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Chapterr 2 

Optimall  Income Taxation with 
Endogenouss Human Capital 

"I tt has long been understood that the concept "labor supply" is 
moree general than "hours of work". If one individual is healthier, 
betterr educated and more highly motivated than another, then 
presumablyy a given number of hours of work will lead to greater 
effectivee labor supply for the former than for the latter. Thus, 
studiess on the effect of taxes on other dimensions of labor supply 
aree needed in order to asses the full impact of taxes on work 
incentives.""  Rosen (1980, p. 171). 

2.11 Introductio n 

Thee traditional literature on optimal income taxation with endogenous labor 
supplyy assumes that labor supply is a one-dimensional variable reflecting the 
amountt of leisure people wish to consume, see e.g. Mirrlees (1971), Sheshinski 
(1972),, and Atkinson and Stiglitz (1980).*  However, as Rosen (1980) points 
out,, labor supply features many other dimensions. First, labor supply reflects 
alsoo participation decisions and not only work effort. This implies that, for 
example,, the amount of time people wish to spend in retirement is also a 
dimensionn of labor supply. Second, the intensity of work effort may vary 

^ h i ss Chapter is based on Jacobs (2001a). I thank Lans Bovenberg, Casper van Ewijk, 
Hessell  Oosterbeek, and seminar participants at CentER for comments and suggestions. I 
furtherr want to thank Edwin Leuven for his valuable help with Gauss. 
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fromm one individual to another. Hours of work may not fully reflect the 
intensityy of work effort, although the latter variable is hard to measure. 
And,, third, effective labor supply increases not only by more hours of work, 
i.e.. the quantity of labor, but also by a higher quality of labor. Differences 
inn levels of education and health of workers are therefore also dimensions of 
laborr supply. 

Inn this Chapter we analyze optimal income taxation when the learning 
dimensionss of labor supply are taken into account. Human capital theory 
pointss out that earnings per hour are the result of investments aimed at 
augmentingg effective labor supply, see e.g. Becker (1964). If human beings 
havee different abilities to accumulate human capital, the distribution of in-
comee is endogenously determined by learning decisions of agents, rather than 
exogenouslyy given. 

Thee first contribution of this Chapter is to show analytically how optimal 
linearr tax rates are set when human capital accumulation is endogenous. 
Thee tax system distorts not only labor supply decisions but also learning 
decisions.. Tax distortions arise in learning decisions due to the directs costs, 
besidess foregone earnings, that are associated with investments in human 
capital.. These costs originate from the use of market (or capital) goods 
inn the production of human capital, see e.g. Lord (1989), Rebelo (1991), 
Trostell  (1993), Pecorino (1993), Nerlove et al. (1993), Jones et al. (1993, 
1997),, Stokey and Rebelo (1995), Milesi-Feretti and Roubini (1998), and 
Juddd (1999). Consequently, future earnings are subject to a higher effective 
ratee of tax than total costs of investment because the direct costs remain 
'untaxed'.2 2 

Furthermore,, labor supply, which now encompasses both quantity and 
qualityy dimensions, becomes more elastic if learning is endogenous. The 
moree leisure one wishes to consume, the lower are returns on human capital 
sincee less time is spend working so that the utilization of human capital falls. 
Thee reverse reasoning also holds: the more one learns, the more expensive 
leisuree time becomes as wage rates per hour increase. Learning and leisure 
decisionss are thus interdependent and the distortionary effects of taxation 
increase,, see also Kotlikoff and Summers (1979), Eaton and Rosen (1980), 
andd Driffi l and Rosen (1983).3 

Wee show theoretically that the trade-off between equity and efficiency is 
22 Even though costs of education are generally highly subsidized, tuition fees and other 

directt costs are generally not deductible from the income tax. 
3Wee do not allow for a non-linear tax schedule for reasons of analytical and compu-
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worsenedd due to the direct tax distortion on learning decisions and due to the 
interactionn of working and learning decisions. Labor supply - now defined in 
aa broad sense - becomes more elastic with respect to the tax. Consequently, 
optimall  linear taxes are lowered if human capital accumulation is endogenous. 

Thee second contribution of this Chapter is to provide quantitative evi-
dencee on the importance of endogenous learning decisions for the setting of 
thee optimal linear tax schedule. We compute optimal income taxes, along 
thee lines of Stern (1976). The traditional literature has found relatively high 
optimall  tax rates in models with solely an endogenous labor supply decision, 
seee e.g. Stern (1976), Tuomala (1990), Diamond (1998) and Saez (2001). 
Wee derive that optimal tax rates are substantially lower compared to earlier 
studiess when taking into account human capital accumulation. This confirms 
ourr theoretical predictions. 

Thiss Chapter is related to some earlier contributions on optimal taxation 
whenn agents differ in their levels of education. Atkinson (1973) analyzes op-
timall  linear income taxation in a model where agents decide upon their levels 
off  education. The distortion on learning stems from the fact that foregone in-
comee while learning is not subject to the income tax, whereas income derived 
fromm working after learning is. In contrast with Atkinson we allow for taxed 
foregonee earnings as one may argue that non-taxed foregone earnings are of 
limitedd relevance. Furthermore, Atkinson (1973) does not pay attention to 
thee labor supply decision. Ulph (1977) and Hare and Ulph (1979) study the 
problemm of optimal taxation and education expenditures where redistribu-
tionall  and educational targets are simultaneously optimized. Ulph (1977) 
allowss for endogenous labor supply whereas Hare and Ulph (1979) assume 
thatt labor supply is fixed and agents might opt for private education. In 
bothh studies, however, the government simply sets the level of education for 
eachh agent, so agents do not choose their levels of learning. Taxation does 
thereforee not influence learning decisions.4 Tuomala (1986) analyzes optimal 
taxationn in a model where learning and labor supply decisions are endoge-

tationall  tractability. However, this is an additional channel whereby taxation may harm 
humann capital formation if marginal tax rates on future incomes exceed marginal tax rates 
onn foregone earnings when learning, see e.g. Bovenberg and Van Ewijk (1997) and Nielsen 
andd S0rensen (1997). 

4Here,, the important assumption is made that ability to earn income is not observable 
byy the government, whereas ability to learn is. We assume that both the quantity (hours 
worked)) and the quality (education) of labor supply are not observable by the government, 
onlyy earned income. 
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nous.. However, Tuomala assumes that leisure is denoted in 'effective' leisure 
time,, i.e. effective labor supply increases linearly with the amount of human 
capital,, as in Heekman (1976). Consequently, separation between working 
andd learning decisions holds and taxes do not affect learning decisions by 
assumption. . 

