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Chapte rr  5 

Adjoin tt  Shape Optimizatio n for Steady 
Free-Surfac ee Flows 

5.11 Introductio n 
Thee numerical solution of flows that are partly bounded by a free boundary is of 
greatt importance in engineering applications, e.g., ship hydrodynamics [3,12,17], 
hydraulicss and coating technology [54,55]. A relevant class of free-surface flow 
problemss are steady free-surface flows. An example of a steady free-surface flow 
iss the wave pattern carried by a ship at forward speed in still water. The numer-
icall  techniques for free-surface potential flow are well developed; for an overview, 
seee [74]. In particular, dedicated techniques have been developed for solving the 
steadyy free-surface potential-flow equations, e.g., Ref. [51]. In contrast, methods 
forr the steady free-surface Navier-Stokes equations typically continue a transient 
processs until a steady state is reached. This time-integration method is often com-
putationallyy inefficient, due to the specific transient behavior of free-surface flows; 
seee [10,80]. Alternative solution methods for the steady free-surface Navier-Stokes 
equationss exist. However, the performance of these methods usually depends sensi-
tivelyy on the parameters in the problem, or their applicability is too restricted; see, 
forr instance, Refs. [55,58]. In [10], an efficient iterative algorithm was presented. 
However,, the implementation of the quasi free-surface condition that underlies the 
efficiencyy of this method can be involved. Hence, the investigation of numerical 
methodss for the steady free-surface Navier-Stokes equations is warranted. 

AA general characteristic of free-boundary problems is that the number of 
free-boundaryy conditions is one more than the number of boundary conditions 
requiredd by the governing boundary value problem. A free-boundary problem 
cann therefore be reformulated into the equivalent shape optimization problem of 
findingfinding the boundary that minimizes a norm of the residual of one free-boundary 
condition,, subject to the boundary value problem with the other free-boundary 
conditionss imposed. 
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Optimall  shape design problems can in principle be solved efficiently by means 
off  the adjoint method. In recent years, much progress has been made in the de-
velopmentt of adjoint techniques for problems from fluid dynamics. Applications 
too the Navier-Stokes equations include flow control (see [20] and the references 
therein),, a posteriori error estimation and adaptivity (for instance, [6,7]) optimal 
designn (e.g., Refs. [21,23]) and domain decomposition (cf. Ref. [24]). The tech-
niquess that are required to solve the optimal shape design problem associated with 
steadyy free-surface flow are readily available. 

Thee present work investigates the suitability of the adjoint shape optimiza-
tionn method for solving steady free-surface flow problems. Our primary interest 
iss in the steady free-surface Navier Stokes equations. However, because inviscid, 
irrotationall  flow adequately describes the prominent features of free-surface flow 
andd to avoid the excessive complexity of the Navier-Stokes equations, we base our 
investigationn on the free-surface potential-flow equations. It is anticipated that 
thee adjoint shape optimization method is equally applicable to the free-surface 
Navierr Stokes equations, although the specifics of the method are much more in-
volvedd in that case. Our investigation serves as an indication of the properties of 
thee adjoint shape optimization method for steady free-surface flow problems. 

Thee contents of this chapter are organized as follows: In Section 5.2 the 
equationss governing steady free-surface potential flow and the associated design 
problemm are stated. Section 5.3 formulates the adjoint equations and sets up the 
adjointt optimization method. Section 5.4 presents an analysis of the properties of 
thee optimization problem and the behavior of the adjoint method, using Fourier 
techniquess from [68]. Motivated by the results of the Fourier analysis, we describe 
aa preconditioning for the optimization problem in Section 5.5. Numerical exper-
imentss and results are presented in Section 5.6. Section 5.7 contains concluding 
remarks. . 

5.22 Proble m Statemen t 
Wee consider an incompressible, inviscid fluid flow, subject to a constant gravita-
tionall  force, acting in the negative vertical direction. The fluid occupies a domain 
V c M d ( ( ii  = 2,3) which is bounded by a free boundary, S, and a fixed boundary 
dVdV \ S. The fixed boundary can be subdivided in an inflow boundary, an outflow 
boundaryy and a rigid, impermeable boundary. 

5.2.11 Governin g Equation s 

Thee (non-dimensionalized) fluid velocity and pressure are identified by v(x) and 
p(x),, respectively. Assuming that the velocity-field is irrotational, a velocity po-
tentiall  0(x) exists such that v = V</>. Enforcing incompressibility then yields that 
thee velocity potential is governed by Laplace's equation, 

A00 = 0 , x <E V . (5.1) ) 
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Assumingg that |V0| = 1 at the inflow boundary, Bernoulli's equation relates the 
pressuree to the velocity potential by 

p ( x ) : = i - ( i | V ^ | 22 + F r - 2 ^ ) , (5.2) 

withh Xd the vertical coordinate and Fr the Froude number, denned by Fr := Vj-sfgL 
withh V an appropriate reference velocity, g the gravitational acceleration and L a 
referencee length. 

Thee free-surface conditions prescribe that the free surface is impermeable 
andd that the pressure vanishes at the free surface: 

n-V<££ = 0, x e S, (5.3a) 

pp = 0, x e cS, (5.3b) 

withh n(x) the unit normal vector to <S. Conditions (5.3a) and (5.3b) are referred 
too as the kinematic condition and the dynamic condition, respectively. A single 
appropriatee boundary condition must be specified at the fixed boundary. We 
assumee that this condition is of the form 

an-V<f)an-V<f) + b<p = c, xedV\S, (5.4) 

forr certain functions a,b,c : dV \ S t—  R. 
Thee steady free-surface flow problem under consideration is the problem of 

findingfinding S and <f>  such that <f>  satisfies (5.1)-(5.4). However, this problem is not 
necessarilyy well posed. Firstly, solutions can be non-unique due to the occurrence 
off  arbitrary non-physical upstream waves. To remove these waves, a radiation 
conditionn must be imposed; cf., for instance, [37,44,63]. In numerical computa-
tions,, this radiation condition can be conveniently enforced by introducing artifi-
ciall  damping (see Section 5.6) or by selecting a suitable discretization (see, e.g., 
Ref.. [51]). Secondly, a steady solution can be nonexistent, in the sense that the 
transientt problem underlying (5.1)-(5.4) does not approach a steady state as time 
progressess ad infinitum; see, for instance, Ref. [80]. 

