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In the Overlapping Distribution Method1 (ODM), two systems are considered with equal volume V : (1):

system 0 with N particles; (2): system 1 with N + 1 particles. This method constructs a histogram of the

interaction potential of a test particle in system 0 (p0(∆U)), and a histogram of the interaction potential

of a randomly selected molecule in system 1 (p1(∆U)). Constructing these histograms per number of

formed hydrogen bonds between the test particle and its surrounding particles leads to the formulation of

a two-dimensional ODM. The canonical partition function of system 0 equals

Q0 (N, V, T ) =
V N

Λ3NN !
q0 (S1)

V is the volume, and Λ is the de Broglie thermal wavelength. q0 is the configurational part of the partition

function of system 0

q0 =

∫
dsN exp

[
−βU0

(
sN
)]

(S2)

U0 denotes the total potential energy of system 0, and sN are the reduced coordinates of the particles in

the system. The logarithm of probability of finding an interaction potential energy change ∆U in a trial

insertion when the test particle forms HT hydrogen bonds (integer) with its surrounding particles can be

written in the canonical ensemble

ln p0 (∆U,HT) = ln

[∫
dsN exp [−βU0] δ (Ui −∆U) δ (Hi −HT)

q0

]
(S3)

Ui is the interaction potential energy of the test particle in system 0 with the rest of the particles. Hi is

the number of formed hydrogen bonds between the test particle and its surrounding molecules. For system

1, the canonical partition function of a system with N + 1 molecules equals

Q1 (N + 1, V, T ) =
V N+1

Λ3N+3(N + 1)!
q1 (S4)

q1 is the configurational part of the partition function of system 1

q1 =

∫
dsN+1 exp

[
−βU1

(
sN+1

)]
(S5)
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U1 is the total potential energy of system 1.

The logarithm of probability of finding an interaction potential energy change ∆U in a trial removal

when the particle has HT hydrogen bonds with its surrounding molecules, can be written in the canonical

ensemble

ln p1 (∆U,HT) = ln

[∫
dsN+1 exp [−βU1] δ (Ur −∆U) δ (Hr −HT)

q1

]
(S6)

Ur is the interaction potential energy of a random particle in system 1 in a trial removal move. Hr is

the number of formed hydrogen bonds between this particle and its surrounding particles in system 1.

Combining Eqs. S4 and S6 leads to

ln p1 (∆U,HT) = ln

 V N+1

Λ3N+3 (N + 1)!Q (N + 1, V, T )


∫

dsN exp [−βU0]

∫
ds exp [−β∆U ]

× δ (Ur −∆U) δ (Hr −HT)


 (S7)

One can write

V N+1

Λ3N+3 (N + 1)!Q1 (N + 1, V, T )
=

V N

Λ3NN1

· V/Λ
3

N + 1
· 1

Q1 (N + 1, V, T )
(S8)

Combining Eqs. S1 and S8 leads to

V/Λ3

N + 1
· 1

Q1 (N + 1, V, T )
· V N

Λ3NN1

· q0
q0

=
V/Λ3

N + 1
· Q0 (N, V, T )

Q1 (N + 1, V, T )
· 1

q0
(S9)

Rearraning equation Eq. S7 based on Eq. S9

ln p1 (∆U,HT) = ln

 V N/Λ3 Q0 (N,V, T )

(N + 1)Q1 (N + 1, V, T )
· 1

q0
·


∫

dsN exp [−βU0]×

δ (Ur −∆U) δ (Hr −HT)


− β∆U (S10)

Combining Eqs. S3 and S10 leads to

ln p1 (∆U,HT) = ln

(
V N/Λ3 Q0 (N, V, T )

(N + 1)Q1 (N + 1, V, T )
· p0 (∆U,HT)

)
− β∆U

= ln

(
Q0 (N, V, T )

Q1 (N + 1, V, T )

)
+ ln

(
V/Λ3

N + 1

)
+ ln p0 (∆U,HT)− β∆U

(S11)
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The chemical potential equals2

