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Chapterr 2 

Mathematicall Description of Free-Surface 
Flow w 

2.11 Introduction 
Flowss of two distinct, contiguous fluids are encountered in many practical applica-
tions.. A free-surface flow is a particular instance of such a two-fluid flow, in which 
thee properties of the fluids are such that one fluid exerts negligible stress on the 
other.. A model for free-surface flow is therefore included in a model for two-fluid 
flow.flow. The mathematical model for two-fluid flow comprises governing equations 
forr fluid flow and interface conditions, which describe the interaction of contigu-
ouss fluids at their interface. In this chapter we present the governing equations 
forr fluid flow and the interface conditions for two-fluid flow, and we derive the 
free-surfacee conditions from the general interface conditions. 

2.22 Governing Equations for Fluid Flow 

2.2.11 Conservation Laws 

Fluidd flows are presumed to be governed by conservation laws. These conservation 
lawss state that mass, momentum and energy are conserved during the motion of the 
fluid.fluid. To model a fluid flow, the state of the flow is described by a set of designated 
fluid-propertiesfluid-properties called the state variables, e.g., velocity, pressure, density, etc. The 
conservedd quantities can be expressed in these state variables. The mathematical 
descriptionn of the conservation laws for the derived quantities is a system of partial 
differentiall  equations for the state variables. 

Too present the governing equations for fluid flow, we consider a volume of 
fluid.fluid. The fluid occupies an open domain V C Rd (d — 2,3). Positions in V are 
identifiedd by spatial coordinates (xi,...,Xd) relative to the horizontal Cartesian 
basee vectors e i , . .. , e<i_i and the vertical Cartesian base vector e .̂ The gravi-
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Figuree 2.1: Schematic illustration of the free-surface flow problem. 

tationall  acceleration, g, is constant and vertically downward, i.e., g = -gej, for 
somee constant g > 0. See Figure 2.1 for an illustration. 

Suitablee state variables for a viscous, compressible fluid are the velocity, 
thee pressure, the density, the temperature and the internal energy of the fluid. 
Denotingg time by t > 0, we identify the velocity by v(x, t), the pressure by p(x, t), 
thee density by p(x, t), the temperature by T(x, t) and the internal energy per unit 
masss by e(x,i). The total energy is defined by E :=  p(e + |v|2/2). Conservation 
off  mass, momentum and energy is then expressed by, respectively, 

—pp + div (pv) = 0 , X G V , ( > 0 , (2.1a) 

——pvpv + div (pvv + pi - r ) - pg = 0. x G V , i > 0 , (2.1b) 
at at 

— ££ + d i v ( ( £ + p ) v - v - - r - f c V T) - p v -g = 0, x e V . O O. (2.1c) 

withh k the thermal conductivity of the fluid. The tensor r in (2.1b) is called the 
viscousviscous stress tensor. In the absence of r and fc, the equations (2.1) are called the 
EulerEuler equations. 

Thee velocity vector can be represented by d Cartesian components Vj := ve_,. 
Similarly,, the viscous stress tensor has d2 Cartesian components r^. Hence, the 
unknownss in (2.1) are p, Vj (J = 1, d) , p , T, e and T^ (i, j = 1 , . . ., d), and 
theirr number is d2 + d + 4. The momentum equations (2.1b) can be separated 
intoo d independent conditions. Hence, (2.1) specifies d + 2 relations. Closure of 
thee system of equations therefore requires d2 + 2 supplementary relations. These 
relationss are provided by a constitutive relation, which relates the viscous stress 
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tensorr to the state variables, and two additional equations of state, which give a 
mutuall  relation between the state variables; see also [77]. 

AA common constitutive relation for the viscous stress tensor is (see, for in-
stance,, Ref. [5]) 

r:=pr:=p  ( (Vv ) + (Vv ) T - §(div v) i ) , (2.1d) 

wheree /i is the dynamic viscosity of the fluid. A fluid with constitutive rela-
tionn (2.Id) for the viscous stress tensor is called a Newtonian fluid. The mo-
mentumm equations (2.1b) with T according to (2.Id) are called the Navier-Stokes 
equations. equations. 

