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Appendixx A 

Thee magnetic properties of conventional type-II superconductors in the vicinity of the 

HHCC2(T)2(T) curve are usually described by the Abrikosov formula, derived from the 

Ginzburg-Landauu (GL) theory [1] 

4K4K ( 2 K 2 - 1 ) P , 

wheree K (= X/Z,) is the GL parameter, A, and Z, are the penetration depth and coherence 

length,, respectively, and where Hc2 (= <J>o/27Ĉ2) is the upper critical field. For the case 

thatt Hllc, K = KC, X = Xab, and £ = ^ . fiA (= <M/4)/(V|/2)2) > 1, is a parameter used to 

characterizee the variation of the superconducting order parameter \\i over space; it takes 

valuesvalues of 1.16 and 1.18 for the triangular and square vortex lattice, respectively. 

Inn the case of high-temperature superconductors (HTSC's), most of the available 

magnetizationn data are limited to field regions far below Hc2, for which Eq. (A-l ) is not 

applicable.. For these high-K, type-II superconductors, the characteristic behavior of the 

reversiblee magnetization in the broad intermediate-field region, Hc{ « H « Hc2, is 

commonlyy treated within the standard London approach [2]. Within this scheme: 

-M(T)=M-M(T)=M 00\n \n itit  \ (A-2) 
32;iX2(r) ) 

exhibitingg a characteristic M - ln(//) behavior. The parameter r| accommodates a 

numberr of inherent uncertainties in the London approach. A comparison with 

experimentall  data [3] shows that close to Tc, rj « 1.2 - 1.5. 
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Thee combination of relatively high operating temperatures (high Tc), a strong 

anisotropyy due to the layered structure and a short c-axis coherence length provides a 

favorablee condition for strong thermal fluctuation effects over a wide temperature 

intervall  in these materials [4], In particular at high temperatures close to 7 ,̂ the 

thermall  distortion of the vortices (pancakes) out of their straight stack results in an 

extraa contribution to the entropy [5]. In this case, the magnetization is well described 

byy the so-called Bulaevskii-Ledvij-Kogan (BLK) model, which gives an expression for 

thee magnetization of the form [5]: 

-- M(T) = M0 In 
rrt\Ht\HccAA kDT 

<v v eH eH 
In n 

rr\6nk\6nkBBTKTK22 A 

(A-3) ) 

wheree s is the effective interlayer Cu02 spacing and where a is a constant of order one. 

Itt is clear that the first term on the right hand side (r.h.s.) of Eq. (A-3) is the usual 

Londonn result (Eq. (A-2)) for a dense system of straight and unperturbed vortices, 

whereass the second term, the so-called "vorton" term, accounts for the shape 

fluctuations.. Next, defining: 

g g 
^_32n^_32n22kkBBTkTk22{T) {T) 

<f>;s <f>;s 

11 kBT 

MM00 &0s 
(A-3a) ) 

then: : 

-M(T)=M-M(T)=M0 0 l n ^ _ g , n ^ ^ (A-3b) ) 
eHeH " a4eH 

AA striking manifestation of these thermal fluctuations in Josephson-coupled layered 

superconductorss is the experimentally verified existence of a crossing point (M ,T ) in 

thee (M - T)H set of data, where T* is lying below the mean-field transition temperature 

rc.0,, where the magnetization M is independent of the external applied field H. 

Thatt behavior has been observed in a number of HTSC's [6]. For confirming these 

experimentall  data, we calculate the slope of dMld\x\H as follows: 

- ^^ = M0[-i  + g(r)] (A-3c) ) 
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Att T = T\ the independence of M on H requires that g(T) = 1. From Eq (A-3a) we 

derive: : 

_ M (r )=^- in n 
O05 5 

(A-3d) ) r |a a 

Att the other hand, there are several published papers reporting that ln ( r |a /ve)— 1 

[5,, 7]. Consequently, the magnetization at T= T is given by: 

-M'=-M(T')-M'=-M(T')  = ^ - (A-4) 

Itt is important to note that the theory of fluctuations for 2D systems, developed 

independentlyy by Tesanovic et al. [8] for H w Hc2, yields the same expression for this 

crossingg point. However, a comparison with the experimental data on a variety of 

HTSCC systems shows that the calculated interlayer distance, 5, derived by using the 

abovee expression in Eq. (A-4), always yields a larger number than the actual value 

obtainedd from the structure characterization. To remove this discrepancy, Koshelev [9] 

calculatedd the fluctuation contributions to the magnetization by considering higher 

Landauu levels. From this consideration, the calculated magnetization at T = T is given 

by y 

-M*-M*  =mxkBT* /O05 (A-4a) 

wheree mx = 0.346. 

