] for homogeneous, incom-
pressiblee fluids, [59] for non-homogeneous incompressible fluids, [36] for boundary 
conditionss for hyperbolic systems with constant or variable coefficients, and [16] 
forr absorbing boundary conditions on truncated spatial domains. 

2.33 Interfac e Condition s 

2.3.11 Two-Flui d Flow Interfac e Condition s 

Wee consider a flow of two distinct contiguous fluids, separated by an interface. 
Equationss (2.1) describe the behavior of the flow in each of the fluids. At the in-
terface,, the state variables must comply with interface conditions. These interface 
conditionss provide a relation between the state variables of the contiguous fluids. 
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Thee interface conditions consist of kinematic and dynamic conditions. The 
kinematicc conditions are related to the continuity of velocity of the fluids at the 
interface.. The dynamic conditions express conservation of momentum at the inter-
face.. A detailed model for the behavior of fluid interfaces and the corresponding 
interfacee conditions are presented in [4,57]. Without additional assumptions on 
thee properties of the interface, the dynamic conditions depend in a complicated 
mannerr on the geometry of the interface. To simplify the dynamic interface con-
ditions,, we assume that the contributions of interface viscosity, interface tension 
andd interface density to the dynamic conditions are negligible. These assumptions 
aree valid in many practical applications. 

Too present the interface conditions, we consider an interface S between the 
twoo contiguous fluids. One fluid is designated the primary fluid and the other fluid 
thee secondary fluid. Denoting the unit normal vector to S from the primary to 
thee secondary fluid by n(x, t), we define 

x : == l i m x i e n, (2.4) 
ej.0 0 

i.e.,, x + and x~ are at the interface in the primary and secondary fluid, respectively. 
Underr the aforementioned assumptions, the stresses exerted on the interface by 
thee primary and secondary fluid must cancel: 

x+ + 
- n - ( p I - T)) = 0. (2.5) 

x*~ ~ 

Conditionss (2.5) are called the dynamic interface conditions. In equation (2.5), we 
cann distinguish d separate conditions. If t j(x , t) (j = 1 , . . ., d — 1) are orthogonal 
tangentt vectors to S, the inner product of (2.5) and tj yields d — 1 conditions: 

t j - r n n == 0, j = l , . . . , d - l . (2.6a) 

Conditionss (2.6a) prescribe continuity of shear stresses across the interface. These 
conditionss are called the tangential dynamic conditions. The inner product of (2.5) 
andd n yields: 

x + + 

-(p-r-.nn)-(p-r-.nn) =0. (2.6b) 
X --

Thiss condition is called the normal dynamic condition. 
Thee kinematic conditions for the interface prescribe that the flow velocity is 

continuouss across the interface: 

x+ + 
== 0, (2.7a) 

andd that the interface moves with the local flow velocity. The latter implies that 
iff  the interface position is written in parametric form as 

5 : = { x € M d : xx = X(y, t ) } 
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Tablee 2.1: Appropriate number of interface conditions n, for different combi-
nationss of the contiguous fluids in a two-fluid flow in M . 

combination n 
viscouss /viscous 
viscouss /inviscid 
inviscid/inviscid d 

n n 
2d+l 2d+l 
dd + 2 

3 3 

wi thyy e Ed _ 1, then 
0X(y,t) ) 

dt dt 
v(X(y,t),«) ) (2.7b) ) 

Notee that the velocity at the interface is uniquely defined by virtue of (2.7a). 
Thee interface conditions (2.6) and (2.7) are only valid if both fluids are 

viscous.. If either of the fluids is inviscid, the kinematic conditions (2.7) must be 
modified.. The continuity condition (2.7a) then only applies in the direction normal 
too the interface, i.e., 

0 , , 

andd only the normal velocity of the interface is prescribed: 

dx dx 
n - —— = n v . 

(2.8a) ) 

(2.8b) ) 

Moreover,, the tangential dynamic conditions then imply that the shear stress of 
thee viscous fluid must vanish at the interface. 

Iff  both fluids are inviscid, the dynamic conditions are modified as well. In 
thatt case, the tangential dynamic conditions (2.6a) are discarded and the normal 
dynamicc condition reduces to: 

-P -P == 0 (2.9) ) 

Conditionn (2.9) states that the pressure is continuous across the interface. 
Thee above implies that the number of interface conditions depends on the 

propertiess of the contiguous fluids. Table 2.1 lists the appropriate number of 
interfacee conditions for different combinations of the contiguous fluids. 

2.3.22 Free-Surfac e Condition s 

AA free surface can be regarded as a particular instance of an interface, in which 
thee stresses exerted on the interface by one fluid are negligible on a reference scale 
thatt is appropriate for the other. This occurs if the difference in densities of the 
contiguouss fluids is large. 

Inn order to derive the free-surface conditions from the general interface condi-
tions,, we consider a flow of two adjacent fluids with different densities. Let p$ and 
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QQ11 < " "  ;2
U"  < Ci , C2 < - " - ̂  Ü2 > f 2 ' 1 0) 

Po""  denote the reference densities for the primary and secondary fluid, respectively, 
andd let VQ be a suitable reference velocity for the flow. The derived reference stress 
PQVQPQVQ is suitable for the secondary fluid if moderate constants Cj and Cj (j = 1,2) 
existt such that 

UP-polll  ^ - „ ^ Ik 

withh ||  || the maximum norm of  in the secondary fluid for all t > 0. Equa-
tionn (2.10) is expressed with respect to the reference stress PQVQ, which is suitable 
forr the primary fluid, by 

£l(4)<fc-M<Sl(4),, £2 . MI , 
\Po\Po / PO Ô \PQ J VPo / PQV0 \P0 J 

Thiss implies that if the density ratio PQ / PQ is small, the deviation from pon of 
thee stress exerted on the interface by the secondary flow is insignificant for the 
primaryy flow. The primary flow is then independent of the secondary flow and, 
moreover,, the motion of the interface depends exclusively on the primary flow. In 
thiss case, the interface is called a free surface (or free boundary) of the primary 
flow. flow. 

Thee free-surface conditions follow from the general interface conditions under 
thee assumption that the secondary flow is inviscid and exerts a constant pressure on 
thee interface. The dynamic free-surface conditions follow immediately from (2.5): 
inn dimensionless form, 

n - ( p I - T ) = 0,, x 6 5 , t > 0, (2.12) 

withh p and r the dimensionless pressure and viscous stress tensor, respectively. 
Thee kinematic condition (2.8b) describes the motion of the free surface. Condi-
tionn (2.8b) can be recast into a convenient form, if the free surface is represented 
ass a level set: 

SS :=  { x € Rd : ̂ (x, t) = 0}  . (2.13) 

Thee kinematic free-surface condition can then be recast into 

ll  + v - V ^ O , x € 5 , i > 0. (2.14) 
at at 

Inn the absence of overturning waves, the free surface is often represented by a height 
functionn of the horizontal coordinates. If r)(xi,... ,Xd-i,t) denotes the height of 
thee surface with respect to some fixed reference surface, then the corresponding 
levell  set is ^(x, t) = rj(xi,..., xj-i, t) — Xd- The kinematic condition then assumes 
thee familiar form: 

nn d—l Q 

-&-& ++ HHvvJd^-Jd^-VdVd = 0' x e S , t > 0. (2.15) 

Equationss (2.8b), (2.14) and (2.15) are different formulations of the condition that 
thee free surface moves in its normal direction with the normal component of the 
locall  flow velocity. 
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2.44 Proble m Statemen t 
Wee axe concerned with the steady flow of water underlying air. The ratio of the 
densityy of air to the density of water is sufficiently small to treat the water-air 
interfacee as a free surface. Moreover, for our purposes, water can be treated as a 
homogeneous,, incompressible, viscous fluid. 

Too formulate the free-surface flow problem, let V denote the volume occupied 
byy the water, dV its boundary, S the free surface and 7Z = dV \ S the rigid 
boundary;; see Figure 2.1 on page 8. The steady free-surface flow problem is 
describedd by the aforementioned equations with the partial derivatives with respect 
too t omitted. Because the water is assumed to be homogeneous and incompressible, 
thee density can be removed from the dimensionless governing equations. The 
steadyy free-surface flow problem is then stated as: Given the rigid boundary 1Z, 
findfind S and v : V  ̂ Rd and p : V i-> R such that: 

divv (vv + pi - T) = -Fr~2ed , x e V , (2.16a) 

divvv = 0, x € V , (2.16b) 

withh the viscous stress tensor r according to (2.3b), subject to the free-surface 
conditions s 

n - Q j I - n - r )) = 0, x € S, (2.17a) 

n -vv = 0, x € S , (2.17b) 

andd the rigid-boundary conditions on 72.. 
Thee above problem statement contains the envisaged problem. However, 

too facilitate the investigation of numerical techniques, in the ensuing sections we 
wil ll  also consider closely related problems, e.g., the two-fluid compressible Euler 
equationss or the steady free-surface potential flow equations. 
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Analysi ss  of Viscou s Free-Surfac e Flow in 
Primitiv ee Variable s 

3.11 Introductio n 
Flowss that are partially bounded by a freely moving boundary occur in many 
practicall  applications, for instance, ship hydrodynamics, hydraulics and coating 
technology.. Classically, free-surface flow problems have been examined by means 
off  perturbation methods and Fourier techniques; see, e.g., Refs. [37,44,63]. These 
analysess are restricted to generic problems, such as perturbations of a uniform 
flow.. However, these generic problems already contain important information on 
thee general properties of free-surface flow problems. Presently, computational 
methodss play an important role in the analysis of free-surface flow problems that 
occurr in actual engineering applications. 

Thee analysis of numerical methods for (initial) boundary value problems gen-
erallyy proceeds in the same manner as the classical analyses based on perturba-
tionn methods and Fourier techniques. The differential operators in the continuum 
problemm are then replaced by their difference approximation. The familiar von 
Neumannn stability analysis (see, for instance, Refs. [25,52,77]) is in fact an ap-
plicationn of perturbation methods and Fourier techniques to difference equations. 
Thee analyses are important in the assessment of the stability of discretizations and 
off  the convergence behavior of numerical solution methods. 

I tt appears that an analysis of viscous free-surface flow problems in primitive 
variables,, i.e., velocity and pressure, is not available. The classical analyses of 
viscouss free-surface flows [37] and, in a more general context, stratified flows [26] 
adoptt a vorticity-based formulation of the flow equation.,. Rec nt investigations of 
viscouss free-surface flows (e.g., Ref. [15]) maintain this formulation. This outset 
hass two disadvantages. Firstly, these analyses are generally inappropriate for the 
investigationn of numerical methods, because most numerical methods for viscous 
free-surfacee flow problems treat the flow equations in primitive variables. Secondly, 

15 5 
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thee analyses are restricted to two spatial dimensions and, due to the properties of 
thee vorticity formulation (see, e.g., Ref. [19]), cannot be straightforwardly extended 
too include the practically relevant case of three spatial dimensions. 

Inn this chapter we present an analysis of the viscous free-surface flow equa-
tionss in primitive variables. We consider the generic problem of perturbations in a 
uniformm horizontal flow of finite depth in two- and three spatial dimensions. Only 
first-orderfirst-order perturbations are considered. Our primary interest is in the application 
off  the analysis to the assessment of numerical methods for the viscous free-surface 
floww problem. However, this application is not currently presented. The presented 
analysiss has raison d'etre independently, as it yields important information on the 
propertiess of viscous free-surface flows in three spatial dimensions. Classical re-
sultss in two spatial dimensions are included as a special case. The results concern 
thee dispersive behavior of surface gravity waves, the asymptotic temporal behav-
iorr of wave groups, and the structure and properties of the free-surface boundary 
layer. . 

3.22 Statemen t of Objective s 
Wee consider the dimensionless Navier-Stokes equations for an incompressible ho-
mogeneouss fluid subject to gravity. The velocity being solenoidal, divT = fiAv, 
withh fi := 1/Re. Hence, we consider 

v tt + div vv + Vp - /xAv = -F r~2ed , x e V „ t > 0 , (3.1a) 

divvv = 0, xeVv,t>0. (3.1b) 

Thee considered spatial domain Vn is defined by 

VVvv := { x e Rd : -oo < x\,..., xd-\ < +oo, - 1 < xd < 7/}, (3.2) 

withh r]  :=  rj{x\,... ,xa-i,t). The domain Vn is bounded by the moving boundary 
Sr,Sr, :=  {xd = 77}  and the rigid boundary Tl :=  {xd = — 1}. 

Att the boundary 1Z we impose the free-slip boundary conditions: 

ed-vv = 0, ed- ( (Vv ) + ( V v ) T ) - e j = 0 , xeK,t>0, (3.3) 

withh j = 1 , . . ., d — 1. At Sv the dynamic free-surface conditions are imposed: 

p - 2 / i n - V v -nn = 0, n- ((Vv) + (Vv) T ) -tj = 0 , xG<ST ?, t>0, (3.4) 

withh n the unit normal vector to Sv and t j , j — 1, . .. ,d — 1, orthogonal unit 
tangentiall  vectors to Sv. Moreover, the vertical displacement 77 of the moving 
boundaryy Sv is related to the velocity of the underlying fluid flow by the kinematic 
condition n 

T]T] tt + VVTJ- vd = 0, xeSr,,t>0. (3.5) 

Thee moving boundary Sr, is then a free surface. 
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Equationss (3.1)-(3.5) must be supplemented with suitable initial conditions 

v(x,, 0) = v0(x) , p(x, 0) = po(x), x € Vv , (3.6a) 

withh Vr, the closure of V^, and 

7?(x,, 0) = 770 (x) , x € So , (3.6b) 

withh v0, po and 770 given. 
Ourr objective it to determine asymptotic solutions of (3.1)-(3.6) in the limi t 

ass H77II —> 0, i.e., for small displacements of the free surface. Moreover, we investi-
gatee the properties of such solutions. 

3.33 Infinitesima l Solution s 

3.3.11 Generatin g Solutio n 

Iff  the initial displacement of the free surface is specified 

r / ( x , 0 ) = 0,, x e S0 , (3.7a) 

andd the initial conditions (3.6a) are specified 

v(x,, 0) = v<°> , p(x, 0) = - F r -2x d , x 6 V0 , (3.7b) 

wheree v^0^ :=  (v[',..., vd_i, 0), with v[ ,..., vd\ constant velocity components, 
andd 7 denotes closure, then the corresponding solution of (3.1)-(3.6) reads 

77(x,t)) = 0, x e 50 , t > 0 , (3.8a) 

and d 
v(x,t)) = v ( 0 ) , p(x,t) =-Fr- 2xd, x e V 0 l t > 0 . (3.8b) 

Thee above solution corresponds to a uniform horizontal flow. A uniform horizontal 
flowflow is indeed a (steady) solution of the considered free-surface flow problem. 

If,, instead, the initial displacement of the free surface is specified 

r?(x,, 0) = e/i0(x) , x G «So , (3.9a) 

withh ho independent of e, and, accordingly, 

v ( x , 0 ) = v0 ( x ; e ),, p(x,0) = p0(x;e) , x € V,, , (3.9b) 

wheree vo(x;e) — v ^ and po(x;e) — — Fr~2Xd as e — 0, then the corresponding 
solutionn of (3.1)-(3.5) approaches (3.8) as e —> 0. In this context, the solution (3.8) 
iss called a generating solution. 
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3.3.22 Infinitesima l Condition s 

Wee consider the free-surface flow problem (3.1)-(3.5), supplemented with the ini-
tiall  conditions (3.9). Motivated by §3.3.1, we assume that as e — 0 the corre-
spondingg perturbed solution can be expanded asymptotically as 

»?(x,, t;e) = J2 Xi (c) Vil) (x, t) + o(Xn) 
i=i i=i 

üj(x,t;c)) =vf] + £ # ' ( e ) uf (x,*) + o ( « , j = l , . . . ,d 
i=i i=i 

p{x,t;e)p{x,t;e) = -Fr-2xd + ^(f>i{e)pil){x,t) + o(4>n), 

(3.10a) ) 

(3.10b) ) 

(3.10c) ) 
i=i i=i 

forr all n = 1,2,..., with respect to certain uniform asymptotic sequences {^(e)} , 
jj  = 1 , . . ., d, {(f>i (e)} and {xz(e)} , with / = 1,2, — For a definition of asymptotic 
sequencess and the Landau symbols, o and O, used below, see, e.g., Ref. [35]. 

Thee condition that (3.10a) complies with (3.9a) implies that \i must be of 
0(e).0(e). We choose \i — e- The functions Vi( €) a nd <^i(e) a re required to be of 
o(l)) as e — 0. We assume that the expansion (3.10) is uniformly valid in (x, t) 
forr x 6 Vv and £ > 0. The representation (3.10) of the solution as an asymptotic 
seriess is referred to as a formal solution. We refer to the first term in the series 
expansionn as the infinitesimal perturbation or the first-order perturbation. 

Uponn inserting (3.10) in (3.1), we obtain 

EEE E 
1=11=1 m=lk=l 

++ o ( ^) + o(0„)=O, (3.11a) 

and d 

++ o(tö - 0 , (3.11b) ) 

forr all x G Vn, t > 0. Because terms of different order in e must vanish separately 
ass € —> 0, (3.11a) implies: (1) that ip{ = 0(< )̂ to maintain a meaningful relation 
betweenn v and p; (2) that 4>i = 0(<j)\(j)i-\)  = 0(<f>[)  to maintain a meaningful 
relationn between successive terms in the expansion. Based on (1), we choose 

44 = 4>i-
Thee requirement that (3.10) satisfies (3.1) (3.5) and (3.9) imposes certain 

conditionss on the successive terms in the expansion. The infinitesimal conditions, 
i.e.,, the conditions which the first-order perturbation must satisfy, are obtained 
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byy inserting the expansion (3.10) in (3.1)-(3.5) and (3.9), and collecting terms of 
orderr 0((f>\). 

Collectingg terms of order 0(<fii)  in (3.11): 

v(! )) + v(o). V v ( D + v ^ 1 ) - fiAvw = 0, x e V ^ . O O, (3.12a) 

d i v v ( 1 ) = 0,, x e V 7 7 , t > 0. (3.12b) 

Insertingg (3.10) in (3.3) and collecting terms of 0(<f>\)7 the boundary condi-
tionss at the rigid boundary 1Z yield 

vvdd
1}1} = 0, x e Tl, t > 0, (3.13a) 

dvdv{1){1) dv{1) 

- ^ -- + - ^ - = 0, x e R , t > Ol j = l , . . . ) d - l . (3.13b) 
OXdOXd OXj 

Too obtain the free-surface conditions for the infinitesimal perturbation, an 
asymptoticc expansion of the unit tangential and normal vectors to S  ̂ is required. 
Iff  the tangential and normal vectors to the undisturbed free surface So are ê  
andd ed, respectively, then the unit tangential and normal vectors to Sv can be 
expandedd as 

t j ( xx -I- J7(x, t) ed) = ej + (e,  VIJ(X , t)) ed + 0{e2), (3.14a) 

d-i d-i 

n(xx + r/(x, t) ed) = ed - ^ (e,  VT?(X, *)) *j  + 0{e2), (3.14b) 

withh x 6 So- The remainder is 0(e2) because 77 = 0(e). 
Taylorr expansion of v(x, t) around x € So yields 

v(xx + T/(X) ed, t) = v(x, t) + r/(x, t) ed  Vv(x , t) + 0(e2), (3.15a) 

Vv( xx + r/(x) ed, t) = Vv(x , t) +  T?(X, t) ed  VVv(x , t) + 0(e2) . (3.15b) 

Hence,, by (3.10), 

v(xx + T/(X) ed, t) = v(0) + & v*1*  (x, i) + r(e) , (3.16a) 

Vv ( xx + r){x) ed, t) = 0!Vv ( 1 )(x, i ) + r(e), (3.16b) 

withh x e So and the remainder r(c) = 0(e2) + 0(c<fri) + 0{4>2). Similarly, we 
obtainn for the pressure 

p(xx + 77(x)ed,£) = 0ip(1)(x,* ) - eP r -V1^ * , * ) + f (e) , x <E S0 , (3.17) 

withh f(e) = 0(<fi2) + 0(e(f>i) + 0(x2)- Equation (3.17) yields a meaningful relation 
betweenn p and 77, provided 0i = 0(e). We choose 0i = e. From the remainder f 
wee infer that a meaningful relation between successive terms in the approximation 
iss only obtained if xi = 0{ê). Hence, the remainders r and f are both of 0(e2). 
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7]7] > 0 

Figuree 3.1: The spatial domain Vv and the undisturbed free surface So; So is 
nott contained in Vv-

Insertingg (3.10) and (3.14)-(3.17) in (3.4)-(3.5) and collecting terms of 0 (e ), 
wee obtain the infinitesimal conditions 

,(DD _ F r " 2? /x ' - 2M 
Or Or ( i ) ) 

dxdx n n 

dxddxd dxj 

0, , 

0 , , 

xx G S0,t > 0, 

x e 50 ! ( > o, , 

(3.18a) ) 

(3.18b) ) 

and d 

drf drf 
Of Of 

d-l d-l 

33 = 1 

(0)ory y ( i ) ) 
,.(!) ) 

<9x7--
xeSxeS0:0:t>t>  0. (3.18c) ) 

Observee that (3.18) must be satisfied on the undisturbed free surface So-
However,, v^1' and j / 1 ' are defined on the spatial domain V,,. Because So is not 
necessarilyy contained in Vv, it can occur that v '1) and p  ̂ in (3.18) are not 
properlyy defined; see Figure 3.1. To avoid this, we assume that v ^ and pW can 
bee extended smoothly beyond the boundary Sv in such a manner that they are 
welll  defined in a neighborhood of Sv including So. For x G <So,x ^ V,;, we then 
definee v^1) and p  ̂ in (3.18) by their smooth extension from Sn. 

Ignoringg terms of 0 (e2 ) , the initial conditions (3.9) yield 

er?(1)(x,0)) = e / i0 ( x ) , 

v ( 1 ) ( x . 0 ) = v o ( x ; e ) - v ( o ) . . 

p ( 1 ) ( x , 0 ) = p0 ( x ; e)) + F r -2 x d , 

xx G S0 , 

x e V , . . 

X GG V„. 

(3.19a) ) 

(3.19b) ) 

(3.19c) ) 

Equationn (3.19) specifies the infinitesimal initial conditions. 
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3.3.33 Generi c Modes 

Too determine the infinitesimal perturbation, i.e., the solution of (3.12)-(3.13) and 
(3.18)-(3.19),, we first determine generic modes in compliance with (3.12). Subse-
quently,, we use these generic modes to form the infinitesimal perturbation. 

Forr convenient notation, let q(x, t) :=  (v\ \ . . ., vd , pW) (x, t) and /i(x, t) := 
n^(x,t).n^(x,t). To construct a Fourier representation of q(x,£), we first consider an 
isolatedd mode: 

q(x,, t) := q(k, s, UJ) exp (ik  x + sxd + iwt) , 

h(x,t)h(x,t) := /i(k,u;)exp(ik'X + ia;t) , 

(3.20a) ) 

(3.20b) ) 

withh k := fciei +  + kd-i^d-i, kj € M. the horizontal wave number, OJ € C the 
radianradian frequency and s € C. Note that the product k-x yields k\X\ + .. .+kd-\Xd-\. 
Insertingg (3.20a) into (3.12), we obtain 

P(k,, s,w)-q(k, s,cj)exp(ik-x + sxd + uot) — 0 , 

withh the Fourier symbol P(k, s,u;) according to 

(3.21) ) 

/H(k,s,uj)/H(k,s,uj) 0 
00 H(k,s,oj) 

P(k , s ,w ) := = 

V V 
0 0 

ifci i 
0 0 

'\k'\k2 2 

i&2 2 

H(k,s,uj)H(k,s,uj) s 

(3.22a) ) 

0 / / 

where e 
H{k,H{k, «,w) := iw + iv<°> -k + ju(|k|2 - s2). 

Hence,, (3.20a) complies with (3.12) if 

q(k,, S,UJ) € kernel(P(k, s,o;)) . 

(3.22b) ) 

(3.23) ) 

Equationn (3.23) only allows nontrivial q(k, s, UJ) if P(k, s, uS) is rank-deficient. This 
requiress that k, s and u satisfy 

d - l l 
det(P(k,w))) = (|k|2 -s2) (H{k,s,oj))a = 0. (3.24) ) 

Forr d = 2, the kernels of P(k, s, u;) corresponding to the different roots 
off  (3.24) are: 

span n iff  k, s,w = 0 , (3.25a) ) 
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orr otherwise 

iki iki 
span̂ ^ | (- l ) j |k| iff  s = (-l)'"|k| (j = l,2), (3.25b) 

spann { I — iki 

Forr d = 3, 

spann < 

orr otherwise 

it it 

\ ( l \ \ 
0 0 

00

I V V 
(°) (°) 

1 1 
0 0 w w 

°) °) 
0 0 

''  h W W 
°\) °\) °° > 

 0 f 
WJ J 

spann < 

spann < 

i& i i 

i&2 2 
(- l) j |k| | 

r// * \ / o \ 
s s 0 0 

—ifci i 

L\\  J 
-ik-ik2 2 

\\ o ) 

iff  tf(k,s,u;) = 0 

i ff  k, S,UJ = 0 

iff  if(k , *,<*;)= 0. 

(3.25c) ) 

(3.26a) ) 

if SS = ( - l ) J> | (J = 1,2), (3.26b) 

(3.26c) ) 

Notee that (3.25a) and (3.26a) correspond to constant modes. Because (3.25b) 
andd (3.26b) are independent of fi, the associated modes are called inviscid modes. 
Inn contrast, the modes corresponding to (3.25c) and (3.26c) are viscous modes. 

Inn view of the linearity of (3.12), a solution of (3.12) can be represented as a 
linearr combination of the modes (3.25) or (3.26). Hence, a generic inviscid mode 
cann be defined by 

qf (k,a;,x,t)) = ^Ö}(k ,a ; )c i ; (k ,c j )exp( ik -x+( - l ): ' | k |xd + iu;i), (3.27a) 
33 = 1 

withh 6) : Kd_1 
X C H C ( J '' = 1,2), and 

/ / 

qj(k,w) ) 

iki iki 

ifcd-i i 
(-lp'|k| | 

(3.27b) ) 
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AA  generic viscous mode is 

d-ld-l 2 

qv(k,w,x,*)) = ^ ^ ^ . ( k ^ q ^ u O e xp (ik-x + (-iy<jxd + iu;t), (3.28a) 
i=ii=i  j=i 

withh eftj : E^-1 x C h-> C (/ = 1 , . . ., d - 1, j = 1,2), 

<rr := <r(k,w) = ^/|k|2 + i(o; + v(0)-k)// i , (3.28b) 

and d 

and d 

'("1)JV V 
q?j(k,a;)== [ -if c 

0 0 
iff  d = 2 , (3.28c) ) 

qL( k^ )) = 

/ ( - 1 ) V \ \ 
0 0 

—ifci i 
vv o ; 

qL-( k^)) = 
( - l ) V V 

iff  d = 3 . (3.28d) 

3.3.44 Surfac e Gravit y Waves 

AA solution of (3.12)-(3.13) and (3.18) can be formed by linear combination of the 
genericc modes (3.27)-(3.28). The case d = 2 can be treated as a particular case of 
dd = 3, with 62 j and k<i set to 0, and wil l therefore not be considered separately. 

