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Appendixx B 

Thee mutual intensity function in 
thee image plane of a focused beam 

Thee relatively large transverse coherence lengths of the intense x-ray beams avail-

ablee at synchrotron facilities have stimulated an increasing number of coherent 

x-rayy scattering experiments in (soft) condensed matter physics. For a wavelength 

AA = 0.1 nm the vertical transverse coherence length is of the order of £v ~ 100 /xm. 

Exampless of coherent x-ray scattering experiments are dynamic x-ray scattering 

studiess of fluid samples [15, 51], x-ray holography and experiments where speckled 

diffractionn patterns are inverted by a 'phase-retrieval' algorithm for obtaining the 

spatiall  structure of the sample [81]. If the sample size is much smaller than the 

transversee coherence length of the beam, a large part of the coherent flux is left 

unused.. In order to enhance the flux incident onto the sample the x-ray beam can 

bee focused. However, by focusing a partially coherent e.m. beam, one reduces 

itss transverse coherence length. Nonetheless, if the transverse coherence length is 

matchedd to the sample size, the coherent flux onto the sample can be enhanced 

significantly. . 

Inn this Appendix we examine the coherent properties of the beam by evaluating 

thee mutual intensity function (MIF) of a focused x-ray beam for the situation that 

ann incoherent source is imaged by a one-dimensional lens into a narrow line focus 

(seee Fig. B.l) . An expression wil l be derived for the MI F along the focusing 

directionn and for the transverse coherence length £3:t, in the image plane. We 

showw that the vertical transverse coherence length in the focus equals roughly the 

resolutionn of the imaging system within the image plane. 

Wee follow the same approach as in Appendix A and consider an incoherent 

x-rayy source, much larger in the horizontal ^-direction than in the vertical x-

direction,, which allows a description of the propagation of the x rays in terms 

off  cylindrical waves. The FWHM of the Gaussian source profile (Eq. A.6) in 
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Figuree B.l : An incoherent x-ray source is imaged by a lens. Four planes Si are defined, 
asas well as the distances Rij between the source, lens and image. The distance between 
aa point Xi in plane Si and Xj in plane Sj is depicted by Sy. The subscripts i in the 
coordinatescoordinates Xi in the text refer to the subscripts of the corresponding planes Si. 

thee vertical direction is given by s0,,.. = 2 ^2 ln(2)<70,i.<. where a0tV is the standard 

deviation. . 

Thee propagation of the MI F in free space is given by Eq. A. l . but with the vec-

torr coordinate Xj replaced by the scalar z,. The cylindrical propagator Kij{xi,Xj) 

iss given in the small-angle approximation by Eq. A.3. The MI F at the entrance 

off  the lens is given by (Eq. A. 7): 

Ji(xi ,a: i)) = ^ i e xp (ik0 
2i?n n 

exp p 
-7r 2( i ! ! 

(B.l ) ) 
4m(2)£t t 

withh R01 the distance from the source to the lens. A\ = A^a 0,v \/2TÏ / RQÏ and £l i U 

thee vertical coherence length at the lens, given by £it, = Ai?oi/so,«-

Thee MI F at the exit plane S2 of the lens J2(x2,:r'2) is given by (Eq. A.9) 

JJ22(x(x22.x'.x'22)) = Ji{x2, x'2) exp[i(d>(x2) - è{x'2))), (B.2) 

wheree <f>(x)  is the position-dependent phase shift caused by the lens and we neglect 

absorptionn within the lens. After propagating the MI F from the lens exit plane S2 

too the image plane S3 using Eqs. A.l and A.3, we obtain the general expression 

forr the MI F in the image plane S3: 
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Inn the remainder of this appendix we consider two types of lenses: an ideal 

phase-shiftingg lens and a Fresnel zone plate lens. 