Thee rest of this Chapter is organized as follows. Section 2 describes the 
modell  and individual behavior, Section 3 derives optimal fiscal policy, Sec-
tionn 4 discusses the numerical examples, Section 5 presents some sensitivity 
analyzes,, and Section 6 concludes. 

2.22 Model 

Wee consider a two-period life-cycle model of human capital formation.5 In 
thee first period, agents choose between working and learning. We assume 
withoutt loss of generality that there is no consumption-leisure decision in 
thee first period.6 Additionally, there is a perfect capital market and agents 
cann save or borrow to finance costs of education.7 The second period is 
devotedd to working only and agents decide upon the amount of leisure time 
(orr retirement years) they want to consume. 

AA partial equilibrium model is chosen where the before-tax wage rates 
andd interest rates are taken as given. The model can also be thought of as 

55 Some authors have used multi-period models for analyzing the effects of taxation on 
humann capital accumulation, see e.g. Heekman (1976), Trostel (1993). However, these 
paperss impose strong restrictions on preferences that avoid corner solutions in the choice 
off  leisure. On a balanced growth path, either all time may be consumed as leisure, or 
alll  time may be devoted to working, see also Weiss (1986). Moreover, the restrictions on 
preferencess that are often made in order to guarantee that a constant fraction of time 
iss spend on leisure eliminate a priori  the potential distortionary effect of proportional 
taxationn on human capital formation as the utilization rate of human capital is unaffected 
byy taxation, since these restrictions imply that substitution and income effects in labor 
supplyy due to a change in the level of human capital cancel out. King, Plosser and Rebelo 
(1988)) use a unitary elasticity of substitution between consumption and leisure. Heekman 
(1976)) uses preferences defined over consumption and 'effective' leisure so that the leisure 
decisionn is independent of the level human capital. 

6Givenn the perfect capital market no important insights are obtained by allowing for 
firstfirst period consumption. Furthermore, allowing for first-period leisure, yields only the 
standardd labor supply distortion and learning decisions are not affected by introducing 
firstt period leisure time. Therefore, inter-action effects with learning are absent. 

7Seee Jacobs (2001b) for the consequences of imperfect capital markets for the optimal 
taxationn of income. 
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describingg the equilibrium of a small open economy in which perfect capital 
mobilityy fixes the real interest rate. A mass of agents with unit measure 
livess for two periods. Agents are heterogeneous with respect to ability to 
learnn a. Agents with a higher ability are more efficient in the production 
off  human capital. In addition we assume that ability a also affects wage 
ratess w independently of the amount of learning, so that w(a) where w' > 0. 
Thee reason for making this assumption is that not all income inequality can 
bee attributed to differences in learning behavior. Consequently, agents with 
higherr ability have a higher wage rate per unit of human capital as well. The 
distributionn of a is denoted by F (a). F has support [a, oo). 

Inn the first period agents choose to spend their time learning or working. 
Everyy agent has one unit of human capital at the beginning of its life. A 
fractionn x of total time in the first period is spend on education. The rest, 
11 — x, is devoted to working, where the total time endowment is normalized 
att unity. Education requires, besides time, y market goods per year of ed-
ucation.88 (f) is the production function for human capital with positive but 
diminishingg returns time x, and goods y invested in education: 

0(a;; xQ, yQ) = h(a)xlyv
a, (2.1) 

wheree we have h'(a) > 0. Agents with higher ability levels are assumed to 
bee more productive in using time and goods in human capital accumulation 
sincee 4>ax > 0 and <jyay > 0. It is further assumed that the production function 
displayss diminishing returns to scale in inputs (x, y) invested in education to 
ensuree an interior solution with a fixed real interest rate. In the remainder 
wee restrict the analysis to a Cobb-Douglas production function with constant 
elasticitiess 7 and v, and 7 + v < 1. Given the lack of empirical evidence on 
thee precise shape of the production function for human capital, the Cobb-
Douglass function is used in almost the entire literature, see e.g. Ben-Porath 
(1967),, Weiss (1986), Trostel (1993). 

Incomee derived from working equals (1 — t)w(a)(l — x), where t is the 
flatt labor income tax rate. The tax authority is assumed to be unable to 
distinguishh between income from raw labor (the quantity or hours of work) 
andd human capital (the quality of work). The tax authority cannot observe a 
either.. The first assumption is equivalent to the commonly used assumption 
thatt one cannot observe the wage rate and hours worked. So taxes on income 

8Ratherr than using market goods in the production of human capital on may also use 
capitall  goods in the production function. This yields qualitatively similar results. 
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derivingg from the quantity of labor and the quality of labor are both equal 
too t. The second is the standard assumption that excludes individualized 
lump-summ transfers. 

Everyy agent might receive an uniform non-individualized lump-sum in-
comee transfer g in both periods of its life. With positive transfers g the tax 
systemm is progressive since the average tax rate increases with income. Sav-
ingss s can be made to smooth consumption over time. Savings equal total 
firstt period income minus the direct costs of education py. p denotes the unit 
costss of direct expenditures on education. The first period budget constraint 
iss therefore given by: 

pypyaa +sa = {l-  t)w(a){l - xa) + g. (2.2) 

Inn the second period, human capital is supplied endogenously to the labor 
market.. Total time spend working equals /Q, and the rest is consumed as 
leisuree 1 — la. One may also view leisure as years in retirement, see Kotlikoff 
andd Summers (1979). Income derived from accumulation of financial assets 
iss (1 + r)sa where r is the constant real interest rate. In the remainder 
wee assume that the real interest rate is zero. Al l income from human and 
financialfinancial sources is used for consumption ca. There is no tax on consumption 
andd capital income.9 The consumption price is chosen as the numéraire. 
Hence,, the second period budget constraint is: 

ccaa = (1 - t)w{a)la<p{a; xa, ya) + sa + g. (2.3) 

Wee restrict the analysis to an iso-elastic utilit y function.10 Utilit y u is 
givenn bv: 

u{cu{caaAAaa)) = In I cQ - *  1 / p J , (2-4) 

wheree e > 0 is the (un)compensated wage elasticity of labor supply. Since 
ee > 0, we assume that labor supply is upward sloping. This utilit y function is 
usedd as well by Diamond (1998) and Saez (2001). The analytical convenience 

9Seee Nielsen and S0rensen and (1997) for an analysis on optimal dual income taxation 
withh endogenous learning with homogeneous agents. Bovenberg and Jacobs (2001) analyze 
optimall  dual income taxation in a similar model as presented in this Chapter. 