Too enforce the boundary conditions (3.13), we choose 

ö j ( k , a ; ) = ^ ( k , a ; ) e x p ( ( - i y | k | ),, ^ ( k , w ) = 0?(k,w)exp ( ( - 1 ) V ) , (3.29) 

withh 0*(k,u;) : Md_1 x C i-*  C and 9f (k,o;) : Ed _1
 X C H C , where .7 = 1,2 and 

// = 1,2. Equations (3.27) and (3.28) then yield 

/iA: 1cosh(|k|(ll  + a:d))\ 

q ^ k ^ x . i )) = ^(k,w) ifc2cosh(|ki(ll  +rcd) 
|k |s inh( |k | ( l+ord) ) ) 

V-S7cosh(|k|(ll  + ard))y 

expp (ik  x + vrt) , (3.30a) 

with h 
nn :=  Ü{k,uj) = i(w + v ° k ) , (3.30b) ) 
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and d 

qv(k,u,,x, i)) = ^(k,u,) 

// <7 cosh (cr(l + Xd)) \ 
0 0 

—ifcii  sinh (tr(l + Xd)) 
0 0 V V 

++ ^(k,o; ) 

/ / 

aa cosh (er(l + Xd)) 
-i&22 sinh (er(l + Xd)) 

expp (ik  x + iut) 

\ \ 

expp (ik  x + kutf) , (3.30c) 

respectively. . 
Thee sum of the above inviscid and viscous modes, ql + qw, and the infinites-

imall  surface displacement (3.20b) satisfy the conditions (3.18) if the following 
conditionss hold: 

0*00 cosh |k| + Fr-2h + 2/i(6>i|k|2cosh |k| - i<rcosh<7 (0?fci + 0v
2k2)) = 0 , (3.31a) 

nhnh - {9{|kisinh [k| - isinh a {d\ki + 6V
2 k2)) = 0 , (3.31b) 

66ii 2ifei |k|sinh |k| + 9\{o-2 + k2) sinh a = 0 , (3.31c) 

00ll 2ifc2|k|sinh |k| + 0v
2{a

2 + fc|)sinha = 0 , (3.31d) 

Eliminatingg the ratios h/d1, 6\/6l and O^fd1 from these equations, we obtain 

(k(k22{(T{(T22 + k%) + k\{p2 + k2)\ (4//Ocr|k|(tanh |k|/tanh<7) + 2Fr_2|k|tanh |k|) 

-- (a2 + k2)(a2 + k%)(n(Sl + 2^jk|2) + Fr_2|k|tanh |k|) = 0 . (3.32) 

Recalll  that er is defined by (3.28b). Hence, (3.32) specifies a relation between the 
radiann frequency UJ and the wave number k. Such a relation is called a dispersion 
relation.relation. Elimination of a2 from (3.32) by means of the definition (3.28b) yields 
thee following implicit relation for the dispersion relation: 

Q(00 + fi\k\2) ( (0 + 2fi\k\2)2 + Fr-2|k|tanh |k|) 

-- fi2 ( 4fi<7|k|(tanh |k| / tanha) ( |k |2(0 + /z|k|2) + 2pfc?fc§) 

fcfc22fcfc22(3Fr-(3Fr-22|k|tanh|k||k|tanh|k| - 0 (0 + 2/i|k|2) H - 0 + + (3.33) ) 

Itt appears impossible to explicitly extract the dispersion relation w(k) from 
equationn (3.33). However, an asymptotic expansion of the dispersion relation in 
thee limit fi —> 0 can be constructed. As fi —» 0, (3.33) possesses two distinct roots 

ujj{k;ujj{k;  fi) = -v<°> -k + ( - l ) J$ (k) + i2fi\k\2 + o{fi), (3.34a) ) 
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withh j = 1,2 and 

$(k)) = ^/Fr-2|k| tanh|k| . 

Too construct the expansion (3.34), it is important to note that 

aa _ yjii\\a\2 + Q exp (2v/|k|2 + fi//i) + 1 
tt anno- y ss exp (2v/ |k|2 + fi//i) -  1 

== O(Vv^) , 

(3.34b) ) 

(3.35) ) 

ass ii — 0. Hence, the remainder in (3.34) is indeed o(n). 
Iff  (3.34) is inserted in (3.20a) and terms of o(n) are ignored, it follows that 

ann isolated Fourier mode behaves in x\,..., Xd-i and t as: 

expp ( - 2/i|k|2t)exp (ik-x - i(v (0) -k - ( - l ) '$ (k) ) * ) (3.36) ) 

Equationn (3.36) associates a traveling wave with each root of the dispersion re-
lation.. These waves are called surface gravity waves. The surface gravity waves 
movee with the phase velocity 

c(k)) = |k|~ V ° ) k - (-l)>"*(k) ) k , j = 1,2 , (3.37) 

(see,, e.g., Ref. [78]) and attenuate as exp(—2fi\k\2t). 

3.3.55 Constan t Perturbation s 

AA solution of (3.12)-(3.13) and (3.18) can also be formed by linear combination 
off  the constant modes (3.26a). One can infer that for d = 3 any such constant 
perturbationperturbation can be represented as 

; (1) ) 

;2 2 

\P\P(1)(1)) ) 

and d 

(x,, t) = w , with w := 

/i(x,, t) = Fr2u;4 , 

M M 
0 0 

w w 
(3.38a) ) 

(3.38b) ) 

forr arbitrary constants v\, v2 and p. The case rf = 2 can again be treated as a 
particularr case of d — 3, with vi set to 0, and will not be considered separately. 

3.3.66 Compatibilit y of Initia l Conditions 
Thee surface gravity waves express the infinitesimal perturbation corresponding to 
aa disturbance in the initial conditions in the form of an isolated Fourier mode. A 
generall  infinitesimal perturbation can be represented as a linear combination of 
thee constant mode and the Fourier integral of these surface gravity waves, provided 
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thatt the perturbation in the initial conditions complies with certain compatibility 
conditions. . 

Too facilitate the description of the compatibility conditions, we note that 
thee conditions (3.31c)-(3.31d) specify an interdependence between the inviscid 
modee (3.30a) and the viscous mode (3.30c). For each root ^j(k) of the dispersion 
relationn (3.33), we can condense the corresponding surface gravity wave into 

where e 

with h 

Wj(k,, Xd) exp (ik-x + icjj(k)t ) , 

Wj(k,xWj(k,xdd)) :=w} (k ,xd ) - / iw j (k ,x d) 

/ i fc ioosh( |k | ( l+xd) ) ) 

wl(k,x d)) := 

and d 

w^(k,xd)) := 
2ifci|k|sinh|k| | 

/i|k|22 + 0,-+jifc? 

î 22 cosh (|k|(l + Xd) 
|k |s inh(|k|( l+ord)) ) 

V - ^cosh ( | k | (ll  + a:d))/ 

ff Oj cosh (<Tj(l + Xd))/sinhaj \ 
0 0 

—iki—iki sinh (<7j(l + Xd))/siuh &j 
0 0 

(3.39a) ) 

(3.39b) ) 

(3.39c) ) 

+ + 
2ifc2|k|sinh|kj j 

/ / 0 0 
ojoj cosh (cTj (1 + Xd))/sinh CTJ 

—\k,2—\k,2 sinh (<Jj(l  + Xd))/sinha 
0 0 

(3.39d) ) 
/j|k|22 + rtj  + [ik\ 

withh Qj :=  S7(k, cjj(k)) and <Tj := cr(k,u;j(k)) according to (3.30b) and (3.28b), 
respectively. . 

Moreover,, from the conditions (3.31) it follows that the surface displacement 
carriedd by the surface gravity wave (3.39) is 

hjhj (k) exp (ik  x + Uj (k) i ) , (3.40a) ) 

with h 

hh33(k)(k) := -F r: fijcoshfijcosh |k| + 2/i|k|2cosh |k| 

4/z2aj|kjsinh|k| | 
tanhh a-: 

k\ k\ 
+ + 

f£n f£n 

fi\k\fi\k\22 + ÜJ+ nk\ /x|k|2 + Qj + yk\ 
.. (3.40b) 
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Too specify the compatibility condition for the initial conditions (3.9), we 
define e 

q0(x)) := lim ! ( **&*>  " ^ ) . (3.41) 
M 0 WW e^oe Vpo(x;e)+Pr 2xdJ

 K ' 
Lett m denote the number of roots of the dispersion relation (3.33). The ini-
tiall  conditions (3.9) are called compatible with (3.1) (3.5) to 0(e2) as e — 0, if 
9j9j : Rd _1 i-> C exist such that 

/

°°° _m_ 
5^0j(k)wj(k,a:d)exp( ik-x)dkk + O(e), (3.42a) 

i i 

//

°°° _rn_ 
^^ öj (k) hj (k) exp (ik  x) dk + 0 (c ). (3.42b) 

-ooo j = l 

withh w € Rd +1 a constant vector in accordance with (3.38a). The compatibility 
conditionss (3.42) imply that the infinitesimal initial conditions (3.19) can be 
satisfiedd to 0(e2) by a linear combination of the constant modes (3.38) and a 
Fourierr integral of the surface gravity waves. 

Existencee of the integrals in (3.42) implies certain restrictions on the initial 
conditions,, in addition to the compatibility conditions; see, e.g., Ref. [72]. How-
ever,, many of these restrictions can be relaxed if 0j is understood in a generalized 
sensee [43]. 

3.3.77 Genera l Infinitesima l Perturbation s 

Thee infinitesimal perturbation corresponding to an arbitrary compatible initial 
conditionn can be represented as 

q(x,, t) = w +  ̂ / 0j (k) Wj(k, xd) exp (ik  x + \uj (k)t) dk , (3.43a) 
j = ll  J-oo 

171171 /-OO 

h(x,h(x, t) = Fr2w4 + XI / 93 (k) hi (k) exP (i k x + 'lu;j (k)«) dk , (3.43b) 

forr appropriate w and 0j(k). If 6j(k) w ^ k, Xd) and 6j(k) hj{k) are analytic func-
tionss of k for all considered xdl then the integrals describe the behavior of wave 
groups,groups, i.e., a group of contiguous (in Fourier space) surface gravity waves. 

Denotingg the Fourier transforms of q0(x) and ^o(x) from x\,..., xd-i to k 
byy Wo(k, Xd) and h0(k), respectively, the infinitesimal initial conditions imply the 
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followingg conditions on w and Oj(k): 

m m 

w0(k ,zd)) = w<5(k) -f ^ ö j ( k ) w j ( k , x d ) , (3.44a) 

m m 

^o(k)) - Fr2ü)4 <5(k) + ^ ^ ( k ) ^ ( k ) , (3.44b) 

withh £(k) the Dirac 5-function. If the conditions (3.44) uniquely determine w 
andd 9j(k) for all k such that w?(k, xa) ^ 0 or %(k)  ̂ 0, then the infinitesimal 
perturbationn (3.43) is uniquely determined by (3.1)-(3.5) and the initial condi-
tionss (3.9). This is, of course, a prerequisite for well posedness of the problem 
definedd by (3.1)-(3.5) and (3.9). 

Fromm (3.33) and (3.39) (3.40) it follows that Wj(k,xd) = 0 and hj{k) = 0 
ifff  k = 0. The conditions (3.44) with k = 0 then uniquely determine w. For all 
kk / 0, the conditions (3.44) uniquely determine 0?(k), provided that the pairs 
(wj(k ,, Xd)i hj(k)), j = 1 , . . ., m, are linearly independent for some Xd G [0,1]. 

Forr sufficiently small /i, the infinitesimal perturbation is unique: From (3.34) 
andd (3.39) it follows that the number of roots of the dispersion relation is m = 2 
ass fi — 0 and that the associated pairs (wj(k,Xd),hj(k)), j = 1,2, are linearly 
independentt for all k ^ 0. 

3.44 Solutio n Behavio r 
Inn this section we summarize several characteristic features of surface gravity waves 
andd of surface gravity wave groups. 

3.4.11 Evolutio n of Loca l Disturbance s 

Thee dispersive behavior of the surface gravity waves implies that the velocity of 
thee waves varies with the wave number. This is apparent from expression (3.37) for 
thee phase velocity. Consequently, the Fourier modes that are present in an initially 
locall  disturbance in the flow appear later at different positions. This well-known 
phenomenonn is also described in the classical references [37,44]. 

Too illustrate this behavior, we consider the evolution of the free-surface dis-
placementt for a stagnant inviscid free-surface flow in two spatial dimensions, i.e., 
v[°)) = 0, /i = 0 and d = 2, in the case that the infinitesimal initial displacement 
off  the free surface is given by 

hh00(x)=e~(x)=e~xx , - oo < x < oo. (3.45) 

Thee Fourier components of the initial displacement ho(x) are 

ho(k)ho(k) :=  — / ho(x) e-lfc*  dx = — - = , . (3.46) 
27TT J_00 lyj-K 
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Thee infinitesimal free-surface displacement is expressed by (3.43b). Considering 
thee typical case 82(h) = 0, we obtain that the infinitesimal free-surface displace-
mentt is given by the wave group 

oo e- f e 2 / 4 , 1 . 

h(x,t)=h(x,t)= ^exp f i f cz + iA/Fr |fc|tanh|/c|£)dfc. (3.47) 
J-OOJ-OO 2 V 7 r V v / 

Figuree 3.2 plots the real part of h(x,t) according to (3.47) for Fr = |. The 
separationn of the Fourier components with different wave numbers that occurs due 
too the dispersive behavior of the surface gravity waves is indeed apparent. 

Figuree 3.2: Evolution of a local disturbance in the free-surface position ac-
cordingg to (3.47). 

3.4.22 Steady Waves 

Equationss (3.39)-(3.40) imply that a surface gravity wave with wave number k is 
steadyy if the dispersion relation (3.33) has a root ujj(k) = 0. For inviscid flows 
(fi(fi  = 0), it follows from (3.34) that this occurs for k such that 

,2,2 _ » . 
(v<°>-k)) =Fr -2 | k | tanh |k| (3.48) ) 

Withoutt loss of generality, below we assume that the reference velocity is chosen 
suchh that M°) | = 1. 



300 Chapter 3. Analysis of Viscous Free-Surface Flow 

Forr d = 2, equation (3.48) yields a relation between the wave number and 
thee Froude number: 

l /c l-Hanhlfc^Fr2.. (3.49) 

Forr subcritical flows, i.e., for Fr < 1, equation (3.49) specifies a unique relation 
betweenn the Froude number and the wave length A := 2n/k. Figure 3.3 displays 
thee relation between the wave length of the steady surface gravity wave and the 
Froudee number, according to (3.49). For supercritical flows (Fr > 1) a solution 

Figuree 3.3: Relation between the wave length, A, and the Froude number, Fr, 
forr steady surface gravity waves in a channel of unit depth. 

too (3.49) does not exists and, accordingly, a steady surface gravity wave does not 
occur. . 

Too facilitate the derivation of the steady waves for d = 3, we assume, without 
losss of generality, that v(0) = ei, so that v(0) -k = hi. Equation (3.48) then yields 
thee following relation between k\, ki and Fr: 

kk''  = Fr"2 . (3.50) 
y/kfy/kf + k\ tanh ^/k\ + k\ 

Figuree 3.4 on the next page displays curves in the (fc^A^-plane on which the 
conditionn (3.50) is fulfilled for different values of Fr"2. From Figure 3.4 it becomes 
apparentt that for d = 3 the inviscid free-surface flow problem allows surface gravity 
wavess with unbounded |k|. From (3.36) it follows that these high wave number 
modess are effectively removed by viscosity. 
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Figuree 3.4: Wave-number curves of steady surface gravity waves in 3 dimen-
sionss for Fr- 2 = 0 , |, | ,1,2,4,8. 

3.4.33 Asymptotic Temporal Behavior of Wave Groups 

Thee asymptotic temporal behavior of a group of inviscid surface gravity waves 
iss determined by the asymptotic properties of the inverse Fourier transforms 
inn (3.43), with Wj(k) by (3.34) and [i  = 0. The behavior of these integral trans-
formss for t —> oo can be determined by means of the asymptotic expansion 

// /(A:)exp(i£(fc)t)dfc 
Jo Jo 

f(kf(k 00) ) 
2TT T 

\i"(ko)\t \i"(ko)\t 
exp(i[£(fc0)ii  + 0)]) + 0 (f - ' 3 t) , (3.51) 

withh 0 a positive constant, f(k) an analytic function and k0 a stationary point 
off  £(/c), i.e., £'(fc0) = 0. The expansion (3.51) requires that £(fc) is smooth in the 
neighborhoodd of stationary points in the sense that the ratio 4'"(fc0)/|£"(fco)|3/2 i s 

small;; see Ref. [37]. The method of stationary phase (snmetir: es nailed method of 
steepestt descent) can be used to prove (3.51); see, e.g., Refs. 14 79]. 

Thee inverse Fourier transforms in (3.43) can be ev; ïated fc. t -* :>o by intro-
ducingg a suitable coordinate transformation for k and applying (3.51) recursively 
withh respect to the transformed coordinates. The following asymptotic behavior 
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off  the inverse Fourier transforms (3.43) is then obtained: 

(27rA)(d" 1) /2(detH(ko))"1/2exp(iC(k0)tt + i C ) + 0 ( e - ^ ), (3.52a) 

ass t — oo, where 
£(k)) := k  x/t + uij(k), (3.52b) 

H(k)) denotes its Hessian and Q is a multiple of 7r/4 depending on the properties 
off  the Hessian; see also Ref. [78]. 

Iff  it = 0 in (3.34), then for fixed x and t —> oo, a stationary point k0 of £(k) 
occurss when 

» ( k ) = l t . 1 t , n h | k|| + |k|( l-unh'|k|) =̂ ,0 )| . = l i ___| r f _L ( 3.5 3) 

dkjdkj 2 ^/Ikjtanh |k| 

Withoutt loss of generality, we assume that v ^ is scaled such that jv^°^| = 1. A 
necessaryy and sufficient condition for a stationary point to exist is Fr~ A(|k|) = 1, 
with h 

(tanh|k|| + | k | ( l - t anh2 | k j ) ) 2 

A ( | k | )) -= 4 |k | tanh|k|  ( 3- 5 4) 

Onee can show that A(|k|) is a bijection from M.+ to (0,1]. Therefore, a stationary 
pointt exists iffFr < 1, i.e., for subcritical flows. This stationary point corresponds 
too a wave of which the group velocity (see, e.g., [44,78]) equals the flow-velocity. 
Consequently,, the energy associated with this wave remains at a fixed position 
andd decays only due to dispersion. 

Byy (3.52a), at subcritical Froude numbers the asymptotic temporal behavior 
off  the wave groups in (3.43) in Rd is 0{t^~d^2) as t — oo. In particular, the 
wavee groups attenuate as \j\fi  in M2 and as 1/t in R3. At supercritical Froude 
numbers,, a stationary point of £(k) does not exist and the first term in (3.52a) 
disappears.. The wave groups then vanish exponentially as t —> oo. 

3.4.44 Free-Surfac e Boundar y Layer 

AA particular feature of viscous free-surface flows is the boundary layer that is 
presentt in the vicinity of the free surface. The boundary layer of a surface gravity 
wavee (3.39) is contained in the viscous contribution (3.39d). From (3.39d) it follows 
thatt the typical structure of the free-surface boundary layer is 

cosh fa (ll  + »,)) _ 

sinhh Oj 

and d 
sinhh fa(l + *„) ) 

sinhh Oj 

forr the horizontal and vertical velocity components, respectively. The pressure 
doess not exhibit a free surface boundary layer. 

file:///j/fi
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Figuree 3.5 plots the modulus of (3.55a) versus the vertical coordinate for 
severall  values of \i. The modulus of (3.55b) behaves similarly. The sett ing of the 
remainingg parameters is Fr = \ / t anh 1, k\ = 1 and &2 = 0. In the absence of 
viscosity,, this setting corresponds to a steady surface gravity wave with d = 2; 
cf.. (3.49). To create Fig. 3.5, for each value of /J, we extracted the Q closest to 
—ii  from (3.33) and, subsequently, we obtained the corresponding a from (3.28b). 
Thee free-surface boundary layer structure is apparent in Figure 3.5. 

F iguree 3.5: Structure of the free-surface boundary layer according to (3.55a) 
forr fi = 10_ 1,10-2,10" ,10" " withh Fr = V tanh l, k\ = 1 and fo = 0. 

Thee free-surface boundary layer is weak in the sense that the boundary layer 
vanishess as [i  —> 0. From (3.33) it follows that 

QjQj = 0(1) 

Thee definition (3.28b) then implies 

(TJ(TJ = o( i /VM ) , 

ass n —> 0 . 

ass /j, —> 0 . 

(3.56) ) 

(3.57) ) 

Hence,, by (3.39), the viscous contribution to the horizontal velocity is 0(y/Jl) and 
thee viscous contribution to the vertical velocity is only 0(/i). This result is consis-
tentt with the statement in [5] that the velocity deviation through the free-surface 
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boundaryy layer is 0 ( 1 / A / R « ). The above implies that the free-surface boundary 
layerr indeed vanishes as // — 0. In contrast, the deviation of the horizontal and 
verticall  velocities through the boundary layer near a rigid no-slip boundary is 0(1) 
andd 0(y/jï), respectively; see, e.g., Ref. [35]. Hence, the boundary layer near a 
rigidd no-slip boundary persists as /i —> 0. 



Chapte rr  4 

Efficien tt  Numerica l Solutio n of Steady 
Free-Surfac ee Navier-Stoke s Flow s 

4.11 Introductio n 
Thee numerical solution of flows that are partially bounded by a freely moving 
boundaryy is of great importance in ship hydrodynamics [3,12,17,45], hydraulics, 
andd many other practical applications, such as coating technology [54,55]. In 
shipp hydrodynamics, an important area of application is the prediction of the 
wavee pattern that is generated by the ship at forward speed in still water. This 
wavee generation is responsible for a substantial part of the ship's resistance and, 
therefore,, it should be minimized by a proper hull form design. Computational 
methodss play an important role in this design process. Most computational tools 
thatt are currently in use for solving gravity subjected free-surface flows around 
aa surface-piercing body rely on a potential flow approximation. Present develop-
mentss primarily concern the solution of the free-surface Navier-Stokes (or RANS) 
flowflow problem. 

Forr time-dependent free-surface flows, generally there is no essential differ-
encee in the treatment of the free surface between numerical methods for potential 
flowflow or Navier-Stokes flow. Typically, the solution of the flow equations and 
thee adaptation of the free boundary are separated. Each time step begins with 
computingg the flow field with the dynamic conditions imposed at the free surface. 
Next,, the free surface is adjusted through the kinematic condition, using the newly 
computedd velocity field. 

Forr steady free-surface flows, however, such a conformity of approaches for 
viscouss and inviscid flow cannot be observed. For instance in ship hydrodynamics, 
whereass dedicated techniques have been developed for solving the free-surface po-
tentiall  flow problems (see, e.g., Ref. [51]), methods for Navier-Stokes flow usually 
continuee the aforementioned transient process until a steady state is reached (see, 
e.g.,, Refs. [3,12]). However, this time-integration method is often computation-

35 5 
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allyy inefficient. In general, the convergence to steady state is retarded by slowly 
attenuatingg transient surface gravity waves. Moreover, the separate treatment of 
thee flow equations and the kinematic condition yields a restriction on the allow-
ablee time-step. Due to the specific transient behavior of free-surface flows and the 
time-stepp restriction, the performance of the time-integration method deteriorates 
rapidlyy with decreasing mesh width. In practical computations, tens of thou-
sandss of time steps are often required, rendering the time-integration approach 
prohibitivelyy expensive in actual design processes. 

Severall  approaches have been suggested to improve the efficiency of time-
integrationn methods, e.g., pseudo-time integration and quasi-steady methods; see 
Refs.. [17,75]. It appears that these approaches indeed improve the efficiency, 
butt do not essentially improve the asymptotic convergence behavior of the time-
integrationn method. 

Alternativee solution methods for steady free-surface Navier-Stokes flow ex-
ist,, but they have not been widely applied in the field of ship hydrodynamics. In 
thee field of coating technology successive approximation techniques are often em-
ployed,, in particular, kinematic iteration and dynamic iteration [55]. Kinematic 
iterationn imposes the dynamic conditions at the free surface and uses the kinematic 
conditionn to displace the boundary. Dynamic iteration imposes the kinematic and 
thee tangential dynamic conditions at the free surface and uses the normal dynamic 
conditionn to adjust the boundary position. However, the convergence behavior of 
bothh iteration schemes depends sensitively on parameters in the problem; see, 
e.g.,, Refs. [11,58]. A method that avoids the deficiencies of the aforementioned 
iterativee methods, is Newton iteration of the full equation set [55]. The positions 
off  the (free-surface) grid nodes are then added as additional unknowns and all 
equations,, including the free-surface conditions, are solved simultaneously. An ob-
jectionn to this method is that simultaneous treatment of all equations is infeasible 
forr problems with many unknowns, such as three-dimensional problems and prob-
lemss requiring sharp resolution of boundary layers. Finally, the free-surface flow 
problemm can be reformulated into an optimal shape design problem, which can then 
inn principle be solved efficiently by the adjoint optimization method. A problem 
withh this approach is its complexity: although much progress has been made in 
thee formulation of adjoint equations for problems from fluid dynamics, including 
thee Navier-Stokes equations [21], setting up the adjoint method remains involved. 
Moreover,, efficiency is only obtained if proper preconditioning is applied [66,68], 
andd constructing the preconditioner for the free-surface Navier-Stokes flow prob-
lemm is intricate. 

Thee current work presents an iterative method for efficiently solving steady 
free-surfacee Navier-Stokes flow problems. Although our interest is the previously 
outlinedd ship hydrodynamics application, it is anticipated that the method is 
alsoo applicable to other gravity dominated steady viscous free-surface flows at 
highh Reynolds numbers, such as occur, for instance, in hydraulics. The proposed 
methodd is analogous to the method for solving steady free-surface potential flow 
problemss presented in [51]. The method alternatingly solves the steady Navier-
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Stokess equations with a so-called quasi free-surface condition imposed at the free 
surface,, and adjusts the free surface using the computed solution. The quasi 
free-surfacee condition ensures that the disturbance induced by the subsequent dis-
placementt of the boundary is negligible. Each surface adjustment then yields an 
improvedd approximation to the actual free-boundary position. 

Thee contents of this chapter are organized as follows: In Section 4.2 the 
equationss governing incompressible, viscous free-surface flow are stated and the 
quasii  free-surface condition is derived. Section 4.3 proves that the usual time-
integrationn approach is generally unsuitable for solving steady free-surface flows. 
Sectionn 4.4 outlines the iterative solution method and examines its convergence 
behavior.. Numerical experiments and results for a two-dimensional test case are 
presentedd in Section 4.5. The application to actual ship wave computations is in 
progresss and will be reported in a sequel. Section 4.6 contains concluding remarks. 

4.22 Governin g Equation s 

4.2.11 Incompressibl e Viscou s Flow 

Ann incompressible, viscous fluid flow, subject to a constant gravitational force 
iss considered. Although only steady solutions are of interest, for the purpose of 
analysiss the equations are considered in time-dependent form. 

Thee fluid occupies an open, time-dependent domain Vv C M.d (d = 2,3), 
whichh is enclosed by the free boundary, Sv, and a fixed boundary, dVv \ Sv. 
Positionss in Rd are identified by their horizontal coordinates (x\,... ,Xd-\) and a 
verticall  coordinate y, with respect to the Cartesian base vectors e i , . . ., e^-i and 
j ,, respectively. The origin is located in the undisturbed free surface So, and the 
gravitationall  acceleration, g, acts in the negative vertical direction. We consider 
freee surfaces that can be represented by a so-called height function, i.e., Sv = 
{(x ,, ?7(x, t))}. The height function 77 is assumed to be a smooth function of the 
horizontall  coordinates and time. See Figure 4.1 on the following page for an 
illustration. . 