5.2.22 Optima l Shape Desig n Formulatio n 

Onee may note that the number of free-surface conditions (5.3) is one more than 
thee number of boundary conditions required by (5.1). The free-boundary problem 
cann therefore be reformulated into the equivalent optimal shape design problem 
off  finding the boundary that minimizes a norm of the residual of one of the free-
surfacee conditions, subject to the boundary value problem with the remaining 
free-surfacee conditions imposed. 

Too obtain an optimal shape design formulation of the steady free-surface flow 
problem,, the cost functional E is defined by 

E($,<P):=E($,<P):= j 2dx, (5.5) 
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andd the constraint C is denned by the boundary value problem (5.1), (5.3a) 
andd (5.4): 

{ A 00 = 0 , x e V , 

n - V 00 = O, x e 5 , (5.6) 

a n - V00 + 60 = c, x e d V \ « S. 
Notee that the cost functional is a norm of the residual of the dynamic condi-
tionn (5.3b) and that the kinematic condition (5.3a) appears in the constraint. The 
free-surfacee flow problem is equivalent to the optimal shape design problem 

mm{E(S,<P):C(S,mm{E(S,<P):C(S, 0)}  , (5.7) 

i.e.,, minimize (5.5) over all 5, subject to the constraint that <fi  satisfies (5.6). 
Becausee the boundary value problem (5.6) associates a unique 0 with each free 
boundaryy *S, it is often convenient to use the notation E(S) for E(S,<j>) with 0 
fromm (5.6). 

5.33 Adjoin t Optimizatio n Metho d 
Shape-optimizationn problems can in principle be solved efficiently by means of the 
adjointt optimization method. The essential problem in treating shape optimiza-
tionn problems is that a displacement of the free boundary induces a disturbance 
inn the solution of the boundary value problem and, consequently, it is attended 
withh an induced change in the cost functional. Efficient solution of a shape opti-
mizationn problem requires control over the induced change in the cost functional. 
Thee adjoint optimization method eliminates the induced change by means of the 
solutionn of a dual problem. Upon elimination of the induced change, the gradi-
entt of the cost functional with respect to the free-boundary position is obtained. 
Improvementt of the free-boundary position is then straightforward. This section 
outliness the adjoint optimization method for solving (5.7). 

5.3.11 Induce d Disturbanc e 

Too formulate the adjoint optimization method for (5.7), the induced disturbance in 
thee solution of the constraint and the corresponding change in the cost functional 
mustt first be identified. To this end, we consider a domain V with free boundary 
SS and a modified domain Vea with free boundary 

SSeaea := { x + ea(x) n(x) : x € 5 } , (5.8) 

wheree a is a smooth function on «S, independent of e. Following [50], V and Vea are 
embeddedd in a bounded set S and it is assumed that a solution of the constraint 
cann be extended smoothly beyond the boundary, so that it is well defined in £. 



5.3.. Adjoint Optimization Method 59 9 

Denotingg by 0 the solution of C(S, 0) and by <f)ea the solution of C(Sea,4>ea), we 
definee the induced disturbance by the function <j>' a : £ \—  R with the property 

0eQQ = <£ + e</4 + O(e2), a s e ^ O, (5.9) 

i.e.,, €<f>' a approximates to 0(e2) the change in the solution of the constraint (5.6) 
duee to the displacement of the free boundary from S to S€a. The kinematic 
conditionn corresponding to the modified boundary yields: 

[n[n eaea-V(f>-V(f>eaea]]  (x + ea(x)n(x)) = 

^ n - e ^ ( t j - V a ) t j + O ( c2 ) y r V 00 + e V ^ + € a n . V V^ + O(e2)J ( x ) = 0, 

(5.10) ) 

forr x € S, with n€Q the unit normal vector to <S€a and tj orthogonal tangent 
vectorss to *S. Hence, inserting (5.9) in C(Sea,4>eoi) and collecting terms 0(e), it 
followss that the induced disturbance satisfies the boundary value problem: 

A<f>'A<f>' aa = 0 , x 6 V , (5.11a) 

d - l l 

n-V0;,, = - a n n: V V 0 + ^ ( t r V a ) ( t r V 0 ) , x G 5 , (5.11b) 
3=1 3=1 

an-V</>'aa + 6 0 'a= O, x € Ö V \ 5. 
(5.11c) ) 

Thee operator nn : V V in (5.11b) represents the second order derivative in the 
normall  direction. 

Too identify the induced change in the cost functional, the functional value 
correspondingg to the modified boundary, E(Sea), is expanded as 

E(SE(Seaea)) :=  EiSea^a) = E(S)+t (l'a(S) + J'a(S))+0(e2), as e - 0, (5.12a) 

with h 

^ ( S ) : = - / p V 0 - V ^ d x,, (5.12b) 

J'J'QQ(S):=-j(S):=-j a ( | ^ + p n - V i | V 0 |2 + p F r -2 n . ed ) d x , (5.12c) 

wheree -R(x) is the radius of curvature (d = 2) or mean radius of curvature (d = 3) 
andd ê  is the vertical unit vector. The curvature-term in (5.12c) results from 
thee change in the surface area from 5 to <Sea; see, e.g., Ref. [50]. Noting that 
onlyy (5.12b) depends on <f>' a, the induced change in the cost functional is readily 
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identifiedd as (5.12b). Integration by parts recasts (5.12b) into the convenient form: 

.. d-l 

*'a(S)*'a(S) = / 0a E *i  V ^  V(ïï dX  (5' 13a) 
JJSS j  = l 

Moreover,, the second term in (5.12c) vanishes due to the kinematic condition (5.3a): 

J'a(S)J'a(S) = - J « ( | ^ + p F r -2 n . ed ) d x . (5.13b) 

Iff  Q(X) is chosen such that I'a + J'a < 0, an adjustment of the free boundary 
fromm S to <S7a, with 7 a small positive number, results in a reduction of the 
costt functional and thus improves the approximation to the actual free-boundary 
position.. Such a choice of a is called a descent direction. 

5.3.22 Adjoin t Operator s and Dualit y 

Thee inherent problem in determining a descent direction from (5.13), is the de-
pendencee of (5.13a) on <f)'a, which is connected to a through the boundary value 
problemm (5.11). Equations (5.11) and (5.13) are useful to verify if a particular a is 
aa descent direction. However, they are unsuitable to determine a descent direction. 