µ = −kBT ln

(
Q(N + 1, V, T )

Q(N, V, T )

)
(S12)

The ideal part of the chemical potential is defined as

µid = −kBT ln

(
V/Λ3

N + 1

)
(S13)

Combining Eqs. S11 to S13 leads to

ln p1 (∆U,HT) = βµ− βµid + ln p0 (∆U,HT)− β∆U

= βµex + ln p0 (∆U,HT)− β∆U

(S14)

Rearranging equation Eq. S14, leads to

[
1

β
(ln p1 (∆U,HT)) +

∆U

2

]
−
[

1

β
(ln p0 (∆U,HT))− ∆U

2

]
= µex (S15)

The functions in the brackets are labeled f1 (∆U,HT) and f0 (∆U,HT) respectively. The excess chemical

potential is therefore obtained by subtracting these two functions

f1 (∆U,HT)− f0 (∆U,HT) = µex (S16)

Based on Rosenbluth sampling method,3 Mooij and Frankel4–6 have shown that in case of successive

insertion or removal of chain molecules, or orientational biasing, −β∆U in Eq. S16 should be replaced by

logarithm of W . Then, functions f0 and f1 equal

f0 (W,H) =
1

β

[
ln p0 (lnW ) +

lnW

2

]
(S17)

f1 (W,H) =
1

β

[
ln p1 (lnW )− lnW

2

]
(S18)
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Table S1: Vapor-Liquid coexistence densities and chemical potentials of OPLS-UA methanol7 obtained
from Gibbs Ensemble Monte Carlo simulations. Chemical potentials computed with the Widom’s Test
Particle Insertion (WTPI) method are denoted by µWTPI. Chemical potentials directly computed using
CFCMC GE simulations8 are denoted by µCFCMC. Chemical potentials at phase equilibrium obtained by
an empirical equation of state for methanol9 using REFPROP10 are denoted by µEOS. The subscripts g
and l refer to the gas and liquid phases respectively. Numbers in brackets are uncertainties in the last
digit, i.e., -31(1) means -31 ± 1. The error bars in the CFCMC method are much smaller compared to the
WTPI method. Temperatures, densities and chemical potentials are reported in units of [K], [kg.m−3] and
[kJ.mol−1], respectively.

T ρCFCMC
l ρCFCMC

g ρGE
l ρGE

g µCFCMC
l µCFCMC

g µWTPI
l µWTPI

g µEOS

250 805(1) 0.019(1) 806(2) 0.018(1) -30.7(1) -31.2(2) -23(1) -30.9(1) -34.84
290 766(3) 0.178(7) 767(1) 0.182(6) -30.1(1) -30.5(1) -24(1) -30.41(8) -30.63
320 738(1) 0.85(4) 734(2) 0.75(4) -29.4(1) -29.6(1) -26(2) -29.8(1) -30.50
350 702(2) 2.6(2) 705(2) 2.7(1) -29.3(3) -29.4(2) -26(1) -29.2(1) -30.05
375 672(2) 6.1(1) 627(2) 5.9(1) -29.2(1) -29.16(6) -27(1) -29.2(2) -29.96
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Table S2: Vapor-Liquid coexistence densities and chemical potentials of TraPPE methanol11 obtained
from Gibbs Ensemble Monte Carlo simulations. Chemical potentials computed with the Widom’s Test
Particle Insertion (WTPI) method are denoted by µWTPI. Chemical potentials directly computed using
CFCMC GE simulations8 are denoted by µCFCMC. Chemical potentials at phase equilibrium obtained by
an empirical equation of state for methanol9 using REFPROP10 are denoted by µEOS. The subscripts g
and l refer to the gas and liquid phases respectively. Numbers in brackets are uncertainties in the last digit,
i.e., -30.9(8) means -30.9 ± 0.8. The error bars in the CFCMC method are much smaller compared to the
WTPI method. Temperatures, densities and chemical potentials are reported in units of [K], [kg.m−3] and
[kJ.mol−1], respectively.