B.ll  An ideal lens 

Thee phase shift (p(x) caused by an ideal lens is given by (Eq. A. 10) 

<P(x)<P(x) = - f c 0 y (-B- + -S-)-
ZZ \HQI / t 2 3/ 

(B.4) ) 

Iff  we insert this in Eq. B.3, we obtain the integral expression for the MI F in the 

imagee plane for a perfect lens: 

rr+D/2 rr+D/2 
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wheree the integration boundaries now extend from —D/2 to +D/2, with D the 

verticall  lens aperture, and where we used the definitions 
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Wee solve Eq. B.5 analytically. We substitute, for ease of notation, t2 — ax2 and 

t't'22 — ax'2 and rewrite Eq. B.5 in the form 

B* B* +aD/2 +aD/2 
J 3 ( x 3 , X /

3 ) = ^^ / / dt2dt'2e-(t2-^ + lCX3/{2a)) - ^ ^ / ( 4 «2 ) + ^ ( x i - X 3 ) / a_ ( g g ) 
aa JJ-aD/2 

Wee introduce the error function defined as 

rf(x)rf(x) = $(x) = 4= / e~t2(it 

V71""  J-x 

(B.10) ) 

andd we integrate Eq. B.9 over t2 to obtain 
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Thee two integrations over the error functions $(x) are solved separately by first 

substitutingg q = aD/2 =F zc.r3/(2a)  t'2 and subsequently performing a partial 

integration.. We skip here the lengthy, but straightforward, calculations and give 

immediatelyy the complete solution of the MI F in the image plane: 

M^.x'M^.x' 33)) = f3/*  x / - $ (aD + ^A  e-^-**)W e-<*4/<*> a) + 
2iac(x2iac(x33 — x3) { \ 2a 
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2a 2a * ' ^ ^ 

$$ aD g-icfx^-a-aJW/a^,-- B.12) ) 

Forr aD ^> cx.-j/(2a), that is, for a large lens aperture and/or a large source size 

onee is in the incoherent limit . For values of aD <C icx3/(2a) the lens is illuminated 

byy coherent radiation and the image wil l be fully coherent. Note that, the coherent, 

propertiess of the beam depend on the distances x3 and x'3 to the optical axis. 

Wee now describe the limi t x$ —> x'-A, which yields the intensity distribution via 

I:i(I:i( xx'-i)'-i)  ~ J3{x3>x3 ~~> xs) [13]- However, simply substituting r 3 = :r3 into Eq. B.12 

leadss to erroneous results. We return to Eq. B. l l , substitute xA = x'3 and solve 

thee resulting integrals. We obtain 

h\h\xx?)?) = - r - ^ -CXp 
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4>> a£> -
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Fig.. B.2 shows the absolute value of the mutual degree of coherence |/^3(.r3, x'3) |, 

wheree we put x'3 = 0. We used Eqs. 4.2, B.12 and B.13 and take typical parameter 

valuess for synchrotron facilities: a wavelength A — 0.1 nra. a FWHM source size 

ss0v0v = 38 /mi, a distance between the source and the lens of 7?0i = 40 m and a 

distancee between the lens and the image of it!23 — 0.76 m. Close to the value xA — 0 

thee image is coherent, indicated by the fact that for these values ^3(2*3, 0) = 1. For 

largee values of x3 the degree of coherence //3 decays. The FWHM of the mutual 

degreee of coherence //3 decreases at increasing lens diameter. 
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Figuree B.2: The absolute value of the mutual degree of coherence \[i3(x3,x'3)\ (along 
thethe vertical z-axis), with x'3 = 0. The wavelength A = 0.1 nm, the FWHM source 
sizesize so,i> = 38 nm, the source-lens distance RQI = 40 m and the lens-image distance 
RR2323 = 0.76 m. 