10Wee were able to derive a general characterization of the solution with a general utility 
function.. This turns out to give very similar results, although the different roles played 
byy the tax distortions cannot be easily traced analytically. 

42 2 



ChapterChapter 2 Optimal Taxation and Human Capital 

iss twofold. First, there are no income effects on labor supply. Second, the 
elasticityy of labor supply is constant and equal for all households. This 
allowss us to aggregate easily over all households. If labor supply is exogenous 
(££ = 0), then the pure human capital model applies, and agents simply 
maximizee life-time earnings. It is assumed that agents do not derive utility 
fromm having human capital.11 

Agentss maximize utility by choosing consumption c, labor supply I, the 
optimall  amount of learning x and the goods invested in education y, subject 
too their budget constraints, and the production function of human capital. 
Manipulationn of the first-order conditions gives the following labor supply 
functionn - omitting the agent's indices a:12 

ll  = [( l - tW(.)f . (2.5) 
Thee higher the hourly wage rate, the larger is labor supply. From the last 
equationn can be seen that consumption and investment decisions cannot be 
separated.. Learning increases the hourly wage rate and thereby increases 
laborr supply. If one views leisure time as years in retirement, our model 
cann explain the relatively higher participation rates of older workers with 
moree education. The reason is that a higher level of human capital makes 
retirementt more expensive. 

Thee marginal rate of technical substitution for the optimal choice of time 
andd goods invested in education reads as: 

<tl<tl  = H = (l~t)w 
(fry(fry VX P 

AA higher price of time (goods) invested in education should be accompanied 
byy an increase in the marginal product of time (goods) invested in education, 
andd thus implies a lower use of time (goods) relative to goods (time) in the 
productionn of human capital. 

Finally,, there is an arbitrage equation stating that both financial and 
humann savings should yield an equal return. 

== (i - 'M* . = L (2.7) 
P P 

11Humann capital can also be regarded as a consumption good, see Lazear (1977). Ad-
ditionally,, having more human capital can enhance the effective productivity of leisure 
inn utility . This notion stems from Becker (1965) and has been applied to human capital 
theoryy first by Heekman (1976). Both elements can be incorporated. However, this is 
likelyy to yield untractable results unless we impose strong restrictions on preferences. 

12Ann appendix to this Chapter contains all derivations. 
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Thiss equation pegs the amount of time and goods invested in human capital 
accumulation.. Arbitrage between financial and human capital investments, 
ensuress that an optimal plan is characterized by equal returns on both in-
vestments.. If the rate of return on financial investments is lower, substitution 
takess place to human capital investments, until rates of return are equalized 
ass a consequence of diminishing returns in human capital accumulation. 

Sincee costs of education are not tax deductible, taxes directly distort 
investmentss in human capital. A higher tax rate reduces the optimal amount 
off  goods invested in human capital, thereby lowering the productivity of time 
invested.. Investments in human capital fall accordingly. Loosely speaking, 
foregonee earnings and goods are less affected by changes in the tax rate, than 
thee returns, i.e. future earnings. If goods were fully tax deductible, the tax 
ratee would have no direct effect on investments in human capital since costs 
andd returns are equally affected by the tax. 

Taxess also distort human capital investments indirectly since taxes affect 
thee amount of leisure chosen. Higher taxes on labor income reduce labor 
supply,, and thereby reduce investments in human capital. The reason is that 
thee effective utilization rate of human capital decreases so that returns on 
investmentss in human capital are lowered. 

First-orderr conditions are necessary but not sufficient. Additionally we 
havee to guarantee that the second-order conditions are fulfilled. The second-
orderr condition amounts to the following restriction on parameters: 

V=(lV=(l  + e)(T +  v)< l . (2.8) 

Thee second-order condition states that the elasticity of labor supply is not 
tooo high, and that the elasticities of time and goods invested in education 
aree not too high. Intuitively, if more time is spend learning, wage rates 
perr hour increase and substitution towards more labor supply is induced. 
This,, in turn, increases returns to investments in human capital so that more 
timee is spend learning, and so on. Due to this interaction between learning 
andd leisure decisions sufficiently decreasing returns to investments in human 
capitall  (low 7 and v) or sufficiently decreasing marginal utilit y of leisure (low 
e)e) should guarantee that an interior solution is attained and corner solutions 
withh zero leisure time are avoided. 

Wee can analytically solve for the optimal amount of time and goods in-
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vestedd in learning and labor supply: 

x*x* = y"h-i-w " f—1 (1-*) * 

yy = — -x *, 
77 P 

TT = /i(a)e(l - i)£(1+v) ( " ) ^ 
6V V 

Sincee it;7(a) > 0 and h'(a) > 0 we derive that agents with higher ability invest 
moree time and and goods in human capital accumulation, i.e. dx/da > 0, 
dy/dady/da > 0 and dl/da > 0 by virtue of the concavity of the production 
functionn of human capital, the complementarity between inputs in production 
off  human capital and ability and due to the fact that high ability agents 
supplyy more labor. 

Notee that the elasticities of x, y and / w.r.t. t are constant and given by: 

ee ~ dx{l-t)_ e + v{l + e) 
£xt£xt = ~m^r-- i_(i  + e) (7 + „) > ° ' (2-9) 

__ dy{l~t)_ ( ! + £ ) ( ! - 7 ) . 0 r 2 i m 
£yt£yt~~ dt y - l - ( l  + , ) (7 + ^ ) > 0 ' P-10) 

dl{l-t)dl{l-t)  ^ ( 1 - 7) n ,rt x 

atat I 1 - (1 + £)(j + v) 

Thesee are useful properties later on. 

2.33 Optimal linear income taxation 

Thee government collects taxes from the households to finance exogenously 
givenn expenditures A. The government budget constraint therefore reads as: 

O O 

tt HadF(a) = A + G, (2.12) 

wheree G = 2g and H = w(a)(l — xa) + w(a)la(p(a;xa,ya) is the gross life-
timee value of human capital. There are two instruments at the disposal 
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off  the government: the linear tax rate on labor income t and the negative 
incomee tax G. The tax rates t and lump-sum transfers G are chosen so as to 
maximizee a social welfare function T:13 

rr = ƒ V(Va)dF(a), tt' > 0, #" < 0, (2.13) 
JJ a 

wheree Va is the indirect utilit y function of the agents. Different assumptions 
aboutt ty yield e.g. a Rawlsian objective function or an utilitarian objective 
functionn (* ' = 1) .see also Atkinson and Stiglitz (1980).14 

Formm the first-order conditions for the lump-sum element G we derive the 
nett social marginal valuation of income in terms of government revenue, 6, 
seee Atkinson and Stiglitz (1980):15 

bbaa EE ^ , (2.14) 
7} 7} 

wheree A is the private marginal utilit y of life-time income and n is the La-
grangee multiplier associated with the government budget constraint. The 
termm on the right-hand side denotes the direct social value of redistribution 
too household a. We find that the average social value of income averaged 
overr all households is given by: 

66 = 1, (2.15) 

wheree b = ƒ badF(a) is the average of the marginal social value of incomes. 
Thiss expression states that social welfare is maximized if a unit increase in 
thee value of the lump-sum transfer given in both periods is equal to marginal 
sociall  utilit y averaged over all agents. 