Thee flows considered in the sequel have a constant temperature and internal 
energy.. The considered fluid either satisfies a barotropic equation of state p := 
p(p),p(p), or it is homogeneous and incompressible, i.e., p is constant and v is solenoidal. 
Inn both cases, conservation of mass and momentum implies conservation of energy, 
andd (2.1c) is redundant. 

2.2.22 Dimensionless Equations 

I tt is often convenient to express the quantities that are used to describe the flow 
problemm on scales that are relevant for the considered problem. For example, an 
appropriatee reference length for flow around a ship hull is the length of the hull. 
Forr the considered fluid flows, three independent reference scales can be assigned, 
viz.,, a reference length LQ, a reference velocity VQ and a reference density po- All 
otherr scales in the problem are then implicitly defined, e.g., the implied time scale 
iss LQ/UQ. 

Lett La, UQ and po denote a suitable reference length, velocity and density, 
respectively.. We introduce the dimensionless variables 

x ' : = x / L 0 ,, tf:=W0/L0, v' := v/V0, p':=p/p0 p' := (p -po)/p0V^ 
(2.2) ) 

withh PQ a reference pressure, typically, the atmospheric pressure. The dimension-
lesss form of the Navier-Stokes equations is obtained by inserting (2.2) into (2.1b), 
(2.Id).. Upon omitting the primes, we obtain 

—pv—pv + div (pvv + pi - T) + pFr"2ed = 0, x e V, t > 0 , (2.3a) 

withh T the dimensionless viscous stress tensor, 

rr := Re"1 ( (Vv ) + (Vv ) T - §(div v) i ) , (2.3b) 

and d 

R ee : = ^ M 2 , Fr := -^= . (2.3c) 

Thee dimensionless numbers Re and Fr are called the Reynolds number and the 
FroudeFroude number, respectively. The Reynolds number is the ratio of inertial and 
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viscouss forces in the flow. The Froude number is the ratio of the reference velocity 
overr the velocity of a particular gravity wave, viz., a sinusoidal wave with dimen-
sionlesss wave-number one in a fluid of infinite depth. In the absence of free-surface 
stresses,, such as surface tension, the parameters Re and Pr are the distinguishing 
parameterss for a viscous flow subject to gravity. 

2.2.33 Additional Conditions and Well-Posedness 

Too complete the description of a flow problem, the governing equations (2.1) must 
bee provided with additional conditions. The additional conditions specify condi-
tionss which the state variables must satisfy at the boundaries of the considered 
space-timee domain. In general, we can distinguish initial conditions and boundary 
conditions.conditions. The partial differential equations (2.1) and the additional conditions 
formm an initial boundary value problem. 

Thee properties of an initial boundary value problem depend critically on the 
additionall  conditions. In particular, the additional conditions determine whether 
aa boundary value problem is well posed or ill posed. An initial boundary value 
problemm is said to be well posed if it possesses the following properties: 

Existence:Existence: a solution exists, 

Uniqueness:Uniqueness: the solution is unique, 

Stability:Stability: the solution is stable, 

andd il l posed otherwise. The stability requirement implies that the solution can 
bee bounded in terms of the right-hand side of the differential equations and of the 
additionall  conditions (in some appropriate sense). 

Onlyy in specific cases has it been established that initial boundary value 
problemss from fluid dynamics are well posed. A detailed discussion of additional 
conditionss and of existence, uniqueness and stability of initial boundary value prob-
lemss is beyond the scope of our research. Relevant references on the subject of 
additionall  conditions and posedness include, e.g.: [69, 70] for homogeneous, incom-
pressiblee fluids, [59] for non-homogeneous incompressible fluids, [36] for boundary 
conditionss for hyperbolic systems with constant or variable coefficients, and [16] 
forr absorbing boundary conditions on truncated spatial domains. 