T ρCFCMC
l ρCFCMC

g ρGE
l ρGE

g µCFCMC
l µCFCMC

g µWTPI
l µWTPI

g µEOS

250 825(1) 0.0136(3) 831.0(4) 0.0127(7) -31.7(1) -31.9(1) -24(1) -30.6(1) -34.84
290 797(2) 0.41(1) 792(2) 0.127(6) -30.0(3) -29.9(3) -25(1) -31.2(1) -30.63
320 758(1) 0.54(3) 759(2) 0.51(2) -30.9(2) -30.8(1) -26(1) -30.9(2) -30.50
350 726(1) 1.9(1) 728(3) 1.9(2) -30.6(1) -30.38(6) -27(1) -30.3(6) -30.05
375 695(2) 4.2(1) 697(1) 4.3(2) -30.5(1) -30.24(7) -27(1) -30.1(1) -29.96
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Table S3: Vapor-Liquid coexistence densities and chemical potentials of TraPPE carbon dioxide12 obtained
from Gibbs Ensemble Monte Carlo simulations. Chemical potentials computed with the WTPI method
are denoted by µWTPI. Chemical potentials directly computed using CFCMC GE simulations8 are denoted
by µCFCMC. Chemical potentials at phase equilibrium obtained by an empirical equation of state for
carbon dioxide13 using REFPROP10 are denoted by µEOS. Chemical potentials directly computed using
CFCMC GE simulations are denoted by µCFCMC. The subscripts g and l refer to the gas and liquid phases
respectively. Numbers in brackets are uncertainties in the last digit, i.e., -16.3(1) means -16.3 ± 0.1.
The error bars in the CFCMC method are much smaller compared to the WTPI method. Temperatures,
densities and chemical potentials are reported in units of [K], [kg.m−3] and [kJ.mol−1], respectively.

T ρCFCMC
l ρCFCMC

g ρGE
l ρGE

g µCFCMC
l µCFCMC

g µWTPI
l µWTPI

g µEOS

220 1156(1) 14.7(6) 1159(1) 15.0(2) -15.50(8) -15.83(7) -15.83(4) -15.81(2) -14.80
230 1121(2) 21.8(7) 1122(2) 22.1(5) -15.57(3) -15.89(4) -15.90(6) -15.88(3) -14.95
240 1082(1) 31.6(6) 1084(2) 31.8(6) -15.66(4) -15.96(3) -15.97(5) -15.97(3) -15.13
250 1042(1) 44(1) 1043(1) 44.6(9) -15.80(5) -16.07(7) -16.08(3) -16.08(3) -15.33

S7



Table S4: Vapor-Liquid coexistence densities and chemical potentials of hydrogen sulfide14 obtained from
Gibbs Ensemble Monte Carlo simulations. Chemical potentials computed with WTPI method are denoted
by µWTPI. Chemical potentials directly computed using CFCMC GE simulations are denoted by µCFCMC.
Chemical potentials at phase equilibrium obtained by an empirical equation of state for hydrogen sulfide15

using REFPROP10 are denoted by µEOS.The subscripts g and l refer to the gas and liquid phases respec-
tively. Numbers in brackets are uncertainties in the last digit, i.e., 1.8(2) means 1.8 ± 0.2. Temperatures,
densities and chemical potentials are reported in units of [K], [kg.m−3] and [kJ.mol−1], respectively.

