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Chapterr 1 

Introduction n 

1.11 Motivation 
Flowss of two distinct adjacent fluids occur in a wide variety of physical systems and 
engineeringg applications. The interaction of the fluids at their mutual interface 
givess rise to a multitude of complex phenomena. In many cases, however, one of 
thee fluids exerts negligible stress on the interface, so that the other fluid can be 
consideredd separately. The interface then acts as a free surface, i.e., a boundary 
off  which the position depends on the behavior of the enclosed flow. A specific 
instancee of such a free-surface flow, that is of great practical relevance, is the flow 
off  water underlying air. Accurate prediction of the behavior of free-surface flows 
iss therefore important, e.g., in the assessment and design of immersed structures 
andd vessels, such as ships. 

Predictionss of the behavior of free-surface flows are made on the basis of 
models.. These models can be constructed at various levels of approximation. A 
particularlyy reliable mathematical model of fluid flow is a system of nonlinear 
partiall  differential equations, referred to as the Navier-Stokes equations. These 
equationss were formulated independently by Navier (1822) and Stokes (1845). Un-
fortunately,, these equations are too complicated to explicitly extract their solution. 
I tt is, however, possible to construct discrete approximations to the solution. The 
discretizationn of the differential equations yields a system of nonlinear algebraic 
equations.. The solution of the algebraic system can be formulated in terms of 
recurrencee relations, which are ideally suited to treatment by computers. Conse-
quently,, the prosperous development of computers has made it possible to consider 
increasinglyy complex flow problems. The investigation of flow problems by means 
off  a computer is called Computational Fluid Dynamics (CFD). Figure 1.1 on the 
followingg page displays the steps in the solution of a flow problem by CFD, in-
cludingg some examples. 

1 1 



Chapterr 1. Introduction 

Physicall  formulation of the problem 

Mathematicall  formulation of the problem 
Navier-StokesNavier-Stokes equations 

Discretizationn of the equations 
FiniteFinite elements, finite volumes, finite differences 

\\ J 

Numericall  solution method 
Newton'sNewton's method, multigrid, Krylov-subspace methods 

Solution n 

Figuree 1.1: Steps in the solution of a flow problem by means of CFD. 

Thee numerical solution of the Navier Stokes equations with a free bound-
aryy has only recently become tractable. Previously, one had to revert to simpler 
models,, for instance, the free-surface potential-flow equations. The free-surface 
potentiall  flow equations already describe many of the prominent features of free-
surfacee flow. The numerical techniques for these potential-flow equations are well 
developed,, and they are routinely used in the investigation of practical flow prob-
lems.. However, to include viscous effects, e.g., the interaction between the viscous 
boundaryy layer and the free surface near a surface-penetrating object, it is nec-
essaryy to progress to the Navier-Stokes equations. Unfortunately, many of the 
numericall  techniques for free-surface potential flow cannot be extended straight-
forwardlyy to the free-surface Navier-Stokes equations. 

Ann important class of problems for which efficient numerical techniques are 
availablee for the potential-flow equations, but not for the Navier-Stokes equations, 
aree steady free-surface flows. An example of such a steady free-surface flow is the 
wavee pattern carried by a ship at forward speed in still water. In the field of ship 
hydrodynamics,, dedicated techniques have been developed for solving the steady 
free-surfacee potential-flow equations. In contrast, methods for the Navier-Stokes 
equationss typically continue a transient process until a steady state is reached. 
Thiss time-integration method is often computationally inefficient, due to the spe-
cificc transient behavior of free-surface flows. Alternative solution methods for 
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thee steady free-surface Navier-Stokes equations exist. However, the performance 
off  these methods usually depends sensitively on the parameters in the problem, 
orr their applicability is too restricted. In general, the numerical solution of the 
steadyy free-surface Navier-Stokes equations by current computational methods is 
prohibitivelyy expensive in actual design processes. 

Thee need for efficient numerical techniques for the steady free-surface Navier-
Stokess equations in practical applications, and the inadequacy of available meth-
ods,, provide the motivation for the research presented in this thesis. 

1.22 Outline 
Thee contents of this thesis are organized as follows: 

Inn Chapter 2 we present the mathematical formulation of free-surface flow. 
Thee Navier-Stokes equations are introduced. In addition, we discuss boundary 
conditionss and initial conditions and their relevance for well-posedness of the cor-
respondingg initial boundary value problem. Furthermore, we state the interface 
conditionss for two contiguous fluids and we derive the free-surface conditions as a 
speciall  case. 