Thee adjoint optimization method uses the equivalence of (5.11), (5.13a) to 
itss dual problem to eliminate the induced change in the functional. To define the 
dualityy property, adjoint operators must be introduced. Let , -)v a nd {'i')dv 
denotee the L2 integral inner products over the domain V and its boundary c?V, 
respectively.. Consider the linear boundary value problem: 

Li{<i>)=li,Li{<i>)=li,  x € V , (5.14a) 

LLbb{<j>){<j>)  = hi x<E<9V, (5.14b) 

andd the functional 
J == ( / ^ i ( 0 ) ) v + ( / * , i W ) ) o v , (5.15) 

forr certain interior operators Li,F{ and boundary operators Lb^Fb. The adjoint 
operatorss L*, F* and adjoint boundary operators LI, F6*  are defined by the identity 

(L*(A),F i (0))vv + ( ^ ( A ) , n ( 0 ) )av = (J7(A),Li (0))v+(F6*(A),L 6(0))öv, (5.16) 

forr all appropriate functions <f>  and A. For example, if 

Li(<j>)Li(<j>)  = A<l>,  Lb(<j>)  = an-V<f> + b<l>,  Fi{4>)  = <j>,  Fb{<f>)  = an- V<f> + b<p , 
(5.17a) ) 
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forr certain functions a, 6, a, b : dV *—*  R. such that ba — ab  ̂ 0, then 

baba — i 
(5.17b) ) 

LI(A)-WA) ,, W ) - £ ^ , *T(A) = *i(A) , W > = j ^ 

Too prove that (5.17a) and (5.17b) indeed satisfy the identity (5.16): 

(£;(A),FiW))vv + ( i ; (A) ,F 6W)) ev 

== £ 0 A A dx + f ( a n
6 a

V A + i ' A ) (an- V 0 + » ) dx 

== / AA<£dx + * ( 0 n - V A - A n - V 0 ) dx 
JVV  «/0V 

++ /„(=^)(-™)* < 
==  fxA  ̂ + f (a°ta

V_A4-A) («n-V» + * ) dx 
== (F«(A),L( («)V + W ( A ) , t ( , W ) a v  (5.18) 

Thee identity (5.16) implies that (5.15) subject to (5.14) is equivalent to 

I={k,F*{\))I={k,F*{\)) vv + (lb,FZ(\))dv (5.19) 

subjectt to 

L*(\)=fi,L*(\)=fi,  x e V , (5.20a) 

L*L* bb(\)(\) = fb, xGÖV. (5.20b) 

Too prove the equivalence: 

// = (fi,Fi(<j>)) v + (ƒ*, W ) ) a v = (mX^FiW  ̂ + {L* b(\),Fb(<P))9V 

==  {F;(ML i(<p))v + (Fb*(\),Lb(ct>))dv = (F*(\),k)v + {Fb*(\),l b)dv . (5.21) 

Inn this context, (5.14)-(5.15) is called the primal problem and (5.19)-(5.20) is 
calledd the dual problem. Duality is the equivalence of the primal and dual problem. 

Thee adjoint optimization method uses duality to eliminate the induced change 
inn the cost functional (5.13a). Observe that for given 0, the functional (5.13a) is 
thee Z/2 inner product of <f/Q with a given function and (5.11) acts as a constraint 
onn <f>' a. Hence, (5.13a) subject to (5.11) is of the form (5.14)-(5.15). To obtain the 
duall  problem for (5.11)-(5.13a), we note that (5.11) implies 

ff AA<&dx + f V n - V 0 « d x+ f i>  ( a nn : V V 0 - ^ ( t r V a ) (trV<£) J dx 

++ ƒ ^ ( a n - V ^ + 6 ^ ) dx = 0, (5.22) 
JdV\S JdV\S 
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forr all admissible functions A : V *-> R and ip : dV i-» R. Integrating by parts, 
(5.22)) can be recast into 

d-i d-i 

// e/>'QAAdx- / <^n-VAdx + / a (^nn : V V 0 + J ^ t j :  V(^ t j ;  Vc£) J dx 

++ / (A + ^ ) n - V ^ d x + / ( 6 ^ - n - V A ) 0^ + ( a^ + A ) n . V ^ d x = O. 
.Ass JdV\S 

(5.23) ) 

Hence,, if ?ƒ> in (5.23) is set to 

(( -A(x) , x 6 5, 

</>(x)=<< -A(x)/a(x), xedV\S, a(x) ^ 0 , 

[[  n  VA(x)/6(x), x e dV \ <S, otherwise, 

andd if A satisfies the dual problem 

AAA = 0, x e V, (5.24a) 
d-l d-l 

n"V AA = ^ t j - V ( p t r V 0 ) , x e 5 , (5.24b) 
3=1 3=1 

an-VAA + &A = 0, x E < 9 V \ S, (5.24c) 

then n 
d-i d-i 

IIa(a(ss)) = - / a ( A n n: V V 0 + JZ t r V ( A W < £) J dx . (5.25) 

Onee may note that (5.25) expresses the induced change in the functional indepen-
dentt of the induced disturbance in the solution. 

5.3.33 Optimizatio n Metho d 

Duee to the absence of the induced disturbance in (5.25), a descent direction for a 
cann be determined from (5.13b) and (5.25) in a straightforward manner. For this 
purpose,, we define the gradient of E with respect to 5 by the function gradE(S) : 
SS t—» R with the property: 

ff Q(X) grad£(<S)(x)dx = lim i[E{Sea) - E{S)], (5.26) 
JsJs £^ ° 

forr all suitable a. By (5.12), (5.13) and (5.25), the gradient is readily identified 

as: : 
d - ll  2 

gradE(S)gradE(S) = - A nn : V V 0 - V t j  V(At ,  V<f>)  - | - - p F r "2 n - ed . (5.27) 
r—ff  2R 
33 = 1 
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Fromm (5.26) it follows that if a = —gradE(S) and 7 is set to a small positive 
number,, then 

E{SE{Siaia)) - E{S) = - 7 f (gradE(S))2 dx + 0 (7
2 ) < 0 + 0 (7

2 ) . (5.28) 

Therefore,, a = —gradE(S) is a descent direction and «S7Q improves on S. The 
free-surfacee flow problem can thus be solved by repeating the following operations: 

(Al )) For given S, solve the primal problem (5.6) for <j>. 

(A2)) Solve the dual problem (5.24) for A. 

(A3)) Determine a = -gradE(S) from (5.27). 

(A4)) Choose the step size 7 > 0 and adjust S to Sia. 

Thee iterative process (A1)-(A4) is called the adjoint optimization method. The 
actuall  free boundary $* is obtained if gradE($*) = 0. 