T ρCFCMC
l ρCFCMC

g ρGE
l ρGE

g µCFCMC
l µCFCMC

g µWTPI
l µWTPI

g µEOS

210 950(2) 1.8(2) 950(1) 1.82(5) -17.4(1) -18.0(2) -17.9(2) -18.12(4) -18.16
220 932(2) 3.0(1) 932(1) 2.8(1) -17.4(1) -18.1(1) -18.1(1) -18.20(8) -18.22
230 913(3) 4.3(3) 914.8(3) 4.41(8) -17.7(1) -18.3(2) -18.1(1) -18.24(4) -18.30
240 897(1) 6.3(4) 896.2(6) 6.3(1) -17.7(1) -18.3(2) -18.34(8) -18.35(3) -18.41
250 878(2) 8.9(6) 877.9(1) 8.8(1) -17.87(5) -18.4(1) -18.51(5) -18.49(3) -18.52
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Table S5: Vapor-Liquid coexistence densities and chemical potentials of SPC,16,17 TIP3P-EW,18 TIP4P-
EW19 and TIP5P-EW20 water obtained from Gibbs Ensemble Monte Carlo simulations. Chemical poten-
tials computed with the Widom’s test particle insertion method are denoted by µWTPI. Chemical potentials
directly computed using CFCMC GE simulations are denoted by µCFCMC. Chemical potentials at phase
equilibrium obtained by the IAPWS empirical equation of state for water21 using REFPROP10 are denoted
by µEOS. The subscripts g and l refer to the gas and liquid phases respectively. Numbers in brackets are
uncertainties in the last digit, i.e., -36.6(5) means -36.6 ± 0.5. The chemical potentials in the liquid and
gas phases obtained from CFCMC GE simulations are almost equal within the error bars. Temperatures,
densities and chemical potentials are reported in units of [K], [kg.m−3] and [kJ.mol−1], respectively.

T ρCFCMC
l ρCFCMC

g ρGE
l ρGE

g µCFCMC
l µCFCMC

g µWTPI
l µWTPI

g µEOS

SPC
300 977(1) 0.029(1) 976(1) 0.029(1) -33.9(3) -34.49(8) -30(1) -34.51(1) -34.84
325 957(1) 0.104(3) 955(1) 0.104(2) -33.5(3) -34.03(9) -30(1) -34.0(1) -34.34
350 932(1) 0.303(7) 932(1) 0.303(4) -33.2(3) -33.63(8) -31(1) -33.62(7) -33.93

TIP3P-EW
300 993.4(6) 0.028(1) 996(1) 0.029(6) -34.2(3) -34.6(1) -29(1) -34.5(1) -34.84
325 972(1) 0.101(3) 974(1) 0.108(1) -33.8(4) -34.1(1) -30(1) -33.9(1) -34.34
350 946.8(4) 0.320(8) 946(1) 0.309(2) -33.3(3) -33.5(1) -31(1) -33.63(6) -33.93

TIP4P-EW
300 991(3) 0.0079(8) 994(1) 0.0008(2) -36.6(5) -37.2(2) -30(2) -37.41(4) -34.84
325 980(2) 0.034(2) 980(1) 0.033(1) -36.0(2) -36.8(2) -31.3(8) -37.07(6) -34.34
350 963(1) 0.112(4) 966(1) 0.108(2) -35.6(3) -36.4(1) -32.0(9) -36.53(8) -33.93

TIP5P-EW
300 999(3) 0.063(7) 997(1) 0.0650(3) -31.9(5) -32.6(2) -27(1) -32.5(2) -34.84
325 982(2) 0.214(8) 979(1) 0.210(1) -31.4(4) -32.0(1) -28(3) -32.1(1) -34.84
350 958(1) 0.60(2) 953.0(7) 0.620(3) -31.0(5) -31.58(3) -29.1(9) -31.5(1) -33.93
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Table S6: Force field parameters for SPC,16,17 TIP3P-EW,18 TIP4P-EW,19 and TIP5P-EW.20 SPC water
is a rigid model with bond length O–H=1Å and a bond angle of H–O–H=109.47◦. TIP3P-EW water and
TIP4P-EW are rigid as well, both with bond length of O-H=0.9572Å and a rigid bend of H-O-H=104.52◦.
The dummy site of the TIP4P-EW model is located on the bisector of H-O-H angle with a distance of
0.125AA from the oxygen atom. TIP5P-EW is also with a bond length of O–H=0.9572Å and a rigid bend
of H–O–H=104.52◦, this model has two dummy sites M1 and M2 with a distance of 0.7Å from the oxygen
atom, with the angle M1-O-M2=109.47◦. The Ewald summation was used for Coulombic interactions with
a relative precision of 10−6.22,23

