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CHAPTERR 3 

THEE CHAOTIC APPROACH TO THE BUSINESS CYCLE 

"Chaos"Chaos theory removes the emphasis from stability by stressing 
instabilities." instabilities." 
(Brockk and MalHaris(1989)/ xiii ) 

11 Introduction 

Theree is considerable doubt regarding the theoretical issue of the 
economy'ss (in)stability, and the mathematical elaboration of the 
endogenouss business cycle theories. The problem becomes apparent 
whenn the regularities in amplitude and the periodicity of the generated 
cycless are compared to the irregularities found in empirical data. This 
incongruityy left the endogenous approach to the business cycle 
vulnerablee for econometric criticism. As early as the 1930s Frisch and 
Slutzkyy showed the possibility of generating business cycles by adding a 
stochasticc variable to an otherwise stable model. These examples 
conformedd to the empirical data, but failed to give an explanation in 
economicc terms. The absence of regularities in the stochastic shocks 
explainss the variable length and intensity of the business cycle as 
observedd in the empirical data. The addition of stochastic terms to 
Keynesiann models of the business cycle improves the descriptive 
powerr of these models, but does not add to their usage for forecasting 
andd analysis (Gabisch and Lorenz(1989), 88). The view that the 
economyy is structurally stable and fluctuations are the result of erratic 
disturbancess was expressed, even more severe, in the new classical 
theoryy (King and Plosser(1988)'s real business cycle models, 
Lucas(1985)'ss imperfect information-models). 

Inn the same period as the new classical approach, the idea of 'chaotic 
nonn linearity' was introduced in economic theory. Chaos was 
developed,, initially , as a purely mathematical concept. It found, 
however,, many applications in physics and biology1, where it was used 
too explain turbulence and the unpredictable growth of populations. 
Chaoss theory was introduced to economic theory to offer an 
explanationn for the seemingly erratic time series of GNP, investment 
andd other economic variables2, such as the (biological) Volterra-Lotka-
models,, which were used in the sixties to give a description of the 
businesss cycle (see Goodwin(1987)). 

^Gleick(1987)) gives a description of the historical development and dissemination of 
"chaos""  through different sciences. 

^Sincee the publication of the first version of this chapter, Marc Jarsulic has brought 
togetherr the most important articles on non-linear economic dynamics in Jarsulic(1993), 
alsoo see Dechert(1996). 
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Chaoticc equations, as this kind of non-linear equations wil l be called, 
aree equations, which (given parametric values) can generate time 
seriess that often cannot be distinguished from 'white noise', randomly 
generatedd disturbances. The underlying mechanism, however, is 
deterministicc in nature. A more formal treatment of the 'chaos' 
phenomenaa can be found in the mathematical introductions in this 
field,, for example Collet and Eckmann(1980), Zaslavsky(1985), 
Thompsonn and Stewart(1987) and Medio(1992). 

Thee 'chaotic business cycle theory' accommodates the criticism of 
Frischh and Slutzky, in the sense that the generated time series are not 
regularr in intensity and periodicity. 

Thiss chapter gives an overview of the main results and of the 
problemss concerning chaotic mathematics, using the logistic equation. 
Thee logistic equation is one of the most common 'chaotic equations' in 
economics.. It is the best understood of chaotic systems and has (in the 
formm of the S-shaped logistic) a long history in economic modelling. 
Afterr the mathematical treatment of chaos, attention is given to 
empiricall  problems associated with econometrical work. 
Givenn the plausibility of the occurrence of chaos in real economic 
systems,, another question is whether economic interventions can 
stabilisee such an economy. With the use of conclusions from physics 
andd mathematics, three ways of 'controlling chaos' with implications 
forr economic policy can be derived. 

22 Chaotic dynamics of the logistic map 

2.11 An economic example: a production-tax model 

Too illustrate the emergence of chaos, this section starts with a simple 
partiall  production-tax model. Assume the economy consists of small 
firmss owned by the labourer, all producing one good. This good can be 
usedd as consumption good or invested in the firm. Production (Y) is 
dependentt upon the amount of capital used (k). The production-capital 
ratioo is assumed to be constant (a>0): 

YYtt = ckt (3.2.1) 

Timee is measured as the period in which capital depreciated 100%3. 
Thee magnitude of the capital-output ratio depends on the length of 
thiss period. The dynamics of the model can be described using the 
evolutionn of the capital stock. 