Thee condition gradE(S*) = 0 only ensures that a local minimum is attained. 
Iff  the cost functional is non-convex, then multiple local minima can occur. The 
actuall  solution to the steady free-surface flow problem is then determined by the 
globalglobal minimum. The dynamic condition (5.3b) implies that the cost functional 
vanishess for the actual solution. Hence, the correct minimum is identifiable. If 
thee cost functional is indeed non-convex, then it is important that the adjoint 
optimizationn method is provided with an initial approximation that is sufficiently 
closee to the actual solution. For instance, a prolongated coarse-grid approximation 
too the solution can serve for this purpose. 

5.44 Fourie r Analysi s of th e Optimizatio n Proble m 
Thee behavior of the cost functional in the neighborhood of a minimum is character-
izedd by the Hessian, i.e., the second derivative of the cost functional with respect 
too the free boundary. As a result, the properties of the optimization problem and 
thee convergence behavior of the adjoint optimization method depend on the char-
acteristicss of the Hessian. In this section we use Fourier analysis to examine the 
propertiess of the Hessian and we consider the implications for the solution behav-
iorr and the posedness of the optimal shape design problem and the convergence 
behaviorr of the adjoint method. 

5.4.11 Hessia n of th e Functiona l 

Thee behavior of the cost functional in the neighborhood of a ninimum is charac-
terizedd by its Hessian, which is defined by the function grad E(S) : S x S 1—> R 
withh the property: 

// a(y) grad2£;(S)(x,y) dy = lim \\grad E(S€*)(y:)  - gradE(S)U)} , (5.29) 

file:////grad
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forr all suitable a. To show that the properties of the optimization problem are 
essentiallyy contained in the Hessian, we consider the following expansion of the 
costt functional: 

E{SE{Seaea)) = E{S) 4- e f Q(X) gmdE(S){x) dx 

++  j f f a(x)a(y)gmd2E{S)(x,y)dydx + 0{e3), as t — 0. (5.30) 

Clearly,, in order to have a minimum, the gradient must vanish, so that indeed the 
Hessiann determines the behavior of the cost functional in the neighborhood of a 
minimum. . 

Too demonstrate that the Hessian determines the convergence behavior of 
thee adjoint optimization method, we consider a perturbation <5>*Q of the optimal 
boundaryy S*. Because gradE(S*) = 0, it follows from (5.29) that for sufficiently 
smalll  e, 

gradE(S:gradE(S:aa)(x))(x) = ej a(y) grad2E(S*)(^y) dy + 0(e2) . (5.31) 

Thiss implies that in the neighborhood of the optimum, the Hessian relates the 
gradientt to the disturbance in the free-boundary position. Because the adjoint 
methodd uses the gradient to adjust the free boundary, the Hessian determines the 
changee in the error in the boundary position. Hence, the Hessian indeed determines 
thee convergence behavior of the adjoint optimization method. 

5.4.22 Fourie r Analysi s of th e Hessia n 

Thee properties of the Hessian can be conveniently examined by means of the 
Fourierr analysis for optimization problems presented in [68]. We perform the 
analysiss for the generic case of a domain V*  := { x 6 W* : — 1 < xd < 0}  with free 
boundaryy S* :=  { x e Rd : xd = 0}  and fixed boundary dV* \ S* = { x e Md : xd = 
—1}.. Recall that Xd is the vertical coordinate. Assuming that the fixed boundary is 
impermeable,, a in (5.6) is set to 1 and b and c are set to 0. The uniform horizontal 
flowflow potential <f>*  = U-x, with U a constant vector in { U G Rd : ||U|| = 1, Ud = 0} , 
thenn satisfies the boundary value problem (5.6). The corresponding solution of the 
duall  problem (5.24) is A*  = 0 and the gradient (5.27) vanishes, so that <S* is the 
optimall  boundary. Indeed, the uniform horizontal flow is a solution of the steady 
free-surfacee flow problem. 

Next,, consider the perturbed boundary S*a. The solutions of the perturbed 
primall  and dual problem are expanded as 

J>;J>; aa = U -x + « x ) + 0(e2) , (5.32a) 

A:QQ = 0 + eA^(x) + O(£2). (5.32b) 
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Iff  (5.32a) and (5.32b) are inserted in (5.6) and (5.24), respectively, and the normal 
vectorr to S*a is expanded in the same manner as in (5.10), then collection of terms 
off  0(e) reveals that the induced disturbances are governed by: 

and d 

A 0 a = O, , 
ed - V C = 0, , 
ed-V0^^ = U-Va, 

A A ;;  = O, 

ed-VA ^^ = 0, 

eedd-VX'-VX' aa = -V-V(V-V<P'a ++ Fr" - 2a ), , 

x<EV* , , 

x e d V* * 

xeS*, , 

xeV* , , 
xedV* * 
x€«S*. . 

\&, \&, 

\ S * , , 

(5.33a) ) 

(5.33b) ) 

(5.33c) ) 

(5.34a) ) 

(5.34b) ) 

(5.34c) ) 

Moreover,, upon inserting (5.32) in (5.27), one obtains that the gradient corre-
spondingg to the perturbed boundary <S*a reads 

gradE(S;gradE(S;aa)) = e ( F r ~2 ( U - V ^ + Fr~2a) - U- VA' a) + 0(e2) . (5.35) 

Notee that for any perturbation a, the induced disturbances follow from (5.33) 
andd (5.34). The gradient corresponding to the perturbed boundary can then be 
obtainedd from (5.35). Because gradE(S*) = 0, important information about the 
Hessiann can subsequently be extracted from (5.29). 

Thee analysis proceeds by assuming a, <j>' a and A^ to be a linear combination 
off  horizontal Fourier modes. Because (5.33) through (5.35) are linear in a, (f>'a and 
A^,, it suffices to consider a single mode. Denoting by k = fciei +  + kd-ied-i 
thee horizontal wave number, a is set to 

a(x)) := d(k)exp(ik-x) , (5.36) 

withh i = A/—Ï- The induced disturbances <fr' a and A^ comply with (5.33) and (5.34), 
respectively,, if 

<P'<P' aa = 0(k)exp(ik.x)cosh (|k| (xd + 1)) , (5.37a) 

A;; = A(k) exp (ik  x) cosh (|k| {xd + 1)) , (5.37b) 

and d 

|k|| sinh |k| 0(k) = ik  U d (k ), (5.38a) 

|k|sinh|k|A(k)) = - i k - u ( i k - U c o s h | k| 0(k) + Fr"2d(k)) . (5.38b) 

Recallingg that gradE(S*) = 0, by (5.35) through (5.38), the change in the gradient 
satisfies s 

limm  -gradE{S*)] = # (k )d (k )exp ( i k -x ), (5.39) 
e—»0 0 
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with h 

"« :=(*~2-iOTd ll  <5 ' 40> 
Thee object H(k) is referred, to as the Fourier symbol of the Hessian. 