Atom type ε/kB/[K] σ/[Å] q/[e]

SPC
O 78.2 3.166 -0.82
H 0.0 0.0 0.41

TIP3P-EW
O 51.3287 3.188 -0.83
H 0.0 0.0 0.415

TIP4P-EW
O 81.8994 3.16435 0.0
H 0.0 0.0 0.52422
M 0.0 0 -1.04844

TIP5P-EW
O 89.633 3.097 0
H 0.0 0.0 0.241

M1 0.0 0.0 -0.241
M2 0.0 0.0 -0.241
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Table S7: Force field parameters and model descriptions of methanol,9 hydrogen sulfide15 and car-
bon dioxide.13 OPLS-UA methanol has rigid bonds between oxygen, hydrogen and the carbon group
(O–H=0.945, C–O=1.43), and a rigid bend (C–O–H=108.5◦). Intermolecular interactions are of OPLS-
UA Methanol are truncated and at 12Å with tail corrections. TraPPE methanol has a flexible structure
with a flexible bend (CH3-O-H=108.5◦ and kθ/kB=55400, [K/rad2], and constant bond length between
oxygen, hydrogen and the carbon group (CH3-O=1.43Å, O-H=0.945Å). A spherical cutoff of 14Å and
tail corrections are used for this model. hydrogen sulfide has a bond length S–H=1.4Å and a dummy
site (M) located at a distance of 0.1863Å on the bisector of the H-S-H angle. Intermolecular interactions
of hydrogen sulfide are truncated at 14Å with analytical tail corrections. The TraPPE carbon dioxide is
a rigid model (C–O=1.16 ). The Ewald summation was used for Coulombic interactions with a relative
precision of 10−6.22,23

Atom type ε/kB/[K] σ/[Å] q/[e]

Methanol OPLS-UA
CH3 104.165 3.775 0.265
O 85.5468 3.07 -0.7
H 0.0 0.0 0.435

Methanol TraPPE
CH3 98.0 3.75 0.265
O 93.0 3.02 -0.7
H 0.0 0.0 0.435

Hydrogen Sulfide
S 250 3.73 0.40
M 0.0 0.0 -0.90
H 0.0 0.0 0.25

Carbon dioxide TraPPE
C 27.0 2.8 0.7
O 79.0 3.05 -0.35
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Table S8: Molecular volume of water, methane hydrogen sulfide and carbon dioxide molecule. The volume
of each Lennard-Jones interaction site with diameter σ equals: V = 4

3
π(σ/2)3. The volume of each molecule

equals the sum of all the LJ interaction sites minus the overlapping volume between the interaction sites.

Molecule Water Methane Hydrogen sulfide Carbon dioxide

Volume/[Å3] 16.60 34.98 27.17 31.0122
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Figure S1: Liquid densities of water using different models (a) : SPC,16,17 (b) : TIP3P-EW,18 (c) :
TIP4P-EW,19 (d) : TIP5P-EW20 based on vapor-liquid equilibria from GE simulations between T = 300K
to T = 350K, compared to empirical equation of state.10 In all subplots: ( ): IAPWS equation of state21

provided by NIST, REFPROP.10 Error bars are smaller than symbol sizes.
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Figure S2: Saturated liquid densities of methanol, hydrogen sulfide and carbon dioxide obtained based on
vapor-liquid equilibria from GE simulations between T = 220K to T = 360K, compared to an empirical
equation of state provided by NIST, REFPROP.10 In all subplots: (a) : flexible methanol TraPPE
model,11 ( ): empirical equation of state; (b) : rigid methanol OPLS-UA model,7 ( ): empirical
equation of state; (c) : hydrogen sulfide,14 ( ): empirical equation of state; (d) : carbon dioxide
TraPPE model,12 ( ): empirical equation of state.
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Figure S3: Computed excess chemical potentials of methanol at the vapor-liquid coexistence line with
the CFCGE MC method and comparison with empirical data: (a) : OPLS-UA methanol model, ( ):
Helmholtz equation of state9 based on empirical data of methanol, provided by NIST, REFPROP10 (b)

: TraPPE methanol model, ( ): Helmholtz equation of state.