Thee distinguishing parameters of the viscous free-surface flow problem are 
thee Froude number, Fr := U/y/gl, and the Reynolds number, Re := pU£/n, with 
UU an appropriate reference velocity, g the gravitational acceleration, £ a reference 
lengthh and n the dynamic viscosity of the fluid. The fluid density p is assumed to be 
constant.. The state of the flow is then characterized by the (non-dimensionalized) 
fluidfluid  velocity v(x, y, t) and pressure p(x, y, t). Incompressibility of the fluid implies 
thatt the velocity field is solenoidal: 

divvv = 0, (x,y) G Vr,,t>0. (4.1a) 

Conservationn of momentum in the fluid is described by the Navier-Stokes equa-
tions.. The pressure is separated into a hydrodynamic component tp and a hydro-
staticc contribution as p(x, y, t) = tp(x, y, t) — Fr~2y. Because the gradient of the 
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Figuree 4.1: Schematic illustration of the free-surface flow problem. 

hydrostaticc pressure and the gravitational force cancel, the Navier-Stokes equa-
tionss for a gravity subjected incompressible fluid read: 

—-- + divvv + V</3-divr(v) = 0, ( x , i / ) e V „ ( > 0 , (4-lb) 

wheree r (v) is the viscous stress tensor for an incompressible Newtonian fluid: 

T(V )) :=Re-1( (Vv ) + (Vv) T ) . (4.1c) 

Ourr primary interest is in turbulent flows. We consider the Reynolds Av-
eragedd Navier-Stokes (RANS) equations, supplemented with a turbulence model 
thatt is based on eddy viscosity. For our purpose, the RANS equations are essen-
tiallyy the same as the Navier-Stokes equations, with the important difference that 
thee RANS equations have steady solutions even at the envisaged high Reynolds 
numbers. . 

4.2.22 Free-Surfac e Condition s 

Free-surfacee flows are essentially two-fluid flows, of which the properties of the 
contiguouss bulk fluids are such that their mutual interaction at the interface can 
bee ignored. For an elaborate discussion of two-fluid flows, see, e.g., Refs. [4,57]. 
Thee free-surface conditions follow from the general interface conditions and the 
assumptionss that both density and viscosity of the adjacent fluid vanish at the 
interfacee and, furthermore, that the interface is impermeable. Here it will moreover 
bee assumed that interfacial stresses can be ignored, which is a valid assumption in 
thee practical applications envisaged. 
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Onn the free surface, the fluid satisfies a kinematic condition and d dynamic 
conditions.. Impermeability of the free surface is expressed by the kinematic con-
dition n 

_ ii  + v.V(r?-y)=0, {x,y)£Srnt>0. (4.2a) 

Supposedd that the viscous contribution to the normal stress at the free surface is 
negligible,, continuity of stresses at the interface requires that the pressure vanishes 
att the free surface. This results in the normal dynamic condition 

ip-Fr-ip-Fr- 22r)r)  = 0, ( x , j , ) € 5 „ , t > 0. (4.2b) 

Thee requirement that the tangential stress components vanish at the free surface 
iss expressed by the d — 1 tangential dynamic conditions 

t i - r ( v ) - nn = 0, {x,y)eSr,,t>0. (4.2c) 

Here,, t l (i = 1 , . . ., d - 1) are orthogonal unit tangent vectors to Sv and n denotes 
thee unit normal vector to S^. 

Onee may note that the number of free-surface conditions for the viscous free-
surfacee flow problem is d+ 1. The incompressible Navier-Stokes equations in Rd 

requiree d boundary conditions. Hence, the number of free-surface conditions is 
indeedd one more than the number of required boundary conditions. 

4.2.33 Quasi Free-Surfac e Conditio n 

AA fundamental problem in analyzing and computing free-surface flow problems, is 
thee interdependence of the state variables v ,p and their spatial domain of defini-
tionn through the free-surface conditions. This problem can be avoided by deriving 
aa condition that holds to good approximation on a fixed boundary in the neigh-
borhoodd of the actual free boundary. We refer to such a condition as a quasi free-
surfacesurface condition, because the qualitative solution behavior of the initial boundary 
valuee problem with this condition imposed is similar to that of the free-boundary 
problem,, but the boundary does not actually move. A suitable quasi free-surface 
conditionn for the free-surface Navier-Stokes flow problem is derived below. 

Lett Sr, denote the actual free surface, as defined before. In a similar manner, 
aa nearby fixed boundary Se := {(x,0(x))}  is introduced, with 0(x) a smooth 
functionn on «S0. We require that Se is close to the actual free surface in such a 
mannerr that 

<S(x,*):=f;(x,O-0(x),, (4.3) 

iss small and sufficiently smooth. In particular, for all t > 0, 6 must satisfy \\S\\s0 + 
\\V8\\s\\V8\\s99 + \\5t\\sB < e, for some e < 1. Here ||  \\ \\SeSe is a suitable norm on the 
approximatee boundary. Assuming that p and v can be extended smoothly beyond 
thee boundary «Sg, Taylor expansion in the neighborhood of Se yields for p and v 
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att the actual free surface, 

p(x,, i7(x, i) , t) = p(x, 0(x),«) + <5(x, t) j  Vp(x, 0(x), t) + 0(e2), (4.4a) 

v(x,, r/(x, t), t) = v(x, 0(x), t) + <5(x, t) j  Vv(x , 0(x), i) + 0(e2), (4.4b) 

Thee normal dynamic condition (4.2b) demands that the left-hand side of (4.4a) 
vanishes.. Hence, the elevation of the free surface can be expressed in terms of the 
pressuree and its gradient at the approximate surface: 

rf**>-«">-j^&>rf**>-«">-j^&> ++<**>-<**>- (4-5) 

Too obtain an 0(e2) accurate quasi free-surface condition, i.e., an 0(e2) ap-
proximationn of the conditions at «Sg, v and r]  in the kinematic condition (4.2a) can 
bee replaced by (4.4b) and (4.5), respectively. The resulting condition is, however, 
intractable.. Instead, two additional assumptions concerning v and p are intro-
ducedd to obtain a convenient quasi free-surface condition. The first assumption is 
thatt the vertical derivative of the pressure is dominated by the hydrostatic compo-
nent,, —Fr~2. Generally, this assumption is valid for waves of moderate steepness. 
Specifically,, we suppose that a constant av <C 1 exists such that for alH > 0, 

||ll  + P r2 j - V p | |5 e< ap . (4.6) 

Thee second assumption is that the vertical derivative of v is small, in such a 
mannerr that a constant crv <C 1 exists with the property that for all t > 0, 

| | j - V v | U < av .. (4.7) 

Underr this assumption, the velocity at the actual free boundary, v(x, rj(x, £), i), 
cann be accurately approximated by the velocity at the fixed boundary, v(x, 9{x), t). 
Byy (4.4b), the error in the approximation is only 0(eerv). In [5] it is shown that 
thee velocity-deviation through the free-surface boundary layer is proportional to 
thee surface curvature and 1/v/ïïë. Moreover, av in (4.7) increases with the wave 
steepness.. Therefore, the assumption erv -C 1 is valid if the steepness and curvature 
off  the free-surface waves are moderate and if Re is sufficiently large. 

Underr the above assumptions a convenient quasi free-surface condition can 
bee derived. Substitution of the hydrostatic approximation of the pressure gradient 
inn (4.5) yields 

p(x,fl(x),t) ) 

-Fr~-Fr~22{l+{l+  0{ap)) 
i,(x,t)) = 0(x) - / X ' ; X,. ^ = ö(x) +Pr2p(x,Ö(x), i)(l + 0(ap)) . (4.8) 

Thee dynamic condition (4.2b) and (4.4a) imply that p = 0(c) on <Se. Hence, 
ignoringg terms 0(e2, eop), the free-surface elevation is related to the hydrodynamic 
pressuree at the approximate boundary by 

r/(x,£)) = 0(x) + Fr2p(x,0(x),t) = FrV(x,0(x), i) . (4.9) 
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Too transfer the kinematic condition (4.2a) to the approximate surface Se, rj  is 
replacedd by (4.9) and v on Sv is replaced by v on SQ. The error thus introduced 
iss only 0(c2,e<Tp,eav). Special care is required in expressing the gradient of 77, 
becausee (4.9) relates rj  to <p on the curvilinear surface Sg: 

thenn follows that 

^ + v - V ( 7 7 - y ) = F r 2 ( ^ + v V ( ^ - F r - 2 y ) )) + 

F r 2 ^ V ' ( ^ " J ) + O ( E 2 ' e ( T p ' e a v )) = 0- ( 4 - U ) 

Usingg the kinematic condition (4.2a) and definition (4.3), the second term on the 
right-handd side of (4.11) can be recast into 

P r2 f ^ v  V(0 - y) = F r 2 ^ v  Vf a - 6 - y) = - F r 2 ^ (v-VÖ + St) (4.12) 
ayay ay dy 

Byy virtue of the smoothness of S, the term in parenthesis is just 0(e) and (4.12) 
iss only 0(ecrp). The second term on the right-hand side of (4.11) can therefore be 
ignored.. Hence, it follows that 

^ + v - V ( ^ - F r - 2 y )) = 0, (4.13) 

approximatess the conditions at the boundary So to 0(e2,eerp,eerv). This implies 
thatt (4.13) is a quasi free-surface condition on any fixed boundary that is suffi-
cientlyy close to the actual free surface, provided that (4.6) and (4.7) are fulfilled. 

Onee may note that (4.13) is exactly satisfied at the actual free surface. 
Therefore,, the quasi free-surface condition can replace either the kinematic con-
ditionn (4.2a) or the normal dynamic condition (4.2b) in the formulation of the 
free-surfacee conditions in §4.2.2. 

Thee importance of the quasi free-surface condition is that the quasi free-
surfacee flow solution, i.e., the solution of the Navier-Stokes equations with (4.13) 
andd (4.2c) imposed at a fixed boundary in the neighborhood of the actual free 
surface,, is an accurate approximation to the actual free-surface flow solution. Be-
causee the tangential dynamic conditions are largely irrelevant to the shape of the 
freee surface (see Ref. [5]), it is anticipated that the change in the solution due to 
imposingg (4.2c) at SQ instead of 5^ is negligible. In that case, if (4.13) holds at S&, 
thenn the free surface conditions (4.2b) and (4.2a) are satisfied to 0(e2, e<rp, e<rv) at 
thee boundary 

{(x,FrV(x,0(x ,, *)))}  (4-14) 

Therefore,, the solution of the quasi free-surface flow problem is an 0(e2, ecrp, ecrv) 
approximationn to the solution of the free-surface flow problem. Moreover, (4.14) 
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iss an equally accurate approximation of the actual free-surface position. One may 
notee that (4.14) just uses the normal dynamic condition to determine the position 
off  the free surface. 

4.33 Tim e Integratio n Method s 
Thee most widely applied iterative method for solving gravity dominated steady 
free-surfacee Navier-Stokes flow is alternating time integration of the kinematic 
condition,, and the Navier-Stokes equations subject to the dynamic conditions, 
untill  steady state is reached. This section examines the computational complexity 
off  this time-integration method, i.e., the number of operations per grid point 
expendedd in the solution process. 

Thee computational complexity of the time-integration method depends on 
thee physical time that is required to reduce transient wave components in the 
initiall  estimate to the level of other errors in the numerical solution. The tran-
sientt behavior of surface gravity waves therefore plays an essential part in the 
complexityy analysis. This transient behavior is discussed in detail in Chapter 3. 
Sectionss 4.3.1 and 4.3.2 below summarize the main results. The implications on 
thee computational complexity is examined in Section 4.3.3. 

4.3.11 Surfac e Gravit y Waves 

Wee consider the specific case of a small amplitude disturbance of a uniform hor-
izontall  flow on a domain V C M.d of infinite horizontal extent and unit vertical 
extent.. The domain is bounded by the undisturbed free surface So :=  {(x , 0)} 
andd a rigid impermeable free-slip bottom B := { (x , -1) } . The uniform flow ve-
locityy is v(°) := (u [0 ) , . . . , u^ i , 0 ), with \v^\ = 1. The above implies that the 
undisturbedd fluid-depth and flow velocity are designated as reference length and 
velocity,, respectively. 

Supposee that a disturbance is generated in the flow, such that for a l i i > 0 
thee resulting surface elevation satisfies ||T7||S0 + ll^/lls o + ll^llso — €' ^or s o me 

positivee e. We assume that the corresponding perturbed free-surface flow solution 
cann be written as 

( V ) ( x , y , t ; 6 ) = r | )
0 ) J + € f V

( 1 ) j ( x 1 y , i )) + O(c2), a s e ^ O . (4.15) 

Fromm §4.2.3 it follows that the solution of the quasi free-surface flow problem on V 
iss an 0(e2, eap, eav) approximation of the actual free-surface flow, with ap and <rv 

definedd by (4.6) and (4.7), respectively. However, (4.15) implies that av and erv are 
off  O(e). Hence, the quasi free-surface flow solution on V is an 0(e2) approximation 
too the actual free-surface flow solution. Consequently, for sufficiently small and 
smoothh perturbations the results on the behavior of the quasi free-surface flow 
solutionn apply immediately to the behavior of the actual free-surface flow solution. 
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Supposee that the disturbance can be written as a linear combination of hor-
izontall  Fourier modes exp(ik-x + iutf), with k € IRd-1 the wave number of the 
Fourierr mode and OJ its radian frequency. Because the perturbed quasi free-surface 
flowflow problem is linear to 0(e2), it suffices to consider a single mode. If the following 
Fourierr mode is inserted for the perturbations in (4.15), 

M 1 } \ \ 

}}d-\ d-\ 

..(1) ) 

WW1]1]J J 

(x,y,t)) = 

// i* lCosh(|k|(l + y)) \ 

ifcd-iCoshflkKl+y)) ) 

|k |s inh( |k | ( l+ i / )) ) 

V( - l )J i * (k )c t *h( |k | ( ll  + y))/ 

expp (ik  x + iujj  (k) t) , 

wheree Wj(k) is either of the two roots of the dispersion relation: 

ujj(k)ujj(k) :=  -v<°> -k - ( - l ) ' * ( k ) , j = 1,2, 

and d 

$ ( k ) : = ^ F r -2 | k | t a n h ( | k | ), , 

(4.16a) ) 

(4.16b) ) 

(4.16c) ) 

thenn the corresponding v and tp comply to 0(e2) with the quasi free-surface flow 
problem,, except the tangential dynamic conditions (4.2c), which yield 

t**  -T(V ) -n = R e- 1 e2i kj |k| sinh(|k|) exp( i kx + k^(k) t) (4.17) ) 

Becausee (4.17) is only 0(c|k|3/Re) as |k| — 0, the error is negligible for sufficiently 
smalll  k and large Re. Hence, equation (4.16a) accurately describes the behavior of 
smoothh free-surface waves in a uniform horizontal flow at sufficiently high Reynolds 
numbers.. The perturbations (4.16a) are called surface gravity waves. For an 
elaboratee discussion of surface gravity waves in potential flow see, e.g., Refs. [37, 
44]. . 

4.3.22 Asymptoti c Tempora l Behavio r 

Thee asymptotic temporal behavior of surface gravity waves is determined by the 
asymptoticc properties of the Fourier integral of the modes (4.16a). The behavior 
off  the integral transform for t —  oo can be determined by means of the asymptotic 
expansion n 

O O 

// F{k)exp(it^{k))dk 
Jo Jo 

F(kF(k0 0 
2TT T 

tW'{ko) tW'{ko) 
exp(i[^(fco)) + i7rsign<H*o)]) + 0 ( e - * ), (4.18) 
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withh P a positive constant, F(k) an analytic function and k0 a stationary point of 
V>(&),, i.e., ip'(ko) = 0. The expansion (4.18) requires that ip(k) is smooth in the 
neighborhoodd of stationary points in the sense that the ratio tp"'(ko)/\ip"(ko)\3^2 

iss small; see Ref. [37]. The method of stationary phase (sometimes called method 
off  steepest descent) can be used to prove (4.18); see, e.g., Refs. [44,79]. 

Thee Fourier integral of (4.16a) can be evaluated for t —> oo by introduc-
ingg a suitable coordinate transformation for k and applying (4.18) recursively 
withh respect to the transformed coordinates. Denoting by <r(x, y, t) a component 
inn (4.16a) and by <r(k, y) its Fourier transform, one obtains 

a{*,y,t)a{*,y,t) = <j(k0,y) (27r/ i )(d-1) /2(detH(ko))"1 / 2exp(i#(k0) + K) +0{tTf*), 
(4.19a) ) 

ass t — oo, where 
^(k)) := k  x /i + uja(k) , (4.19b) 

H(k)) denotes its Hessian and ( is a multiple of 7r/4 depending on the properties 
off  the Hessian; see also [78]. By (4.16b) and (4.16c), for fixed x and t — oo, a 
stationaryy point k0 of /̂>(k) occurs when 

3$(k)) ttajihlkl + |k|(l - tanh2|k|) kj _  ̂ ^ 

dkjdkj 2 v/|k|tanh |k| |k| 3 ' 

Assumingg that v ^ is scaled such that |v^° |̂ = 1, a sufficient and necessary con-
ditionn for a stationary point to exist is Fr-2A(|k|) = 1, with 

(tanhjkjj  + | k | ( l - t a n h2 | k | ) )2 

A ( | k | )) - 4 |k | tanh|k|  l 4 ^ i j 

Onee can show that A(|k|) is a bijection from R+ to (0,1]. Therefore, a single 
stationaryy point exists iff Fr < 1, i.e., for subcritical flows. This stationary point 
correspondss to a wave of which the group velocity (see, e.g., Refs. [44,78]) equals 
thee flow-velocity. Consequently, the energy associated with this wave remains at 
aa fixed position and decays only due to dispersion. 

Byy (4.19a), at subcritical Froude numbers the asymptotic temporal behavior 
off  the surface gravity waves (4.16) in Rd is 0 ( t( 1 _ d ) / 2) as t —> oo. In particular, 
surfacee gravity waves attenuate as \j\ft in R2 and as l/t in R3. At supercritical 
Froudee numbers, a stationary point of i/>(k) does not exist and the first term 
inn (4.19a) disappears. The surface gravity waves then vanish exponentially as 
tt —+ oo. 

4.3.33 Computationa l Complexit y 

Supposee the objective is to solve a steady free-surface flow problem by the time-
integrationn method. The asymptotic temporal behavior of surface gravity waves 
cann then be used to estimate the asymptotic computational complexity of the 
method. . 

file:///j/ft
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Spatiall  discretization of the incompressible Navier-Stokes equations with ap-
propriatee boundary conditions on fixed boundaries and the free-surface conditions 
onn the free boundary yields a discrete operator L^ : Ah '—  Bh, with Ah denoting 
thee space of grid functions on a grid with characteristic mesh width h. The op-
eratorr Lh is assumed to be stable and pth. order consistent, i.e., the discretization 
error,error, e ,̂ is 0{hP) as h — 0. 

Numericall  time integration of the spatially discretized free-surface flow prob-
lemm yields a sequence q£ e Ah, n = 0,1,2, — The grid-function q° is a restriction 
off  initial conditions to the grid. Assuming the time step in the time-integration 
method,, r, to be constant, qj£ approximates the solution of the free-surface flow 
problemm at time t = TIT. Suppose that the discretized free-surface flow problem 
hass a unique solution q£ G Ah, and that the sequence q£ indeed approaches q£ 
ass TIT — oo. The evaluation error is defined by 

ll nn--=K-Qhl--=K-Qhl  (4-22) 

Iff  the aim is to approximate the solution of the steady free-surface flow prob-
lem,, it is sufficient to reduce the evaluation error to the level of the discretization 
error.. Further reduction does not yield an essential improvement in the approxi-
mationn of the continuum solution anyway. By (4.19a), the asymptotic behavior of 
thee evaluation error at subcritical Froude numbers is 

7nn = 0 ( (nr )( 1" d ) / 2) , as nr -> oo . (4.23) 

Forr an example of this convergence behavior in actual computations, see the nu-
mericall  experiments on fine grids in [75]. From (4.23) it follows that -yn < eh 
requires s 

nn = 0{h2p/{l-d)T-1), as h — 0. (4.24) 

Equationn (4.24) implies an increase of the number of time-steps to reach steady 
statee within the required tolerance. This is particularly manifest for high-order 
discretizationss (large p) and low spatial dimension (d = 2). 

Ann additional complication is that usually the allowable time-step decreases 
withh h. Time integration of free-surface flow problems typically proceeds in two 
alternatingg steps: 

(Tl )) Integrate the incompressible Navier-Stokes equations, subject to the dy-
namicc conditions at the free surface and appropriate boundary conditions at 
fixedfixed boundaries. 

(T2)) Integrate the kinematic condition to adjust the free-surface position, using 
thee solution from (Tl) . 

Duee to this separate treatment and the hyperbolic character of the kinematic 
condition,, stability of the numerical time-integration method requires that the 
timee step complies with a CFL-condition, r oc h. 
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Summarizing,, equation (4.24) and the CFL-condition imply that the number 
off  time steps required to reach 7n < ê  is 0(h~^1+2p^d~1^). Assuming that the 
computationall  complexity of the time-integration method is proportional to the 
numberr of time steps, at subcritical Froude numbers the computational complexity 

WW = 0{h^1+2P^d-^), a s / i ^ O. (4.25) 

Equationn (4.25) implies a severe increase in the computational expenses as h de-
creases.. For example, in the typical case of a 2-nd order discretization of the 
three-dimensionall  problem, if the mesh-width is halved, the required computa-
tionall  work per grid point increases by a factor of 8. 

4.44 Efficien t Solutio n of Steady Free-Surfac e Flow s 
Fromm Section 4.3 it is evident that the usual time-integration approach is inap-
propriatee for solving steady free-surface flows at subcritical Froude numbers. In 
thiss section we present an efficient iterative solution method for gravity subjected 
steadyy free-surface flows. The method is outlined in Sect. 4.4.1. The conver-
gencee properties of the method and its computational complexity are examined in 
Sects.. 4.4.2 and 4.4.3. 

4.4.11 Iterativ e Solutio n Metho d 

Fromm the results in §4.2.3, it follows that an accurate approximation to the free-
surfacee flow and to the free-surface position can be obtained by the following 
operations: : 

(11)) For a given initial boundary <S, solve (v, <p) from 

( X , Ï , ) € V ,, (4.26a) 

(x,y)€dV\S,(x,y)€dV\S, (4.26b) 

( x , y ) e S,, (4.26c) 

wheree (4.26b) represents boundary conditions on the fixed boundary. 

(12)) Use the solution of (II ) to adjust the boundary S to 

{(x, yy + FVV(x , l , ) ) : ( x , y )G5} . (4.27) 

Notee the appearance of the quasi free-surface condition in its steady form in (4.26c). 
Thee modified boundary approximates the actual free surface more accurately than 

divv vv + Vip — div r (v) = 01 

divvv = OJ 

B(v,p)) = b(x,j/), 

t ' - r ( v ) - nn = 0l 

v - V y > - F r " 2 j - vv = 0j 
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thee initial boundary, provided that the conditions discussed in §4.2.3 are fulfilled. 
Hence,, it is anticipated that the solution to the free-surface flow problem can be 
obtainedd by iterating the operations (II ) and (12). 

Iff  S is the actual free surface, then the normal dynamic condition is satisfied, 
i.e.,, p vanishes on S. In that case, n || Vp, and (4.26c) implies that the solution 
off  (4.26) complies with the kinematic condition and the tangential dynamic con-
ditions.. Hence, operation (II ) then yields the free-surface flow. Moreover, the 
normall  dynamic condition ensures that the surface adjustment in (12) vanishes, 
soo that the solution of the free-surface flow problem is indeed a fixed point of the 
iteration. . 

I tt is important to notice the absence of time-dependent terms in (II ) and (12). 
Therefore,, the slow decay of transient waves described in Section 4.3 is irrelevant 
too the convergence of the iterative process. The actual convergence properties 
off  (I1)-(I2) are examined below. 

4.4.22 Convergenc e 

Thee convergence behavior of the iterative method (I1)-(I2) can be conveniently 
examinedd by rephrasing the free-surface flow problem as an optimal shape design 
problem.. A general characteristic of free-boundary problems is that the number 
off  free-boundary conditions is one more than the number of boundary conditions 
requiredd by the governing boundary-value problem. A free-boundary problem can 
thereforee be reformulated into the equivalent optimal shape design problem of 
findingg the boundary that minimizes a norm of the residual of one of the free-
surfacee conditions, subject to the boundary-value problem with the remaining 
free-surfacee conditions imposed. 

Too obtain an optimal shape design formulation of the steady free-surface flow 
problem,, the cost functional E is defined by 

£ ( S , ( v , p ) ) :== ƒ |p(x,y) |d£. (4.28) 

Assumingg that (4.26) is well posed for all surfaces 5 in a space of admissible 
boundariess Ö, and that Ö contains the actual free-surface, the free-surface flow 
problemm is equivalent with the optimal shape design problem 

minn {E(S, (v,p)) : (v,p) satisfies (4.26)}  . (4.29) 

Noticee that (4.29) is in fact a constrained optimization pfob'jm, with the boundary 
valuee problem (4.26) acting as a constraint on (v,p). 

Thee optimal shape design formulation of the fret surfc--.e fknv problem al-
lowss convenient assessment of the convergence proper ty of the iterative method 
(I1)-(I2).. Each iteration adjusts the approximation to the free-surface position. 
Convergencee of the iterative method is ensured if each surface adjustment yields a 
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reductionn of the cost functional (4.28). Moreover, the reduction of the cost func-
tionall  between successive iterations is a measure of the efficiency of the method. 

Too determine the effect of a surface adjustment, consider the boundary $ 
andd the modified boundary 

SStata := {(x,i, ) + ea{x,y)j : (x,y) € S} , (4.30) 

forr a suitably smooth function a independent of e on S. The modified boundary 
iss the boundary of a domain V£Q, which approaches V as e *  0. Following [50], 
VV and Vea are embedded in a bounded set £ and it is assumed that for all V C £ 
withh S E Ö, a solution of (4.26) can be extended smoothly beyond the boundary, 
soo that (v,p) is well defined everywhere in £. 

Thee displacement of the boundary from S to Sea induces a disturbance in the 
solutionn of (4.26). Denoting by (v,p)ea the solution of (4.26) on VeQ, the induced 
disturbancedisturbance is defined by 

(v,p)'(v,p)'aa := ea - (v,p))  (4.31) 

Taylorr expansion of the cost functional then yields 

E(SE(S€a:€a: (v,p)ea) = ƒ |p+c(a j -Vp+py | (1+CMa) dS+0(e2), as e - 0. (4.32) 

Inn (4.32), the function p,a : S i-> IK. accounts for the change in the surface area 
fromm dS to dSea- Ignoring terms 0(c2), the modified boundary «Sea improves on 
SS if a positive constant £ < 1 exists such that 

ff \p + e(ayVp + i/a)\(l+eiJLa)ÓS<S [ \p\6S. (4.33) 

Iff  (4.33) holds for some C < 1, then the modification of the boundary from S 
too Sea yields a reduction of the cost functional. The smallest positive constant 
thatt satisfies (4.33) is called the contraction number. Clearly, a small contraction 
numberr implies a successful surface modification. 