5.4.33 Propertie s of th e Optimizatio n Proble m 

Thee Fourier symbol of the Hessian contains important information about the 
posednesss and the solution behavior of the optimization problem. To illustrate 
this,, we consider the Fourier transform of the perturbation a(x) and its inverse 

d(k)) := {27r)1_d / a(x)exp(—ik-x) dx , a(x) — d(k)exp (ik-x) dk. 
JS*JS* J — oo 

(5.41) ) 

Fromm (5.29) and (5.39) it then follows that 

ff a(y) grad2E(S*){x,y)dy = f H(k)a(k)exp(ik-x)dk . (5.42) 
JS*JS* J — oo 

Hence,, by (5.30), if terms of 0(e3) are ignored, the change in the cost functional 
duee to the perturbation of the free boundary reads: 

E(S;E(S;aa)) - E{S*) = €- J a(x) ƒ a(y)grad2£;(5*)(x,y)dydx 

ee22 f f°° ~ 
== — / a(x) / tf(k)d(k)exp(ik-x)dkdx 

e22  ~ f 
==  — ƒ # (k) &(k) / a(x)exp( ik-x)dxdk 

22 J-oc Js 

== ^ (27r )d _1 / i f ( k )a (k )a (k )dk 
22 J—OO 
22 /-oo 

== v ( 2 7 r ^ _ 1 / ^ ( k ) | ó ( k ) |2d k, (5.43) 

withh e*(k) the complex conjugate of d(k). Equation (5.43) implies that # ( k) 
expressess the ability of the optimization problem to distinguish a boundary S* 
fromm a perturbed boundary <S*Q, with cn(x) a Fourier mode with wave number k. 

Too illustrate the behavior of the Fourier symbol # (k ), we consider (5.40) for 
kk G E2 (i.e., d = 3). Without loss of generality, we assume that U = ei, so that 
k - UU = k\. Figure 5.1 on the next page then displays contours of F r-  y/H(k), 
e.g.,, if Fr = 1/2, then F r- 2  y/Ê(k) = 4 is the contour for which H(k) = 0 and 
F r - 22  y/H(\i) 6 {0,8}  are the contours for which H(k) = 16. 
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00 2 4 fci 6 8 10 

Figuree 5.1: Contours of Fr"2  i /#(k). 

Thee solution behavior of the shape optimization problem is determined by 
thee critical modes, i.e., the wave numbers for which H(k) vanishes. These critical 
modess yield a change in the cost functional of just 0(e3), instead of 0(e2). Hence, 
aa small perturbation of the uniform free-surface flow is composed of a linear combi-
nationn of the critical modes. It is important to observe that to each Froude number 
correspondss a curve of critical wave numbers. The critical modes are associated 
withh steady surface gravity waves; see, e.g., Refs. [37,44]. Note that for d = 2 
(fc22 = 0) and Fr < 1, the condition H(k) = 0 yields a unique relation between the 
wavee number of the surface gravity wave and the Froude number. For d = 2 and 
Frr > 1, critical modes are absent and steady surface gravity waves do not occur. 

Thee Fourier symbol of the Hessian also gives information about the posedness 
off  the optimization problem. The optimization problem is said to be well posed 
iff  it has a unique solution that is stable to perturbations in the auxiliary data. 
Uniquenesss is ensured if # ( k) > 0 for all k. From the above considerations, it is 
clearr that uniqueness cannot be ensured. However, this does not necessarily imply 
thatt the optimization problem is ill posed. It merely implies that the behavior 
off  critical modes is not described by the above theory. Linear stability of the 
optimizationn problem generally demands that 

H(k)H(k) = 0 ( |k |e) , as |k| -> oo, (5.44) 

forr some 6 > 0; see [68]. This requirement expresses that the optimization problem 
clearlyy notices high wave number perturbations of the free boundary. Unfortu-
nately,, if k G E2, the contours on which H(k) = 0 contain waves with |k| —» oc. 
Hence,, the linear theory is insufficient to establish the stability of the 3 dimen-
sionall  free-surface flow problem. However, such waves do not occur for d = 2 and, 
therefore,, linear stability of the two-dimensional optimization problem is ensured. 
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5.4.44 Stabilit y of th e Adjoin t Metho d 

Too examine the stability of the adjoint method, we consider a perturbation S*a of 
thee optimal free boundary S*. One iteration of the adjoint optimization method 
yieldss a new approximation S*a, with 

ea(x)ea(x) = ca(x) - -ygradE{S^){x) , (5.45) 

forr some step-size 7 > 0. Hence, by (5.31), a and a are related in the following 
manner: : 

a(x)) = a(x) - 7 J a(y) grad2E(S*)(x, y) dy . (5.46) 

Thee contraction number £ of the adjoint method is defined by the reduction of the 
errorr in the free-boundary position between successive iterations, i.e., 

CC == sup 
a(x)) - 7 / 5 . a(y)grad2£(S*) (x ,y )dy 

|Q(X) ) 
(5.47) ) 

wheree the supremum is taken over all admissible functions a(x). Because ||a|| < 
£||a||,, stability of the adjoint method is ensured if £ < 1. 

Iff  the L2 norm is implied in (5.47), we can use (5.42) and Parseval's identity 
too recast (5.47) into: 

CC = s up r°° rn,M2,n, ' (5"48) 

Iff  the problem (5.7) is solved numerically, then the infinite domain is usually 
truncatedd and a(x) is represented on a grid. In that case, if I — (£1,... ,td-\) 
iss the horizontal length of the truncated domain and h = (hi,..., hd-i) is the 
horizontall  mesh width of the applied grid, then we only have to consider isolated 
wavee numbers in the set 

Whh := { k : kj = nn/ij^n = , , \kj\ < ir/hj}  ; (5.49) 

seee Figure 5.2 on the facing page for an illustration. It follows from (5.48) that £ 
iss then given by 

C== sup | l - 7 # ( k ) | . (5.50) 
k€Wh h 

Stabilityy of the adjoint optimization method is ensured if the right hand side 
off  (5.50) is at most 1. This can be accomplished by choosing the step size 7 
accordingg to 

77 = c ( sup H(k) J , (5.51) 
\kewhh / 

forr some constant c € ]0, 2[. 
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Thee step size must then 

(5.52) ) 

Thee supremum of H in Wh is for well posed problems determined by the 
highestt wave number components in Wh; refer to (5.44). From (5.49) it follows 
thatt the highest wave number in Wh is 0 ( l / | h | ) . Hence, in general, the step size 
diminishess as 7 = O(|h|0) as |h| —> 0. In particular, for the Fourier symbol (5.40), 
iff the grid is refined in such a manner that h = |h|c as |h| —> 0, with c a constant 
vector,, then the supremum of H(k) in Wh is 0( |h |~ 2 ) 
complyy with 

77 = 0 ( | h | 2 ) , a s | h | ^ 0 . 

too maintain stability of the oscillatory modes, i.e., the modes with large |k|. This 
impliess that the step size in the adjoint optimization method must be reduced as 
thee spatial grid is refined to maintain stability of the high wave number modes. 