13Wee abstract from issues dealing with the dynamic consistency of the tax policies and 
simplyy assume that the government can pre-commit. However, in models like the one 
discussedd here the government has always the incentive to renege on its announcement to 
sett a particular tax rate after the investments in human capital are made. The reason 
iss that human capital is accumulated and has become a 'fixed' factor that can be taxed 
heavilyy without high distortionary costs. If the government cannot commit, agents under-
investt as a consequence, see for example Fischer (1980) and Boadway, Marceau, and 
Marchandd (1996). 

14Wee assume in the theoretical derivations that the lump-sum transfer is never larger 
thann income derived from supply of human capital, i.e. G < H. This constraint precludes 
thatt agents voluntarily decide to be unemployed. This constraint is always non-binding 
inn the numerical calculations. 

15Wee used Roy's lemma in the derivations: dV/dG = A, dVfdt = —XH. 
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Inn order to find an expression for the optimal tax rate we introduce the 
distributionall  characteristic £ that comprises the distributional impact that 
humann capital has on social welfare, see also Atkinson and Stiglitz (1976): 

ii  = -(foXx)^- 1)-- (216) 

Thee term in brackets is the normalized covariance of human capital16 and 
thee marginal social valuation of income. H = ƒ °° HadF{a) stands for the 
averagee supply of human capital. £ can be interpreted as a 'marginal measure 
off  inequality', see Atkinson and Stiglitz (1980). 

Thee distributional characteristic is positive (£ > 0), because the normal-
izedd covariance is negative. If human capital H increases, the marginal social 
valuee of income b decreases as a consequence of the diminishing marginal 
utilit yy of income, and due to the fact that a larger weight is attached to 
poorerr agents (W < 0). i.e. it becomes socially less efficient to redistribute 
resourcess to richer agents, given that the social welfare function features di-
minishingg marginal social welfare in utility of the agents. As the marginal 
sociall  valuation of income decreases as earnings increase, the term in brackets 
iss negative. 

Iff  the government was not interested in redistribution, every agent has 
thee same social value of income: b — b, which yields £ = 0 in that case. 
Thee distributional characteristic increases if incomes become more unevenly 
distributed,, or if the government has a larger preference for income equality. 

Straightforwardd manipulation gives the optimal tax on labor income: 

(2.17) ) 
1-t1-t Ujfat+VEytY 

wheree to = f™ wl<f>(.)dF/ f™ wl<f>(.)  + w(\ — x)dF is the ratio of average 
secondd period income in average total income. The optimum tax formula 
clearlyy shows the trade-off between equity and efficiency considerations.17 

16Thiss can be seen by noting that £ = -^ ( ƒ ~ HbdF - f™ HdF /Q°° bdF\ = ~cov^'bK 
17Thiss last formula is a similar way of expressing the optimal linear income tax as in 

Dixi tt and Sandmo (1977). They use the non-normalized covariance to obtain expressions 
thatt have distributional concerns in the numerator and efficiency costs of taxation in the 
denominator.. Tuomala (1985) uses the government budget constraint to obtain an optimal 
taxx formula where equity considerations enter in numerator the and efficiency costs are 
capturedd by the denominator. 

47 7 



PublicPublic Finance and Human Capital 

First,, the tax rate should be higher if the absolute value of the distribu-
tionall  characteristic £ is higher, i.e. when the social value of redistributing 
incomess is higher. This is the case if incomes are more unevenly distributed, 
orr if greater weight is attached to agents at the lower end of the distribution. 
Iff  all agents have identical abilities, the optimal tax rate on human capital 
iss zero. The reason is that every agent invests the same amount of resources 
inn human capital accumulation. H is therefore identical for all agents and 
theree is no income inequality. Consequently, the distributional characteristic 
££ = 0 and the optimal tax rate is zero. 

Second,, the numerator of the optimal tax formula shows two elasticities 
associatedd with the two tax distortions in our model. The first elasticity 
EE it is associated with the distortionary effect of taxes on labor supply. The 
optimall  tax rate on labor income should be lower if the elasticity of labor 
supplyy is larger. 

However,, from the definition of the labor supply elasticity we can see 
thatt the 'true' wage elasticity of labor supply - including the learning effects 
-- is larger than the 'simple' elasticity of labor supply (EU > E) that would 
enterr in the optimum tax formula in the absence of learning decisions, see 
forr example Atkinson (1995): 

-- = \ - { l +  V) , + , " , > 1. (2.18) 
EE l - ( l + e)(7 + w) l - ( l + e)(7 + f ) V ; 

Thee first term in brackets is larger than 1 and the second term is positive. The 
firstt term measures the interaction impact of learning and working decisions 
andd the second term measures the additional impact of the non-deductibility 
off  goods invested in education. Clearly, the interaction between learning and 
laborr supply decisions makes the labor supply response more elastic and is 
drivingg the optimal tax rate downwards. 

Thee second term in the denominator of the tax formula veyt captures the 
taxx distortion associated with the non-deductibility of education expendi-
tures.. The optimal tax should be lower if the tax-elasticity of goods invested 
inn education is larger £yt. The more elastic learning behavior responds to the 
taxx the lower should be the optimal tax. 

I tt is easily seen that the tax elasticity of goods invested in education is 
magnifiedd by the elasticity of labor supply E. Suppose that labor supply was 
inelasticc (E ~ 0) then we have from our definition of £yt: 

cc I 1 - 7 _ (! + £ ) ( ! - 7) , 9 i m 
£ t f t | - ° - l - ( 77 + t ; ) < £ v t " l - ( l + s)(7 + v)- ( } 
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Duee to the inter action effect we see that the size of the tax elasticity of 
learningg is higher and the optimum tax should be lower accordingly. 

Promm both definitions of the elasticities it is easily established that the op-
timumm tax should decrease if either one of the elasticities 7, v, or s increases. 
Thesee effects are in conformity with standard Ramsey intuition. 