Chapterr 3 contains an analysis of the free-surface Navier-Stokes equations 
inn primitive variables, by means of perturbation methods and Fourier techniques. 
Inn contrast to the classical analyses of free-surface flows (e.g., Refs. [37,44,63]), 
wee adhere to a formulation of the equations in primitive variables, instead of a 
vorticity-basedd formulation. By virtue of the formulation in primitive variables, 
thee analysis can serve in the investigation of numerical methods for the free-surface 
Navier-Stokess equations, if the differential operators in the continuum equations 
aree replaced by their difference approximation. Moreover, the formulation in prim-
itivee variables permits a convenient treatment of the practically relevant case of 
threee spatial dimensions, whereas the classical analyses are restricted to two spa-
tiall  dimensions due to the properties of the vorticity formulation. The analysis 
yieldss important information on the properties of viscous free-surface flows in two 
andd three spatial dimensions, e.g., on the dispersive behavior of surface gravity 
waves,, the asymptotic temporal behavior of wave groups and the structure of the 
free-surfacee boundary layer. 

Inn Chapter 4 we propose a novel iterative solution method for solving the 
steadyy free-surface Navier-Stokes equations. Moreover, we prove that the usual 
time-integrationn approach is generally inappropriate for solving steady free-surface 
flows.flows. The proposed iterative solution method is analogous to methods for solving 
steadyy free-surface potential-flow problems. The method alternatingly solves the 
steadyy Navier-Stokes equations with a so-called quasi free-surface condition im-
posedd at the free surface, and adjusts the free surface on the basis of the computed 
solution.. The quasi free-surface condition ensures that the disturbance induced by 
thee subsequent displacement of the boundary is negligible. Each surface adjust-
mentt then yields an improved approximation to the actual free-boundary position. 
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Too establish the efficiency of the method, we show that its convergence behavior is 
asymptoticallyy independent of the mesh width of the applied grid. The asymptotic 
computationall  complexity (computational cost per grid point) of the method dete-
rioratess only moderately with decreasing mesh width. Mesh width independence 
off  the computational complexity can be achieved by means of nested iteration. 
Numericall  experiments and results are presented for a two-dimensional test case. 

Inn Chapter 5 we consider an alternative approach to solving steady free-
surfacee flow problems, viz., the optimal shape design method. A general charac-
teristicc of free-boundary problems is that the number of free-boundary conditions 
iss one more than the number of boundary conditions required by the governing 
boundaryy value problem. A free-boundary problem can therefore be reformulated 
intoo the equivalent shape optimization problem of finding the boundary that min-
imizess a norm of the residual of one of the free-surface conditions, subject to the 
boundaryy value problem with the remaining free-surface conditions imposed. Such 
optimall  shape design problems can in principle be solved efficiently by means of 
thee adjoint method. Chapter 5 investigates the suitability of the adjoint shape op-
timizationn method for solving steady free-surface flow problems. Because inviscid, 
irrotationall  flow adequately describes the prominent features of free-surface flow, 
wee base our investigation on the free-surface potential-flow equations. The adjoint 
shapee optimization method is equally applicable to the free-surface Navier-Stokes 
equations,, but the specifics of the method are in that case much more involved. 
Ourr investigation serves as an indication of the properties of the adjoint shape op-
timizationn method for steady free-surface flows. We formulate the optimal shape 
designn problem associated with steady free-surface potential flow, and we examine 
thee properties of the optimization problem. In addition, we analyze the conver-
gencee behavior of the adjoint method, by means of Fourier techniques. Motivated 
byy the results of the analysis, we address preconditioning for the optimization 
problem.. Numerical experiments and results are presented for a two-dimensional 
modell  problem. 

Chapterr 6 presents a preliminary investigation of the interface capturing ap-
proachh to solving free-surface flow problems. Free-surface flows form a specific 
classs of two-fluid flow. If the objective is the numerical solution of a free-surface 
flowflow problem, then it can be attractive to adhere to the underlying two-fluid flow 
formulation.. In the absence of viscosity, two-fluid flow is described by a system 
off  hyperbolic conservation laws. The numerical techniques for such systems of 
hyperbolicc conservation laws are well developed and, in particular, efficient al-
gorithmss are available for solving steady hyperbolic problems. In Chapter 6 we 
presentt the prerequisites for a Godunov-type interface capturing method. We 
considerr an Osher-type approximate Riemann solver and we elaborate its appli-
cationn to two-fluid flows. Moreover, we address the spurious pressure oscillations 
thatt are commonly incurred by conservative discretizations of two-fluid flows, and 
wee construct a non-oscillatory conservative discretization. The implementation of 
thee interface capturing approach with efficient techniques for steady problems is 
deferredd to future research. 
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Chapterss 7 and 8 contain concluding remarks and suggestions for future re-
search,, respectively. 
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