5.4.55 Convergence of the Adjoint Method 

Thee convergence behavior of an iterative method is usually characterized by its 
contractionn number. However, this characterization is inappropriate for problems 
withh critical modes {H(k) = 0) and dispersive behavior, such as the considered 
free-surfacee flow problem. The contraction number is based on the behavior of 
isolatedd waves, whereas for dispersive problems the behavior of wave groups is 
relevant;; see, e.g., Refs. [44,78]. This distinction is essential if critical modes 
occur.. As a result of the critical modes, the contraction number indicates that 
convergencee lacks. However, due to the dispersive properties of the problem, this 
indicationn is too pessimistic. 
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Too determine the convergence behavior of the adjoint optimization method 
(A1)-(A4),, we reconsider the perturbation S*a of the optimal free boundary S*. 
Thee Fourier components of the perturbation can be separated into a contribution 
p(k)) of the modes in the neighborhood of the critical modes and a remainder: 

d(k)) = p(k) + (d(k) - p(k)) , (5.53a) 

wheree p(k) := w(k) a(k), 

« • H ii l l w l k (5-53b) 
andd 61,2 are constants such that 62 > öi > 0; see the illustration in Figure 5.2 on 
thee page before. The transition of w(k) from 1 to 0 can be constructed in any 
suitablee manner and is largely arbitrary. However, below, p(k) is required to be 
ann analytic function. 

Denotingg by ean(x) the disturbance in the free-boundary position after n 
iterationss of the adjoint method, we obtain from (5.42) and (5.46): 

a n ( k ) = ( l - 7 ^ ( k ) ) n d ( k ) .. (5.54) 

Hence,, it follows from (5.53) that 

( l - 7 # ( k ) jj p(k)exp(ik-x)dk + 0 ( | l - 7 5 i | n ) . (5.55) 
-00 0 

Becausee |1 — 7^11 < 1, the remainder vanishes exponentially as n —> 00. This 
impliess that the asymptotic behavior of a n (x ) for large n is determined by the 
Fourierr components in the neighborhood of the critical modes. 

Fromm (5.55) it follows that if p„(k) is defined recursively by 

p0(k)) = p(k) , (5.56a) 

p n ( k ) = ( l - 7 £ ( k ) ) p n _ ! ( k ) ,, n = l , 2 , . . . , (5.56b) 

thenn a n (x) ~ pn(x) as n —* 00. Equation (5.56b) can be recast into: 

p n + 1 ( k ) - p n ( k )) + ^ = 0 ^ ( 5 5 7 ) 

7 7 

Notee that for sufficiently small 7, the first term can be conceived as a difference 
approximationn to the derivative of pn(k) with respect to -pseudo time 717. We 
assumee that pn(k) ~ exp(rjry)po(k) a s n - > o o . Equation (5.57) then implies 

(expp (r 7 ) - l ) / 7 + H(k) = 0 . (5.58) 
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Taylorr expansion of exp (r'y) yields 

rr = - J ï ( k) , (5.59) 

providedd that 0(T2) terms are negligible. By (5.53b), H(k) < S2. Hence, if 62 is 
chosenn sufficiently small, the 0(T2) terms in the Taylor expansion can indeed be 
ignored.. Equation (5.59) relates the pseudo time behavior of a disturbance in the 
free-boundaryy position to its spatial behavior. Therefore, it appears appropriate 
too refer to (5.59) as the pseudo dispersion relation of the adjoint method. 

Fromm (5.55) to (5.59) it follows that as nj —• oo, 

/

oo o 

/5(k)) exp (ift(k) wy) dk , (5.60) 

-oo o 

with h 
fi(k)fi(k) := iH(k) + — . (5.61) 

Thee integral in (5.60) vanishes exponentially as wy —> oo, except near critical 
stationaryy points of H(k), i.e., the wave numbers ko such that 

£(ko)) = 0, — (ko) = 0 . (5.62) 

Eachh critical stationary point yields a contribution 

/ 2 7 r \ ( d - l ) / 2 // d2H \ " 1 / 2 

^(ko)Ujj (dGt dkM  ̂ ) ™»^-* +  ̂ (5-63) 
withh £ a multiple of 7r/4, depending on the properties of d2H/dkidkj. The above 
cann be proved by the method of stationary phase; see, e.g., Refs. [78, 79]. 

Duee to the quadratic form of (5.40), any critical point is a stationary point 
ass well. Hence, if we define the evaluation error en by the L2 norm of the error 
inn the boundary position, i.e., en := ||ean||, then we anticipate that the adjoint 
methodd yields the following asymptotic convergence behavior: 

e„„ = 0(C n 7 ) if Vk : H(k) > 0 , (5.64a) 

enn = o ( ( n 7 ) ( 1 - d ) / 2 ) if 3k : H{k) = 0 , (5.64b) 

ass n —> oo, for some constant (, in ]0,1[. The implications of (5.64) for the conver
gencee behavior of the adjoint method are summarized in Table 5.1 on the following 
page. . 