S15



(a)

210 215 220 225 230 235 240 245 250

-14

-13

-12

-11

-10

-9

-8

-7

-6

(b)

220 225 230 235 240 245 250

-12

-11

-10

-9

-8

-7

-6

-5

-4

Figure S4: Computed excess chemical potentials of hydrogen sulfide and carbon dioxide at the vapor-liquid
coexistence line with CFCGE MC method and comparison with empirical data: (a) : hydrogen sulfide
model, ( ): Helmholtz equation of state15 and (b) : TraPPE carbon dioxide model, ( ): Helmholtz
equation of state,13 provided by NIST, REFPROP.
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Figure S5: Two-dimensional overlapping distribution method applied to the TIP4P-EW liquid water model
in the NVT ensemble at T=500K and void a fraction of φ = 0.55. The sampled hydrogen bond count in
each subplot equals: (a) H = 0; (b) H = 1; (c) H = 2; (d) H = 3. In all subplots: ( ): f1(W,H),
( ): f0(W,H), ( ): µex

WTPI, ( ): f0(W,H)− f1(W,H).
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Figure S6: Overlapping distribution method applied to the Lennard-Jones liquid in the NVT ensemble
at reduced temperature T ∗ = 1.2 and different reduced densities: (a) ρ∗ = 1.1, φ = 0.42; (b) ρ∗ = 0.7,
φ = 0.63. In all subplots: ( ): f1(W ), ( ): f0(W ), ( ): µex

WTPI, ( ): f0(W ) − f1(W ). Reduced
temperatures and densities are defined as: T ∗ = kBT/ε, ρ

∗ = ρσ3.
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Figure S7: Overlapping distribution method compared to the WTPI results in the NVT ensemble for
liquid water (TIP4P-EW), based on the coexistence densities computed from the GE simulations for four
different void fractions: (a) T=300K, φ = 0.45; (b) T=475K, φ = 0.53. In all subplots: ( ): f1(W ),
( ): f0(W ), ( ): µex

WTPI, ( ): f0(W )− f1(W )
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Figure S8: Overlapping distribution method compared to the WTPI results in the NVT ensemble for
liquid methanol (OPLS-UA), based on the coexistence densities computed from the GE simulations for
four different void fractions: (a) T=220K, φ = 0.45; (b) T=350K, φ = 0.55. In all subplots: ( ): f1(W ),
( ): f0(W ), ( ): µex

WTPI, ( ): f0(W )− f1(W )
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Figure S9: Overlapping distribution method compared to the WTPI results in the NVT ensemble for liquid
carbon dioxide, based on the coexistence densities computed from the GE simulations for four different
void fractions: (a) T=220K, φ = 0.51; (b) T=250K, φ = 0.56. In all subplots: ( ): f1(W ), ( ):
f0(W ), ( ): µex

WTPI, ( ): f0(W )− f1(W )
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Figure S10: Overlapping distribution method compared to the WTPI results in the NVT ensemble for
liquid hydrogen sulfide, based on the coexistence densities computed from the GE simulations for four
different void fractions: (a) T=210K, φ = 0.54; (b) T=270K, φ = 0.60. In all subplots: ( ): f1(W ),
( ): f0(W ), ( ): µex

WTPI, ( ): f0(W )− f1(W )

S22



ROO

O

H

H O

H

H

Figure S11: Hydrogen bond geometric criterion24–29 between two water molecules: ROO < 3.5 Å, ROH < 2.5
Å and θ < 30. : Average number of hydrogen bonds for the TIP4P-EW water model computed in the
NVT ensemble based on the coexistence densities of saturated liquid water from NIST database.10
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