Thee elasticities are weighed with the share of second period income in 
totall  life-time income UJ. The larger is second period income, the more elastic 
totall  life-time income gets and the lower optimal linear taxes should be. 

Iff  goods invested were fully deductible, the optimum tax is given by:18 

T~T~++ = —  (2.20) 
11 - t UJEit 

Thee difference between the denominators in the optimum tax formulae with 
andd without deductible goods is the term associated with tax distortion of 
non-deductiblee goods veyt. This increases the optimum income tax as tax dis-
tortionss associated with redistribution are smaller. Moreover, the elasticity 
off  labor supply is lowered: 

3 1== 1 - < \ + " ) . 1 . (2.21) 

Stilll  the inter-action effect between learning and working remains. If the 
elasticityy of labor supply is zero as well, the optimum tax goes to infinity 
(thee denominator goes to zero) since all distortions are eliminated then. 

Basedd on the last formulae on can get a quantitative idea on the increase 
inn the size of the elasticities when learning is endogenous. Suppose that 
77 + v = .6. These are the values suggested by Trostel (1993). Let the 
elasticityy of labor supply be equal to £ = .25 which is not an uncommon 
figuree in the literature, see also below. Then we find that the elasticity of 
broadd labor supply is equal to elt ~ .4. In other words, the 'true' elasticity 
iss about 60% larger than the simple elasticity of labor supply. Now, suppose 
thatt the simple elasticity of labor supply is e — .5 , an upper bound in 
thee literature, then we find an elasticity of broad labor supply that is four 
timess (!) larger and equal to elt — 2. Clearly, the interaction mechanism 
betweenn labor supply and learning decisions has a potentially big impact on 
thee elasticity of broad labor supply and optimum taxes should be lowered 
accordingly. . 

18Thiss follows from redoing the analysis with with (1 — t)p as the measure for direct 
costss on the side of households and adding a cost tpy to the government budget constraint. 

49 9 



PublicPublic Finance and Human Capital 

2.44 Numerical examples 

Thiss section considers some numerical examples of the optimal tax rates. 
Thee method employed here stems from Stern (1976). The distribution of 
abilityy is assumed to be normal with mean //a, and standard deviation aa: 

^ % ; ^ J .. (2.22) 

Abilit yy has a mean fia — — 1 which is a normalization. Wage rates are 
assumedd to be generated by following exponential wage equation: 

w(a)w(a) = e x p ( a ). (2.23) 

soo that a log-normal wage distribution results see also Mirrlees (1971), Stern 
(1976)) and Tuomala (1990). The standard deviation of log wages in these 
paperss is set at .39.19 

Thee productivity of ability in human capital accumulation is also an ex-
ponentiall  function: 

h{a)h{a) = Aexp{a)v. (2.24) 

AA is a general efficiency parameter denoting the productivity of learning. 
Iff  one assumes that ability follows a normal distribution, this specification 
yieldss a log-normally distributed wage distribution of second period incomes, 
sincee log second period income is linear in a. ip denotes the elasticity of 
abilityy in learning and is calibrated to give a realistic spread in the learning 
distribution. . 

Forr the parameterization of the production function of human capital we 
referr to Trostel (1993) for a very extensive discussion of plausible parameter 
values.. The share of time in production of human capital is set at 7 = .3 and 
thee share of goods in production of human capital is set at v = .1. So total 
returnss to private inputs are ,4.20 Here, Trostel (1993) uses the values of 

19Wee construct a data-set with 10 observations representing the deciles according to 
ability.. Within each decile we take the mean value of ability as a data-point. We have 
constructedd larger samples, but relatively small increases in precision of the computations 
weree obtained with a relatively large cost in terms of computation time. 

20Daviess and Whalley (1989) use a model with only time as an input in human capital 
wheree returns to private inputs (7 + v) are .5. Heekman (1976) and Haley (1976) find 
thatt returns to private inputs are approximately .55. Rosen (1976) finds results that yield 
privatee returns of .65, see also the references in Lucas (1990). Lucas (1990) uses private 
returnss to human capital accumulation equal to .8. 
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77 — .45 and v — .15. However, these high values turn out to give occasional 
problemss with the second-order conditions, see also equation (2.8). 

Thee values 7 = .3 and v = .1 imply that direct costs of education are 
1/44 of total expenditures in education, so that foregone earnings make up 
3/44 of total costs of education. Becker (1964) and Boskin (1975) find that 
thee private costs shares of time and goods invested in education are 3/4 and 
1/4.21 1 

Thee social welfare function is a Samuelson-Bergson utility function with 
aa constant elasticity of inequality aversion v\ 

r == / ———dF(a). (2.25) 

Iff  v — 0 the social welfare function is utilitarian, if v = 00 the social welfare 
functionn is Rawlsian, see also Atkinson and Stiglitz (1980). In the base case 
scenario,, the social welfare function is utilitarian, so that v — 0. Taxes are 
solelyy redistributive as the government revenue requirement is set at A = 0. 

Wee use two types of utility functions. First, to make our model compara-
blee with the optimum tax literature we use the standard CES utility function 
withh a constant elasticity of substitution between consumption and leisure 
ass in Mirrlees (1971), Stern (1976), and Tuomala (1990): 

u{c,l)u{c,l) = (Z?1-^ + (1 - /?)*-<(! _ 0C)VC ) ( 2>26) 

Thee elasticity of substitution between second period consumption and leisure 
equalss a = 1/(1—Q. We follow common practice by setting a — .5 in the base 
casee scenario. Stern (1976) uses a value of a — .4 and Tuomala (1990) uses 
aa = .5 based on reviewing the literature, see e.g. Ashenfelter and Heekman 
(1973).22 2 

Recently,, Atkinson (1990, 1995), Diamond (1998) and Saez (2001) have 
adoptedd the iso-elastic utility function that was usedd in the theoretical deriva-
tion.. This serves as the basis of our second specification: 

// ll+1/£ \ 
u ( c , O = l n ( c - 0 j - p ^ - J,, (2.27) 

211 The price of direct costs of education is arbitrarily set at p = .5. 
22Again,, second-order conditions require that parameters on preferences and production 

elasticitiess are restricted, i.e. the elasticity of substitution or the production elasticities are 
nott too high. For the CES utilit y function this amounts to: f0(l — 7-1;) —vi'y + v)]-1 > 0, 
andd i) = * 2 + _i_ > 0, see also Jacobs (2000a). 
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wheree we added a parameter 8 denoting the preference for leisure. We set the 
uncompensatedd wage elasticity of labor supply at e — .25. The uncompen-
satedd elasticity of .25 is in the middle of elasticities for men and women that 
aree encountered in the micro-econometric literature. For men, the elasticity 
iss slightly below 0, whereas significantly higher elasticities, ranging from .5 
too 1, are reported for women, see Pencavel (1986), Killingsworth and Heck-
mann (1986) or Hansson and Stuart (1985). An average value of .1 is found 
inn the latter study on the basis of reviewing the literature. In exercises with 
dynamicc growth models an uncompensated elasticity of .2 is commonly as-
sumed,, see Lucas (1990), Stokey and Rebelo (1995), and Hendricks (1999). 
Inn this model, the labor supply decision could also be thought of as the re-
tirementt decision as in Kotlikoff  and Summers (1979). A somewhat higher 
elasticityy of labor supply potentially also captures the effects taxes might 
havee on early retirement as these effects are generally ignored in empirical 
estimates. . 

