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Chapterr 7 

Conclusions s 

Motivatedd by the demand for efficient computational methods for steady viscous 
free-surfacee flow problems in practical applications such as ship hydrodynamics, in 
thiss thesis we concerned ourselves with numerical techniques for the Navier-Stokes 
equationss with a free boundary. 

Ann investigation of the free-surface Navier-Stokes equations in primitive vari-
abless was presented. We analyzed the generic problem of perturbations of a uni-
formm flow, by means of perturbation methods and Fourier techniques. The analysis 
clarifiess the characteristic features of viscous free-surface flows, such as the disper-
sivee behavior of surface gravity waves, the asymptotic temporal behavior of wave 
groupss and the structure of the free-surface boundary layer. Moreover, by virtue 
off  the formulation in primitive variables, the analysis can serve in the assessment 
off  numerical methods, if the differential operators in the continuum equations are 
replacedd by their difference approximation. 

Wee showed that the usual time-integration method for solving the steady 
free-surfacee Navier-Stokes equations is often inefficient as a result of the specific 
transientt behavior of surface gravity waves and a stability restriction on the ad-
missiblee time step. We then proposed a new iterative solution method, based on 
aa so-called quasi free-surface condition. To establish the efficiency of the method, 
wee showed that its asymptotic computational complexity deteriorates only mod-
eratelyy with decreasing mesh width. Moreover, mesh width independence of the 
computationall  complexity can be accomplished by nested iteration. Numerical 
resultss were presented for a two-dimensional model problem. The numerical ex-
perimentss confirm that the convergence behavior of the method is asymptotically 
independentt of the mesh width. We believe that the proposed method can be 
usefull  in ship hydrodynamics and other fields of application in which the efficient 
computationn of steady free-surface flows at high Reynolds number is required. 
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Inn addition, we investigated the numerical solution of steady-free surface 
flowss by means of the adjoint optimal shape design method. To obtain an indica-
tionn of the properties of the method, we considered its application to the steady 
free-surfacee potential flow equations. The adjoint shape optimization method is 
equallyy applicable to the free-surface Navier Stokes equations, but the specifics 
off  the method are much more involved in that case. We showed that the op-
timall  shape design problem displays the usual characteristic behavior of steady 
free-surfacee flows. We determined the convergence behavior of the adjoint method 
forr the generic problem of perturbations of a uniform flow. The method yields 
exponentiall  convergence (i.e., 0(C)n), 0 < C < 1) for 2D supercritical flows and 
algebraicc convergence (typically, 1/y/n in 2D and 1/ra in 3D) in all other cases. 
Thee deteriorated convergence behavior for 3D and 2D subcritical flows can be 
attributedd to the occurrence of critical modes. We showed that preconditioning 
iss imperative to avoid mesh-width dependence of the convergence behavior and 
wee presented a suitable preconditioner for the steady free-surface flow problem. 
Numericall  results were presented for two-dimensional flow over an obstacle in a 
channel.. The observed convergence behavior confirms the asymptotic estimates. 

Free-surfacee flows being a special case of two-fluid flow, we presented a pre-
liminaryy investigation of the interface capturing method for two-fluid flows. We 
constructedd an Osher-type approximate Riemann solver. Details were presented 
forr fluids with a barotropic equation of state. We showed that fluid transitions can 
onlyy occur across contact discontinuities, which implies that the kinematic and dy-
namicc interface conditions are satisfied. The spurious pressure oscillations that are 
commonlyy incurred by conservative discretizations of two-fluid flows were identi-
fiedd as a result of the loss of invariance properties under discretization. We formu-
latedd a pressure-invariance condition for discrete approximations to two-fluid flow 
problemss and constructed a non-oscillatory discretization. The implementation of 
thee interface capturing approach with efficient techniques for steady problems is 
deferredd to future research. 