B.22 A linear Fresnel lens 

Wee consider a Fresnel zone plate lens with two possible heights of the Fresnel 

zones,, an example of which is shown in Fig. 4.2. The zones result in a relative 

phasee shift A<j>(x) = ir  between the trenches and the ridges and we assume 

7T,, V trenches, 

0,, V ridges. 
(B.14) ) 

Afterr inserting the latter equation in the general equation Eq. B.3 for the MI F 

inn the image plane, we obtain an expression containing a double integration over 

thee lens aperture and a double summation over all Fresnel zones: 
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\R<>' \R<>' exp p 

exp p 

exp p 

ikoiko 2 

-(4 -(4 2Roi 2Roi 

ihih0 0 

22 #23 
' ' 

NN N 

i^-za2)) E E / ƒ d 
dxidx'2dxidx'2 X 

exp p 

exp p 

*:=00 (=0 jTk 

-TT-TT22{X{X2 2 
„ M 2 2 

41n(2)et t 
-ik-ik00. . 

R R 23 3 
-(X2%3 -(X2%3 LL22JjJjZ) Z) 

(B.15) ) 

(-1) ) 
k+l k+l 



126 6 APPENDIXAPPENDIX B 

10.0 0 

E E 
=. . 

500 100 150 200 
aperturee (urn) 

250 0 300 0 

Figuree B.3: The vertical transverse coherence length in the image (dashed black curve) 
andand the resolving power Aa:3 in the image plane, multiplied by a factor 1.8. 

Inn the limi t rn <C i?oi and rn <§C 7?23 the positions of the Fresnel zones T„ are given 

by y 

n\-n\-
Ro\Ro\ + R-2 

(B.16) ) 

B.33 The coherence length and the resolving power 

Wee now demonstrate that the transverse coherence length in the image is of the 

samee order of magnitude as the resolving power of the lens in the image plane z3. 

Wee make use of the analytical expression for J3 in Eq. B.12 and we define the 

transversee vertical coherence length £3 v in the image by ^3(2:3 = £3.„, x'3 = 0) = 0.5, 

whichh we determined numerically as a function of the lens aperture D. The result 

iss shown in Fig. B.3, where we plotted the transverse coherence length £3̂  against 

thee lens aperture D (black dashed curve). Also shown is the resolving power of the 

ideall  lens in the image plane Ax 3 ~ XR23/D, multiplied by 1.8 (solid gray curve). 

Thee factor 1.8 was found to give the best agreement between the two curves. The 

curvess almost overlap, which demonstrates that the transverse coherence length 

inn the image is about a factor of 2 larger than to the resolving power of the ideal 

lenss in the image plane Ax^. 

AA Fresnel zone plate lens differs from an ideal lens and the coherent proper-

tiess may be affected in a different way. To compare the two types of lenses, we 
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Figuree B.4: The mutual intensity function in the image plane J^(xz,x'3 = 0), numeri-
callycally calculated for an ideal lens (solid black line) and a Fresnel zone plate lens (dashed 
graygray line). 

numericallyy evaluated the integrals of Eqs. B.12 and B.16 for the ideal lens and 

thee Fresnel lens, respectively. We took the same parameter values as before and a 

lenss aperture of 103 ^m, corresponding to 35 zone pairs, with an outermost zone 

widthh d = 725 nm. The focal length of the two lenses is identical. The resulting 

absolutee values of the MIFs in the image |J3(x3,0)| around the central maximum 

aree shown in Fig. B.4, together with the intensity distribution I{x^) in the image. 

Thee central peaks are identical in shape for both the ideal lens and the Fresnel 

lens.. However, the intensity maximum for the ideal lens is a factor 2.35 larger than 

thee maximum for the FZP lens. This is caused by the fact that only the +l s (-order 

diffractionn maximum of the FZP lens, which has a theoretical collection efficiency 

off  40.5%, contributes to the peak. This results in a lower intensity for the FZP 

lenss by a factor 1/0.405 ~ 2.46. The small discrepancy with the calculated ratio 

iss caused by the contributions of the other diffraction maxima to the central peak. 

Fig.. B.4 shows that the transverse coherence length of a FZP lens is identical to 

thatt of an ideal lens. 

Forr the ideal lens we already showed that the coherence length £3
d^al ^ 1.8Ax3. 

Wee have just demonstrated that £3
d®al = £ f j p a nd we know that the resolving 

powerr of the FZP lens is equal to the outermost zone width d (see chapter 4). 

Hence,, we have 
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