Operationn (12) in the iterative procedure gives a correction of the boundary 
positionn ea = Fr2p. In that case, the value of the cost functional corresponding to 
thee modified surface is bounded by 

34) ) E(SE(Seaea,, (v,p)ea) < ƒ |p| |1 + Fr2j  Vp\ (1 + c/ia) dS + J \ep'a\dS . (4. 

Hence,, the contraction number £ of the iterative process (I1)-(I2) is bounded by 

C < . PP + ^ £ + 0 ( f ) , (4.35) 
JsJs \P\dS 

withh av defined by (4.6). From (4.35) it follows that if e and ap are indeed small, 
thenn the induced disturbance determines the convergence behavior of the iterative 
method. . 

file:///p/6S
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Too establish convergence of (I1)-(I2), it remains to show that the induced 
disturbancee p'a is indeed small. Sec. 4.2.3 shows that the quasi free-surface condi-
tionn (4.13) approximates the conditions at a fixed boundary in the neighborhood of 
thee free surface to 0(e2, eap, ecrv). Hence, displacing this condition from S to Sea 

yieldss no greater disturbance than that. In [5] it is shown that the tangential dy-
namicc conditions are largely irrelevant to the shape of the free surface. Conversely, 
thee induced disturbance due to enforcing the tangential dynamic conditions at S 
insteadd of Sea can be neglected. Therefore, the contraction number of the method 
(I1)-(I2)) is estimated 

CC = 0(e,<jp,<7v). (4.36) 

4.4.33 Computationa l Complexit y 

Eq.. (4.36) provides an upper bound for the contraction number of the method (II) -
(12).. One may note that if the approximate boundary is sufficiently close to the 
actuall  free surface (e small), then (4.36) depends on properties of the continuum 
solutionn only. Therefore, if the free-surface flow problem is solved numerically, the 
behaviorr of the iterative method is asymptotically independent of the mesh width. 

Thee iteration must be continued until the pressure defect at the free sur-
facee (4.28) has been reduced to the level of the spatial discretization error. Fur-
therr reduction does not essentially improve the approximation of the continuum 
solutionn anyway. Each iteration reduces the pressure defect at the free-surface by 
aa factor £. Therefore, the number of iterations n must satisfy 

Cnn = 0(/ ip), (4.37) 

wheree p denotes the order of consistency of the spatial discretization. This implies 
thatt n = 0(plog/i/logC)- Assuming that the computational complexity of the 
iterativee method is proportional to the number of iterations, the following estimate 
off  the computational complexity is obtained: 

WW = 0(\ogh). (4.38) 

Hence,, the efficiency of the method (I1)-(I2) decays only moderately as h decreases. 
Too eliminate the remaining weak /i-dependence of the computational com-

plexity,, nested iteration can be used. Generally, an iterative solution method is 
usedd to solve the boundary value problem (4.26) in step (II ) of the algorithm. The 
nestingg involves the use of the solution from the previous iteration as an initial 
estimatee for the solution process. Because this initial estimate becomes increas-
inglyy accurate, the cost of performing (II ) reduces as the iteration progresses. In 
particular,, assuming that the cost of solving (4.26) is proportional to the pressure 
defectt at the free surface, the amount of work that is required to achieve (4.37) is 

WW = w + Cw + t2w+--- + Cw < - — - w , (4.39) 

withh w the cost of solving (4.26) initially. Observe that the computational com-
plexityy (4.39) is indeed entirely independent of the mesh width. 
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Figuree 4.2: Example of a grid used in the numerical experiments. The grid 
iss coarsened for illustration purposes. 

4.55 Numerical Experiments and Results 
Thee method is tested for subcritical flow over an obstacle in a channel of unit 
depth,, at Fr = 0.43 and Re = 1.5 x 105, with the undisturbed fluid depth and the 
undisturbedd flow velocity at the free surface assigned as the reference length and 
velocity,, respectively. The geometry of the obstacle is 

977 H 
y(x)y(x) = -l+  — —x(x-L)2, 0<x<L, (4.40) 

44 Li 

withh H and L the (non-dimensionalized) height and length of the obstacle, re-
spectively.. Choosing H = 0.2 and L = 2, the setup is in agreement with [11]. At 
thee bottom boundary no-slip boundary conditions are imposed. A boundary-layer 
velocityy profile in accordance with the experiments from [11] is imposed at the 
infloww boundary. 

Thee test case with H = 0.2 displays large amplitude waves that exhibit 
typicall  nonlinear effects, such as sharp wave crests and wave-length reduction. In 
addition,, H = 0.15 is considered. This test case displays waves more in accordance 
withh linear wave-theory, see, e.g., Refs. [37,44]. 

Thee experiments are performed on grids with horizontal mesh widths h = 
2_ 5, 2 - 6 .. The number of grid cells in the vertical direction is 70 and exponential 
gridd stretching is applied to resolve the boundary layer at the bottom. Further-
more,, the grid is coarsened towards the inflow and outflow boundaries to reduce 
reflections.. A typical example of a grid used in the numerical experiments is pre-
sentedd in Figure 4.2. The RANS equations, closed with an eddy viscosity model 
duee to Cebeci and Smith [13], and the boundary conditions are discretized and 
solvedd by the method described in [29]. After each evaluation, the grid is adapted 
usingg vertical stretching. An initial estimate of the solution on the adapted grid 
iss subsequently generated by linear interpolation from the solution on the pre-
viouss grid. Details of the discretization method and the setup of the numerical 
experimentss can be found in [9]. 



4.5.. Numerical Experiments and Results 51 1 

0.044 -

final final 

0.022 - f\ f\ 

— ^^ / \ / \ 0 \ J \ 

-0.02 2 

-0.044 \ / 

00 1 2 3 4 5 
X X 

Figuree 4.3: Wave profile obtained after successive iterations (H = 0.15). 

Figuree 4.3 and Figure 4.4 show the wave profiles obtained in successive iter-
ationss for H = 0.15 and H = 0.2, respectively. The initial estimate (0th iterate) is 
justt the undisturbed free surface. One may note that the first iterate already dis-
playss a qualitatively correct wave profile. This confirms that the quasi free-surface 
floww solution is an accurate approximation to the actual free-surface flow solution. 
AA converged solution is obtained in approximately 2 iterations for H = 0.15 and 
inn approximately 10 iterations for H = 0.2. Due to the decreasing computational 
costt of each iteration (refer to §4.4.3), even for H = 0.2 the entire computation 
iss just 2 to 3 times as expensive as the corresponding fixed domain problem with 
symmetryy boundary conditions at the undisturbed surface. 

Figuree 4.5 on page 53 displays the pressure defect at the free surface af-
terr consecutive iterations. The results confirm convergence of the method. For 
HH = 0.15, the average contraction number is £ « 0.15 and the convergence be-
haviorr is indeed independent of h. After several iterations the contraction number 
increases.. However, this is entirely due to the fact that the quasi free-surface flow 
problemm (4.26) is solved only by approximation. If the tolerance on the residual 
off  (4.26) is reduced, i.e., if (4.26) is solved more accurately, then the original con-
tractionn number is recovered. For H = 0.20, the average contraction number is 
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Figuree 4.4: Wave profile obtained after successive iterations (H = 0.2). 

(( ss 0.45 for h = 2~5 and C ~ 0.52 for h = 2~6. As a result of strong nonlinearity, 
thee asymptotic mesh width independence of the convergence behavior is in this 
casee not yet apparent. 

AA detailed investigation of the convergence behavior of time-integration meth-
odss for the test case with H = 0.20 is presented in [75]. Typically, the time-
integrationn method requires approximately 104 surface adjustments to reduce the 
initiall  error by a factor of 10. The presented method achieves this in approximately 
44 iterations, for a similar setting of the numerical experiment. 

Figuree 4.6 on page 54 compares the computed wave elevation with measure-
mentss from [11]. In [11]. a non-dimensionalized amplitude a = 4.5 x 10~2  15% 
andd wave length A = 1.10  10% are reported for the trailing wave. The trailing 
wavee of the computed wave elevation on the grid with h = 2~6 displays amplitude 
aa = 6.5 x 10~2 and wave length A = 1.11. Hence, the computed wave length 
agreess well with the measurements. The amplitude appears to be overestimated. 
However,, the difference between the amplitude of the numerical results and of 
thee experimental data is not unusual, see, e.g., Refs. [75,76]. Observe also that 
thee difference in the amplitude of the first wave and the second wave is correctly 
predicted. . 
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Figuree 4.5: Pressure defect at the free surface versus the iteration number for 
HH = 0.15, h = 2- 5 , h = 2- 6 (o) and H = 0.20, h = 2"5 (+), h = 2"6 (o). 

4.66 Conclusion 
Thee usual time-integration method for solving steady free-surface Navier-Stokes 
flowflow problems was shown to be inefficient due to the specific transient behavior of 
surfacee gravity waves and a CFL-condition on the allowable time step. 

Motivatedd by the demand for efficient computational methods in practical 
applications,, we proposed a new iterative solution method. The method alternat-
inglyy solves the steady Navier-Stokes equations with a quasi free-surface condition 
imposedd at the free surface, and adjusts the free surface using the computed solu-
tionn and the 

Examinationn of the convergence properties of the iterative method revealed 
thatt the method uses the quasi free-surface condition to ensure that the distur-
bancee induced by the displacement of the boundary is small. It was shown that 
thee behavior of the method is asymptotically independent of the mesh width. The 
asymptoticc computational complexity of the iterative method deteriorates only 
moderatelyy with decreasing mesh width. Mesh width independence of the compu-
tationall  complexity can be achieved by means of nested iteration. 
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Figuree 4.6: Computed wave elevation for h = 2- 6 (solid line) and measure-
mentss from [11] (markers only), for H = 0.20. The obstacle is located in the 
intervall  x 6 [0, 2]. 

Numericall  results were presented for two-dimensional flow over an obstacle 
inn a channel. For the presented test cases, a converged solution was obtained in 
att most 10 iterations. The numerical results agree well with measurements. The 
numericall  experiments confirmed that the behavior of the method is asymptotically 
independentt of the mesh width. 

Wee believe that the proposed method will be useful in ship hydrodynamics, 
hydraulicss and other fields of application in which the efficient computation of 
steadyy free-surface flows at high Reynolds number is required. 
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Adjoin tt  Shape Optimizatio n for Steady 
Free-Surfac ee Flows 

5.11 Introductio n 
Thee numerical solution of flows that are partly bounded by a free boundary is of 
greatt importance in engineering applications, e.g., ship hydrodynamics [3,12,17], 
hydraulicss and coating technology [54,55]. A relevant class of free-surface flow 
problemss are steady free-surface flows. An example of a steady free-surface flow 
iss the wave pattern carried by a ship at forward speed in still water. The numer-
icall  techniques for free-surface potential flow are well developed; for an overview, 
seee [74]. In particular, dedicated techniques have been developed for solving the 
steadyy free-surface potential-flow equations, e.g., Ref. [51]. In contrast, methods 
forr the steady free-surface Navier-Stokes equations typically continue a transient 
processs until a steady state is reached. This time-integration method is often com-
putationallyy inefficient, due to the specific transient behavior of free-surface flows; 
seee [10,80]. Alternative solution methods for the steady free-surface Navier-Stokes 
equationss exist. However, the performance of these methods usually depends sensi-
tivelyy on the parameters in the problem, or their applicability is too restricted; see, 
forr instance, Refs. [55,58]. In [10], an efficient iterative algorithm was presented. 
However,, the implementation of the quasi free-surface condition that underlies the 
efficiencyy of this method can be involved. Hence, the investigation of numerical 
methodss for the steady free-surface Navier-Stokes equations is warranted. 

AA general characteristic of free-boundary problems is that the number of 
free-boundaryy conditions is one more than the number of boundary conditions 
requiredd by the governing boundary value problem. A free-boundary problem 
cann therefore be reformulated into the equivalent shape optimization problem of 
findingfinding the boundary that minimizes a norm of the residual of one free-boundary 
condition,, subject to the boundary value problem with the other free-boundary 
conditionss imposed. 

55 5 
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Optimall  shape design problems can in principle be solved efficiently by means 
off  the adjoint method. In recent years, much progress has been made in the de-
velopmentt of adjoint techniques for problems from fluid dynamics. Applications 
too the Navier-Stokes equations include flow control (see [20] and the references 
therein),, a posteriori error estimation and adaptivity (for instance, [6,7]) optimal 
designn (e.g., Refs. [21,23]) and domain decomposition (cf. Ref. [24]). The tech-
niquess that are required to solve the optimal shape design problem associated with 
steadyy free-surface flow are readily available. 

Thee present work investigates the suitability of the adjoint shape optimiza-
tionn method for solving steady free-surface flow problems. Our primary interest 
iss in the steady free-surface Navier Stokes equations. However, because inviscid, 
irrotationall  flow adequately describes the prominent features of free-surface flow 
andd to avoid the excessive complexity of the Navier-Stokes equations, we base our 
investigationn on the free-surface potential-flow equations. It is anticipated that 
thee adjoint shape optimization method is equally applicable to the free-surface 
Navierr Stokes equations, although the specifics of the method are much more in-
volvedd in that case. Our investigation serves as an indication of the properties of 
thee adjoint shape optimization method for steady free-surface flow problems. 

Thee contents of this chapter are organized as follows: In Section 5.2 the 
equationss governing steady free-surface potential flow and the associated design 
problemm are stated. Section 5.3 formulates the adjoint equations and sets up the 
adjointt optimization method. Section 5.4 presents an analysis of the properties of 
thee optimization problem and the behavior of the adjoint method, using Fourier 
techniquess from [68]. Motivated by the results of the Fourier analysis, we describe 
aa preconditioning for the optimization problem in Section 5.5. Numerical exper-
imentss and results are presented in Section 5.6. Section 5.7 contains concluding 
remarks. . 

5.22 Proble m Statemen t 
Wee consider an incompressible, inviscid fluid flow, subject to a constant gravita-
tionall  force, acting in the negative vertical direction. The fluid occupies a domain 
V c M d ( ( ii  = 2,3) which is bounded by a free boundary, S, and a fixed boundary 
dVdV \ S. The fixed boundary can be subdivided in an inflow boundary, an outflow 
boundaryy and a rigid, impermeable boundary. 

5.2.11 Governin g Equation s 

Thee (non-dimensionalized) fluid velocity and pressure are identified by v(x) and 
p(x),, respectively. Assuming that the velocity-field is irrotational, a velocity po-
tentiall  0(x) exists such that v = V</>. Enforcing incompressibility then yields that 
thee velocity potential is governed by Laplace's equation, 

A00 = 0 , x <E V . (5.1) ) 
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Assumingg that |V0| = 1 at the inflow boundary, Bernoulli's equation relates the 
pressuree to the velocity potential by 

p ( x ) : = i - ( i | V ^ | 22 + F r - 2 ^ ) , (5.2) 

withh Xd the vertical coordinate and Fr the Froude number, denned by Fr := Vj-sfgL 
withh V an appropriate reference velocity, g the gravitational acceleration and L a 
referencee length. 

Thee free-surface conditions prescribe that the free surface is impermeable 
andd that the pressure vanishes at the free surface: 

n-V<££ = 0, x e S, (5.3a) 

pp = 0, x e cS, (5.3b) 

withh n(x) the unit normal vector to <S. Conditions (5.3a) and (5.3b) are referred 
too as the kinematic condition and the dynamic condition, respectively. A single 
appropriatee boundary condition must be specified at the fixed boundary. We 
assumee that this condition is of the form 

an-V<f)an-V<f) + b<p = c, xedV\S, (5.4) 

forr certain functions a,b,c : dV \ S t—  R. 
Thee steady free-surface flow problem under consideration is the problem of 

findingfinding S and <f>  such that <f>  satisfies (5.1)-(5.4). However, this problem is not 
necessarilyy well posed. Firstly, solutions can be non-unique due to the occurrence 
off  arbitrary non-physical upstream waves. To remove these waves, a radiation 
conditionn must be imposed; cf., for instance, [37,44,63]. In numerical computa-
tions,, this radiation condition can be conveniently enforced by introducing artifi-
ciall  damping (see Section 5.6) or by selecting a suitable discretization (see, e.g., 
Ref.. [51]). Secondly, a steady solution can be nonexistent, in the sense that the 
transientt problem underlying (5.1)-(5.4) does not approach a steady state as time 
progressess ad infinitum; see, for instance, Ref. [80]. 

5.2.22 Optima l Shape Desig n Formulatio n 

Onee may note that the number of free-surface conditions (5.3) is one more than 
thee number of boundary conditions required by (5.1). The free-boundary problem 
cann therefore be reformulated into the equivalent optimal shape design problem 
off  finding the boundary that minimizes a norm of the residual of one of the free-
surfacee conditions, subject to the boundary value problem with the remaining 
free-surfacee conditions imposed. 

Too obtain an optimal shape design formulation of the steady free-surface flow 
problem,, the cost functional E is defined by 

E($,<P):=E($,<P):= j 2dx, (5.5) 
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andd the constraint C is denned by the boundary value problem (5.1), (5.3a) 
andd (5.4): 

{ A 00 = 0 , x e V , 

n - V 00 = O, x e 5 , (5.6) 

a n - V00 + 60 = c, x e d V \ « S. 
Notee that the cost functional is a norm of the residual of the dynamic condi-
tionn (5.3b) and that the kinematic condition (5.3a) appears in the constraint. The 
free-surfacee flow problem is equivalent to the optimal shape design problem 

mm{E(S,<P):C(S,mm{E(S,<P):C(S, 0)}  , (5.7) 

i.e.,, minimize (5.5) over all 5, subject to the constraint that <fi  satisfies (5.6). 
Becausee the boundary value problem (5.6) associates a unique 0 with each free 
boundaryy *S, it is often convenient to use the notation E(S) for E(S,<j>) with 0 
fromm (5.6). 

5.33 Adjoin t Optimizatio n Metho d 
Shape-optimizationn problems can in principle be solved efficiently by means of the 
adjointt optimization method. The essential problem in treating shape optimiza-
tionn problems is that a displacement of the free boundary induces a disturbance 
inn the solution of the boundary value problem and, consequently, it is attended 
withh an induced change in the cost functional. Efficient solution of a shape opti-
mizationn problem requires control over the induced change in the cost functional. 
Thee adjoint optimization method eliminates the induced change by means of the 
solutionn of a dual problem. Upon elimination of the induced change, the gradi-
entt of the cost functional with respect to the free-boundary position is obtained. 
Improvementt of the free-boundary position is then straightforward. This section 
outliness the adjoint optimization method for solving (5.7). 

5.3.11 Induce d Disturbanc e 

Too formulate the adjoint optimization method for (5.7), the induced disturbance in 
thee solution of the constraint and the corresponding change in the cost functional 
mustt first be identified. To this end, we consider a domain V with free boundary 
SS and a modified domain Vea with free boundary 

SSeaea := { x + ea(x) n(x) : x € 5 } , (5.8) 

wheree a is a smooth function on «S, independent of e. Following [50], V and Vea are 
embeddedd in a bounded set S and it is assumed that a solution of the constraint 
cann be extended smoothly beyond the boundary, so that it is well defined in £. 
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Denotingg by 0 the solution of C(S, 0) and by <f)ea the solution of C(Sea,4>ea), we 
definee the induced disturbance by the function <j>' a : £ \—  R with the property 

0eQQ = <£ + e</4 + O(e2), a s e ^ O, (5.9) 

i.e.,, €<f>' a approximates to 0(e2) the change in the solution of the constraint (5.6) 
duee to the displacement of the free boundary from S to S€a. The kinematic 
conditionn corresponding to the modified boundary yields: 

[n[n eaea-V(f>-V(f>eaea]]  (x + ea(x)n(x)) = 

^ n - e ^ ( t j - V a ) t j + O ( c2 ) y r V 00 + e V ^ + € a n . V V^ + O(e2)J ( x ) = 0, 

(5.10) ) 

forr x € S, with n€Q the unit normal vector to <S€a and tj orthogonal tangent 
vectorss to *S. Hence, inserting (5.9) in C(Sea,4>eoi) and collecting terms 0(e), it 
followss that the induced disturbance satisfies the boundary value problem: 

A<f>'A<f>' aa = 0 , x 6 V , (5.11a) 

d - l l 

n-V0;,, = - a n n: V V 0 + ^ ( t r V a ) ( t r V 0 ) , x G 5 , (5.11b) 
3=1 3=1 

an-V</>'aa + 6 0 'a= O, x € Ö V \ 5. 
(5.11c) ) 

Thee operator nn : V V in (5.11b) represents the second order derivative in the 
normall  direction. 

Too identify the induced change in the cost functional, the functional value 
correspondingg to the modified boundary, E(Sea), is expanded as 

E(SE(Seaea)) :=  EiSea^a) = E(S)+t (l'a(S) + J'a(S))+0(e2), as e - 0, (5.12a) 

with h 

^ ( S ) : = - / p V 0 - V ^ d x,, (5.12b) 

J'J'QQ(S):=-j(S):=-j a ( | ^ + p n - V i | V 0 |2 + p F r -2 n . ed ) d x , (5.12c) 

wheree -R(x) is the radius of curvature (d = 2) or mean radius of curvature (d = 3) 
andd ê  is the vertical unit vector. The curvature-term in (5.12c) results from 
thee change in the surface area from 5 to <Sea; see, e.g., Ref. [50]. Noting that 
onlyy (5.12b) depends on <f>' a, the induced change in the cost functional is readily 
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identifiedd as (5.12b). Integration by parts recasts (5.12b) into the convenient form: 

.. d-l 

*'a(S)*'a(S) = / 0a E *i  V ^  V(ïï dX  (5' 13a) 
JJSS j  = l 

Moreover,, the second term in (5.12c) vanishes due to the kinematic condition (5.3a): 

J'a(S)J'a(S) = - J « ( | ^ + p F r -2 n . ed ) d x . (5.13b) 

Iff  Q(X) is chosen such that I'a + J'a < 0, an adjustment of the free boundary 
fromm S to <S7a, with 7 a small positive number, results in a reduction of the 
costt functional and thus improves the approximation to the actual free-boundary 
position.. Such a choice of a is called a descent direction. 

5.3.22 Adjoin t Operator s and Dualit y 

Thee inherent problem in determining a descent direction from (5.13), is the de-
pendencee of (5.13a) on <f)'a, which is connected to a through the boundary value 
problemm (5.11). Equations (5.11) and (5.13) are useful to verify if a particular a is 
aa descent direction. However, they are unsuitable to determine a descent direction. 

Thee adjoint optimization method uses the equivalence of (5.11), (5.13a) to 
itss dual problem to eliminate the induced change in the functional. To define the 
dualityy property, adjoint operators must be introduced. Let , -)v a nd {'i')dv 
denotee the L2 integral inner products over the domain V and its boundary c?V, 
respectively.. Consider the linear boundary value problem: 

Li{<i>)=li,Li{<i>)=li,  x € V , (5.14a) 

LLbb{<j>){<j>)  = hi x<E<9V, (5.14b) 

andd the functional 
J == ( / ^ i ( 0 ) ) v + ( / * , i W ) ) o v , (5.15) 

forr certain interior operators Li,F{ and boundary operators Lb^Fb. The adjoint 
operatorss L*, F* and adjoint boundary operators LI, F6*  are defined by the identity 

(L*(A),F i (0))vv + ( ^ ( A ) , n ( 0 ) )av = (J7(A),Li (0))v+(F6*(A),L 6(0))öv, (5.16) 

forr all appropriate functions <f>  and A. For example, if 

Li(<j>)Li(<j>)  = A<l>,  Lb(<j>)  = an-V<f> + b<l>,  Fi{4>)  = <j>,  Fb{<f>)  = an- V<f> + b<p , 
(5.17a) ) 
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forr certain functions a, 6, a, b : dV *—*  R. such that ba — ab  ̂ 0, then 

baba — i 
(5.17b) ) 

LI(A)-WA) ,, W ) - £ ^ , *T(A) = *i(A) , W > = j ^ 

Too prove that (5.17a) and (5.17b) indeed satisfy the identity (5.16): 

(£;(A),FiW))vv + ( i ; (A) ,F 6W)) ev 

== £ 0 A A dx + f ( a n
6 a

V A + i ' A ) (an- V 0 + » ) dx 

== / AA<£dx + * ( 0 n - V A - A n - V 0 ) dx 
JVV  «/0V 

++ /„(=^)(-™)* < 
==  fxA  ̂ + f (a°ta

V_A4-A) («n-V» + * ) dx 
== (F«(A),L( («)V + W ( A ) , t ( , W ) a v  (5.18) 

Thee identity (5.16) implies that (5.15) subject to (5.14) is equivalent to 

I={k,F*{\))I={k,F*{\)) vv + (lb,FZ(\))dv (5.19) 

subjectt to 

L*(\)=fi,L*(\)=fi,  x e V , (5.20a) 

L*L* bb(\)(\) = fb, xGÖV. (5.20b) 

Too prove the equivalence: 

// = (fi,Fi(<j>)) v + (ƒ*, W ) ) a v = (mX^FiW  ̂ + {L* b(\),Fb(<P))9V 

==  {F;(ML i(<p))v + (Fb*(\),Lb(ct>))dv = (F*(\),k)v + {Fb*(\),l b)dv . (5.21) 

Inn this context, (5.14)-(5.15) is called the primal problem and (5.19)-(5.20) is 
calledd the dual problem. Duality is the equivalence of the primal and dual problem. 

Thee adjoint optimization method uses duality to eliminate the induced change 
inn the cost functional (5.13a). Observe that for given 0, the functional (5.13a) is 
thee Z/2 inner product of <f/Q with a given function and (5.11) acts as a constraint 
onn <f>' a. Hence, (5.13a) subject to (5.11) is of the form (5.14)-(5.15). To obtain the 
duall  problem for (5.11)-(5.13a), we note that (5.11) implies 

ff AA<&dx + f V n - V 0 « d x+ f i>  ( a nn : V V 0 - ^ ( t r V a ) (trV<£) J dx 

++ ƒ ^ ( a n - V ^ + 6 ^ ) dx = 0, (5.22) 
JdV\S JdV\S 
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forr all admissible functions A : V *-> R and ip : dV i-» R. Integrating by parts, 
(5.22)) can be recast into 

d-i d-i 

// e/>'QAAdx- / <^n-VAdx + / a (^nn : V V 0 + J ^ t j :  V(^ t j ;  Vc£) J dx 

++ / (A + ^ ) n - V ^ d x + / ( 6 ^ - n - V A ) 0^ + ( a^ + A ) n . V ^ d x = O. 
.Ass JdV\S 

(5.23) ) 

Hence,, if ?ƒ> in (5.23) is set to 

(( -A(x) , x 6 5, 

</>(x)=<< -A(x)/a(x), xedV\S, a(x) ^ 0 , 

[[  n  VA(x)/6(x), x e dV \ <S, otherwise, 

andd if A satisfies the dual problem 

AAA = 0, x e V, (5.24a) 
d-l d-l 

n"V AA = ^ t j - V ( p t r V 0 ) , x e 5 , (5.24b) 
3=1 3=1 

an-VAA + &A = 0, x E < 9 V \ S, (5.24c) 

then n 
d-i d-i 

IIa(a(ss)) = - / a ( A n n: V V 0 + JZ t r V ( A W < £) J dx . (5.25) 

Onee may note that (5.25) expresses the induced change in the functional indepen-
dentt of the induced disturbance in the solution. 