^Thiss is not crucial to the results. Take depreciation to be 5, then 

kkff  aOf. + (1 - 6)k.. The dynamics in (3.2.5) become: 

( o a++ ( ! - « ) ' 
kktt + l=(aa + (l-S))kt 

Thee Business Cycle 
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Thee government levies a progressive tax (T) on production (for 
examplee because of unfavourable external effects, or income policy). 
Thee parameter /? is a measure of the progression (0</?<l)4: 

TTtt = 0Yf
2 (3.2.2) 

Nett income of the worker/owner is Of: 

OOtt=Y=Ytt-- Tt (3.2.3) 

Fromm this income, a constant part is consumed (0<1-CT<1), and part is 
savedd (a). The time lag between the realisation of savings and the 
availabilityy of the new capital stock is assumed to be one period5: 

kkt+lt+l =oO=oOtt (3.2.4) 

Thee time path of the capital stock (and production) can be determined 
usingg equation (3.2.1) to (3.2.4): 

kkt+1t+1=aok=aoktt[l-aPk[l-aPktt]]  (3.2.5) 

Iff  the capital stock is taken to be positive (k>0), k is between 0 and 
(l/fia).(l/fia). Figure 3.1A shows equation (3.2.5) in the (kt, kt+i) space as a hill 
shapedd figure, for different values of aa. Also drawn in this figure is 
thee 45-degree curve at which kt=kf+\. 
Thee quadratic tax function is responsible for this form. A rise in 
productionn increases the tax obligations. This rise in the tax obligations 
becomess larger as k approaches its maximum value at (o/2P). A 
productionn above the maximum results in a lower income, so capital 
accumulationn declines, til l the capital stock is zero, resulting in zero 
production. . 

Ass can be calculated, there are two steady state (equilibrium) points. 
Thee non-production point 

kk00=0=0 (3.2.6) 

^Equationn (2.2) is a simplification of the progressive average tax rate: 

TT = — = rn + (ft., with T(7=0. This simplification does not influence the conclusions 
YYt t 

below,, but is made for analytical tractability. The government budget constraint is 
ignoredd for the same reason in this partial model. It could be modelled in a way that it 
didd not influence the production decision of the firm. 

^Thiss could be an agricultural economy in which the harvest has to be collected before 
neww seeds are available. 

Thee Business Cycle 
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andd k*, the intersection between the logistic equation and the 45-degree 
line: : 

k*k*  = ^4 (3.2.7) 

Thosee points are equilibria in the sense that after reaching (3.2.6) or 
(3.2.7),, k never changes. At fcn no production takes place. Once this 
situationn is reached, production ceases forever. At k* thee savings out of 
nett income of the producer are equal to the former capital stock, so no 
growthh or decline takes place. 

Itt is possible that the only equilibrium is the non-production steady 
state,, assuming fc>0. The reason for this is simple: assume that the 
capitall  productivity (a) in relation to the propensity to invest (a) to be 
tooo low: aa<\. Given an initial level of k>0, the labourers/owners 
producee Yo From this production To is paid to the government. The 
remainss of production are consumed or invested. From (3.2.5) it 
followss that for aa<\ the capital stock in the next period is smaller 
thann in this period6. The capital stock declines eventually towards zero. 
Sincee /c*<0, fcn is the only economical relevant steady state. This is 
independentt of the tax quote /?, as can be seen from (3.2.7), but depends 
onlyy on the production technique (a) and consumer preferences (a)7. 
Thee speed of adjustment, however, depends positively on /J. 

A:A: Different kt-kt+i relationships for different values of v = aa. 

^Takingg Afc = - , we can write A/c = (aa -1) - a ofk. < 0 for aa < 1, so 
kkt t 

productionn declines in every period. Production is not feasible for these structural 
parameters. . 
^Comparee this case to the linear accumulation function: k. , = aak., which follows 

fromm (2.5) with p=0. With cra<l, k also declines towards zero. 
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Figuree 3.1: A: The fcf-fcf+i-relationships for different parameters, B-E: time path of k 

andd kf-kf+l relationships for different values of aa. 