5.55 Preconditionin g 
Thee asymptotic error behavior (5.64) and the stability condition (5.52) imply that 
thee performance of the adjoint optimization method deteriorates with decreasing 
meshh width. This deficiency of the method can be repaired by means of precondi
tioning.. This section outlines the preconditioning operation. 
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Tablee 5.1: Convergence behavior of the adjoint method: asymptotic behavior 
off  the evaluation error en for sub- and supercritical flow in 2D and 3D, with n 
thee iteration counter, 7 the step size and £ a constant in ]0,1[. 

subcritical l 
supercritical l 

dd = 2 

0(ll0(ll  y/m) 
o(C7) ) 

dd = 3 

0( l / (n7) ) ) 
0( l / (n7) ) ) 

5.5.11 Reconsideratio n of Objective s 

Too introduce the preconditioning operation, we consider the gradient of the cost 
functionall  at a perturbation S*a of the optimal boundary <S*. By (5.39), the 
Fourierr components of the gradient read: 

gradi(5*o)0OO = eff(k)a(k) . (5.65) 

Equationn (5.65) implies that for problems that are stable according to (5.44) 
withh 9 strictly positive, the gradient primarily contains highly oscillatory modes 
(largee |k|). Consequently, the adjoint optimization method effectively reduces the 
costt functional by removing the highly oscillatory disturbances in the boundary 
position.. However, smooth error components are inadequately resolved. 

Inn general, one is interested in obtaining the free-boundary position rather 
thann minimizing the cost functional. If the objective is indeed to obtain the free 
boundary,, then the gradient is unsuitable for adjusting the boundary position. 

5.5.22 Genera l Outlin e 

Thee aim of preconditioning is to restore the relation between the boundary adjust-
mentt and the error in the boundary position. An accurate approximation to the 
errorr in the free-boundary position can be recovered from the gradient by solving 

P0P0 = gradE{S;a), (5.66) 

wheree P is any convenient operator of which the Fourier symbol satisfies 

H(k)H(k) < P(k) , for all k , (5.67a) 

limm H{k)/P(k) = C , for some C e) 0,1] . (5.67b) 
|k|—nx ) ) 

Thee operator P simulates the relation between the gradient and the disturbance 
inn the boundary position. The Fourier components /?(k) are related to the com-
ponentss of the disturbance by: 

/3(k)) = (£ (k ) /P(k )) d(k) . (5.68) 

Therefore.. /3(x) is an accurate approximation to a(x) if H(k)/P(k) « 1. 
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Iff  the adjoint method uses /?(x) instead of the gradient to displace the free 
boundary,, then the corresponding stability condition reads: 

| l - 7 # ( k ) / P ( k ) | < l.. (5.69) 

Requirementt (5.67a) ensures that H/P < 1 for all k, so that the step size 7 in the 
preconditionedd method can be set to 1. Consequently, if the problem is solved nu-
merically,, the convergence behavior of the preconditioned method is independent 
off  the mesh width of the applied grid. Condition (5.67b) makes certain that all 
Fourierr components that are present in the boundary disturbance are also present 
inn the correction, so that the error indeed vanishes as the iteration progresses. 

I tt is important that the numerical methods for solving (5.66) do not reintro-
ducee the mesh-width dependence. In general, preconditioners P can be constructed 
forr which efficient solution methods, e.g., multigrid methods [8,67], are available. 

5.5.33 A Preconditione r for 2D Free-Surfac e Flow s 

Thee construction of the preconditioner from its symbol relies on the theory of 
pseudo-differentiall  operators; see also [66]. In this section we set up a precon-
ditionerr for the 2D steady free-surface flow problem. It is anticipated that a 
preconditionerr for 3D free-surface flows can be constructed similarly. 

Inn two dimensions, the free-boundary is one dimensional and the considered 
wavee number is k € R. Without loss of generality, we assume that the velocity is 
scaledd such that U = 1 in (5.40). To derive the preconditioner, we first consider 
thee asymptotic behavior of (5.40) for large k: 

H(k)H(k) ~ k2 , as k -> 00 . (5.70) 

Thee Fourier symbol —k2 corresponds to a Laplace operator. An operator which 
hass the desired behavior for high wave-number components is: 

P „ / ? : = ( F r -2 - l ) 2 / ? - | ^,, (5.71) 

wheree dfdt denotes the tangential derivative along the free boundary. The Fourier 
symboll  of (5.71) is 

PPHH(k)(k) = (Fr~2 - l ) 2 + k2 . (5.72) 

Indeed,, pH(k) ~ k2 as k —> 00. Figure 5.3 on the next page compares the Fourier 
symbolss PH and H. The behavior of PH closely resembles that of H at high wave-
numbers.. Hence, PH accurately recovers highly oscillatory errors in the boundary 
position.. Moreover, PH eliminates the mesh-width dependence of the step size. 

Thee Fourier symbols PH and H differ markedly at low wave numbers if 
Frr < 1. For Fr < 1, the low wave-number behavior of H is accurately approximated 
by: : 

PPLL(k)(k) = (1 - (2 - 2fi)(k/k0)
2 + (1 - n)(k/k0)

4) (Fr"2 - l ) 2 , (5.73) 
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Figuree 5.3: Fourier symbols Pi(k), pH{k) and H{k) for Fr = ^tanh (TT)/TT 

withh k0 the critical wave number critical mode of (5.40) and fi a small positive 
constant;; see Figure 5.3. The symbol PL(/C) corresponds to the differential operator 

PP^^  = (Fr - *) ( ƒ+ - i r A?+~w -OF) • (5-74) 

Thee constant /x ensures that the polynomial Pi(fc) has no real roots. This is 
aa prerequisite for stability of the preconditioner. Unfortunatelŷ  it also implies 
thatt the preconditioner leaves the root of H undisturbed, i.e., H(k)/Pi,(k) = 0 
forr critical modes. Hence, the asymptotic convergence behavior (5.64b) is not 
essentiallyy improved. 

Summarizing,, for supercritical flows an effective correction of the free bound-
aryy can be obtained from (5.66) and (5.71). The mesh-width dependence of the 
convergencee behavior is then eliminated. For subcritical flows, the correction is a 
combinationn of a high wave number correction (3H from (5.66), (5.71) and a low 
wavee number correction (5L from (5.66), (5.74), e.g., (PL+PH)/?- The mesh-width 
dependencee of the convergence behavior is then removed. However, the asymp-
toticc convergence behavior is not improved, because the preconditioning does not 
removee the critical modes. 

5.66 Numerical Experiments 
Thee preconditioned adjoint optimization method is tested for 2 dimensional sub-
andd supercritical flow over an obstacle in a channel of unit depth at Fr = 0.43 and 
Frr = 2.05. The geometry of the obstacle is 

yy((xx)) = - 1 + ~ j ! ( i - Lf , 0 < x < L , (5.75) 
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withh H and L the (non-dimensionalized) height and length of the obstacle, respec-
tively.. We choose H = 0.2, L = 2 for the subcritical test case and H = 0.44 and 
LL = 4.4 for the supercritical test case, in accordance with the experimental setup 
fromm [11]. In addition, we consider the subcritical test case with H = 0.1, L = 2 
andd the supercritical test case with H = 0.22 and L = 4.4. 