5.3.33 Optimizatio n Metho d 

Duee to the absence of the induced disturbance in (5.25), a descent direction for a 
cann be determined from (5.13b) and (5.25) in a straightforward manner. For this 
purpose,, we define the gradient of E with respect to 5 by the function gradE(S) : 
SS t—» R with the property: 

ff Q(X) grad£(<S)(x)dx = lim i[E{Sea) - E{S)], (5.26) 
JsJs £^ ° 

forr all suitable a. By (5.12), (5.13) and (5.25), the gradient is readily identified 

as: : 
d - ll  2 

gradE(S)gradE(S) = - A nn : V V 0 - V t j  V(At ,  V<f>)  - | - - p F r "2 n - ed . (5.27) 
r—ff  2R 
33 = 1 
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Fromm (5.26) it follows that if a = —gradE(S) and 7 is set to a small positive 
number,, then 

E{SE{Siaia)) - E{S) = - 7 f (gradE(S))2 dx + 0 (7
2 ) < 0 + 0 (7

2 ) . (5.28) 

Therefore,, a = —gradE(S) is a descent direction and «S7Q improves on S. The 
free-surfacee flow problem can thus be solved by repeating the following operations: 

(Al )) For given S, solve the primal problem (5.6) for <j>. 

(A2)) Solve the dual problem (5.24) for A. 

(A3)) Determine a = -gradE(S) from (5.27). 

(A4)) Choose the step size 7 > 0 and adjust S to Sia. 

Thee iterative process (A1)-(A4) is called the adjoint optimization method. The 
actuall  free boundary $* is obtained if gradE($*) = 0. 

Thee condition gradE(S*) = 0 only ensures that a local minimum is attained. 
Iff  the cost functional is non-convex, then multiple local minima can occur. The 
actuall  solution to the steady free-surface flow problem is then determined by the 
globalglobal minimum. The dynamic condition (5.3b) implies that the cost functional 
vanishess for the actual solution. Hence, the correct minimum is identifiable. If 
thee cost functional is indeed non-convex, then it is important that the adjoint 
optimizationn method is provided with an initial approximation that is sufficiently 
closee to the actual solution. For instance, a prolongated coarse-grid approximation 
too the solution can serve for this purpose. 

5.44 Fourie r Analysi s of th e Optimizatio n Proble m 
Thee behavior of the cost functional in the neighborhood of a minimum is character-
izedd by the Hessian, i.e., the second derivative of the cost functional with respect 
too the free boundary. As a result, the properties of the optimization problem and 
thee convergence behavior of the adjoint optimization method depend on the char-
acteristicss of the Hessian. In this section we use Fourier analysis to examine the 
propertiess of the Hessian and we consider the implications for the solution behav-
iorr and the posedness of the optimal shape design problem and the convergence 
behaviorr of the adjoint method. 

5.4.11 Hessia n of th e Functiona l 

Thee behavior of the cost functional in the neighborhood of a ninimum is charac-
terizedd by its Hessian, which is defined by the function grad E(S) : S x S 1—> R 
withh the property: 

// a(y) grad2£;(S)(x,y) dy = lim \\grad E(S€*)(y:)  - gradE(S)U)} , (5.29) 

file:////grad
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forr all suitable a. To show that the properties of the optimization problem are 
essentiallyy contained in the Hessian, we consider the following expansion of the 
costt functional: 

E{SE{Seaea)) = E{S) 4- e f Q(X) gmdE(S){x) dx 

++  j f f a(x)a(y)gmd2E{S)(x,y)dydx + 0{e3), as t — 0. (5.30) 

Clearly,, in order to have a minimum, the gradient must vanish, so that indeed the 
Hessiann determines the behavior of the cost functional in the neighborhood of a 
minimum. . 

Too demonstrate that the Hessian determines the convergence behavior of 
thee adjoint optimization method, we consider a perturbation <5>*Q of the optimal 
boundaryy S*. Because gradE(S*) = 0, it follows from (5.29) that for sufficiently 
smalll  e, 

gradE(S:gradE(S:aa)(x))(x) = ej a(y) grad2E(S*)(^y) dy + 0(e2) . (5.31) 

Thiss implies that in the neighborhood of the optimum, the Hessian relates the 
gradientt to the disturbance in the free-boundary position. Because the adjoint 
methodd uses the gradient to adjust the free boundary, the Hessian determines the 
changee in the error in the boundary position. Hence, the Hessian indeed determines 
thee convergence behavior of the adjoint optimization method. 

5.4.22 Fourie r Analysi s of th e Hessia n 

Thee properties of the Hessian can be conveniently examined by means of the 
Fourierr analysis for optimization problems presented in [68]. We perform the 
analysiss for the generic case of a domain V*  := { x 6 W* : — 1 < xd < 0}  with free 
boundaryy S* :=  { x e Rd : xd = 0}  and fixed boundary dV* \ S* = { x e Md : xd = 
—1}.. Recall that Xd is the vertical coordinate. Assuming that the fixed boundary is 
impermeable,, a in (5.6) is set to 1 and b and c are set to 0. The uniform horizontal 
flowflow potential <f>*  = U-x, with U a constant vector in { U G Rd : ||U|| = 1, Ud = 0} , 
thenn satisfies the boundary value problem (5.6). The corresponding solution of the 
duall  problem (5.24) is A*  = 0 and the gradient (5.27) vanishes, so that <S* is the 
optimall  boundary. Indeed, the uniform horizontal flow is a solution of the steady 
free-surfacee flow problem. 

Next,, consider the perturbed boundary S*a. The solutions of the perturbed 
primall  and dual problem are expanded as 

J>;J>; aa = U -x + « x ) + 0(e2) , (5.32a) 

A:QQ = 0 + eA^(x) + O(£2). (5.32b) 
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Iff  (5.32a) and (5.32b) are inserted in (5.6) and (5.24), respectively, and the normal 
vectorr to S*a is expanded in the same manner as in (5.10), then collection of terms 
off  0(e) reveals that the induced disturbances are governed by: 

and d 

A 0 a = O, , 
ed - V C = 0, , 
ed-V0^^ = U-Va, 

A A ;;  = O, 

ed-VA ^^ = 0, 

eedd-VX'-VX' aa = -V-V(V-V<P'a ++ Fr" - 2a ), , 

x<EV* , , 

x e d V* * 

xeS*, , 

xeV* , , 
xedV* * 
x€«S*. . 

\&, \&, 

\ S * , , 

(5.33a) ) 

(5.33b) ) 

(5.33c) ) 

(5.34a) ) 

(5.34b) ) 

(5.34c) ) 

Moreover,, upon inserting (5.32) in (5.27), one obtains that the gradient corre-
spondingg to the perturbed boundary <S*a reads 

gradE(S;gradE(S;aa)) = e ( F r ~2 ( U - V ^ + Fr~2a) - U- VA' a) + 0(e2) . (5.35) 

Notee that for any perturbation a, the induced disturbances follow from (5.33) 
andd (5.34). The gradient corresponding to the perturbed boundary can then be 
obtainedd from (5.35). Because gradE(S*) = 0, important information about the 
Hessiann can subsequently be extracted from (5.29). 

Thee analysis proceeds by assuming a, <j>' a and A^ to be a linear combination 
off  horizontal Fourier modes. Because (5.33) through (5.35) are linear in a, (f>'a and 
A^,, it suffices to consider a single mode. Denoting by k = fciei +  + kd-ied-i 
thee horizontal wave number, a is set to 

a(x)) := d(k)exp(ik-x) , (5.36) 

withh i = A/—Ï- The induced disturbances <fr' a and A^ comply with (5.33) and (5.34), 
respectively,, if 

<P'<P' aa = 0(k)exp(ik.x)cosh (|k| (xd + 1)) , (5.37a) 

A;; = A(k) exp (ik  x) cosh (|k| {xd + 1)) , (5.37b) 

and d 

|k|| sinh |k| 0(k) = ik  U d (k ), (5.38a) 

|k|sinh|k|A(k)) = - i k - u ( i k - U c o s h | k| 0(k) + Fr"2d(k)) . (5.38b) 

Recallingg that gradE(S*) = 0, by (5.35) through (5.38), the change in the gradient 
satisfies s 

limm  -gradE{S*)] = # (k )d (k )exp ( i k -x ), (5.39) 
e—»0 0 
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with h 

"« :=(*~2-iOTd ll  <5 ' 40> 
Thee object H(k) is referred, to as the Fourier symbol of the Hessian. 

5.4.33 Propertie s of th e Optimizatio n Proble m 

Thee Fourier symbol of the Hessian contains important information about the 
posednesss and the solution behavior of the optimization problem. To illustrate 
this,, we consider the Fourier transform of the perturbation a(x) and its inverse 

d(k)) := {27r)1_d / a(x)exp(—ik-x) dx , a(x) — d(k)exp (ik-x) dk. 
JS*JS* J — oo 

(5.41) ) 

Fromm (5.29) and (5.39) it then follows that 

ff a(y) grad2E(S*){x,y)dy = f H(k)a(k)exp(ik-x)dk . (5.42) 
JS*JS* J — oo 

Hence,, by (5.30), if terms of 0(e3) are ignored, the change in the cost functional 
duee to the perturbation of the free boundary reads: 

E(S;E(S;aa)) - E{S*) = €- J a(x) ƒ a(y)grad2£;(5*)(x,y)dydx 

ee22 f f°° ~ 
== — / a(x) / tf(k)d(k)exp(ik-x)dkdx 

e22  ~ f 
==  — ƒ # (k) &(k) / a(x)exp( ik-x)dxdk 

22 J-oc Js 

== ^ (27r )d _1 / i f ( k )a (k )a (k )dk 
22 J—OO 
22 /-oo 

== v ( 2 7 r ^ _ 1 / ^ ( k ) | ó ( k ) |2d k, (5.43) 

withh e*(k) the complex conjugate of d(k). Equation (5.43) implies that # ( k) 
expressess the ability of the optimization problem to distinguish a boundary S* 
fromm a perturbed boundary <S*Q, with cn(x) a Fourier mode with wave number k. 

Too illustrate the behavior of the Fourier symbol # (k ), we consider (5.40) for 
kk G E2 (i.e., d = 3). Without loss of generality, we assume that U = ei, so that 
k - UU = k\. Figure 5.1 on the next page then displays contours of F r-  y/H(k), 
e.g.,, if Fr = 1/2, then F r- 2  y/Ê(k) = 4 is the contour for which H(k) = 0 and 
F r - 22  y/H(\i) 6 {0,8}  are the contours for which H(k) = 16. 
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00 2 4 fci 6 8 10 

Figuree 5.1: Contours of Fr"2  i /#(k). 

Thee solution behavior of the shape optimization problem is determined by 
thee critical modes, i.e., the wave numbers for which H(k) vanishes. These critical 
modess yield a change in the cost functional of just 0(e3), instead of 0(e2). Hence, 
aa small perturbation of the uniform free-surface flow is composed of a linear combi-
nationn of the critical modes. It is important to observe that to each Froude number 
correspondss a curve of critical wave numbers. The critical modes are associated 
withh steady surface gravity waves; see, e.g., Refs. [37,44]. Note that for d = 2 
(fc22 = 0) and Fr < 1, the condition H(k) = 0 yields a unique relation between the 
wavee number of the surface gravity wave and the Froude number. For d = 2 and 
Frr > 1, critical modes are absent and steady surface gravity waves do not occur. 

Thee Fourier symbol of the Hessian also gives information about the posedness 
off  the optimization problem. The optimization problem is said to be well posed 
iff  it has a unique solution that is stable to perturbations in the auxiliary data. 
Uniquenesss is ensured if # ( k) > 0 for all k. From the above considerations, it is 
clearr that uniqueness cannot be ensured. However, this does not necessarily imply 
thatt the optimization problem is ill posed. It merely implies that the behavior 
off  critical modes is not described by the above theory. Linear stability of the 
optimizationn problem generally demands that 

H(k)H(k) = 0 ( |k |e) , as |k| -> oo, (5.44) 

forr some 6 > 0; see [68]. This requirement expresses that the optimization problem 
clearlyy notices high wave number perturbations of the free boundary. Unfortu-
nately,, if k G E2, the contours on which H(k) = 0 contain waves with |k| —» oc. 
Hence,, the linear theory is insufficient to establish the stability of the 3 dimen-
sionall  free-surface flow problem. However, such waves do not occur for d = 2 and, 
therefore,, linear stability of the two-dimensional optimization problem is ensured. 
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5.4.44 Stabilit y of th e Adjoin t Metho d 

Too examine the stability of the adjoint method, we consider a perturbation S*a of 
thee optimal free boundary S*. One iteration of the adjoint optimization method 
yieldss a new approximation S*a, with 

ea(x)ea(x) = ca(x) - -ygradE{S^){x) , (5.45) 

forr some step-size 7 > 0. Hence, by (5.31), a and a are related in the following 
manner: : 

a(x)) = a(x) - 7 J a(y) grad2E(S*)(x, y) dy . (5.46) 

Thee contraction number £ of the adjoint method is defined by the reduction of the 
errorr in the free-boundary position between successive iterations, i.e., 

CC == sup 
a(x)) - 7 / 5 . a(y)grad2£(S*) (x ,y )dy 

|Q(X) ) 
(5.47) ) 

wheree the supremum is taken over all admissible functions a(x). Because ||a|| < 
£||a||,, stability of the adjoint method is ensured if £ < 1. 

Iff  the L2 norm is implied in (5.47), we can use (5.42) and Parseval's identity 
too recast (5.47) into: 

CC = s up r°° rn,M2,n, ' (5"48) 

Iff  the problem (5.7) is solved numerically, then the infinite domain is usually 
truncatedd and a(x) is represented on a grid. In that case, if I — (£1,... ,td-\) 
iss the horizontal length of the truncated domain and h = (hi,..., hd-i) is the 
horizontall  mesh width of the applied grid, then we only have to consider isolated 
wavee numbers in the set 

Whh := { k : kj = nn/ij^n = , , \kj\ < ir/hj}  ; (5.49) 

seee Figure 5.2 on the facing page for an illustration. It follows from (5.48) that £ 
iss then given by 

C== sup | l - 7 # ( k ) | . (5.50) 
k€Wh h 

Stabilityy of the adjoint optimization method is ensured if the right hand side 
off  (5.50) is at most 1. This can be accomplished by choosing the step size 7 
accordingg to 

77 = c ( sup H(k) J , (5.51) 
\kewhh / 

forr some constant c € ]0, 2[. 
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Figuree 5.2: The set of wave numbers Wh (dots) and H(k) = 0, H(k) = 5i,2-

Thee step size must then 

(5.52) ) 

Thee supremum of H in Wh is for well posed problems determined by the 
highestt wave number components in Wh; refer to (5.44). From (5.49) it follows 
thatt the highest wave number in Wh is 0 ( l / | h | ). Hence, in general, the step size 
diminishess as 7 = O(|h|0) as |h| —> 0. In particular, for the Fourier symbol (5.40), 
iff  the grid is refined in such a manner that h = |h|c as |h| —> 0, with c a constant 
vector,, then the supremum of H(k) in Wh is 0( |h|~2) 
complyy with 

77 = 0 ( | h |2 ) , a s | h | ^ 0. 

too maintain stability of the oscillatory modes, i.e., the modes with large |k|. This 
impliess that the step size in the adjoint optimization method must be reduced as 
thee spatial grid is refined to maintain stability of the high wave number modes. 

5.4.55 Convergence of the Adjoint Method 

Thee convergence behavior of an iterative method is usually characterized by its 
contractionn number. However, this characterization is inappropriate for problems 
withh critical modes {H(k) = 0) and dispersive behavior, such as the considered 
free-surfacee flow problem. The contraction number is based on the behavior of 
isolatedd waves, whereas for dispersive problems the behavior of wave groups is 
relevant;; see, e.g., Refs. [44,78]. This distinction is essential if critical modes 
occur.. As a result of the critical modes, the contraction number indicates that 
convergencee lacks. However, due to the dispersive properties of the problem, this 
indicationn is too pessimistic. 
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Too determine the convergence behavior of the adjoint optimization method 
(A1)-(A4),, we reconsider the perturbation S*a of the optimal free boundary S*. 
Thee Fourier components of the perturbation can be separated into a contribution 
p(k)) of the modes in the neighborhood of the critical modes and a remainder: 

d(k)) = p(k) + (d(k) - p(k)) , (5.53a) 

wheree p(k) := w(k) a(k), 

ii  l l w l k (5-53b) 
andd 61,2 are constants such that 62 > öi > 0; see the illustration in Figure 5.2 on 
thee page before. The transition of w(k) from 1 to 0 can be constructed in any 
suitablee manner and is largely arbitrary. However, below, p(k) is required to be 
ann analytic function. 

Denotingg by ean(x) the disturbance in the free-boundary position after n 
iterationss of the adjoint method, we obtain from (5.42) and (5.46): 

a n ( k ) = ( l - 7 ^ ( k ) ) n d ( k ) .. (5.54) 

Hence,, it follows from (5.53) that 

( l - 7 # ( k ) jj  p(k)exp(ik-x)dk + 0 ( | l - 7 5 i | n ) . (5.55) 
-00 0 

Becausee |1 — 7^11 < 1, the remainder vanishes exponentially as n —> 00. This 
impliess that the asymptotic behavior of an(x ) for large n is determined by the 
Fourierr components in the neighborhood of the critical modes. 

Fromm (5.55) it follows that if p„(k) is defined recursively by 

p0(k)) = p(k) , (5.56a) 

p n ( k ) = ( l - 7 £ ( k ) ) pn _ ! ( k ) ,, n = l , 2 , . . ., (5.56b) 

thenn an(x) ~ pn(x) as n —* 00. Equation (5.56b) can be recast into: 

pn + 1( k ) - pn ( k )) +  ̂ = 0  ̂ ( 5 5 7) 

7 7 

Notee that for sufficiently small 7, the first term can be conceived as a difference 
approximationn to the derivative of pn(k) with respect to -pseudo time 717. We 
assumee that pn(k) ~ exp(rjry)po(k) a s n - > o o. Equation (5.57) then implies 

(expp (r7) - l ) / 7 + H(k) = 0 . (5.58) 
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Taylorr expansion of exp (r'y) yields 

rr = - J ï ( k) , (5.59) 

providedd that 0(T2) terms are negligible. By (5.53b), H(k) < S2. Hence, if 62 is 
chosenn sufficiently small, the 0(T2) terms in the Taylor expansion can indeed be 
ignored.. Equation (5.59) relates the pseudo time behavior of a disturbance in the 
free-boundaryy position to its spatial behavior. Therefore, it appears appropriate 
too refer to (5.59) as the pseudo dispersion relation of the adjoint method. 

Fromm (5.55) to (5.59) it follows that as nj — oo, 

/

oo o 

/5(k)) exp (ift(k) wy) dk, (5.60) 

-oo o 

with h 
fi(k)fi(k)  := iH(k) + — . (5.61) 

Thee integral in (5.60) vanishes exponentially as wy —> oo, except near critical 
stationaryy points of H(k), i.e., the wave numbers ko such that 

£(ko)) = 0, — (ko) = 0. (5.62) 

Eachh critical stationary point yields a contribution 

/ 2 7 r \ ( d - l ) / 2 // d2H \ " 1 / 2 

^(ko)Ujj  (dGt dkM  ̂ ) ™»^-* +  ̂ (5-63) 
withh £ a multiple of 7r/4, depending on the properties of d2H/dkidkj. The above 
cann be proved by the method of stationary phase; see, e.g., Refs. [78, 79]. 

Duee to the quadratic form of (5.40), any critical point is a stationary point 
ass well. Hence, if we define the evaluation error en by the L2 norm of the error 
inn the boundary position, i.e., en := ||ean||, then we anticipate that the adjoint 
methodd yields the following asymptotic convergence behavior: 

e„„  = 0(Cn 7) if Vk : H(k) > 0 , (5.64a) 

enn = o ( ( n7 ) ( 1 - d ) / 2) if 3k : H{k) = 0 , (5.64b) 

ass n —> oo, for some constant (, in ]0,1[. The implications of (5.64) for the conver-
gencee behavior of the adjoint method are summarized in Table 5.1 on the following 
page. . 

5.55 Preconditionin g 
Thee asymptotic error behavior (5.64) and the stability condition (5.52) imply that 
thee performance of the adjoint optimization method deteriorates with decreasing 
meshh width. This deficiency of the method can be repaired by means of precondi-
tioning.. This section outlines the preconditioning operation. 
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Tablee 5.1: Convergence behavior of the adjoint method: asymptotic behavior 
off  the evaluation error en for sub- and supercritical flow in 2D and 3D, with n 
thee iteration counter, 7 the step size and £ a constant in ]0,1[. 

subcritical l 
supercritical l 

dd = 2 

0(ll0(ll  y/m) 
o(C7) ) 

dd = 3 

0( l / (n7) ) ) 
0( l / (n7) ) ) 

5.5.11 Reconsideratio n of Objective s 

Too introduce the preconditioning operation, we consider the gradient of the cost 
functionall  at a perturbation S*a of the optimal boundary <S*. By (5.39), the 
Fourierr components of the gradient read: 

gradi(5*o)0OO = eff(k)a(k) . (5.65) 

Equationn (5.65) implies that for problems that are stable according to (5.44) 
withh 9 strictly positive, the gradient primarily contains highly oscillatory modes 
(largee |k|). Consequently, the adjoint optimization method effectively reduces the 
costt functional by removing the highly oscillatory disturbances in the boundary 
position.. However, smooth error components are inadequately resolved. 

Inn general, one is interested in obtaining the free-boundary position rather 
thann minimizing the cost functional. If the objective is indeed to obtain the free 
boundary,, then the gradient is unsuitable for adjusting the boundary position. 

5.5.22 Genera l Outlin e 

Thee aim of preconditioning is to restore the relation between the boundary adjust-
mentt and the error in the boundary position. An accurate approximation to the 
errorr in the free-boundary position can be recovered from the gradient by solving 

P0P0 = gradE{S;a), (5.66) 

wheree P is any convenient operator of which the Fourier symbol satisfies 

H(k)H(k) < P(k) , for all k , (5.67a) 

limm H{k)/P(k) = C , for some C e) 0,1] . (5.67b) 
|k|—nx ) ) 

Thee operator P simulates the relation between the gradient and the disturbance 
inn the boundary position. The Fourier components /?(k) are related to the com-
ponentss of the disturbance by: 

/3(k)) = (£ (k ) /P(k )) d(k) . (5.68) 

Therefore.. /3(x) is an accurate approximation to a(x) if H(k)/P(k) « 1. 
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Iff  the adjoint method uses /?(x) instead of the gradient to displace the free 
boundary,, then the corresponding stability condition reads: 

| l - 7 # ( k ) / P ( k ) | < l.. (5.69) 

Requirementt (5.67a) ensures that H/P < 1 for all k, so that the step size 7 in the 
preconditionedd method can be set to 1. Consequently, if the problem is solved nu-
merically,, the convergence behavior of the preconditioned method is independent 
off  the mesh width of the applied grid. Condition (5.67b) makes certain that all 
Fourierr components that are present in the boundary disturbance are also present 
inn the correction, so that the error indeed vanishes as the iteration progresses. 

I tt is important that the numerical methods for solving (5.66) do not reintro-
ducee the mesh-width dependence. In general, preconditioners P can be constructed 
forr which efficient solution methods, e.g., multigrid methods [8,67], are available. 

5.5.33 A Preconditione r for 2D Free-Surfac e Flow s 

Thee construction of the preconditioner from its symbol relies on the theory of 
pseudo-differentiall  operators; see also [66]. In this section we set up a precon-
ditionerr for the 2D steady free-surface flow problem. It is anticipated that a 
preconditionerr for 3D free-surface flows can be constructed similarly. 

Inn two dimensions, the free-boundary is one dimensional and the considered 
wavee number is k € R. Without loss of generality, we assume that the velocity is 
scaledd such that U = 1 in (5.40). To derive the preconditioner, we first consider 
thee asymptotic behavior of (5.40) for large k: 

H(k)H(k) ~ k2 , as k -> 00 . (5.70) 

Thee Fourier symbol —k2 corresponds to a Laplace operator. An operator which 
hass the desired behavior for high wave-number components is: 

P „ / ? : = ( F r -2 - l ) 2 / ? - | ^,, (5.71) 

wheree dfdt denotes the tangential derivative along the free boundary. The Fourier 
symboll  of (5.71) is 

PPHH(k)(k) = (Fr~2 - l ) 2 + k2 . (5.72) 

Indeed,, pH(k) ~ k2 as k —> 00. Figure 5.3 on the next page compares the Fourier 
symbolss PH and H. The behavior of PH closely resembles that of H at high wave-
numbers.. Hence, PH accurately recovers highly oscillatory errors in the boundary 
position.. Moreover, PH eliminates the mesh-width dependence of the step size. 

Thee Fourier symbols PH and H differ markedly at low wave numbers if 
Frr < 1. For Fr < 1, the low wave-number behavior of H is accurately approximated 
by: : 

PPLL(k)(k) = (1 - (2 - 2fi)(k/k0)
2 + (1 - n)(k/k0)

4) (Fr"2 - l ) 2 , (5.73) 
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Figuree 5.3: Fourier symbols Pi(k), pH{k) and H{k) for Fr = ^tanh (TT)/TT 

withh k0 the critical wave number critical mode of (5.40) and fi a small positive 
constant;; see Figure 5.3. The symbol PL(/C) corresponds to the differential operator 

PP^^  = (Fr - *) ( ƒ+ - i r A?+~w -OF)  (5-74) 

Thee constant /x ensures that the polynomial Pi(fc) has no real roots. This is 
aa prerequisite for stability of the preconditioner. Unfortunatelŷ  it also implies 
thatt the preconditioner leaves the root of H undisturbed, i.e., H(k)/Pi,(k) = 0 
forr critical modes. Hence, the asymptotic convergence behavior (5.64b) is not 
essentiallyy improved. 

Summarizing,, for supercritical flows an effective correction of the free bound-
aryy can be obtained from (5.66) and (5.71). The mesh-width dependence of the 
convergencee behavior is then eliminated. For subcritical flows, the correction is a 
combinationn of a high wave number correction (3H from (5.66), (5.71) and a low 
wavee number correction (5L from (5.66), (5.74), e.g., (PL+PH)/?- The mesh-width 
dependencee of the convergence behavior is then removed. However, the asymp-
toticc convergence behavior is not improved, because the preconditioning does not 
removee the critical modes. 

5.66 Numerical Experiments 
Thee preconditioned adjoint optimization method is tested for 2 dimensional sub-
andd supercritical flow over an obstacle in a channel of unit depth at Fr = 0.43 and 
Frr = 2.05. The geometry of the obstacle is 

yy((xx)) = - 1 + ~ j ! ( i - Lf , 0 < x < L , (5.75) 
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withh H and L the (non-dimensionalized) height and length of the obstacle, respec-
tively.. We choose H = 0.2, L = 2 for the subcritical test case and H = 0.44 and 
LL = 4.4 for the supercritical test case, in accordance with the experimental setup 
fromm [11]. In addition, we consider the subcritical test case with H = 0.1, L = 2 
andd the supercritical test case with H = 0.22 and L = 4.4. 

Thee boundary value problems (5.7) and (5.24) are discretized with bilinear 
finitee elements. The differential operators in the gradient (5.27) are discretized 
withh central differences. The resulting discrete optimization problem is unstable 
andd displays odd/even oscillations. These are simply removed by smoothing the 
gradientt with the biharmonic operator. For subcritical flows (Fr < 1), a radiation 
conditionn must be imposed to avoid nonphysical upstream waves; cf. §5.2.1. The 
upstreamm waves are eliminated by smoothing the gradient upstream of the obstacle 
withh the Laplace operator, and by applying the low wave number preconditioner 
PLPL only downstream. 