Whenn propensity to invest and capital productivity are higher, so 
crcol,, there is a steady state with a positive stock of capital (fc*>0, see 
3.2.7).. In this case, the dynamics are also influenced by the tax rate as it 
influencess the steady state k*. If k>k*, the capital stock declines. If k<k*, 
itt rises. There is movement towards the equilibrium level k*. The 
dynamicss of this adjustment process depend upon the slope of (3.2.5) in 
k*.k*. The slope is: 

dk, dk, t+i i 
die, die, 

==  aa- lafkrk* = 2 - aa (3.2.8) ) 

Thee capital stock moves towards the equilibrium point when the 
absolutee value of (3.2.8) is less than 1. The deviation between k* and k 
becomess smaller every period: the rise or decline in taxes also 
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determiness the rise or decline of the capital stock. When starting with 
k<k*,k<k*,  the rise in production is larger than the rise in taxes, in any 
period.. The magnitude of the rise lessens when the capital stock 
approachess k*, til l k=k*. 
Iff  l<cra<3, the capital stock also tends towards k*. How the adjustment 
processs takes place depends on the value of era. For \<oa<2, this 
adjustmentt is monotone, as described before (figure 3.IB). For 2<cra<3, 
thee adjustment is cyclical. The combination of the propensity to invest 
andd the productivity induces overshooting. The production is below its 
equilibriumm level {Y*=ak*)  and the tax payments are very low: income 
iss relatively high. Given the propensity to invest (o), capital 
overshootss its equilibrium value, so production rises above its 
equilibriumm level. Taxes rise more progressively, so in the next period 
thee capital stock declines again below k*. Since the absolute value of 
dkdkt+lt+l /dk/dktt is smaller than one, the difference between k and k* declines, 
movingg towards the equilibrium point (figure 3.1C). When 3<aa<4, 
thee capital stock again fluctuate around k*, but these fluctuations do 
nott disappear. A tendency towards the equilibrium exists again, but 
noww k overshoots k*. Between 3 and (approximately) 3.575 fluctuations 
aree regular, cycles with period two, four and more (figure 3.1D). When 
eraera is larger, but below 4, other patterns are possible: those fluctuations 
doo not seem to behave regularly but look like they have been generated 
usingg stochastic processes (chaotic dynamics, figure 3.1E). For aa>4, 
investmentt fluctuates more and more. Production eventually becomes 
negative:: taxes become larger than income and the firm goes bankrupt 
(thee model loses its stability). 

Thiss model delivers some surprising results: 
1.. Chaotic fluctuations appear for a high output-capital ratio (a), in 
whichh case one period in the model is equivalent to a long period in 
realityy (total depreciation of the capital stock). 
2.. The possibility of chaos rises when investment depends heavily on 
thee after tax income (a). 
3.. The government can determine the equilibrium production by 

settingg the tax rate using: /3* = 
aaaa _ 

,, where YDES is the desired 

productionn level. 
4.. The non-linearity introduced by the quadratic tax function (3.2.2) is 
necessaryy for the appearance of fluctuations, but the actual occurrence 
off  fluctuations is independent of the level of the tax rate (for fitQ). A 
loww level of the tax rate results in a high equilibrium level of 
productionn but can coexist with high fluctuations. It is possible, on the 
otherr hand, to have a stable economy with a high tax rate and a low 
levell  of equilibrium production. The actual instability depends on the 
technologyy and preferences. A propensity to invest of 50% and a capital 
productivityy of 7.5, for example, gives a time series of production that 
seemss completely erratic. 

Thee Business Cycle 
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Thee production-tax model is simple without the pretension to describe 
reality.. The example still gives some insights in the emergence of 
complexx behaviour from a simple model. The quadratic tax function 
(3.2.2)) is used to introduce a non-linearity in the model, which is 
responsiblee for the chaotic behaviour. The resulting capital 
accumulationn function is one of the simplest (and perhaps because of 
thatt most used) non-linear equations in chaos-theory: the logistic 
equation. . 

2.22 Mathematical intermezzo: the logistic map 

Sincee the logistic map is very common, not only in this chapter but 
alsoo in other literature on economic chaos, this paragraph starts with 
ann abstract of the main conclusions of the seminal 1975-paper of T. Li 
andd J. Yorke, Period Three implies Chaos, see also Benhabib and 
Day(1982),, van der Ploeg(1986), Gabisch and Lorenz(1989) and others 
whoo use their analyses. Another standard reference to the 
mathematicall  treatment of one-dimensional maps is Collet and 
Eckmann(1980).. For references on other chaotic systems, different from 
thee logistic (for example the Henon-mapping, the Lorenz-equations, 
thee Rössler band), see Baumol and Benhabib(1989), Goodwin(1990), 
Hommes(1991),, Medio(1992) and Lorenz(1993). Following the 
theoreticall  proof of chaos, some other methods are discussed that are 
usedd in the following chapters to determine the occurrence of chaos, 
whenn a thorough mathematical proof is not possible. 