Thee boundary value problems (5.7) and (5.24) are discretized with bilinear 
finitee elements. The differential operators in the gradient (5.27) are discretized 
withh central differences. The resulting discrete optimization problem is unstable 
andd displays odd/even oscillations. These are simply removed by smoothing the 
gradientt with the biharmonic operator. For subcritical flows (Fr < 1), a radiation 
conditionn must be imposed to avoid nonphysical upstream waves; cf. §5.2.1. The 
upstreamm waves are eliminated by smoothing the gradient upstream of the obstacle 
withh the Laplace operator, and by applying the low wave number preconditioner 
PLPL only downstream. 

Thee numerical experiments are performed on grids with horizontal mesh 
widthh h G {L/36,L/72}  and vertical mesh width 1/24. For the supercritical 
testt case, the correction is computed using (5.66) and (5.71). For the subcritical 
testt case, the upstream correction is determined in the same manner and the 
downstreamm correction is taken as (/?L + 0H)/2, with pn from (5.66), (5.71) and 
(3(3LL from (5.66), (5.74). The constant fi in (5.74) is set to 0.025. In all cases the 
stepp size 7 = 1 is employed. 

Forr the supercritical test case, Fig. 5.4 on the following page plots the L2 

normm of the correction after n iterations, ||/3„||, versus the iteration counter. The 
correctionn behaves as ||/3n|| = 0(Cn), for some constant £ e]0,1[. The norm of the 
evaluationn error after n iterations can be bounded by 

0 0 0 

e«<X>*U-- (5-76) 

j=n j=n 

I tt follows from (5.76) that the evaluation error converges as 0(Cn) as well. This 
iss in accordance with the entry in Table 5.1 on page 72. From Fig. 5.4 we obtain 
CC « 0.35 for H = 0.22 and C ~ 0.5 for H = 0.44. One may note that the 
convergencee behavior is indeed independent of the mesh width. Fig. 5.5 on page 77 
comparess the computed surface elevation with measurements from [11] for the 
supercriticall  test case. The computed result agrees well with the measurements. 

Forr the subcritical test case, \\/3n\\ is plotted versus n in Fig. 5.6 on page 77. 
Notee that Fig. 5.6 is a log-log plot. In this case, \\j3n\\ behaves as G>(n_(T), with 
aa « 1.5 for H = 0.1 and a « 1.2 for H - 0.2. It follows from (5.76) that the 
convergencee behavior of the evaluation error is approximately O(n~05) for H = 0.1 
andd 0{n~02) for H = 0.2. Hence, the test case with H = 0.1 confirms the entry 
inn Table 5.1 on page 72. The deteriorated converge behavior for H = 0.2 can be 
attributedd to apparent nonlinear behavior. One may note that the convergence 
behaviorr is virtually independent of the mesh width. Fig. 5.7 on page 78 compares 
thee computed surface elevation with measurements from [11] for the subcritical 
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Figuree 5.4: Supercritical test case: norm of the correction versus the iteration 
counterr for H = 0.22 (A) and H = 0.44 (B) (h = L/36 and h = L/72 coincide). 

testt case. The surface elevation displays typical nonlinear effects, such as sharp 
wavee crests and wave length reduction. The amplitude of the computed result is 
overestimated.. However, the overestimation of the amplitude of the trailing wave 
iss not unusual; see, for instance, [10,75,76]. The wave length of the computed 
resultt is in good agreement with the measurements. 

5.77 Conclusions and Discussion 
Wee investigated the suitability of the adjoint optimal shape design method for 
solvingg steady free-surface flows. To this end, the free-surface potential flow prob-
lemm was reformulated into an equivalent optimal shape design problem. We then 
presentedd the adjoint optimization method for solving the design problem. We 
determinedd the asymptotic convergence behavior of the adjoint method for sub-
andd supercritical flows in 2D and 3D. Moreover, we showed that preconditioning 
iss imperative to avoid mesh-width dependence of the convergence behavior and we 
presentedd a suitable preconditioner for the free-surface flow problem. 

Numericall  results were presented for two-dimensional flow over an obstacle in 
aa channel. The observed convergence behavior is in agreement with the asymptotic 
estimates,, i.e., the evaluation error behaves as 0 ( ( ") for the supercritical test case 
andd as 0{n~1/2) for the subcritical test case. Moreover, the numerical results 
confirmm that the convergence behavior of the preconditioned adjoint method is 
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Figuree 5.5: Supercritical test case: computed surface elevation with H = 0.44 
andd h — L/72 (solid line) and measurements from [11] (markers only) 

Figuree 5.6: Subcritical test case: norm of the correction versus the iteration 
counterr for H = 0.1, h = L/36 (A), h = L/72 (B) and H = 0.2, h = L/36 (C), 
hh = L/72 (D) 
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Figuree 5.7: Subcritical test case: computed surface elevation with H = 0.2 
andd h = L/72 (solid line) and measurements from [11] (markers only) 

independentt of the mesh width. For both test cases the computed results agree 
welll  with measurements. 

Thee convergence behavior of the adjoint shape optimization method for 
steadyy free surface flows is for two-dimensional problems similar to that of time-
integrationn methods (see also [10]): the error converges as 0(C,n) for supercriti-
call  flows and as 0 ( n- 1 / 2 ) for subcritical flows. For three-dimensional problems, 
thee anticipated convergence behavior of the adjoint method is 0(n~l) for sub-
andd supercritical flows. The convergence behavior of time-integration methods is 
0(n~~0(n~~ll)) for subcritical flows and 0((n) for supercritical flows. The convergence 
behaviorr of the preconditioned adjoint method is independent of the mesh width, 
whereass the convergence behavior of the usual time-integration method deterio-
ratess with decreasing mesh width, due to a CFL-restriction on the admissible time 
step.. Therefore, the preconditioned adjoint method is expected to be more effi-
cientt than time-integration methods, except in the case of 3D supercritical flow. 
However,, for 3D flows and 2D subcritical flows, the convergence behavior of the 
adjointt method is less efficient than the mesh-width independent 0(C") behavior 
off  the method presented in [10]. 

Thee 0(n~1/2) (2D, subcritical) and 0(n~l) (3D) convergence behavior of 
thee adjoint method is caused by the critical modes. It is therefore anticipated 
thatt a combination of the adjoint method and a solution method that effectively 
eliminatess these critical modes yields 0(tj") convergence behavior. 