Thee numerical experiments are performed on grids with horizontal mesh 
widthh h G {L/36,L/72}  and vertical mesh width 1/24. For the supercritical 
testt case, the correction is computed using (5.66) and (5.71). For the subcritical 
testt case, the upstream correction is determined in the same manner and the 
downstreamm correction is taken as (/?L + 0H)/2, with pn from (5.66), (5.71) and 
(3(3LL from (5.66), (5.74). The constant fi in (5.74) is set to 0.025. In all cases the 
stepp size 7 = 1 is employed. 

Forr the supercritical test case, Fig. 5.4 on the following page plots the L2 

normm of the correction after n iterations, ||/3„||, versus the iteration counter. The 
correctionn behaves as ||/3n|| = 0(Cn), for some constant £ e]0,1[. The norm of the 
evaluationn error after n iterations can be bounded by 

0 0 0 

e«<X>*U-- (5-76) 

j=n j=n 

I tt follows from (5.76) that the evaluation error converges as 0(Cn) as well. This 
iss in accordance with the entry in Table 5.1 on page 72. From Fig. 5.4 we obtain 
CC « 0.35 for H = 0.22 and C ~ 0.5 for H = 0.44. One may note that the 
convergencee behavior is indeed independent of the mesh width. Fig. 5.5 on page 77 
comparess the computed surface elevation with measurements from [11] for the 
supercriticall  test case. The computed result agrees well with the measurements. 

Forr the subcritical test case, \\/3n\\ is plotted versus n in Fig. 5.6 on page 77. 
Notee that Fig. 5.6 is a log-log plot. In this case, \\j3n\\ behaves as G>(n_(T), with 
aa « 1.5 for H = 0.1 and a « 1.2 for H - 0.2. It follows from (5.76) that the 
convergencee behavior of the evaluation error is approximately O(n~05) for H = 0.1 
andd 0{n~02) for H = 0.2. Hence, the test case with H = 0.1 confirms the entry 
inn Table 5.1 on page 72. The deteriorated converge behavior for H = 0.2 can be 
attributedd to apparent nonlinear behavior. One may note that the convergence 
behaviorr is virtually independent of the mesh width. Fig. 5.7 on page 78 compares 
thee computed surface elevation with measurements from [11] for the subcritical 
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Figuree 5.4: Supercritical test case: norm of the correction versus the iteration 
counterr for H = 0.22 (A) and H = 0.44 (B) (h = L/36 and h = L/72 coincide). 

testt case. The surface elevation displays typical nonlinear effects, such as sharp 
wavee crests and wave length reduction. The amplitude of the computed result is 
overestimated.. However, the overestimation of the amplitude of the trailing wave 
iss not unusual; see, for instance, [10,75,76]. The wave length of the computed 
resultt is in good agreement with the measurements. 

5.77 Conclusions and Discussion 
Wee investigated the suitability of the adjoint optimal shape design method for 
solvingg steady free-surface flows. To this end, the free-surface potential flow prob-
lemm was reformulated into an equivalent optimal shape design problem. We then 
presentedd the adjoint optimization method for solving the design problem. We 
determinedd the asymptotic convergence behavior of the adjoint method for sub-
andd supercritical flows in 2D and 3D. Moreover, we showed that preconditioning 
iss imperative to avoid mesh-width dependence of the convergence behavior and we 
presentedd a suitable preconditioner for the free-surface flow problem. 

Numericall  results were presented for two-dimensional flow over an obstacle in 
aa channel. The observed convergence behavior is in agreement with the asymptotic 
estimates,, i.e., the evaluation error behaves as 0 ( ( ") for the supercritical test case 
andd as 0{n~1/2) for the subcritical test case. Moreover, the numerical results 
confirmm that the convergence behavior of the preconditioned adjoint method is 
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Figur ee 5.5: Supercritical test case: computed surface elevation with H = 0.44 
andd h — L/72 (solid line) and measurements from [11] (markers only) 

Figur ee 5.6: Subcritical test case: norm of the correction versus the iteration 
counterr for H = 0.1, h = L/36 (A), h = L/72 (B) and H = 0.2, h = L/36 (C), 
hh = L/72 (D) 
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Figuree 5.7: Subcritical test case: computed surface elevation with H = 0.2 
andd h = L/72 (solid line) and measurements from [11] (markers only) 

independentt of the mesh width. For both test cases the computed results agree 
welll  with measurements. 

Thee convergence behavior of the adjoint shape optimization method for 
steadyy free surface flows is for two-dimensional problems similar to that of time-
integrationn methods (see also [10]): the error converges as 0(C,n) for supercriti-
call  flows and as 0 ( n- 1 / 2 ) for subcritical flows. For three-dimensional problems, 
thee anticipated convergence behavior of the adjoint method is 0(n~l) for sub-
andd supercritical flows. The convergence behavior of time-integration methods is 
0(n~~0(n~~ll)) for subcritical flows and 0((n) for supercritical flows. The convergence 
behaviorr of the preconditioned adjoint method is independent of the mesh width, 
whereass the convergence behavior of the usual time-integration method deterio-
ratess with decreasing mesh width, due to a CFL-restriction on the admissible time 
step.. Therefore, the preconditioned adjoint method is expected to be more effi-
cientt than time-integration methods, except in the case of 3D supercritical flow. 
However,, for 3D flows and 2D subcritical flows, the convergence behavior of the 
adjointt method is less efficient than the mesh-width independent 0(C") behavior 
off  the method presented in [10]. 

Thee 0(n~1/2) (2D, subcritical) and 0(n~l) (3D) convergence behavior of 
thee adjoint method is caused by the critical modes. It is therefore anticipated 
thatt a combination of the adjoint method and a solution method that effectively 
eliminatess these critical modes yields 0(tj") convergence behavior. 
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Interfac ee Capturin g 

6.11 Introductio n 
Free-surfacee flows can be construed as a particular instance of two-fluid flow, in 
whichh the stresses exerted on the interface by one fluid are negligible on a reference 
scalee that is appropriate for the other. If the objective is the numerical solution of 
aa free-surface flow problem, then it can be attractive to adhere to the two-fluid-flow 
formulation.. The interface behaves as a contact discontinuity and can be treated 
ass such. This treatment of the interface is referred to as interface capturing. For 
exampless of interface capturing see, for instance, Refs. [14,34,46]. 

Thee interface capturing approach requires that the employed numerical tech-
niquess remain robust and accurate in the presence of discontinuities. Godunov-
typee schemes [22] can be particularly useful in these circumstances. These schemes 
applyy the (approximate) solution of an associated Riemann problem to determine 
thee fluxes that are required in the numerical computation. This approach en-
suress robustness and accuracy at discontinuities. Godunov-type schemes can be 
suitablyy combined with finite volume methods and with discontinuous Galerkin 
finitee element methods. For finite volume methods, the schemes can be imple-
mentedd with higher-order limited interpolation methods, to achieve accuracy and 
securee monotonicity preservation in regions where large gradients occur (see, e.g., 
Refs.. [61,65]). For discontinuous Galerkin methods, accuracy and monotonicity 
preservationn is obtained by appropriate /ip-adaptivity; see, e.g., Refs. [27,64]. 

AA disadvantage of the method originally proposed by Godunov is that it 
requiress the solution of an associated Riemann problem .vill i < icli flux evaluation. 
Inn practice, many such evaluations are performed duriL $ an .ctual computation. 
Consequently,, the method is notorious for its high computational costs. To avoid 
thiss problem, several approaches have been suggested to reduce the computational 
costss of the flux evaluations, by approximating the Riemann solution. Examples 

79 9 
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off  such approximate Riemann solvers are the flux vector splitting schemes (such 
ass those by Van Leer [40] and Steger &; Warming [62]) and the flux-difference 
splittingg schemes (such as Roe's [53] and Osher's [49]). 

AA common objection to interface capturing is the occurrence of so-called 
pressurepressure oscillations. These pressure oscillations expose the loss of certain invari-
ancee properties of the continuum problem under discretization. Several correctives 
havee been proposed to avoid pressure oscillations, e.g., (locally) nonconservative 
discretizationn methods [1,32,33,56], correction methods [31] and the ghostfiuid 
methodd [18]. For an overview of these correctives, and of their merits and defi-
ciencies,, see [2]. However, it is not evident that the loss of the aforementioned 
invariancee properties is inevitable. In fact, since the invariance properties are in-
herentt to the continuum equations, it should be possible to devise conservative 
numericall  schemes that inherit these invariance properties. 

Inn the present chapter we consider the interface capturing approach to solving 
two-fluidd flow problems. We investigate an eminent flux-difference splitting scheme 
forr the approximate solution of Riemann problems, viz., Osher's scheme, and we 
considerr its application to two-fluid flows. Moreover, we examine the pressure 
oscillationss that are commonly incurred by discrete approximations to two-fluid 
flowflow problems, and we set up a non-oscillatory conservative discretization. 

Thee contents of this chapter are organized as follows: As a preliminary, 
Sectionn 6.2 presents a general introduction to the Riemann problem. In Section 6.3 
wee examine Osher's approximate Riemann solver. Motivated by the fact that 
Osher'ss scheme suffers loss of accuracy in the presence of slow, strong shock waves, 
wee propose a modified scheme. Section 6.4 presents the specifics for two-fluid flows. 
Inn Section 6.5 we examine pressure oscillations and we propose a non-oscillatory 
conservativee discretization. 

6.22 Riemann Proble m 
Inn this section we investigate the Riemann problem. To define the problem, we 
representt space and time by x 6 (—oo, oo) and t E [0, oo), respectively, and we 
considerr state variables q :— (qi,... ,qn) with qk := qk(x,t) and a continuously 
differentiatee flux function f : W1 H-> M.n. The Riemann problem is defined by 

öqq + öf(q) 
dtdt dx 

subjectt to the initial condition 

- ^^ + - ^ = 0 , (x,t)G (-00,00) x(0,oo) (6.1a) 

// rrt J q L ' l f ^ < 0 ' r«iK\ 
<l(x,0)<l(x,0) = < (6.1b) 

\<lR\<lR , if X > 0 , 
forr certain constant left and right states, qL and qf i . 



6.2.. Riemann Problem 81 1 

6.2.11 Weak Formulatio n 

Too allow discontinuous solutions a different setting of the Riemann problem is 
required.. Classical solutions of (6.1) are differentiate. Discontinuous solutions 
cann be taken into consideration if (6.1) is replaced by its weak formulation, viz., 
thee variational problem: find q(ar, t) such that 

/"OOO / -00 rO / -o o 

// / (qat +f(ci)ax)dxdt + / qLa(0,x)dx + qf l a(0, x) dx = 0 , (6.2) 
JOJO J-oo  J-oo  JO 

forr all continuously differentiate a(x, t) with compact support in (—oo, oo) x [0, oo). 
AA discontinuous solution of (6.2) is called a weak solution. 

Thee variational formulation (6.2) generally allows multiple solutions, because 
aa classical solution can often be replaced by a weak solution. Therefore, the weak 
formulationn (6.2) must be supplemented with an entropy condition to single out 
thee physically correct solution. For entropy conditions we refer to [39,47,60]. 

6.2.22 Preliminarie s 

Too facilitate the presentation, we first introduce some elementary concepts. The 
Jacobiann of f (q) is denoted by A(q) := 9qf(q). Its eigenvalues are A*(q) , with 
kk = 1, 2 , . . ., n, and are assumed to be indexed such that Ai < A2 < . .. < An. The 
correspondingg eigenvectors are r-fc(q). 

Thee differential equation (6.1a) constitutes a hyperbolic system if the eigen-
valuess Afc(q) are real and nonzero. The Jacobian-matrix A(q) can then be decom-
posedd with respect to a basis of its eigenvectors: 

A(q)) = R(q ) -A (q ) -R(q ) -1 , (6.3) 

wheree A(q) := diag(Ai(q),..., An(q)) and the matrix R(q) := ( r i (q ) , . .. , rn(q)) 
containss the eigenvectors. 

Fromm [38] we adopt the following classification of the eigenpairs: An eigen-
valuee Afc(q) and an eigenvector rfe(q) are called genuinely nonlinear in f) C M.n 

if f 
#qA fc(q)) -rfc(q) + 0, for all q e f i . (6.4) 

Equationn (6.4) implies that the eigenvalue is a strictly convex or concave function 
off  q in the direction of the corresponding eigenvector. An eigenvalue Afc(q) and 
ann eigenvector rjt(q) are said to be linearly degenerate in 0, if 

<9qA fc(q)-rfc(q)=0,, for all q € ^ . (6.5) 

Equationn (6.5) implies that Afc(q) is constant in the direction of the corresponding 
eigenvector.. The eigenvalues that are genuinely nonlinear are related to rarefaction 
waveswaves and shock waves in the solution of the Riemann problem. The eigenvalues 
thatt are linearly degenerate correspond to contact discontinuities in the solution. 
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Moree complicated wave types can occur for eigenvalues that are neither genuinely 
nonlinearr nor linearly degenerate. This occurs, for instance, in the case of the 
Buckley-Leverettt equation; see, e.g., Refs. [42,77]. 

Withh each of the eigenpairs (Afc(q),rjt(q)) we associate two paths in state 
space:: Firstly, the k-shock path, which is defined by the set 

SSkk(q(qLL)) := { q e l n : s(q; qL )(q - q j = f (q) - f ( q j }  , (6.6) 

wheree s(q;qL ) is referred to as the shock speed. Secondly, the k-rarefaction path, 
definedd by the set 

^ * ( Q L )) := {q € R" : q = h(£), É e R} , (6.7) 

withh h(£) the solution to the ordinary differential equation 

h'(£)) = rfc(h(0), C e R, (6.8a) 
h(?L)) = QL , (6.8b) 

forr some £L G R. 
Too each ^-rarefaction path corresponds a set of Riemann invariants, i.e., 

functionss which are invariant on TZk. If rfc(q) denotes the kth eigenvector of the 
Jacobian,, then a fc-Riemann invariant is any continuously differentiable function 
tpktpk  Rn *  R with the property 

0qWq)T f c ( q )=O,, (6.9) 

forr all considered states. There are at most n—\ such fc-Riemann invariants with 
linearlyy independent derivatives with respect to q in Rn. Note that for a linearly 
degeneratee eigenpair (Afc(q), rfc(q)) the eigenvalue Aft(q) is a fc-Riemann invariant. 

6.2.33 Waves 

Thee general solution to (6.1) consists of regions in the (a;, i)-plane where the so-
lutionn is constant, separated by waves, in particular, rarefaction waves, contact 
discontinuitiess and shock waves. Before constructing the general solution, we first 
obtainn the solution to (6.1) or (6.2) in the case that it contains only one of the 
aforementionedd waves. 

Classicall  and weak solutions of the Riemann problem can generally be writ-
tenn in the similarity form 

<\{x,t)<\{x,t)  = h.{x/t); (6.10) 

see,, e.g., Ref. [60]. To prove this, we note that if q(ar,t) solves (6.1), then for all 
( e t ,, q^(x,t) :=  q(e#,C£) is also a solution. This is evident from 

öj.öj. ' + ^ = C [Ö2q(C:r, (t) + A(q(Cx} <*))  Diq(Cz, CO] = 0, 

(6.11) ) 
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wheree Dj denotes differentiation with respect to the Ith function argument. If the 
solutionn is unique, then q{x,t) = q^(x,t) and, hence, <\(x,t) can be cast into the 
similarityy form (6.10). 

AA classical k-rarefaction wave (or k-simple wave) solution of (6.1) exists if 
Afc(q)) is a genuinely nonlinear eigenvalue, Afc(qL) < A*(q fi ) and qR is on the k-
rarefactionn path through qL . For later reference, we note that this implies that 
thee fc-Riemann invariants are equal for qL and qR, i.e., ^{<\L)

 =
 ^{QR) f° r 

m = l , . . , , n , m ^.. To determine the rarefaction wave solution, we assume that 
thee eigenvector in (6.8) is normalized such that 

dqA fe(q)) -rjt(q) = 1 , for all q e R ". (6.12) 

Thiss assumption does not restrict generality. The solution of (6.8) is then the 
similarityy solution in the simple wave region Afc(qL) < x/t < Afc(qfl); see, e.g., 
Refs.. [39,60]. For verification, we insert q(#, t) = h(x/t) in (6.1a): 

ahj*A)) + ergg/*» = i ̂  + A(h(^/t))) ,Dh(x/() = 0_ (613) 

wheree I denotes the RnXn identity matrix and D denotes differentiation with re-
spectt to the function argument. Equation (6.13) requires that x/t = Xk{h(x/t)) 
andd that Dh(x/t) = Tk(h(x/t)). The latter trivially follows from (6.8), the former 
fromm (6.12). Hence, the Riemann solution in the case of a fc-rarefaction wave reads 

q(x,t)q(x,t) = { h{x/t)7 if A(qJ < x/t < A(qfi ) , (6.14) 
Q LL  » 
h(x/t)h(x/t) , 

QiÏ T T 

if f 
if f 
if f 

x/tx/t < A(qL) , 

A(qJJ < x/t < A(qH) 
s /tt > A(qfi ) . 

Thee states qL and qf l are connected by an isolated k-contact discontinuity 
iff  (Afc(q),rfc(q)) is a linearly degenerate eigenpair and qf l is on the fc-rarefaction 
pathh through qL . By (6.5), Ajt(q^) = Afc(qL). The solution to the Riemann 
problemm can be obtained from (6.14): 

q ( M )) = ( q L ' *  Xil<X^L\ =  X^R\' (6-15) 
\\ qf i , if x/t > A(qL) = A(q*) . 

However,, because (6.15) is discontinuous at x/t = A(qL) = A(qfl ), it must be 
verifiedd that (6.15) complies with the variational problem (6.2). Inserting (6.15) 
inn (6.2) and using integration by parts and the compact support of a, it follows 
thatt (6.15) indeed satisfies (6.2). 

AA  k-shock wave occurs if Afc(q) is a genuinely nonlinear eigenvalue, Afc(qL) > 
Afc(qR)) and qR is on the fc-shock path through qL . A solution of the form (6.14) 
iss then necessarily multiple valued and must therefore be discarded. Instead, the 
weakk solution reads 

q(x, t)) = ( q i - * * / ' < s ^ q « ) . ( 6.1 6) 
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wheree s(qL ;q^) denotes the shock speed, determined by the Rankine Hugoniot 
relation relation 

*(QL ;; q*)(qL - q*) = f ( qJ - f(q«)- (6.17) 

Thee shock relation (6.17) is in fact implied by the variational problem (6.2); see, 
forfor instance, Refs. [77]. Conversely, (6.17) ensures that (6.16) satisfies (6.2) for all 
appropriatee a with support on the discontinuity. Clearly, (6.16) satisfies (6.2) for 
alll  a with support outside the discontinuity. Hence, (6.16) is a valid weak solution 
off  (6.1). 

6.2.44 Genera l Solutio n 

Iff  the eigenvalues of the Jacobian are either genuinely nonlinear or linearly degen-
erate,, then the general solution to the Riemann problem consists of n +1 (possibly 
empty)) regions fïj in the (x,f)-plane where the solution is constant, separated by 
rarefactionn waves, contact discontinuities and shock waves. To construct the gen-
erall  solution, we define q0 := qL , q: := qf i and q//n, / = 0 , . . ., n is the solution 
inn fti. If q^^- ,^ is connected to q; /n by a rarefaction wave, then hi(x/t) denotes 
thee similarity solution in the rarefaction wave region. Moreover, if q^_xwn is con-
nectedd to q(/n by a shock wave, then si is the corresponding shock speed. The 
Riemannn solution reads 

q(x,t) q(x,t) 

iff  x/t < <7Q" , 
iff  af < x/t < (7+ , I = 1 , . . ., n — 1 , 

iff  at-i < xft < aT ' / = 1,..., n — 1, 
iff  x/t > a' , 

with h 
(6.18a) ) 

er++ = i A ' + 1 ^ / " ^ ' i f A '+i(q//n) ^ A*+i(q<Z+i)/ J 7 /g 18bN 
11 \ si+i , otherwise, 

<T,<T, = 
ff  M q * / n ) > i f M<U/n) > M<l(l-l)/n)  > (6 18c) 
\\ si , otherwise . 

Wee refer to the velocities cr( as contact speeds. The general solution (6.18) is 
schematicallyy depicted in Figure 6.1 on the facing page. The figure illustrates the 
contiguityy of regions connected by shock waves and contact discontinuities (e.g., 
Q(i-\)/Q(i-\)/nn

 a nd £li/n)
 a nd the separation of regions connected by rarefaction waves 

(e.g.,, Ql/n and £ ) ( m ) / n) . 
Ass an important side note, we mention that existence of a solution to the 

Riemannn problem is not evident. Depending on the properties of f, if ||qL — qf l || 
iss too large, then it can occur that a solution does not exist; see, for instance, 
Ref.. [60]. 
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° n - ll  = CTn 

Figuree 6.1: The general solution to the Riemann problem. 

6.33 Approximate Riemann Solution 
Thee solution to the Riemann problem plays an important role in numerical meth-
odss for hyperbolic conservation laws: Following Godunov's approach [22], it can 
bee used to determine the flux across the discontinuities in a piecewise continuous 
approximationn to the solution of a hyperbolic problem. 

Thee benefits of Godunov's method are widely appreciated. However, a dis-
advantagee of the method is the high computational cost of solving the Riemann 
problem.. It is therefore attractive to revert to approximate solution techniques. 

Inn this section we investigate an eminent approximate Riemann solver, viz., 
Osher'ss scheme. We examine the approximate Riemann solution underlying Os-
her'ss scheme and, based on the results, we propose a modified scheme. 

6.3.11 Osher's Scheme 

Wee consider the Riemann solution in similarity form for given left and right states, 
h(x/t;h(x/t; qL , qR) . The Godunov flux is defined by the flux at x = 0: 

f (q L ,qf l ) := f (h (0 ;qL ,qf i ) ) ) (6.19) ) 

Thee flux (6.19) is referred to as the Godunov flux, in view of its role in the 
numericall  method proposed by Godunov. 

Inn Osher's scheme [48,49], the Godunov flux is approximated by 

f(qz,,qfl)) := 2ffat) + 2f(q«) ~ 2d(q L 'q f l ) ' 

with h 
d(qL-qfl )) := / |A(w)| -dw, 

(6.20a) ) 

(6.20b) ) 
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and d 

jA (q ) | :=R(q ) . |A (q ) | -R{q ) -1 ,, (6.20c) 

|A(q)|| := diag(|Ai(q)|,..., |An(q)|) . (6.20d) 

Thee term (6.20b) contributes to the numerical dissipation. In general, upwind 
schemess can be cast into the canonical form (6.20a) (see, for instance, Ref. [73]), 
withh d(q ,̂ c[R) depending on the specifics of a scheme. The integral (6.20b) char-
acterizess Osher's scheme. 

Thee integral (6.20b) is evaluated along a path in state space. To facilitate 
thee description of the integration path, we represent it by 

TT := {q(«) : 0 < s < 1 , q(0) = qL , q(l) = qf i }  . (6.21) 

Osherr proposed to compose the integration path of the fc-rarefaction paths: The 
pathh (6.21) is separated into subpaths T/, I = 1,2,... ,n. Each of these subpaths 
connectss two states q(/_i)/n and q//n. The initial and end state are defined by 
q00 := qL and qx := q#, respectively. Moreover, Ti is tangential to the eigenvector 
rfc(j),, where k : {1 ,2 , . . ., n}  — {1, 2 , . . ., n}  is a bijective mapping. This implies 
thatt Ti is a section of the fc(/)-rarefaction path, connecting q(j_i)/n to q^/n. An 
illustrationn of the integration path is presented in Figure 6.2. 

*Ï 00 Ql/n Q2/n Q(J - l ) / n Öl/n Q ( n - l ) / n Ql 

*L*L  rx r 2 r ; rn QR 

Figuree 6.2: Osher's integration path. 

Usuall  choices for the ordering of the subpaths are the O-variant k(l) = n+l—l 
(cf.. Ref. [49]) and the P-variant k{l) = I (cf. Ref. [28]). Note that the O-variant 
andd the P-variant have mutually reversed orderings. 

Forr the O- and P-variant orderings of the subpaths, if a linearly degenerate 
eigenvaluee with algebraic multiplicity \i > 1 occurs, then this eigenvalue appears 
onn successive subpaths. It is then possible to condense the corresponding subpaths. 
Thee integral (6.20b) can be rewritten as a sum of the contributions of the integral 
overr each of the subpaths: 

n n 

d(q^qK )) = X > ' (6.22a) 

with h 

d<:== / |A(w(0) |Tf c ( i ) (w(0)d£. (6.22b) 

Fromm (6.20c) (6.20d) it follows that 

d(( = / sign(Afe(i)(w(0)) A(w(0) - r f c ( , ) (w(0)d£. (6.23) 
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Iff  Afc(i) does not change sign along Tt, then the sub-integral (6.23) evaluates to 

ddtt = sign(Afc(0) (f (q,/ n) - f (q ( i - i ) / n) )  (6-24) 

Thiss implies that if successive eigenvalues have equal signs on their subpaths, 
thenn the sum of their contributions concatenates. In particular, if Afc(;0)(q) = 
^fc(/0+i)(q)) =  = AA.(io+M_1)(q) is a linearly degenerate eigenvalue with sign S 
andd algebraic multiplicity fi, then 

n-i n-i 

Y,Y, dio+j  = S (f (q(i0+ | i-i)/„ ) " f (q(io-i)/»))  (6-25) 
3=0 3=0 

Thee intermediate states q(/0+j)/n, j = 0 , 1 , . . ., \L - 2 are of no consequence and 
cann be eliminated from the composite integration path a priori. 

Duee to the choice of the subpaths, the intermediate states can be conveniently 
determinedd by means of the Riemann invariants. Because the subpath Ti is the 
/c(/)-rarefactionn path between q(/_iwn and qwn, 

< ww (q«-i)/n) = V»J[(i) (q j /J , '. m = 1,2,..., n , m ? k(l) ; (6.26) 

cf.. Section 6.2.3. If the fc-Riemann invariants have linearly independent deriva-
tivess with respect to q, then, by the implicit function theorem, (6.26) is a solvable 
systemm of equations from which the intermediate states can be extracted. In many 
practicall  cases the intermediate states can then be solved explicitly from (6.26). 
Otherwise,, it is necessary to determine the intermediate states by numerical ap-
proximation.. Once the intermediate states have been obtained, the flux approxi-
mationn follows by straightforward operations. 

6.3.22 Accurac y 

Thee flux obtained by means of the Osher scheme is based on an approximation to 
thee solution of the Riemann problem. Because the approximate Riemann solution 
cann again be written in similarity form, it is useful to introduce the notation 

f(qL>q* )) = f (h(0;qL ,qf i ) ) , (6.27) 

wheree h(ar/t;qL ,qf l ) represents the approximate Riemann solution in similarity 
form. . 

Too assess the accuracy of the approximate Riemann solution underlying Os-
her'ss scheme, we examine its representation of rarefaction waves, contact disconti-
nuitiess and shock waves. We consider only the P-variant ordering of the subpaths. 
However,, by virtue of the fact that the O-variant and P-variant have mutually 
reversedd orderings, it follows that 

ho{x/t;ciho{x/t;ciLL,q,qRR)) = hp(-x/t;qR,qL) , (6.28) 
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wheree the subscript distinguishes the variants. By (6.28), the results for the 
P-variantt can be extended mutatis mutandis to the O-variant. 