2.2.11 Period three implies chaos 

Lii  and Yorke(1975) analyse "a generalized logistic equation": 

xxn+ln+l  =rxn 

With: : 

xxnn = time - depending variable 

r,, K = constant parameters 

Theirr theorems are (taken from Li and Yorke(1975), 986/987): 

StartStart of quotation 

Mainn theorem: Let F:J->J. For xej, F°(x) denotes x and Fn+1(x) denotes 
F(FF(Fnn(x))(x)) for n=0,1, —-. We wil l say p is a periodic point with period n if 
pejpej and p=Fn(p) and p*Fk(p) for \<k<n. We say p is periodic or is a 
periodicc point if p is periodic for some n>\. We say q is eventually 
periodicc if for some positive integer m, p=Fm(q) is periodic. Since F 
needd not be one-to-one, there may be points which are eventually 

1--
K K 
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periodicc but are not periodic. [....] A special case of our main result says 
thatt if there is a periodic point with period 3, then for each integer n=l, 
2,2, 3, , there is a periodic point with period n. Furthermore, there is an 
uncountablee subset of points x in ƒ which are not even "asymptotically 
periodic". . 

Theoremm 1: Let ƒ be an interval and let F:J->J be continuous. Assume 
theree is a point a e ƒ for which the points b=F(a), c=F2(a) and d=F3(a), 
satisfy: : 

d<ad<a <b <c (or d>a>b> c) 

Then: : 

Tl :: for every k=l, 2,  there is a periodic point in ƒ having period k 

Furthermore, , 

T2:: there is an uncountable set S cƒ (containing no periodic points), 
whichh satisfies the following conditions: 

(A)) For every p, qeS with p*q, 

limsup|Fn(p)-Fn(<7)|>0 0 

and d 

liminf|Fn(p)-F"(^)ll  = 0 

(B)) For every peS and periodic point qej, 

l imsup|F"(p)-F"(^)|>0 0 
n—n—

EndEnd of quotation 

Ass Gabisch and Lorenz(1989, 183) note: "According to Sarkovskii's 
theorem,theorem, the existence of a period-three cycle implies the existence of 
periodicperiodic solutions of all orders, which may be very large and essentially 
indistinguishableindistinguishable from aperiodic solutions". Sarkovskii's theorem 
givess an ordering of integers: 1 < 2 < 4 < 8< < 2*  < 2*+!.. < 
2i +1(2n+l)) < ... < 2i + 15 < 2i + 13 < ... < 2A(2n+l) < ... <2Ï3 < ... < 7 < 5 < 3. 
Itt says that for a continuous one-dimensional function which maps an 
intervall  into itself with period r, the periods s for s<r in the ordering 
abovee are possible. 

Thee Business Cycle 
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Itt is possible to rewrite the capital accumulation equation (3.2.5) of the 
previouss section as a 'generalised' logistic equation by replacing fioik by 
**  and era by u8: 

xxt+t+ i-f(xi-f(xtt)) = vxt[l-x t]  (3.2.9) 

Withh for stability: 0 < I K 4 and 0<x<l. 

Iff  we take the logistic equation (3.2.9), we can derive the following 
valuess for x: 
*/fo+i)=0// giving x0=0 and x0'=l; 
*f(x*f(x t+1t+1)=0,)=0, giving xmax=l/2; 
*f(x*f(x t+t+ i)=x,i)=x,  giving x*=(u-l)/u. 

Fromm the example in the former section, we know that there is a 
positivee steady state when xo<xmax. For cycles to occur, xmax<**  and 
XQ>X*XQ>X* giving: xo<xmax<x*<xo'.  For stability we have: f(xmax)<xo'; 
calculationss give i><49. 

Itt is known that: 
0<u<l:: x converges monotone to 0; 
l<u<2:: x converges monotone to x*=l-l/v; 
2<v<3:2<v<3:  x converges oscillatory to x*-l-l/v; 
3<i><3.575:: x converges to stable cycle of period 2"; 
3.575<D<4:: x behaves (transient) chaotic; 
4<u:: x becomes explosive and unstable. 