AA renewed investigation into the London model has revealed a faulty assumption 

inn this model by ignoring contributions from the depression of the order parameter on 

thee vortex axis, or the core-energy term of the system. This re-investigation has been 

carriedd out by Hao and Clem [10, 11], who developed a variational procedure to 

describee the reversible magnetization for the external field H applied parallel to one of 

thee principal axes. As a result of including this additional core term, the dimensionless 

reversiblee magnetization for the isotropic case (neglecting the possible thermal 

fluctuationn effects) is expressed as [ 10, 11]: 
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4KM4KM = «fX«fX2 2 i-f; i-f; In n 1-A 2 2 f: f: 
SKE,;++ j 2 + BK^+(2 + BK^f_ 

+ + L L 

f;(2f;(2 + ZBKi,;) 

(f;+2BK) (f;+2BK) 

(A-5) ) 
2KK  (2 + BK^; )3 

withh Kn(x) a modified Bessel function of order n. The variational parameters £,v and /x 

representt the effective core radius of the vortex and the depression of the order 

parameterr due to overlap of the vortices, respectively. For the high-K cases (K > 10), 

theyy are connected to the magnetic flux density B (= H + 4nM) and the G-L parameter 

KK  as: 

JJ X 

5. . 

VK K 

5v v 
1-22 1-

BS'BS' B 
K jj K 

11 + 
B B 

K K 

wheree ^,n = V2/K . An extension of this formulation to the anisotropic case can be 

accomplishedd through the introduction of an effective mass tensor in the expression for 

XX or, simply, by replacing K with its average value. 

Moree recently, another modification of the London formalism has been developed 

byy Kogan et al. [12, 13], who argued that when the electronic mean free path, I, 

iss large (clean superconductor at low temperatures), one should include contributions 

too the superconducting current density j from nearby fields within a (non-locality) 

radiuss p. (Here, p has a magnitude of the order of the zero-temperature BCS coherence 

length,, £,<)) Obviously, this argument is in contrast with the local London theory, 

inn which case a direct proportionality between the vector potential a(r) and the current 

densityy j(r) has been used. The resulting expression for the magnetization M within 

thiss non-local Kogan theory is: 
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~M~M = Mr In n 
(H(H ^ 

H H 

H, H, 

{H{H 0+0+H) H) ++  &) 

q(T)q(T) = ^-\n 
HHr r 

y\iy\iHHc. c. 
++ 1 (A-6) ) 

where e 

HH00 = 
4rc2p2 2 andd p 2 = ^ 2

Y ( ^ ) 

Thee quantity c; slowly decreases with temperature which has its origin in the 

temperaturee dependence of Hc2(T). The parameters r)i and rj2 are constant of order one, 

whilee the prefactor r| depends on the vortex lattice structure. The quantity y, on the 

otherr hand, is a parameter that depends on the temperature and the mean-free path of 

thee system. Unlike Hc2, the field H0, being inversely proportional to y(T,£), increases 

withh increasing T —> Tc, (For the temperature and mean-free-path dependence of y, 

seee Fig. 1 of Ref. [12]). Therefore, near Tc, where H « Hcl « H0, Eq. (A-6) reduces 

too thee standard London expression for the magnetization (Eq. (A-2)). In addition, in the 

dirtyy limit for which HQ - Oo/ £ » O ^o £ - Hc2(Q>), we again obtain the standard 

Londonn result, but now at all temperatures. Thus, the non-local corrections are 

noticeablee at low-temperatures for clean materials. A Further look into Eq. (A-6) turns 

outt that, this equation is only weakly temperature dependent. In such a case, the 

magnetizationn M{T,H) has an approximate scaling property of M{T,H) « X(T)Y(H), 

wheree X = M0, and where the function Y, i.e the r.h.s. of Eq. (A-6), is nearly 

temperaturee independent. 

Inn analogy with the BLK model described above, at higher temperatures, where 

thee thermal fluctuation effects start to play an important role, Eq. (A-6) for the 

magnetizationn should be extended with the non-local fluctuation term: 

-M-M = Mr In n 
H H 

++ 1 
A A HHP P 

(H(H00+H) +H) 
++ &) - 2 — I n —~ J —— (A-7) 

<V V <V# # 
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wheree the value for the constant C*  10.2 [5, 7, 12]. As a final note, it is important to 

mentionn that, in principle, this additional fluctuation term breaks the approximate 

scalingg behavior, mentioned above. However, a comparison with the experimental data 

showss that this violation is quantitatively significant only near Tc [12]. 
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