2.33 Interface Conditions 

2.3.11 Two-Fluid Flow Interface Conditions 

Wee consider a flow of two distinct contiguous fluids, separated by an interface. 
Equationss (2.1) describe the behavior of the flow in each of the fluids. At the in-
terface,, the state variables must comply with interface conditions. These interface 
conditionss provide a relation between the state variables of the contiguous fluids. 
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Thee interface conditions consist of kinematic and dynamic conditions. The 
kinematicc conditions are related to the continuity of velocity of the fluids at the 
interface.. The dynamic conditions express conservation of momentum at the inter-
face.. A detailed model for the behavior of fluid interfaces and the corresponding 
interfacee conditions are presented in [4,57]. Without additional assumptions on 
thee properties of the interface, the dynamic conditions depend in a complicated 
mannerr on the geometry of the interface. To simplify the dynamic interface con-
ditions,, we assume that the contributions of interface viscosity, interface tension 
andd interface density to the dynamic conditions are negligible. These assumptions 
aree valid in many practical applications. 

Too present the interface conditions, we consider an interface S between the 
twoo contiguous fluids. One fluid is designated the primary fluid and the other fluid 
thee secondary fluid. Denoting the unit normal vector to S from the primary to 
thee secondary fluid by n(x, t), we define 

x : == l i m x i e n, (2.4) 
ej.0 0 

i.e.,, x + and x~ are at the interface in the primary and secondary fluid, respectively. 
Underr the aforementioned assumptions, the stresses exerted on the interface by 
thee primary and secondary fluid must cancel: 

x+ + 
- n - ( p I - T)) = 0. (2.5) 

x*~ ~ 

Conditionss (2.5) are called the dynamic interface conditions. In equation (2.5), we 
cann distinguish d separate conditions. If t j(x , t) (j = 1 , . . ., d — 1) are orthogonal 
tangentt vectors to S, the inner product of (2.5) and tj yields d — 1 conditions: 

t j - r n n == 0, j = l , . . . , d - l . (2.6a) 

Conditionss (2.6a) prescribe continuity of shear stresses across the interface. These 
conditionss are called the tangential dynamic conditions. The inner product of (2.5) 
andd n yields: 

x + + 

-(p-r-.nn)-(p-r-.nn) =0. (2.6b) 
X --

Thiss condition is called the normal dynamic condition. 
Thee kinematic conditions for the interface prescribe that the flow velocity is 

continuouss across the interface: 

x+ + 
== 0, (2.7a) 

andd that the interface moves with the local flow velocity. The latter implies that 
iff  the interface position is written in parametric form as 

5 : = { x € M d : xx = X(y, t ) } 
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Tablee 2.1: Appropriate number of interface conditions n, for different combi-
nationss of the contiguous fluids in a two-fluid flow in M . 

combination n 
viscouss /viscous 
viscouss /inviscid 
inviscid/inviscid d 

n n 
2d+l 2d+l 
dd + 2 

3 3 

wi thyy e Ed _ 1, then 
0X(y,t) ) 

dt dt 
v(X(y,t),«) ) (2.7b) ) 

Notee that the velocity at the interface is uniquely defined by virtue of (2.7a). 
Thee interface conditions (2.6) and (2.7) are only valid if both fluids are 

viscous.. If either of the fluids is inviscid, the kinematic conditions (2.7) must be 
modified.. The continuity condition (2.7a) then only applies in the direction normal 
too the interface, i.e., 

0 , , 

andd only the normal velocity of the interface is prescribed: 

dx dx 
n - —— = n v . 

(2.8a) ) 

(2.8b) ) 

Moreover,, the tangential dynamic conditions then imply that the shear stress of 
thee viscous fluid must vanish at the interface. 

Iff  both fluids are inviscid, the dynamic conditions are modified as well. In 
thatt case, the tangential dynamic conditions (2.6a) are discarded and the normal 
dynamicc condition reduces to: 

-P -P == 0 (2.9) ) 

Conditionn (2.9) states that the pressure is continuous across the interface. 
Thee above implies that the number of interface conditions depends on the 

propertiess of the contiguous fluids. Table 2.1 lists the appropriate number of 
interfacee conditions for different combinations of the contiguous fluids. 

2.3.22 Free-Surface Conditions 

AA free surface can be regarded as a particular instance of an interface, in which 
thee stresses exerted on the interface by one fluid are negligible on a reference scale 
thatt is appropriate for the other. This occurs if the difference in densities of the 
contiguouss fluids is large. 