Chaoss appears at u=3.575 (Medio(1992,159) gives 3.569446). The critical 
valuee of v is found using the Feigenbaum number by applying (see 

Gabischh and Lorenz(1989), 180, Hommes(1991), 7): lim Vjl" ""-1 = 4.6692 

Betweenn 3.575 and 4 the possibilities for dynamical behaviour to occur 
aree numerous. Medio(1992, 155) remarks: "At present it is not generally 
possiblepossible to detect the values of the parameter r [v above] for which the 
asymptoticasymptotic motion is periodic, aperiodic or chaotic". In the literature 
differentt definitions of chaos are used. This distinction is beyond the 
purposee of the present expose, so the reader is referred to Medio(1992) 
andd others. For the purposes here, the erratic behaviour of the business 
cycle,, it is enough to know that in the interval i>=3,5-4, aperiodic and 
(transient)) chaotic time paths are possible. 

^Thee transformation is the following: 

x,x, = apk. ->k.=  —.This gives t + 1 = — x.[l  - x,] -> x. . . = vx.\l- x,] tt t t ap ° ap p H tl f + 1 tl *J 

vv = aa 
9f(l/2)=u(l/2)-u(l/4)=(l/4)u<l->u<4. . 
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2.2.22 Finding chaos 

BifurcationBifurcation diagrams 
Thee method of finding chaos by taking iterations of the original 
functionn and plotting these in graphics is rather laborious (see Baumol 
andd Benhabib(1989)/ Langen(1992)). To analyse the behaviour of a 
systemm as the function of one parameter, bifurcation diagrams are often 
usedd instead. Sometimes the bifurcation diagram can be determined 
theoretically,, more often it has to be determined by numerical 
simulations.. A dynamical system is simulated over a long period, f=0 .. 
n,n, (XQÏX*), after which the outcomes of the following periods, t=n+l  .. 
n+m,n+m, are shown as a function of the changing parameter. If, for each 
valuee of the parameter, only one point occurs, the system converges 
towardss a stable equilibrium point. When two points occur, a 2-period 
cyclee exists, n points occur when there is a n-period cycle. Chaos and 
quasi-periodicc behaviour are shown as a continuous line for the given 
parameterr value. The most well-known bifurcation diagram is that of 
thee logistic equation, depicted in figure 3.2. 

1 . 988 2 . 49 3 . BB 3 . 51 ' 

Figuree 3.2: The bifurcation diagram for the logistic equation: xt+1 = v x xt x (1 - xt), 

2<u<4 4 

Ass seen before, the logistic moves towards an equilibrium point, in 
figuree 3.2 shown as a line for 2<u<3. For 0=3.1, there is a period two-
cycle.. When v rises a succession of 2n-period cycles follows. For i»3.5 
periodicc and chaotic behaviour can be observed. For some values of v 
(forr example u=3.83) a so-called 'window' can be observed in which the 
systemm returns to 'regular' behaviour. 
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LyapunovLyapunov characteristic exponents 
LyapunovLyapunov characteristic exponents are named after the Russian 
mathematiciann Lyapunov, who initiated this line of research on 
dynamicallyy systems at the start of the former century. Hommes(1997) 
andd Medio(1992) define Lyapunov Exponents (LE's) as a measure for: 
"the"the average rate of divergence of nearby initial states" 
(Hommes(1997),, 50). A characteristic feature of chaotic systems is the 
dependencyy on the initial value. Nearby initial states diverge at an 
exponentiall  rate, but since the time path is bounded, they have to 
convergee at other times: if we observe a bounded time path, but a 
positivee Lyapunov characteristic exponent, the underlying system is 
chaotic.. Medio(1996, 121) states: 'the (average) divergence of orbits can 
onlyonly be locally exponential, whereas globally there must be a process of 
'folding''folding' which merges widely separated points and keeps the motion 
bounded.bounded. It is precisely this combination of stretching (measured by 
positivepositive LCEs) and folding that produces chaos". 