Inn section 6.3.1 it was emphasized that the subpaths in Osher's scheme are 
subsetss of the fc(Z)-rarefaction paths. Referring to Section 6.2.4, it follows that the 
intermediatee states in the approximate Riemann solution are connected by simple 
wavess only. Clearly, this representation is correct for simple waves and contact 
discontinuities.. However, shock waves in the actual solution are then replaced by 
so-calledd overturned simple waves; see Ref. [41]. 

Too examine the appropriateness of the overturned-simple-wave representa-
tionn of shocks. We consider a left state qL and a right state qf i , connected by a 
weakk fc-shock. The k-shock strength is defined by: 

e :=Af c (qL ) -A f c (q«).. (6.29) 

Inn [60] it is proved that the change in the A:-Riemann invariants across a fc-shock 
withh strength e is 0(e3) as e — 0. This implies that a qf i £ Hk{<\L)  exists such 
thatt Afc(qfl) = Afc(qfi) and ||qA - qH|| = 0(e3). To prove this, we note that 
qf ii € ftfc(qL) implies 

^ ( q B ) = C ( q L )>> m = l , 2 , . . . , n, m^k. (6.30) 

Thee change in the fc-Riemann invariants from qL to q# is only 0(e3). Therefore, 

tf™(q*)tf™(q*)  = ^r (qf i ) + 0(e3) , m = l , 2 , . . . , n, m^k. (6.31a) 

Equationss (6.31) can be augmented with 

A*(q R)) = Afe(qR) , (6.31b) 

too obtain n equations for qf i . If the fc-Riemann invariants have linearly indepen-
dentt derivatives with respect to q, then r a n k ( öq ^ , . . ., dq^jt) = n — 1. More-
over,, because A& is linearly degenerate, <9qAfc £ s p a n ( öq^ , . .. ,<9q?/>£). Therefore, 
(dqV>fc,, , flqi/>£, dqAfc) is nonsingular and, by the implicit function theorem, (6.31) 
iss solvable. Taylor expansion of V'jTtöfi ) ano^ Afc(qH) with center at qH then yields 
thatt | | qf l - q f i | | = 0 ( e3 ) . 

Summarizing,, we find that the error in the intermediate states in the simple-
waves-onlyy approximation of the Riemann solution is at most 

supp ( ( A K q ^ - D / J - A K ^ / n ) ) 3 ^ ) . (6-32) 
1=1...n1=1...n ^ 

Althoughh the computed intermediate states are accurate, even in the presence 
off  (weak) shocks, the flux approximation is not necessarily so. By (6.22)-(6.23), 
iff  qf i G ftfc(q J and Afc(qL) > 0 > A fc(qfl), then 

<*(qL,q*)) = T A ( w ( 0 ) - r , ( 0 ( w ( £ ) ) d £- f *  A ( w ( 0) T f c ( 0(w(0) d£ 

== 2 f ( q * ) - f ( q L ) - f ( q H ) J (6.33) 
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withh q* € ftfc(qL) such that Afe(q*) = 0. The Osher flux (6.20) then yields 

ff  (<IL. q*) = *{<U)  + mR) - f(q* )  (6.34) 

Inn contrast, the Godunov flux corresponding to the fc-shock is f (qL ) if ̂ (q^; qK ) > 
00 and f (qR) if s(qL ; qf l ) < 0. Hence, ignoring terms of 0(e3), the error in the flux 
approximationn is 

f ( q i , Q f l ) - f ( q i , q f l )) = { f
f ^ ) - f ^ ; ) ' |! ^ « > > 0 < (6.35) 

l f ( q i J - f ( q ) >> l f s ( qL ; q i ï ) < 0. 

Too elaborate the error, we note that the states qL , q^ and q*  are interrelated by 
thee A;-Riemann invariants in the following manner: 

^ ( q * ) = ^ ( q L )) = ^r (qf l ) + 0 (€
3 ) , m = l , 2 , . . . , n, m^k. (6.36) 

Moreover,, because qL and qR are connected by a shock with strength e, 

AfcCqjr)) = 0 ( c ) , A fc(qH) = 0 ( e ) , (6.37a) 

and,, by definition, 
A f c(q*)=0.. (6.37b) 

Fromm (6.36)-(6.37) it follows that 

H<lL/fll - q l = O(c) , (6-38) 

wheree q^/jj is either qL or qR. Taylor expansion of f{q.L/R) with center at q* 
thenn yields 

l | f(qL/f l)- f(q*) l l=0(«O .. (6.39) 

Hence,, by (6.35), the error in Osher's flux approximation in the instance of a slow 
shockk (Ajt(qfi) < 0 < Afc(qfi)) with strength e is of 0(e). This failure of Osher's 
schemee is exemplified by means of the Burgers equation in [41]. 

6.3.33 Modifie d Schem e 

Too avoid the aforementioned deficiency of Osher's scheme, we propose a modifica-
tionn of the scheme. The simple-waves-only approximation of the Riemann solution 
iss maintained. However, the overturned-simple-wave representation of shocks in 
thee approximate Riemann solution is replaced. 

Wee propose to extract the intermediate states in the approximate Riemann 
solutionn from 

^ r ( q < z - i ) / n ) = V n q j / Jii  i,m = l , 2 , . . . , n, m ^ / , (6.40) 

withh q0 = qL and qx = q^. This is in fact equivalent to (6.26) with a presumed 
P-variantt ordering of the subpaths. 
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Thee intermediate states from (6.40) are subsequently used to construct the 
approximatee Riemann solution: 

x/tx/t < a£ , 
a~a~ < x/t < <7+ , 

x/tx/t > a~ , 

h(x / t ;qL ,qH )) - < Qi/nn ' 

hii  (x / t ), 

q*> > 

zz = i , 

// = i, 

nn — 1, 

nn — 1, 

withh the approximate contact speeds ax , 

<x++ = 

cr,, = 

MM + l(<il/n) 
SlSl + 1 , 

^(Öz/n)̂  ^ 
SiSi , 

and d 
1 1 

iff  M+l(<ll/ n) < ^ + l(Q(i+l)/n; 
otherwisee , 

iff  M ^ / n ) > Mq<Z-l)/n) > 
otherwisee , 

1 1 
hh = 2^(q(/- i ) /n) + 2 ^ ' ^ / " ) 

(6.41a) ) 

(6.41b) ) 

(6.41c) ) 

(6.41d) ) 

Inn (6.41a), hi(x/t) represents the simple-wave solution between q(j_!)/n and qZ/n. 
Recalll  that q^_i) /n and q^n can indeed be connected by a simple wave due to 
thee choice of the subpaths. 

Comparisonn of the approximate Riemann solution (6.41) with the exact Rie-
mannn solution (6.18) shows that si approximates the shock speed. In Ref. [60] it 
iss proved that if qR 6 Sfc(qL) and e := Afc(qL) - Afc(qR) > 0, then the Jc-shock 
speedd satisfies 

'2^^ (6.42) 11 1 
S(QL;;  q/i) = £A*fai ) + 2Afc(q*) + °^  ' 

ass c —» 0. Hence, the shock-speed approximation (6.41d) is 0(e2) accurate. How-
ever,, because the objective is to obtain an approximation to the Godunov flux, it 
iss the sign of the shock speed that is of primary interest. The sign of the shock 
speedd is correctly predicted by (6.41d), provided that 

^Mq<i-u/n)) + 2A'të*/»)| » GMod-D/n) - M Ö J / J )2  (6-43) 

Otherwise,, the sign of the shock speed depends on the 0{e2) remainder and be-
comess ambiguous. This occurs for strong, slow shocks. 

Thee approximation of the Godunov flux, corresponding to the approximate 
Riemannn solution (6.41), is f(qL ,qjR) = f(h(0;qL , q^)), with 

h (0 ;qL , qf i )== < 

wheree q*  € 72./(<ï(z-

Qo>> if 
q//n.. if 
q*,, if 

kk Qi, if 

°t°t > 0, 
^ r < ° < ^^  i € { l , . . . , n - l } , ( 6 4 4) 
crjtii  < 0 < af, / € { l , . . . , n - l } , 

er""  < 0, 

!)/„ )) such that Aj(q* ) = 0, in case of a centered rarefaction 

wave. . 
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6.44 Two-Flui d Flow Applicatio n 
Inviscid,, compressible two-fluid flows can be modeled by hyperbolic conservation 
laws.. The interface between the contiguous fluids then appears as a discontinuity 
inn the solution. In this section we consider the application of the modified Osher's 
schemee to two-fluid flows. 

6.4.11 Two-Flui d Euler Equation s 

Wee consider the flow of two inviscid immiscible fluids. The fluids occupy a domain 
VV C Rd (d = 2,3). Positions in V are identified by x := x\e\ + . .. + Xd&d-
Timee is denoted by t > 0. In both fluids, the flow is characterized by the state 
variabless p(x, t), p(x, t) and v(x, t), which represent density, pressure and velocity, 
respectively.. The Cartesian components of the velocity are denoted by u,(x, t) := 
er v ( x , i ) ,, j = l , . . . ,d. 

Thee fluids are separated by an interface, which we identify by the level set 

<S:={xGG V : 0 ( x , t ) = O } . (6.45) 

Thee following kinematic condition ensures the immiscibility of the fluids: 

0tt + v -V0 = O, x e V , i > 0 . (6.46) 

Too distinguish the fluids, we arbitrarily designate one of the fluids as the primary 
fluidfluid  and the other as the secondary fluid. We assume that 0(x, t) is positive in 
thee primary fluid and negative in the secondary fluid. 

Inn both fluids, the flow is governed by the Euler equations. Because our 
interestt is in discontinuous solutions, we consider the weak formulation of the 
equations.. To present the equations in weak formulation, we denote by f2 any 
arbitraryy bounded subset of V x [0, oo), by 0 its boundary and by (11,7) := 
n\Gin\Gi + . .. +nded + l&d+i  the outward unit normal vector to 0; see the illustration 
inn Figure 6.3 on the following page. The weak formulation of the Euler equations 
reads s 

66 a (fry + pv  n) d0 - / p {at + v  Va) dO = 0 , (6.47a) 
JeJe Jn 

<t><t>  b {pvj-y + pujV  n + jm,j) d0 - / pVj (bt + v  V6) + p^— dO = 0 , (6.47b) 
JeJe JQ QX3 

withh j = 1 , . . ., d, for all subsets Q and all continuously differentiable functions a, b. 
Thee equations (6.47a) and (6.47b) express conservation of mass and conservation 
off  momentum, respectively. 

Thee kinematic condition (6.46) is not in conservation form. This renders (6.46)-
(6.47)) unsuitable for treatment by Godunov's method. However, under the condi-
tionss imposed by (6.47a), we can replace (6.46) by 

II  c {pg{d) 7 + pg{0) v  n) d0 - f pg{0) (ct + v  Vc) dfi = 0 , (6.48) 
JeJe Jn 
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Xl Xl 

Figuree 6.3: A bounded subset fi  in the (x, t) domain, with boundary G and 
outwardd unit normal (11,7). 

forfor all subsets Q and all continuously differentiable functions c. with g : M 1—» R 
anyy strictly monotone continuously differentiable function. Equation (6.48) is in 
weakk conservation form. To prove that (6.47a) and (6.48) imply (6.46), we note 
thatt the sum of (6.47a) and (6.48) yields: 

èè p(cg(6)+a)(i+v-n)d@- / p{at + v-Va)+pg(9) (c(+v-Vc)dfi = 0, (6.49) 
JeJe JQ 

whichh holds for all continuously differentiable a.c and all subsets fi. If we choose 
aa = —cg{9), then the boundary integrals cancel and we obtain 

ƒƒ p ([cg{6)] t + v  V[cg(9)] - g{9) (ct + v  Vc)) dfl = 0 . (6.50) 

Partiall  differentiation yields 

[[  cp(g(9)t+vVg(9))dn = 0, (6.51) 

or,, equivalently. 

cpge(9cpge(9tt + v-V9)dü = 0, (6.52) ) 

forr all continuously differentiable c and all subsets Q. Equation (6.52) implies (6.46) 
weakly.. Therefore, (6.47a) and (6.48) imply (6.46) weakly. 

Too identify the associated Riemann problem, we collect (6.47)-(6.48) in: 

£ « U - 7 +EE fl («»)»*)de - Jn (*
a*  + E f\ (*i WW = 0. (6.53a) 

ox,ox, / 
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jj  = 1 , . . ., d 4- 2, for all continuously differentiable a and all subsets Q, with 

qq = f 1^ ^ f22 = fdd = 

V V 

// 9193/95 \ 

9293/95 5 

93/955 + p 

9493/95 5 

933 y 

(6.53b) ) 
forr d = 3. The case d = 2 can be treated as a special case of d = 3, with q$ and 
f33 set to 0, and wil l therefore not be considered separately. Integrating (6.53) by 
parts,, we obtain 

dd dPM) 

pvpv2 2 

PV3 PV3 

P9(0) P9(0) 

VV P J 

fqï/q5+p\ fqï/q5+p\ 
9291/95 5 

9391/95 5 

9491/95 5 

9i i 

// 9192/95 \ 

92/955 +P 

9392/95 5 

9492/95 5 

92 2 

whichh implies the following strong form of the equations: 

3qq , flf^q) , 
oxoxd d 

(6.54) ) 

(6.55) ) 

Too obtain the Riemann problem associated with the two-fluid Euler equations, 
wee stipulate dfl/dxi = 0 for i = 2 , . . ., d and we prescribe discontinuous initial 
conditionss conform (6.1b). 

6.4.22 Equatio n of Stat e 

Closuree of the two-fluid Euler equations requires an equation of state which in-
terrelatess p, p, v and 6. We consider fluids that separately satisfy a barotropic 
equationn of state: 

PP  Pp/s{p) , or p := pp/s(p) . (6.56) 

withh pp/s : (0,00) H ] R and pp/ s : R >-> (0, oc) mutually inverse functions, i.e., 

Pp/*(pp/s(p))Pp/*(pp/s(p)) =P, and pp/s(Pp/s(p)) = P , (6.57) ) 

forr all p e IK and all p G (0,00). The subscripts p and s distinguish the primary 
andd secondary fluid. 

AA relevant example of an equation of state conform (6.56) is Tait's equation 
off  state (see, e.g., [71]): 

p{p)p{p) =Po((l + m) (£)*-) (6.58) ) 

withh po an appropriate reference pressure, e.g., the atmospheric pressure, po the 
correspondingg density of the fluid and TJI and 772 fluid-specific constants. Equa-
tionn (6.58) can be used to describe the behavior of air in homentropic flow and of 
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Tablee 6.1: Constants in Tait's equation of state (6.58) for water and for air 
inn homentropic flow. 

water r 
air r 

Vi Vi 
3000 0 

0 0 

m m 
7 7 

7/5 5 

water.. The corresponding constants are listed in Table 6.1. Appropriate constants 
forr other fluids are given in [71]. 

I nn order to construct an equation of state for the two-fluid compound, we 
considerr a domain Q, which is occupied by the two co-existing fluids. If the fluids 
aree separated, then the primary and the secondary fluid occupy domains Qp and 
QQss,, respectively; see the il lustration in Figure 6.4. Denoting by |fi | the volume of 
Q,, we define the primary volume fraction by 

in, , 
II a, 10.1 1 

(6.59) ) 

(6.60) ) 

Iff  the pressure is constant in Q, then the compound density reads: 

p(p,a)p(p,a) :=app(p) + (l - a) ps(p) . 

Equationn (6.60) specifies the equation of state for the two-fluid compound. The 
compoundd equation of state is il lustrated in Figure 6.5 on the next page. An 
equationn of state of the form p(p, 9) is obtained by introducing a mapping 6 \-* a{9). 

Figur ee 6.4: Separation of the fluids in a volume Q. The primary and secondary 
fluidd occupy Qp and Qs, respectively. 
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Figur ee 6.5: Compound equation of state for two barotropic fluids according 
too (6.60). 

6.4.33 Riemann Invariants 

Wee consider the flux function f1 according to (6.53b) with an equation of state 
off  the general form p := p(p,0). To facilitate the derivation of the associated 
Riemannn invariants, we introduce the notation: 

Cp{p,B)Cp{p,B) :--

ce(p,0) ce(p,0) 

idp(idp(PP,o) ,o) 
dp dp 

ldp(p,6) ldp(p,6) 

00 00 

Thee Jacobian of the flux function then reads 

A (q ) ) 

(2qi/q(2qi/q5 5 

1212 /qs 

<Z3/<?5 5 

944 /<?5 

VV i 

0 0 

<7l/<?5 5 

0 0 

0 0 

0 0 

0 0 

0 0 

<7l/<?5 5 

0 0 

0 0 

cce/l5 e/l5 
0 0 

0 0 

qi/qs qi/qs 
0 0 

-Q2qi/ql -Q2qi/ql 

-qm/ql -qm/ql 
-qiqi/ql -qiqi/ql 

o o 

andd its eigenvalues and the corresponding eigenvectors ,-re 

- l̂l  = qi/lh ~ cp , A2,3,4 = Qt ,/<?5 , A5 = qi/q5 + cp 

(6.61a) ) 

(6.61b) ) 

(6.62) ) 

(6.63a) ) 
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and d 

r i i 

ff 9l/95 - cp\ 
92/95 5 

93/95 5 

94/95 5 

^^ 1 ) 

(( * 
0 0 

0 0 

r22 = 

\ \ 

-{cp/cefql-{cp/cefql + 94 

\\ * / / 

, , 

(o\ (o\ 
1 1 

0 0 

0 0 
r33 = 

/o\ \ 
0 0 

1 1 

0 0 

WW Vo> 

/9l/955 + cp\ 

rss = 
92/95 5 

93/95 5 

94/95 5 

II 1 / / 

(6.63b) ) 

r4 4 

Thee eigenpairs (A&, r&) are genuinely nonlinear for k — 1, 5 and linearly degenerate 
forfor k = 2, 3,4. 

Too derive the 1-Riemann invariants, we first solve the following system of 
ordinaryy differential equations: 

h'(0=r f c(h(0) ) 
h(0)) = h° , 

te te 

forr k = 1. Trivially, 

Hence,, for j = 2,3, 4, /ij, (£) is determined by 

whichh yields 

M 00 = (^A5)e + Ĵ, .7=2,3,4. 
Furthermore,, M O is governed by 

K(0K(0 = M0/(£ + ̂ ) - c,(0, MO) = fc? 

withh cp(0 := cp(MO« M O / M O ) - The solution to (6.68) is 

. . 

(6.64a) ) 

(6.64b) ) 

(6.65) ) 

(6.66) ) 

(6.67) ) 

(6.68) ) 

(6.69) ) 

Too obtain 1-Riemann invariants, we construct {-independent functions of M 0> 
jj  = 1,.. . ,5. By (6.65) and (6.67), 

MOO (tfmt+h!}  _$ 
MO O £+/*? ? A ? ' ' 

jj = 2 ,3 ,4 . (6.70) ) 
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Therefore,, qj/qs, j = 2,3,4 are 1-Riemann invariants. Moreover, 

(6.71) ) 
Hence,, for an arbitrary constant <?!? € (0, oo), 

" ^ d U ,, (6.72) 

iss also a 1-Riemann invariant. 
Duee to the simple structure of the eigenvectors r^ for k — 2,3, the corre-

spondingg Riemann invariants can be determined by inspection. Moreover, by (6.63), 
thee 5-Riemann invariants are identical to the 1-Riemann invariants, with cp re-
placedd by —cp. 

Too derive the 4-Riemann invariants, we solve (6.64) for k = 4. Obviously, 

Too facilitate the determination of h^), we recall that cp and c$ are defined by 
Eq.. (6.61) and that /15 and /14 are defined by p and /O0, respectively. Therefore, 

« « J - ^^  + MO - | ( ^ | + p | ) - ^  + | ^ . (6,4) 

Fromm (6.73) it follows that p = //(£) and, hence, 

dpdp dd dp dp dp 
öödêê + ^ d? = d ï= ° - ( 675) 

Thiss implies that /M(£) is implicitly given by 

p(M0,, MO/MO) = )  (6-76) 
Summarizing,, by (6.73)-(6.76), 4-Riemann invariants are: 

W<fc,, 92, 93, p . (6.77) 

Inn conclusion, we can associate the following Riemann invariants with the flux 
functionn f according to (6.53b), with an equation of state of the form p := p(p, 6): 

# = t ; ii  + ¥(p,0), 

t\t\ = vi > 

i(>l=vi, i(>l=vi, 

il>l=vi, il>l=vi, 

V j = i ; i - * ( ^ ö ) , , 

^11 = v2 , 

^ 22 = ^ 3 , 

^ 33 = f">2  , 

V>44 = P 2̂ , 

V'ff  = V2 , 

^ JJ = V3 , 

1pi=P#, 1pi=P#, 

V4=P*, , 
1p\1p\ = PV3 , 

iplipl  = v3, 

^ ÏÏ  = Ö, 

ip%=p(p,0), ip%=p(p,0), 

^=P(P,0), ^=P(P,0), 

*Pl=p(p,0), *Pl=p(p,0), 

tètè = o, 

(6.78a) ) 

(6.78b) ) 

(6.78c) ) 

(6.78d) ) 

(6.78e) ) 
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wit h h 

*(P,0) ) 
PPCCPP{LJ,0) {LJ,0) 

Ó.LÜ Ó.LÜ 

U) U) 
(6.78f) ) 

andd p° an arbitrary constant in (0, oo) 

6.4.44 Approximate Two-Fluid Solution 

Thee Riemann invariants (6.78) can be used to extract from (6.40) the intermediate 
statess in the simple-waves-only approximation to the solution of the two-fluid 
Riemannn problem. Because the linearly degenerate eigenvalue v\ has algebraic 
multiplicit yy m = 3, only two intermediate states have to be distinguished; see 
Sect.. 6.3.1. These intermediate states are connected by a contact discontinuity. 
Thee eigenvalues v\  \P are genuinely nonlinear. This implies that simple waves 
connectt the intermediate states to the left and right states. In particular, the 
structuree of the approximate Riemann solution is as follows: The left state q0 := 
qLL is connected to the intermediate state qx / 3 by a simple wave. The intermediate 
statess q-j/3 and q2 / 3 are connected by a contact discontinuity. A simple wave 
connectss the intermediate state q2/ 3 to the right state cĵ  := qR. The approximate 
solutionn of the two-fluid Riemann problem is i l lustrated in Figure 6.6. 

" 11 - Cp(/5i/3, # i /3) 

Figur ee 6.6: Approximate solution of the two-fluid Riemann problem. Simple 
wavess (shaded) connect the left and right states to the intermediate states. The 
intermediatee states are connected by a contact discontinuity (dashed). 

I tt is important to note that 6 is a fc-Riemann invariant for k = 1,5. Hence, 
aa fluid transit ion can only occur across the contact discontinuity. Moreover, both 
v\v\ and p are k-Riemann invariants for k = 2,3,4. Hence, v\ and p are continuous 
acrosss any contact discontinuity. In particular, V\ and p are continuous across 
thee interface. This implies that the kinematic and dynamic interface conditions 
aree fulfilled. The interface between the fluids can therefore be construed as a 

particularr instance of a contact discontinuity. 
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Fromm (6.40) and (6.78) it follows that 

(6.79a) ) 
,, „  , , „ , \ a J 

1/33 v ' 0 v ' 2/3 

and d 

(£1)1/33 = («1)2/3 := («1)1/2  (6.79b) 
Furthermore,, (üi)i/2, P1/3 and p2/3 are determined by 

(«1)1/22 + r / S C-£^- dp = («1)0 , (6.80a) 
JpJp00 P 

(«1)1/22 - r / 3 ^ ^ dp = («Oi , (6.80b) 
^PII P 

p(pi /3,Ö0)=p(p2 / 3,Ö1) .. (6.80c) 

Inn some cases the intermediate states can be explicitly extracted from (6.79)-
(6.80).. Otherwise, the intermediate states have to be determined by numerical 
approximation. . 

Iff  the equation of state is of the form p := p(p, 6), or can be cast in this form, 
thenn the conditions for the intermediate states can be formulated in a convenient 
form.. To derive this formulation, we note that 

''9p{p9p{p''9)9)dp,dp, (6.81) 

forr certain integration limits pa and pb. The latter identity follows from the trans-
formationn p := p{p, 9). From (6.80)-(6.81) it follows that 

ffPl/2Pl/2 1 dpjpM, p / 2 1 dP{p,91)A . .. 
// / A s\ — « dP+ / / ^ | H B ' d p = ( « i ) o - ( «i 1 , 
JpoJpo P(P,^0)V op 4 p(p,0i)V Op 

(6.82) ) 
withh pi/2 :=p(pi/3,^o) =p(P2/3)öi), conform (6.80c). Equation (6.82) presents a 
concisee condition for the intermediate pressure Pi/2-

I tt is important to note that (6.82) is well suited to treatment by numerical 
approximationn techniques. In particular, the derivatives of the integrals with re-
spectt to P1/2, which are required in Newton's method, are simply the integrands 
evaluatedd at P1/2- Moreover, for a given approximation to P1/2, the integrals can 
bee evaluated by a numerical integration method (see, e.g., Ref. [30]). 

Oncee the intermediate pressure has been extracted from (6.82), the interme-
diatee densities follow immediately from the equation of state: 

P1/33 = p(pi/2>0o). and p2 / 3 = p(pi/2,0i)  (6.83) 

Wee recall that once the intermediate states have been obtained, the modified Osher 
fluxx follows by straightforward computation; cf. Section 6.3.3. 
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6.55 Pressur e Oscillation s 
AA common objection to interface capturing is the occurrence of pressure oscilla-
tions.tions. These pressure oscillations expose the loss of certain invariance properties 
off  the continuum problem under discretization. Below, we exemplify the pressure 
oscillationss and we derive a pressure-invariance condition for discrete approxi-
mationss to two-fluid flow problems. Furthermore, we construct a non-oscillatory 
conservativee discretization for two-fluid flow problems. 

6.5.11 Exemplificatio n 

Too exemplify the pressure oscillations that are generally incurred by conservative 
discretizationss of two-fluid flow problems, we consider 

Qtt + (f (q))x = 0 , xe£,t>0, (6.84a) 

with h 
/pv\/pv\ /pv2+p{p,a)\ 

qq = I pa\ , and f (q) = pav , (6.84b) 

\P\P / \ f>v J 
orr its weak formulation, if appropriate. The considered equation of state is 

p(p,p(p, a) = app(p) + (1 - a)ps{p) , (6.84c) 

withh pp(p) and ps(p) given equations of state for the primary and secondary fluid. 
Thee interval C is subdivided into intervals (XJ,XJ+\) and (6.84) is supplemented 
withh the initial conditions 

p(x,p(x, 0) — p° , v(x,0) — V, a(x,0) = a® , if x e (XJ,XJ+I) , (6.85a) 

withh V an arbitrary positive constant and p° and a® constants such that 

pjj  = aj  Pp(P) + (1 - a°) MP) , (6.85b) 

forr some constant P. The equations (6.84) (6.85) represent a two-fluid flow in 
whichh the velocity v is uniform and in which the density p and the (primary) 
volumee fraction a are such that the pressure p is uniform as well. 