Thee last parameters are jointly calibrated to make the outcomes as real-
isticc as possible. The last parameters are: the common learning technology 
parameterr A, the leisure share parameter {3 (#), the elasticity of ability in 
learningg ip and the standard deviation of ability aa We impose four identi-
fyingg conditions on the model at t = 0 and G = 0: mean working time is 
1-11-1 = .67, mean learning time is x = .67, the standard deviation of learning 
timee equals ax — .12. the standard deviation of the log of total income is .40. 

Thee value of mean working time is taken from Stern (1976) and Tuomala 
(1990).. This implies that the average individual would work 2/3 of the day. 
I tt could also correspond to a retirement period of 10 years if one regards each 
periodd in lif e as during approximately 30 years. 

AA mean learning time of .67 implies that agents spend on average 20 
yearss on learning in the first period of their lives, if each period in life lasts 
300 years. This is high if one compares this with average time spend on 
formall  education. Harmon and Walker (1999) find that the mean is 11.90 
yearss for the UK in the General Household Survey 1974-1994. Ashenfelter 
andd Krueger (1994) report an average of 13.1 schooling years of the US from 
thee 1990 Current Population Survey. However, on the job training (OJT) is 
alsoo a part of human capital formation. Mincer (1962) estimates that half of 
totall  human capital formation is on the job. Computations by Heekman et al. 
(1998a)) suggest that the contribution by OJT is lower and in the range of one 
quarterr of total human capital formation. If we assume that approximately 
1/33 of human capital formation is OJT, and 2/3 is formal education, then a 
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meann of (2/3)2*30 — 13.3 years of formal schooling results. This corresponds 
withh figures from reality. 

Iff  we proxy the learning distribution with a normal distribution, then 
wee are able to compute the spread in learning outcomes in years of formal 
educationn from the model. Under the assumption that two thirds of hu-
mann capital is acquired through formal education and each period takes 30 
years,, a standard deviation of .12 corresponds to a standard deviation in 
learningg time equal to 2.4 years. Harmon and Walker (1999) find that the 
standardd deviation equals 2.83 years. Ashenfelter and Krueger (1994) report 
aa standard deviation of 2.7 years. 

Thee standard deviation of log incomes is calibrated at .4, since the distri-
butionn of incomes is endogenous. In the models of optimum income taxation 
withoutt learning behavior similar inequality is assumed. Mirrlees (1971), 
Sternn (1976) and Tuomala (1990) use a standard deviation of log wages of 
.39. . 

Thee calibration with the CES function yielded a productivity parameter 
AA = 7.4, a preference for leisure parameter /3 = .7, a standard deviation 
off  ability of aa — .31, and a value of the elasticity of ability ifi  — .5. The 
calibrationn with the alternative specification yielded values of A — 4.4, 6 — 
5.7,, ip = 0, and <r a — .30. 

Wee compare the outcomes of the two models in the simulations. A feature 
off  the two utility functions used here is that labor supply behavior is rather 
different.. In the CES case we have a backward bending labor supply curve 
withh a < 1. The uncompensated wage elasticity of labor supply is negative 
att zero non-labor income, see also Stern (1976). This implies that income 
taxationn induces agents to work more. And, as the utilization rate of human 
capitall  increases, learning time increases as well. In the constant elasticity of 
laborr supply (CELS) case, labor supply is always upward sloping. Taxation 
inducess agents to work less, on account of a dominant substitution effect, 
andd they also learn less as a consequence.23 

Wee derived optimal tax rates in the case where both learning and leisure 
aree endogenous and for the case where only labor supply is endogenous and 
wee fix the investments in human capital at the values that are obtained in 
thee calibration. The latter case provides the natural benchmark to show 

23Moreover,, the theoretical models cannot be consistently matched with the empirical 
literature.. A value of the elasticity of substitution between consumption and leisure smaller 
thann one cannot be reconciled with an upward sloping labor supply curve (if non-labor 
incomee is zero). In the remainder we proceed by analyzing the two cases separately. 
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thee effects of endogenous learning decisions. Table 2.1 shows the results for 
variouss elasticities of substitution or labor supply elasticities. 

Wee find an optimum tax rate of 17.4% in the benchmark case of the 
CESS utilit y function with a = .5. The corresponding value of the optimum 
taxx rate when learning is exogenous equals 29.8%. The CELS utilit y func-
tionn with base case value of E = .25 gives values of 16.1% and 28.2% when 
learningg is endogenous and when learning is exogenous respectively. Clearly 
optimumm taxes are much lower when learning is endogenous. In our calcula-
tionss optimal taxes are reduced by almost one half when learning decisions 
aree taken into account. This result is robust to changes in the elasticities 
off  substitution a or changes in the elasticity of labor supply. An assuring 
aspectt of our computations is that very similar results are obtained when 
usingg the CES and CELS functions. 

Thesee tax rates are also lower than the optimal marginal tax rates that 
aree reported in the literature. Our findings of optimal linear taxes are always 
lowerr than the ones obtained by Stern (1976) with the CES utilit y function 
forr various elasticities of substitution. Saez (2001) found marginal rates 
farr above 50% in the model with a CELS utilit y function. However, set 
thee revenue requirement by the government at .25 of production. For the 
sakee of comparison we have computed the optimum rates with this revenue 
requirementt (A = .23). For E = .25 we derive an optimum tax t = 21.0% 
andd for e — .50 we find t - 22.3%. These optimum taxes are substantially 
lowerr than the ones from Saez (2001). 