Givenn a p-dimensional system: 

Then,, the difference after n iterations, starting from two initial states, 
xo+hxo+h and XQ (close in each other neighbourhood) given by: 

\\F"(x\\F"(x00+h)-Fn(xo)\\ +h)-Fn(xo)\\ 
whichh equals approximately 

|| | (DrfPM) | |; 
withh DxoFn as the Jacobian matrix of Fn, evaluated at XQ. In a p-
dimensionall  system, p different LE's can be calculated. The largest LE is 
characteristicc for the behaviour of the model: it can be shown (see 
Hommes(1997)) or Medio(1992)) that the average stretching or 
contractingg in the p possible directions equals the largest Lyapunov 
characteristicc exponent LCE. The LCE is defined as: 

^^HK^H) ) 
Attractorss can be characterised by the sign of the LCE's (Medio(1992), 
122): : 
1.. Fixed points:
2.2. Limit cycle: (0,-,...,-) 
3.. T"-torus: (0,..0,-,. ; 0 for n times 
4.. Strange or chaotic attractors: (+,..,+,0,-,...,-) 

Or,, as Hommes(1997, 51) states: "The largest LCE is a measure of the 
sensitivitysensitivity of initial states and the typical long run predictability of the 
system". system". 

Thee different patterns of behaviour of the logistic equation, as seen in 
figuree 3.2, are also observed when the LCE is plotted as the function of 
thee parameter v (figure 3.3). A 'window' is shown for v slightly above 
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3.8.. Other windows wil l be visible for u>3.6, if the distance between 
differentt values of V is taken smaller (see for example, Hommes(1997)). 

-2.55 -L 

Figuree 3.3: The LCE's as function of v, 2<u<4. 

Inn the following chapters the methods of the bifurcation diagram and 
thee Lyapunov characteristic exponent are used to demonstrate the 
occurrencee or absence of chaos. To simulate these models for a large 
numberr of periods (50,000-100,000 or more), the determination of the 
LCE'ss and the bifurcation diagram, a program designed by Medio and 
Gallio,, named DMC (see Medio(1992)) is used. Given the Jacobian 
matrix,, the DMC-program calculates the LCE's for a given system using 
thee original simulation and a newly defined matrix (for details, see 
Medio(1992),, 123/124). For short-term comparisons the spreadsheet 
programm MS-Excel is used, hence the difference in presentation. 

2.33 Empirical problems 

Onee generally accepted condition for the occurrence of chaos is the 
sensitivityy to initial states. A different initial value of a variable 
generatess different time series. In figure 3.4 two simulations are 
shown,, using the same logistic equation with t>=3.83. One simulation 
startss with Xo=0.6, the second with *o=0.59. It is known that in time, the 
systemm wil l settle into a three-period cycle. In the first four periods, 
bothh simulations follow the same path, but start to differ after the fifth 
iteration.. Whereas the simulation using xo=0.6 displays only small 
fluctuations,, the other simulation (xo=0.59) fluctuates largely. After 
somee time, the simulations come close together, but the time paths 
divergee again. Specific to the transient character of chaos in this 
examplee is the 'lock-in' in a three period cycle (not shown in figure 3.4), 
afterr time. There is again a difference between both time paths. The 
simulationss using 0.6 becomes regular at an earlier stage, for *o=0.59 it 
takess a long time before the time series settles in the period-3 cycle. 
Whenn the time path is purely chaotic (t>=4) the pattern of converging 
andd diverging time paths continues. 
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Figuree 3.4: Two simulations with the logistic equation taking different initial values. 