Thee solution to (6.84) (6.85) reads 

q(s,, *) = q(z - Vt, 0) . (6.86) 

Thee pressure p(x,t) corresponding to (6.86) follows from the equation of state: 

p{x,p{x, t) = a{x, t) pp{p{x, t)) + (l- a{x, t)) ps(p(x, t)) . (6.87) 

Byy (6.86)-(6.87), 

p[xp[x - Vt,0) = a(x - Vt,0)pp{p{x,t)) + (1 - a(x - Vt,0)) ps{p{x,t)) , (6.88) 
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whichh implies that p{x,t) = P, i.e., the pressure is invariant. Hence, if the initial 
velocityy and pressure are uniform, then the pressure is invariant under (6.84). 

Next,, we consider the first order forward Euler discretization to (6.84) (6.85) 
onn the grid {(xj,tn) : j € Z,n e N} , with t0 = 0 and tn < tn+1: 

t ^ - tt +
 g . x l - r

 = 0 ' « = 0 , 1 , . . ., (6.89) 

(6.90) ) 

withh the initial conditions 

conformm (6.85). The grid function q? approximates q(x, tn) according to (6.86) in 
thee interval (XJ,XJ-\). 

Thee states q° and q°+ 1 are connected by a contact discontinuity with velocity 
V.V. The corresponding Godunov flux reads: 

* ( « M + i )) = V K o 5 ) + f o j . (6.91) 

Becausee shocks are absent, expression (6.91) is also valid for the (modified) Osher 
scheme.. By (6.89), 

q^qJ-CfqJ-qJ.O ,, (6.92a) 

with h 
CC :=  V(ti - t0)/{xj+1 -Xj), (6.92b) 

thee CFL-number. In conjunction with (6.85b), equation (6.92) implies 

p)p) = a* pp(P) + (1 - a*) ps(P), (6.93a) 

with h 
a*a* :=  a] - C(aQ

j - af}^) . (6.93b) 

Fromm (6.93) it follows that a necessary and sufficient condition for pressure invari-
ancee of the discrete approximation is a] = a*. However, from (6.85b) and (6.92) 
wee obtain 

g ll _ ((1 - C)(a°)2 4- C ^ - ! ) 2 ) ^ + ((1 - C)a?(l ~ a?) + Ca^jl - Q°_1))/>s 

KK " <7(oJ " °%-I))PP + ( l " («J " C(oJ - o j . , ) )) A 

(6.94) ) 
withh pp/s := Pp/s(P). In general, a]  ̂aj and, hence, the discrete approximation 
(6.89)) lacks the pressure-invariance property of the continuum equations (6.84). 
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Specificc exceptions are: 

CC = 0 =  qj = q° , (6.95a) 

C - ll  => q j = q j _ l t (6.95b) 

a°° = a°_i =» q? = q ? - i, (6.95c) 

Ppp = Ps =̂  single-fluid flow. (6.95d) 

Exceptionss (6.95a) (6.95c) are trivial. Exception (6.95d) confirms that the loss of 
thee pressure-invariance property is special for two-fluid flows. 

Itt is noteworthy that if {pa)t + (potv)x = 0 in (6.84) is replaced by 

aatt+va+vaxx=0,=0, x£C,t>Q, (6.96) 

then,, subject to the initial conditions (6.90), the first order forward Euler dis-
cretizationn yields 

aall
jj=a°=a° jj-C(a-C(a00

jj-a°-a°jj__11).). (6.97) 

Hence,, a] = a*, and pressure invariance is ensured. Equation (6.96) is, however, in 
non-conservationn form. Hence, the pressure invariance is in this case accomplished 
att the expense of the conservation form of the equations. 

6.5.22 Pressure-invarianc e Conditio n 

Thee implications of the above exemplification are restricted: The analysis does 
nott imply that pressure oscillations are inherent to conservative discretizations of 
two-fluidd flow problems. It merely implies that discrete approximations to two-
fluidd flow problems do not obviously inherit the pressure-invariance property of 
thee continuum equations. 

Too avoid pressure oscillations, it is necessary that a discrete approximation 
too a two-fluid flow problem complies with a pressure-invariance condition. We 
formulatee this pressure-invariance condition for discrete approximations of 

qtt + (f (q))x = 0 , x e £, t > 0 , (6.98a) 

orr its weak formulation, with 

// pv \ /pv2+p{p,9)\ 
q == lp0(9)\ , f ( q )= p0(9)v , (6.98b) 

andd p{p,9) a given equation of state, e.g., p(p,0) = p(p,a(6))1 with p(p,a) im-
plicitl yy defined by (6.84c). We do not yet attach a specific connotation to fi. For 
instance,, /? can be a continuously differentiable strictly monotone function, so that 
0t0t + v6x = 0 is implied (cf. §6.4.1), or (3 can be the primary volume fraction a. 
Notee that 9 only serves as an intermediary between 0 and p. Hence, it is not 
necessaryy that 9 appears explicitly in the formulation. 
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Wee consider a discretization of (6.98) on a grid {(XJ, tn) : j G Z, n € N} , with 
toto = 0 and tn < t n + i . We denote by qj the discrete approximation to q(x,tn) in 
thee interval (xj,xj+ i). In particular, q? is the discrete representation of the initial 
data.. The discretization of (6.98) is characterized by the mapping {q!?}  i-> {q" + 1} . 
Thee pressure-invariance condition for discretizations {qj }  t-+ {q" + 1}  of (6.98) 
reads:: If v? = V, with V a constant, and /?J and 0? satisfy 

p(p?,0J)) = P, (6.99a) 

forr some constant P, then 

P(p"+ 1 ' * " + 1)) = p - (6.99b) 

Forr instance, for an equation of state of the form (6.84c), the pressure-invariance 
conditionn reads: If v" = V and 

p]p]  = a(0?) Pp(P) + (1 - Q(Ö?)) />S(P) , (6.100a) 

then n 
PJ+11 = a ( ^+ 1 ) pp(P) + (1 - a(Ö?+1)) Ps(P). (6.100b) 

6.5.33 A Non-Oscillator y Conservativ e Schem e 

Inn order to construct a pressure-invariant discretization for two-fluid flow problems, 
wee define the partial primary and secondary densities by: 

Ppp := app , and p's :- (1 - a)ps, (6.101) 

wheree a is the primary volume fraction conform (6.59) and pp and p8 denote 
thee densities of the primary and secondary fluids, respectively. In one spatial 
dimension,, conservation of mass of the primary and secondary fluid stipulates 

(Pp)t(Pp)t + (p'pv)x = 0 , (6.102a) 

(Ps)t(Ps)t + (P'sv)x = 0 . (6.102b) 

Thee compound density is defined by 

pp := app + (1 - a)ps = p'p + p's. (6.103) 

Hence,, if j3 denotes the primary mass fraction, 

0--=p'0--=p'PP/p,/p, (6.104) 

thenn conservation of mass, of both the primary and the secondary fluid, and of 
momentumm is described by: 

q**  + (f (q))x = 0 , x G £, t > 0 , (6.105a) 
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orr its weak formulation, with 

/pv/pv22+p(p,p)\ +p(p,p)\ 
ff  (q) = p(3v . (6.105b) 

\\ pv J 

Moreover,, if the primary and secondary fluid are equipped with barotropic equa-
tionss of state Pp/S{p) and the compound equation of state is given by (6.84c), then 
p(p,, p) in (6.105) is implicitly given by 

P0P0 = app(p), (6.106a) 

p - p ^ = ( l - a ) p8 ( p ) ,, (6.106b) 

or,, by eliminating a, 

II  = 1~(3 + -J— . (6.107) 
PP PM Ppip) 

Wee consider the first order forward Euler discretization of (6.105)-(6.106) on 
aa grid {{xhtn) : j € Z,n € N} , conform (6.89). If f J = 1/, with V a positive 
constant,, and 

(p(3)](p(3)] = a >p ( P ), (6.108a) 

PiPi ~ (PP)] = (1 " « ? ) P B ( P) , (6-108b) 

forr all j £ Z, with P a constant, then the first order forward Euler discretization 
yields s 

ppnn++ ll=p=pn_n_CC{p{pnn
jj-pU)^-pU)  ̂ (6" 109a) 

((PPp)]p)]+l+l  = (Pp)] - c((p/?)y - (PP)U) , (6.109b) 

withh C according to (6.92b). From (6.108)-(6.109) it follows that 

(p/?)J+11 = a]+1pp(P), (6.110a) 

P?+11 - W)?+ 1 = t1 - tt" +1)^( p)'  (6-U0b) 

with h 

«?+11 ^  Q"  - C K "  ^ - i ) '  (6-U0C) 

Therefore,, p(p?+ 1, /T+ 1) = P, which implies that the first order forward Euler 
discretizationn of (6.105)-(6.106) complies with the pressure-invariance condition. 
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Conclusion s s 

Motivatedd by the demand for efficient computational methods for steady viscous 
free-surfacee flow problems in practical applications such as ship hydrodynamics, in 
thiss thesis we concerned ourselves with numerical techniques for the Navier-Stokes 
equationss with a free boundary. 

Ann investigation of the free-surface Navier-Stokes equations in primitive vari-
abless was presented. We analyzed the generic problem of perturbations of a uni-
formm flow, by means of perturbation methods and Fourier techniques. The analysis 
clarifiess the characteristic features of viscous free-surface flows, such as the disper-
sivee behavior of surface gravity waves, the asymptotic temporal behavior of wave 
groupss and the structure of the free-surface boundary layer. Moreover, by virtue 
off  the formulation in primitive variables, the analysis can serve in the assessment 
off  numerical methods, if the differential operators in the continuum equations are 
replacedd by their difference approximation. 

Wee showed that the usual time-integration method for solving the steady 
free-surfacee Navier-Stokes equations is often inefficient as a result of the specific 
transientt behavior of surface gravity waves and a stability restriction on the ad-
missiblee time step. We then proposed a new iterative solution method, based on 
aa so-called quasi free-surface condition. To establish the efficiency of the method, 
wee showed that its asymptotic computational complexity deteriorates only mod-
eratelyy with decreasing mesh width. Moreover, mesh width independence of the 
computationall  complexity can be accomplished by nested iteration. Numerical 
resultss were presented for a two-dimensional model problem. The numerical ex-
perimentss confirm that the convergence behavior of the method is asymptotically 
independentt of the mesh width. We believe that the proposed method can be 
usefull  in ship hydrodynamics and other fields of application in which the efficient 
computationn of steady free-surface flows at high Reynolds number is required. 

105 5 
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Inn addition, we investigated the numerical solution of steady-free surface 
flowss by means of the adjoint optimal shape design method. To obtain an indica-
tionn of the properties of the method, we considered its application to the steady 
free-surfacee potential flow equations. The adjoint shape optimization method is 
equallyy applicable to the free-surface Navier Stokes equations, but the specifics 
off  the method are much more involved in that case. We showed that the op-
timall  shape design problem displays the usual characteristic behavior of steady 
free-surfacee flows. We determined the convergence behavior of the adjoint method 
forr the generic problem of perturbations of a uniform flow. The method yields 
exponentiall  convergence (i.e., 0(C)n), 0 < C < 1) for 2D supercritical flows and 
algebraicc convergence (typically, 1/y/n in 2D and 1/ra in 3D) in all other cases. 
Thee deteriorated convergence behavior for 3D and 2D subcritical flows can be 
attributedd to the occurrence of critical modes. We showed that preconditioning 
iss imperative to avoid mesh-width dependence of the convergence behavior and 
wee presented a suitable preconditioner for the steady free-surface flow problem. 
Numericall  results were presented for two-dimensional flow over an obstacle in a 
channel.. The observed convergence behavior confirms the asymptotic estimates. 

Free-surfacee flows being a special case of two-fluid flow, we presented a pre-
liminaryy investigation of the interface capturing method for two-fluid flows. We 
constructedd an Osher-type approximate Riemann solver. Details were presented 
forr fluids with a barotropic equation of state. We showed that fluid transitions can 
onlyy occur across contact discontinuities, which implies that the kinematic and dy-
namicc interface conditions are satisfied. The spurious pressure oscillations that are 
commonlyy incurred by conservative discretizations of two-fluid flows were identi-
fiedd as a result of the loss of invariance properties under discretization. We formu-
latedd a pressure-invariance condition for discrete approximations to two-fluid flow 
problemss and constructed a non-oscillatory discretization. The implementation of 
thee interface capturing approach with efficient techniques for steady problems is 
deferredd to future research. 
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Recommendation s s 

Thiss thesis presents an investigation into numerical methods for the steady free-
surfacee Navier-Stokes equations. Based on the results of the investigation, below 
wee phrase several recommendations for future research and for applications. 

Thee analysis presented in Chapter 3 shows that for free-surface flows with 
vanishingg viscosity, the asymptotic transient behavior is 0(\/\/i) in 2D and 0(1 ft) 
inn 3D. This algebraic convergence behavior renders time-integration methods in-
efficientt for solving steady free-surface flows at high Reynolds numbers. However, 
sincee the algebraic convergence behavior is exclusively attributable to surface grav-
ityy waves of which the group velocity equals the flow velocity, it appears possible 
too restore efficiency by removing these waves by other means. In particular, nested 
iterationn could prove useful, e.g., a Krylov-subspace accelerated time-integration 
method,, or a combination of adjoint shape optimization with time integration. An 
investigationn of such nested iteration methods is recommended. 

Basedd on (3.36), it is anticipated that the usual time-integration method 
performss well for steady free-surface flows at low Reynolds numbers. However, 
wee emphasize that the exponential temporal decay due to viscosity was derived 
inn the limi t of vanishing viscosity. Therefore, a re-investigation of the roots of 
thee dispersion relation (3.33) is required to establish the convergence behavior of 
time-integrationn methods for low Reynolds number applications. 

Wee believe that the quasi-free-surface-condition (QFSC) method presented 
inn Chapter 4 is useful for solving steady ship waves and other steady free-surface 
Navier-Stokess flows at high Reynolds numbers. This thesis presents an application 
off  the method to a two-dimensional model problem. The method is in principle 
equallyy applicable to three-dimensional problems. However, the extension to actual 
3DD ship wave computations introduces several pertinent complications: 

(1)) A surface-penetrating object is inserted, which introduces an intersection be-
tweenn the free-surface and a no-slip boundary. Although the QFSC method 
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doess not suffer from the usual contact line problem of time-integration meth-
odss because the quasi free-surface condition is identically satisfied at the 
intersection,, further investigation is required. 

(2)) In actual ship wave computations, singularities occur near the bow and stern. 
Iff  the singularities compromise the solution process, simple ad hoc correctives 
cann be used, because the continuum equations do not correctly represent the 
physicall  behavior in the neighborhood of the singularities anyway: collapsing 
wavess and splashing occur, and entirely different physical phenomena play 
aa critical role. An example of a possible corrective is a smooth transition 
fromm the quasi-free-surface condition to the usual free-slip condition near the 
singularities. . 

(3)) Two and three-dimensional free-surface flows exhibit essentially different be-
havior,, due to diverging waves which are only present in the three-dimensional 
case.. An investigation of the implications for the numerical treatment of the 
3DD steady free-surface flow problem is appropriate. 

(4)) In practical computations, infinite spatial domains must be truncated. It is 
expectedd that the treatment of the artificial lateral boundaries that occur as 
aa result of the truncation, is more complicated in 3D than in 2D. Absorbing 
boundaryy conditions for artificial boundaries have received much attention 
inn the context of transient problems. In contrast, few efforts have been made 
too investigate absorbing boundary conditions for iterative solution methods 
forr boundary value problems. Evidently, the boundary conditions and their 
treatmentt play a crucial part in the convergence behavior of an iterative 
method,, and an investigation of absorbing boundary conditions for iterative 
solutionn methods is therefore warranted. 

Itt is important to note that the QFSC method transfers the complexity of the 
steadyy free-surface flow problem to the sub-problems, i.e., the boundary value 
problemss that must be solved in each iteration cycle. Efficient solution of the 
sub-problemss is therefore important. To construct an efficient solution method for 
thee sub-problems in ship wave computations, the aforementioned issues must be 
addressed. . 

Thee adjoint optimal shape design method is in general inefficient for solving 
steadyy free-surface flows, due to the algebraic convergence of critical modes. How-
ever,, efficiency can be restored by eliminating these modes by other means. In par-
ticular,, because the retarded modes of the adjoint shape optimization method and 
thee time-integration method are different, we anticipate that an efficient method 
cann be constructed by combining these methods. The advantage of such a nested 
methodd over the QFSC method of Chapter 4, is that the underlying sub-problems 
havee straightforward boundary conditions at the free surface: the time-integration 
methodd requires stress-free boundary conditions and the adjoint optimal shape 
designn method requires free-slip boundary conditions. We recommend that such a 
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nestedd method is implemented and assessed for the steady free-surface potential-
flowflow equations. 

Thee interface capturing approach is still in its infancy and it is not clear 
whetherr it can eventually provide a useful alternative for surface fitting methods 
forr (steady) problems with smooth free surfaces. To assess the suitability of the 
interfacee capturing approach for steady free-surface flows, the following issues have 
too be addressed; (1) treatment of source terms, in order to include the gravita-
tionall  force, (2) resolution near the interface, (3) implementation of the interface 
capturingg method with efficient numerical solution methods for steady hyperbolic 
problems. . 

Thee correctives presented in the literature (see Section 6.1) to avoid pressure 
oscillations,, sacrifice the conservation form of the equations in the vicinity of the 
interface.. Because the conservation form is imperative for a correct representation 
off  shock waves, it is anticipated that these methods fail if the interface interacts 
withh a shock wave. We propose a comparative study of the conservative non-
oscillatoryy method of Chapter 6 and contemporary numerical methods for two-
fluidd flow, applied to a discriminating test case, e.g., a shock wave passing the 
interface. . 
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Appendi xx A 

Abstrac t t 

Flowss that are partly bounded by a freely moving boundary occur in many phys-
icall  systems and engineering applications. Accurate prediction of the behavior 
off  such free-surface flows is therefore of fundamental importance, for instance, in 
thee design and evaluation of immersed structures and vessels. Numerical methods 
playy an important role in the solution of free-surface flow problems. Most practical 
computationall  methods for solving free-surface flows around a surface-penetrating 
bodyy are presently based on a potential flow model. However, to advance the 
aforementionedd engineering applications, it is imperative to progress to a more 
sophisticatedd flow model, viz., the Navier-Stokes equations. 

Ann important class of free-surface flow problems for which efficient numer-
icall  techniques for the Navier-Stokes equations are still unavailable, are steady 
free-surfacee flows. Concurrent computational methods for the steady free-surface 
Navier-Stokess equations generally resort to a straightforward time-integration 
method.. However, the particular transient behavior of free-surface flows often 
abatess the efficiency of this method. Alternative solution methods exist, but the 
performancee of these methods usually depends sensitively on the parameters in 
thee problem, or their applicability is too restricted. An investigation into nu-
mericall  methods for the steady free-surface Navier-Stokes equations is therefore 
warranted. . 

Followingg the formulation of the free-surface flow problem, we present an 
analysiss of the free-surface Navier-Stokes equations in primitive variables, by 
meanss of perturbation methods and Fourier techniques. The analysis elucidates 
thee characteristic features of viscous free-surface flows. Results concern the oc-
currencee of surface gravity waves and their dispersive behavior, the asymptotic 
temporall  behavior of wave groups and the structure of the free-surface boundary 
layer.. Moreover, by virtue of the formulation in primitive variables, the analysis 
cann serve in the assessment of numerical methods, by replacing the differential 
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operatorss by their difference approximation conform the considered discretization. 
Wee prove that the usual time-integration method is generally inefficient for 

solvingg steady free-surface flows at high Reynolds numbers, due to the asymptotic 
temporall  behavior of surface-gravity-wave groups, and a stability restriction on 
thee admissible time step. We propose a novel iterative method, based on a so-
calledd quasi free-surface condition. To demonstrate the efficiency of the method, 
wee show that its computational complexity is mesh-width independent. Numerical 
resultss are presented for a two-dimensional model problem. The results confirm 
thee mesh-width independence of the convergence behavior. Comparison of the 
numericall  results with measurements shows good agreement. 

Next,, we investigate the numerical solution of steady free-surface flows by the 
adjointt optimal shape design method. To obtain an indication of the properties 
off  the method, we investigate its application to the steady free-surface potential-
floww equations. The method can be extended to the Navier-Stokes equations, but 
thee details are much more involved in that case. The free-surface flow problem 
iss reformulated as an optimal shape design problem. By means of perturbation 
methodss and Fourier analysis we show that the design problem displays the usual 
characteristicc features of steady free-surface flows. We determine the asymptotic 
convergencee behavior of the method. Moreover, we show that preconditioning 
iss essential to avoid mesh-width dependence of the convergence behavior and we 
presentt a preconditioner for the optimal shape design problem. Numerical results 
aree presented for a two-dimensional model problem. The observed convergence 
behaviorr confirms the asymptotic estimates. 

Freee surface flows being a special case of two-fluid flow, we finally explore the 
interfacee capturing approach to solving two-fluid flow problems. In the absence 
off  viscosity, two-fluid flows are described by a system of hyperbolic conservation 
laws.. We consider Godunov's method for discretizing hyperbolic systems. To 
reducee the computational cost of the flux evaluation in Godunov's method, an 
Osher-typee approximate Riemann solver is constructed. Details are presented for 
twoo fluids with a barotropic equation of state. The pressure oscillations that are 
commonlyy incurred by conservative discretizations of two-fluid flows are addressed. 
AA pressure- invariance condition is formulated and a non-oscillatory conservative 
discretizationn for two-fluid flows is presented. The implementation of the interface 
capturingg approach with efficient solution methods for steady hyperbolic systems 
iss deferred to future research. 
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Samenvattin g g 

Inn veel fysische systemen en technische toepassingen treden stromingen op die 
gedeeltelijkk begrensd worden door een vrij bewegend oppervlak. Het nauwkeurig 
voorspellenn van het gedrag van dergelijke vrije-rand stromingen is daarom van 
groott belang, bijvoorbeeld, voor het ontwerpen en valideren van omstroomde con-
structiess en vaartuigen. Numerieke methoden spelen een belangrijke rol bij het 
oplossenn van vrije-rand stromingsproblemen. De meeste praktische methoden voor 
hett oplossen van stromingen om een object dat het vrije oppervlak doorsnijdt, zijn 
gebaseerdd op een potentiaal-stroming model. Om vooruitgang te kunnen boeken 
inn de voornoemde technische toepassingen, is het echter noodzakelijk over te gaan 
opp een nauwkeuriger model, namelijk, de Navier-Stokes- ver gelijkingen. 

Eenn belangrijke klasse van vrije-rand stromingsproblemen, waarvoor efficiënte 
numeriekee methoden voor de Navier-Stokes-vergelijkingen niet beschikbaar zijn, 
zijnn stationaire vrije-rand stromingen. De huidige rekenmethoden voor de statio-
nairee vrije-rand Navier-Stokes-vergelijkingen vallen in het algemeen terug op een 
eenvoudigee tijdsintegratiemethode. Echter, de efficiëntie van deze methode is vaak 
slecht,, tengevolge van het specifieke tijdsafhankelijke gedrag van vrije-rand stro-
mingen.. Er bestaan alternatieve oplosmethoden, maar de prestaties van deze 
methodenn zijn veelal gevoelig voor parameters in het probleem, of de toepas-
baarheidd is te beperkt. Een onderzoek naar numerieke methoden voor de sta-
tionairee vrije-rand Navier-Stokes-vergelijkingen is daarom gerechtvaardigd. 

Naa het formuleren van het vrije-rand strominsprobleem, presenteren we een 
analysee van de vrije-rand Navier Stokes-vergelijkingen in primitieve variabelen, 
middelss storingsrekening en Fourier technieken. Deze analyse geeft inzicht in 
dee karakteristieke eigenschappen van viskeuze vrije-rand stromingen. De resul-
tatenn betreffen het optreden van oppervlakte golven en hun dispersief karakter, 
hett asymptotisch tijdsgedrag van golf groepen, en de vorm van de grenslaag bij de 
vrij ee rand. Door de formulering in primitieve variabelen kan de analyse bovendien 
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gebruiktt worden voor het valideren van numerieke methoden voor het vrije-rand 
probleem,, als de differentiaaloperatoren worden vervangen door hun differentiebe-
nadering. . 

Wee bewijzen dat de gebruikelijke tijdsintegratiemethode in het algemeen inef-
ficiëntt is voor het oplossen van stationaire vrije-rand-stromingen bij hoge Reynolds-
getallen,, tengevolge van het asymptotisch tijdsgedrag van oppervlakte-golf-groepen 
enn een stabiliteitsrestrictie op de toelaatbare tijdstap. We stellen een nieuwe 
iteratievee methode voor, die gebaseerd is op een zogenaamde quasi-vrij e-rand-
voorwaarde.. Om de efficiëntie van de methode te tonen, bewijzen we dat de 
rekencomplexiteitt onafhankelijk van de maaswijdte is. We tonen numerieke resul-
tatenn voor een twee-dimensionaal modelprobleem. Deze resultaten bevestigen de 
maaswijdte-onafhankelijkheidd van het convergentiegedrag. Een vergelijking van de 
numeriekee resultaten met metingen toont een goede overeenstemming. 

Vervolgenss onderzoeken we het numeriek oplossen van stationaire vrije-rand-
stromingenn door middel van de adjoint-optimal-shape-design methode. Teneinde 
eenn indicatie van de eigenschappen van de methode te krijgen, onderzoeken we 
dee toepassing op de stationaire vrije-rand potentiaalvergelijkingen. De methode 
kann uitgebreid worden naar de Navier-Stokes-vergelijkingen, maar de details zijn 
inn dat geval veel ingewikkelder. We herformuleren het vrije-randprobleem als 
eenn optimal-shape-design probleem. Met behulp van storingsrekening en Fourier-
analysee tonen we aan dat het design probleem de gebruikelijke karakteristieken 
vann stationaire vrije-rand stromingen heeft. We bepalen het asymptotisch con-
vergentiegedragg van de methode. Bovendien tonen we aan dat preconditionering 
essentieell  is om maaswijdte-afhankelijkheid van het convergentie gedrag te ver-
mijden,, en presenteren we een preconditionering voor het optimal-shape-design 
probleem.. Numerieke resultaten worden gepresenteerd voor een twee-dimensionaal 
modelprobleem.. Het waargenomen convergentiegedrag bevestigt de asymptotische 
schattingen. . 

Omdatt vrije-rand stromingen een bijzonder geval zijn van twee-fase stromin-
gen,, onderzoeken we tenslotte de interface-capturing-methode voor het oplossen 
vann twee-fase-stromingen. In de afwezigheid van viscositeit, kunnen twee-fase stro-
mingenn beschreven worden door middel van hyperbolische behoudswetten. We 
beschouwenn Godunov's methode voor het discretiseren van hyperbolische syste-
men.. Teneinde de rekenkosten van de flux-evaluaties in de methode te reduc-
eren,, construeren we een benaderende Riemann-oplosser van het Osher-type. De-
tailss worden gepresenteerd voor fluïda met een barotropische toestandsvergeli-
jking.. Tevens behandelen we de druk-oscillaties die in het algemeen optreden 
inn behoudende discretisaties van twee-fase-stromingen. We formuleren een druk-
invariantie-voorwaarde.. Bovendien presenteren we een oscillatie-vrije, behoudende 
discretisatiee voor twee-fase-stromingen. De implementatie van de interface-captur-
m^-methodee met efficiënte oplostechnieken voor stationaire hyperbolische syste-
menn wordt uitgesteld tot vervolgonderzoek. 
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