Usingg a CES utilit y function, Tuomala (1990, p.98) found optimal non-
linearr marginal tax rates ranging from 65% in at the first decile of the income 
distributionn to 45% at the ninth decile of the income distribution, with a 
marginall  rate of tax of 59% at the median in the case where a = .5. The 
optimall  marginal tax rate in our model is 17.4% at a — .5 which is again a 
considerablyy lowrer marginal tax rate. Using CELS utilit y functions, Diamond 
(1998)) and Saez (2001) find in non-linear versions of their models marginal 
taxx rates on income that are generally higher than 50%, even for the top 
deciles.. The reduction in the optimal marginal tax-rates in our model where 
earningss potentials are endogenous is quite striking. 

Inn the appendix we show robustness checks for various modifications to 
technology,, preferences or government parameters. The result that optimum 
taxess are lower with endogenous human capital are not sensitive to the pa-
rameterss used in the model. 
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Tablee 2.1: Optimal tax rates (%) 

aa = .2 
t77 = .3 

oo = A 
oo = .5 
aa = .6 
C 7 == .7 

<7== .8 

CES S 
Endogenous s 

24.8 8 
21.3 3 
19.0 0 
17.4 4 
16.2 2 
15.3 3 
14.6 6 

Exogenous s 
50.9 9 
40.5 5 
34.1 1 
29.8 8 
26.7 7 
24.5 5 
22.6 6 

££ = .1 
£=.2 £=.2 
ee = .25 
£=£= .3 
£== .4 
£== .5 

CELS S 
Endogenous s 

20.5 5 
17.1 1 
16.1 1 
15.3 3 
14.2 2 
13.6 6 

Exogenous s 
41.0 0 
31.1 1 
28.2 2 
26.0 0 
22.6 6 
19.9 9 

2.55 Conclusion 

Thiss Chapter augmented the theory of optimal income taxation with the 
analysiss of optimal taxation of human capital. To that end, a two period 
life-cyclee model of human capital accumulation, consumption and saving is 
analyzed.. Agents differ in their ability to earn income and to learn. This 
makess the distribution of earnings potentials endogenous. Taxation does not 
onlyy distort the decision to supply hours of work, but also learning decisions. 
Ass such, labor supply has both a quantity dimension - hours worked - and a 
qualityy dimension - years spend on education. 

Twoo tax distortions on learning are present. First, taxation affects de-
mandd for leisure. Therefore, agents invest less in their human capital if 
theyy consume more leisure since the returns of their investments have fallen. 
Second,, costs of education are not tax deductible, so that costs of learn-
ingg (foregone wages and direct expenditures) are more affected than benefits 
off  learning (future wages). We derived a simple optimal tax formula that 
showss the trade-off between efficiency costs of taxation and equity aspects of 
redistribution. . 

Quantitativee analysis showed that distortions in labor supply may sub-
stantiallyy increase when learning decisions are endogenous. Our results sug-
gestt that optimum marginal tax rates are significantly reduced when the 
learningg dimensions of labor supply are taken into account. As such, these 
resultss vindicate Rosen's (1980) idea that other dimensions of labor supply 
matter.. The analysis therefore underpins concerns with adverse incentives 
thatt are associated with redistributive policies (e.g. the EITC) not only on 
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laborr supply but also on learning efforts. In addition, many Western coun-
triess face the consequences of a greying population. The results presented 
heree can also be interpreted as a case for lowering marginal taxes on labor in-
comess in order to stimulate the accumulation of human capital and to reduce 
adversee incentives to retire early. 

Appendix x 

Householdd optimization 

Consolidatingg the household budget constraint yields: 

cc = (1 - t)w{l -x)- py + (1 - t)wl(p(.) + 2g. 

Substitutionn of the household budget constraint in the utilit y function yields 
andd unconstrained maximization problem: 

// ii+i/e 
maxx u — In (1 — t)w(l — x) — py + (1 — t)wl4>{.) + 2g 
{i.x,{i.x,yy}}  \ 1 + \/e 

Thiss is equivalent to: 

llll  + l/e 

maxx u* = (1 - t)w{\ - x) - py + (1 - t)wl4>{.) + 2g —. 
{i,x,{i,x,yy}}  1 + l/e 

First-orderr conditions are: 

du* du* 

du* du* 

~dx~ ~dx~ 

Rewritingg yields: 

== (1 -t)wó{.)-l1/£ = 0. 

==  (l-t)wlox{.)-(l-t)w = Q, 

==  (1 -t)ld0y{,)-p = O. 

ll  = [(l-t)wó(.)Y. 

0xx = 72/ = (1 ~t)w 
0\0\yy vx p 

l(j>xl(j>x  = 1-
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Wee can solve for the optimal values of l,x, and y. First, use the marginal 
ratee of technical substitution for goods and time invested in education to get: 

vw(lvw(l — t) 
yy — _ _ _ .J-

IP IP 
Substitutee the last result in the equation for labor supply then we get I as a 
functionn of x only: 

l=(l=(  — ) h(a)e {w(a)(l - t))e{l+v) xe^v\ 
\P1J \P1J 

Second,, we have: 
7*0(00 = x, 

whichh follows from the arbitrage condition. Use the expression for I to sub-
stitutee / out and to arrive at the equation for x: 

11  e+v(l+e) / V \ " e+»(l+*) 

x*x*  — 7" h(a) v w(a) *  I — ) (1 — t) 
\1PJ \1PJ 

y*y*  and I*  follow from plugging the value for x* into the equations for y and 
II  above. 

Too check the second-order conditions we first derive the utility function 
ass a function of x only. Then, we evaluate the second derivative of the utility 
functionn at the optimum. If this second derivative is negative we know that 
utilit yy reaches a maximum in (x,y,l) space and we do not encounter a saddle-
point,, since optimum values of y and I are positive transformations of x. 
Substitutionn of the optimal values of y and / yields utility as a function of x 
only: : 

u**  = - (1 - t)w(l -x)- pAx + [(1 - t)w<S>(x)}1+£ + 2g. 

Wheree we used y = ^ ^ x = Ax, and j^j-el
l+1/£ = J^J-£ ((1 - t)wd>(.))l+£, 

$(x)$(x) = <f>(x,Ax). The second derivative of the utility function at the opti-
mumm values for y and I is: 

== ((1 - t)w$(x))£ " , ' ; e-£ + $>xx 
dxdx22 vv ! w y 1 + e V $ 
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Forr utilit y to reach a maximum this must be negative, i.e. 

sincee all other terms are positive. Next use the properties of <ï>: 

$$ = h{a)Avx1+v, 

$$xx = h{a)(-y + v)Avx'1+v-K 

<*>***  = h(a)(1 + v)(n+v-l)A^x^'-2. 