Thee existence of chaos has important implications for modelling, 
testingg and forecasting in economics. 
1.. The problem to distinguish between deterministic 'chaotic data' and 
randomm 'white noise'. Research is done to develop new econometric 
methodss to test for the chaotic dimension of empirical systems. These 
methodss -in general- need (very) long time series, which are not 
alwayss available. Scheinkman(1990) shows the present time series to be 
tooo short to draw conclusions with respect to the existence of chaos, at 
leastt with the estimation techniques available. Grauwe et al.(1993, 185) 
state:: "Several authors come to the conclusion that at least 5000 
uncorrelateduncorrelated datapoints would be required". This partly explains the 
usee of financial data in empirical research of chaos. Share prices are 
registeredd frequently, so large data sets are available. 
2.. Testing and forecasting rely strongly upon the accuracy of the 
empiricall  data, due to the dependence on initial values. As can be seen 
inn figure 3.4 a difference of 0.01 in the measurement of a variable 
causess large deviations between the two simulations. Assuming a 
researcherr to have 'guessed' the right structure of the economy, this 
discrepancyy between the estimations and realisations would cause the 
rightt structure to be rejected. Even if the right structure of a model 
weree accepted by some tests, a small error in measurement would 
resultt in highly unreliable forecasts. Van der Ploeg(1986, 161) 
concludes:: "prediction and control of chaotic economies may be almost 
impossibleimpossible as the qualitative dynamics depend crucially upon the 
structuralstructural parameters and initial conditions and these are typically 
affectedaffected by measurement errors". Yet, Kelsey(1988) reviews research in 
thee influence of unexpected changes on the logistic. He concludes that 
becausee of the addition of exogenous error terms "an infinite number 
ofof orbits are lost. In contrast chaotic behaviour if anything becomes 
moremore common as the noise level is raised. Because of this relative 
sensitivitysensitivity of cycles to random errors, a case can be made for paying 
moremore attention to chaotic solutions than to cyclic solutions" 
(Kelsey(1988),, 14). 
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Testing Testing 
Usingg different tests Scheinkman(1990, 41) shows that it is not possible 
too reject the existence of chaos in many time series (also see the 
evidencee reported in Dechert(1996)). Another research concludes: 
"Thus,"Thus, although we [Grauwe et al.(1993, 243)] find some evidence for 
chaos,chaos, it cannot be said that it is conclusive. There are several possible 
reasonsreasons for the lack of conclusive evidence .. the number of datapoints 
.... noise masks chaos". Serletis and Dormaar(1996) tested for chaos on 13 
seriess of prices such as exchange rates, oil, gold and gas. Applying 
severall  tests, their results are mixed: for some variables the existence of 
chaoss is accepted yet by other tests it is rejected. Other tests and 
empiricall  applications, given in Dechert(1996) and Barnett(1996), 
confirmm these results. 

2.44 Controlling chaos 

Thee control of chaotic systems is still in its early stages of research. An 
examplee given by James Yorke (verbal presentation at Woudschoten, 
1993)) is the distance navigation of a spacecraft, following a potential 
chaoticc course. By small but continuous corrections it was possible to 
keepp its flight within a boundary of the desired direction. In a 
mathematicall  article, Ott, Grebogi and Yorke(1994) show the possibility 
too dampen fluctuations in a chaotic model if: 
1.. the model is unknown, but can be approximated by experiments 
2.. the influence of noise is low 
3.. the model is of low dimension 
Thee method they suggest is the following: given a chaotic system, there 
aree an unlimited number of unstable orbits, which can be preferred to 
thee present state of the system. By choosing an appropriated interval, 
thee system can be stabilised by changing the control parameter. "In 
conclusion,conclusion, we have shown that there is great inherent flexibility in 
situationssituations in which the dynamical motion is on a chaotic attractor. In 
particular,particular, by using only small (carefully chosen) parameter 
perturbationsperturbations it is possible to create a large variety of attracting periodic 
motionsmotions and to choose amongst these periodic motions the most 
desired"desired" (Ott, Grebogi and Yorke(1994), 295). This research is further 
advancedd in the following articles in Ott, Sauer and Yorke(1994). 

Christianoo and Harrison(1997) describe an economy, which is perfectly 
competitivee with linearly homogeneous production functions in 
capitall  and labour. There is an externality with respect to the 
productionn function of the individual firm, which shifts upwards 
whenn average production is high. The economy displays sunspots: "If 
allall  households act on the conjecture that the current period's wage rate 
isis high by supplying more labor services to the market, then the 
market-clearingmarket-clearing wage is high because of the externality on labor. 
Similarly,Similarly, if households act on the conjuncture that next period's 
rentalrental rate on capital is high, by buying more investment goods today, 
theirtheir conjecture will  be validated" (Christiano and Harrison(1997), 5). 

Thee Business Cycle 



3.. The chaotic approach to the business cycle 61 1 

Givenn the possibility of chaos (see for the conditions of chaos 
Christianoo and Harrison(1997)/ section 4), they analyse two kinds of 
counterr cyclical policies, reducing the possible equilibria to one 
equilibriumm with constant production. Firstly, they define a pure 
automaticc stabiliser without distorting effects: a procyclical tax rate rule, 
whichh is zero in equilibrium, which is shown to be sub optimal. The 
secondd policy is that of an automatic subsidy, to internalise the 
externality,, which is proven the optimal solution. 
Byy implementing these policies, the structure of the model is adjusted 
inn such a way that the occurrence of chaos is not possible anymore. The 
secondd automatic stabiliser is, in terms of welfare, superior to the first 
policy.. It depends, however, strongly on an exact knowledge of the 
economicc structure, the absence of which being one of the arguments 
inn favour of automatic stabilisers. It is therefore not clear if automatic 
stabiliserss can be used to stabilise a chaotic economic environment 
beyondd its 'natural' unemployment rate. 