Inn order to derive the free-surface conditions from the general interface condi-
tions,, we consider a flow of two adjacent fluids with different densities. Let p$ and 
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QQ11 < " "  ;2
U"  < Ci , C2 < - " - ̂  Ü2 > f 2 ' 1 0) 

Po""  denote the reference densities for the primary and secondary fluid, respectively, 
andd let VQ be a suitable reference velocity for the flow. The derived reference stress 
PQVQPQVQ is suitable for the secondary fluid if moderate constants Cj and Cj (j = 1,2) 
existt such that 

UP-polll  ^ - „ ^ Ik 

withh ||  || the maximum norm of  in the secondary fluid for all t > 0. Equa-
tionn (2.10) is expressed with respect to the reference stress PQVQ, which is suitable 
forr the primary fluid, by 

£l(4)<fc-M<Sl(4),, £2 . MI , 
\Po\Po / PO Ô \PQ J VPo / PQV0 \P0 J 

Thiss implies that if the density ratio PQ / PQ is small, the deviation from pon of 
thee stress exerted on the interface by the secondary flow is insignificant for the 
primaryy flow. The primary flow is then independent of the secondary flow and, 
moreover,, the motion of the interface depends exclusively on the primary flow. In 
thiss case, the interface is called a free surface (or free boundary) of the primary 
flow. flow. 

Thee free-surface conditions follow from the general interface conditions under 
thee assumption that the secondary flow is inviscid and exerts a constant pressure on 
thee interface. The dynamic free-surface conditions follow immediately from (2.5): 
inn dimensionless form, 

n - ( p I - T ) = 0,, x 6 5 , t > 0, (2.12) 

withh p and r the dimensionless pressure and viscous stress tensor, respectively. 
Thee kinematic condition (2.8b) describes the motion of the free surface. Condi-
tionn (2.8b) can be recast into a convenient form, if the free surface is represented 
ass a level set: 

SS :=  { x € Rd : ̂ (x, t) = 0}  . (2.13) 

Thee kinematic free-surface condition can then be recast into 

ll  + v - V ^ O , x € 5 , i > 0. (2.14) 
at at 

Inn the absence of overturning waves, the free surface is often represented by a height 
functionn of the horizontal coordinates. If r)(xi,... ,Xd-i,t) denotes the height of 
thee surface with respect to some fixed reference surface, then the corresponding 
levell  set is ^(x, t) = rj(xi,..., xj-i, t) — Xd- The kinematic condition then assumes 
thee familiar form: 

nn d—l Q 

-&-& ++ HHvvJd^-Jd^-VdVd = 0' x e S , t > 0. (2.15) 

Equationss (2.8b), (2.14) and (2.15) are different formulations of the condition that 
thee free surface moves in its normal direction with the normal component of the 
locall  flow velocity. 
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2.44 Problem Statement 
Wee axe concerned with the steady flow of water underlying air. The ratio of the 
densityy of air to the density of water is sufficiently small to treat the water-air 
interfacee as a free surface. Moreover, for our purposes, water can be treated as a 
homogeneous,, incompressible, viscous fluid. 

Too formulate the free-surface flow problem, let V denote the volume occupied 
byy the water, dV its boundary, S the free surface and 7Z = dV \ S the rigid 
boundary;; see Figure 2.1 on page 8. The steady free-surface flow problem is 
describedd by the aforementioned equations with the partial derivatives with respect 
too t omitted. Because the water is assumed to be homogeneous and incompressible, 
thee density can be removed from the dimensionless governing equations. The 
steadyy free-surface flow problem is then stated as: Given the rigid boundary 1Z, 
findfind S and v : V  ̂ Rd and p : V i-> R such that: 

divv (vv + pi - T) = -Fr~2ed , x e V , (2.16a) 

divvv = 0, x € V , (2.16b) 

withh the viscous stress tensor r according to (2.3b), subject to the free-surface 
conditions s 

n - Q j I - n - r )) = 0, x € S, (2.17a) 

n -vv = 0, x € S , (2.17b) 

andd the rigid-boundary conditions on 72.. 
Thee above problem statement contains the envisaged problem. However, 

too facilitate the investigation of numerical techniques, in the ensuing sections we 
wil ll  also consider closely related problems, e.g., the two-fluid compressible Euler 
equationss or the steady free-surface potential flow equations. 