Uponn substitution in the last equality we derive: 

( l + e ) (77 + u) < 1. 

I.e.. the elasticity of labor supply must not be too high and the private returns 
too inputs must not be too high. 

Notee further that the elasticities of x and y w.r.t. t are constant. Ext = 
_ & rr (1^0 _ E+vjl+E)  n _ _dy{VztX _ ( l+e ) ( l -7) « r™ , 

dtdt x — l - ( l + e) ( 7+v) ^ U ' tVt — dt y ~ l - ( l+e)(7+t;) ^ U" 1 U t J ^ldh 

ticityy of labor supply is constant as well: Eu = ~Wti^^ = i-( i+e)( +v) > ®-
(Iff  goods are tax-deductible we would have the elasticities: Ext = Eyt = 

,, ,t ,g
u , v > 0 and Eu = i n7l7vi  > 0). 

Derivationn optimum tax rate 

Thee Lagrangian for maximization of social welfare is given by: 

C C 
poo poo 

ƒƒ (V{V) + 7/ {twl(f){.) +tw{l-x)-G-A)) dF{a), 
JJ a 

w^heree rj  is the Lagrange multiplier associated with the government budget 
constraint.. First we have: 

dG dG 

rccrcc / f)ff\ 

Notee that there are no income effects on broad labor supply so that | ^ — 0. 
Thiss equation can be rewritten using the definition of b: 

r r 
JJ a 

( 6 - l ) d FF = 0, 
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soo that: 
o o 

bdFbdF = b= 1. ƒ ƒ 
Second,, we have: 

dC dC 
dt dt 

o o 

// - * ' (wl<f>(.)  + ru(l -x))+rj  (wl<f>{.)  + w(l - x)) + 
Ja Ja 

ntw*.)^ntw*.)  ̂ + v [twi ( * , w + *„ ¥J - tw-j dF = o. 

(Iff  goods invested in education are deductible we would have an additional 
—py^-—py^- in the last term in brackets). Rewriting yields: 

dt dt 

dldl  f öx  dy \ öx 

Thiss formula can be simplified in four steps. First, use the definition of £ to 
rewritee the first term: 

 / \b'  \
// f + 1J (wl<j>(.)  + w{\ -x))dF = £ / (wl<f>(.)  + w(l - x)) dF. 

Second,, rewrite the second term: 

 31 t  1 - / ( 9 / / f00 

II  tw^atdF = —tL_ wl^—mdF = -—f»L_ wl^dR 

Third,, note that 
.. , dx dx 

twl$twl$xx—— -tw— = 0. 
dtdt at 

ass a consequence of the first order condition for x. And, fourth, rewrite the 
lastt term: 

 ( dx  dy\  dx  dy 

II  twl (*  a + ^m) ~ twdidF = L twl^ t
dF 

== Ï=ÏLÏ=ÏL  L wl^-)dF 
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Tablee 2.2: Optimal tax rates {%) - Changing production parameters 

Base:: 7 = .3 

7 = 1 1 
77 = .2 
77 = .3 
77 = 4 
77 = -5 
77 = .6 

CES S 
End d 
16.8 8 
16.9 9 
17.4 4 
18.3 3 
20.0 0 
23.2 2 

Ex x 
27.3 3 
28.6 6 
29.8 8 
32.3 3 
33.5 5 
34.6 6 

CELS S 
End d 
18.6 6 
17.6 6 
17.4 4 
14.2 2 
12.1 1 
10.9 9 

Ex x 
25.3 3 
26.8 8 
29.8 8 
29.5 5 
30.9 9 
32.0 0 

(Iff  goods invested in education are deductible this term is zero). Collecting 
alll  terms gives: 

tt = s 
\ - tt u{£lt+veyty 

wheree LJ = J™ wl<p(.)dFj f^° wl(p{.) + w{\ — x)dF is the average ratio of 
secondd period income in total income. 

Sensitivityy analysis 

Inn Tables 2.2 and 2.3 we change production elasticities. Here, it must be 
notedd that the range over which the parameters can be varied is limited. 
Tooo high values violate second-order conditions, so there are limit s on the 
returnss to private inputs so as to rule out perverse behavior. From Tables 
2.22 and 2.3 we can see that changing the elasticities of production yields only 
smalll  effects in the optimal tax rates. So the results are robust with respect to 
thee technology parameters of the production function of human capital. We 
notee that optimum taxes increase when the elasticity of time in production 
off  human capital increases for the CES utilit y function. This is somewhat 
strangee at first sight, but can be attributed to the backward bending labor 
supplyy curve. Taxation induces agents to work more and rates of return to 
investmentss in human capital rise. More time is spend learning, the tax base 
increases,, and costs of redistribution falls accordingly. This effect is stronger 
iff  the elasticity is larger. 

Finally,, in table 2.4 we compute optimum income taxes in the cases where 
eitherr the revenue requirement of the government is increased or the elasticity 
off  inequality aversion. In both cases optimum tax rates increase as expected. 
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Tablee 2.3: Optimal tax rates (%)- Changing production parameters 
Base:: v — .1 

vv = .05 
vv = .1 
t;; = .15 
vv = .2 

CES S 
End d 
19.5 5 
17.4 4 

15.9 9 
--

Ex x 
28.2 2 
29.8 8 
31.4 4 
--

CELS S 
End d 
18.0 0 
16.1 1 
14.5 5 
13.0 0 

Ex x 
26.8 8 
28.2 2 
29.4 4 
30.5 5 

Tablee 2.4: Optimal tax rates (%) - Changing government parameters 
Base:: v = 0 CES Base: A - 0 CES CELS 

v=v= .99 
uu = 2 
vv = 3 

End d 
31.0 0 
38.3 3 
42.9 9 

Ex x 
43.7 7 
50.2 2 
54.2 2 

AA = .l. 
A - . 3 3 
A - . 5 5 

End d 
18.1 1 

19.8 8 
21.6 6 

Ex x 
31.7 7 
36.1 1 
41.5 5 

End d 
17.9 9 
23.3 3 
37.5 5 

Ex x 
30.3 3 
35.9 9 
46.6 6 

Thee earlier conclusion that optimum tax rates are lower with endogenous 
learningg decisions is also confirmed here.24 

24Thee optimization routine was not able to compute optimum taxes for the CELS utilit y 
functionn with positive inequality aversion as utilit y levels were negative for some agents 
duee to the scaling parameter 9. This gave the problem that that powers had to be raised 
too negative numbers. Transformations of the utilit y function to overcome this problem are 
nott innocuous since the amount of redistribution depends on the cardinalization of the 
utilit yy function. 
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