Fromm the above three ways of 'controlling chaos' can be derived: 
1-- by continuous adjustment through exogenous shocks; 
2-- by changing the control parameter within a stable boundary; 
3-- by adjusting the structure of the system to remove the crucial 
non-linearities. . 

Al ll  three methods require a good knowledge of the structure and the 
presentt state of the system. In economics, the first method resembles a 
policyy of active demand management and is subject to the same 
objectionss (Friedman's inside and outside lag, magnitude of the 
adjustment).. Changing parameters, the second method of control, is 
oftenn difficul t in a free market economy, because it requires 
interventionn in the behaviour of economic agents. If the goal of such a 
policyy is unclear or unfavourable, (rational) economic agents wil l try to 
eludee these regulations, whereas the effect on the aggregate economy is 
uncertain.. The last method involves the transformation of the 
structuree of the economy, i.e. by introducing an automatic stabiliser or 
changingg the behaviour of the economic subjects. The policy of 
influencingg economic behaviour is subject to the same criticism as the 
changingg of the control parameter. The reason for implementation of 
automaticc stabilisers is often the uncertainty about the precise structure 
off  the economy, which is one of the mean reasons for not intervening 
withh a chaotic system. 

Concluding,, if the economy can be represented by a mathematical 
chaoticc model, control over fluctuations requires a comprehensive 
knowledgee over the structure and the present, as well as the desired 
statee of the system. Interventions in a system of free markets and 
agentss should take the form of small corrections or the setting of 
structurall  conditions. A 'Grand Design' wil l at least be ineffective or 
evenn enlarge fluctuations. 
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33 Summary and conclusions 

Inn the introduction of this chapter, there was a reminder of the 
controversy,, described in the former chapter, between exogenous and 
endogenouss business cycle approaches. Besides the theoretical disputes, 
mathematicall  and empirical arguments have been used to supply 
argumentss for the stability of the economy. Mathematical models of 
thee endogenous business cycle, as for example the Keynesian 
multiplier-accelerator-modell  or the predator-prey model of Goodwin, 
havee been criticised for: 
-thee specific and narrow parameter range for the critical parameter; 
-thee regularity in both amplitude and period of the fluctuations. 
Randomm shocks in stable models seem to provide a better description 
off  the empirical data. 

Inn this chapter chaos was introduced, using the well-known logistic 
map.. Even in a simple tax-production model erratic fluctuations occur, 
becausee of the non-linearity introduced by the quadratic taxes. Then 
somee general theorems were given, as derived from the extensive 
researchh into the logistic map, followed by some methods to determine 
thee existence of chaos in a non-linear model. 

Empirically,, the property of chaos to resemble 'white noise' poses a 
majorr problem. Firstly, accurate measurement is important: small 
deviationss of the initial value of a variable result in large forecasting 
errors.. Secondly, large data sets are necessary to distinguish 
endogenouss chaos from exogenous disturbances. Given these 
problems,, empirical work cannot reject with certainty the existence of 
chaoss in economic reality, but it cannot confirm it either . 

Too control chaotic systems, there are three methods. Either a variable is 
continuouslyy monitored and corrected through discrete actions within 
certainn boundaries or the crucially non-linearity is removed by 
adjustingg the control parameter(s) or the structure of the aggregate 
system.. The first method requires knowledge of the magnitude of the 
'stable'' boundaries. Corrections that are too small are ineffective, 
correctionss that are too large cause the variable to enter the unstable 
corridor.. Comprehensive knowledge of the properties of the system, its 
variabless and parameters, is required for the second method. For 
economicc systems, this involves also interfering in the behaviour of 
thee economic agents, which is subjected to great uncertainties. 

Afterr this short introduction in chaotic dynamics of the logistic and the 
empiricall  problems they bring about, different theoretical models are 
presentedd in the next chapter. These models generate chaotic 
behaviourr for a number of different (economic) reasons. To give proof 
off  this, the mathematical description of the crucial mechanics is 
reducedd to the logistic. By doing this it is possible to highlight these 
assumptions,, which are mainly responsible for the occurrence of chaos. 
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