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CHAPTERR 4 

CHAOTICC DYNAMIC S IN ECONOMIC THEORY 

"Accounting"Accounting for the pervasive and complex dynamics of market economies 
isis a strong test of theoretical ingenuity and robustness" 
(Jarsulicc (1993), xii) 

11 Introduction 

Thee 'chaotic business cycle theory' accommodates the criticism of Frisch and 
Slutzky,, in the sense that the generated time series are not regular in 
intensityy and periodicity. The claim that business cycles are the product of 
purelyy unpredictable and unexplainable shocks is rejected, because of the 
deterministicc character of the models. Once an economy leaves its 
equilibriumm position, it shows endogenous deterministic, but erratic, 
fluctuationss based on the structure of the economy. 

Inn this chapter, short-term chaotic fluctuations are shown to occur because 
off  different economic assumptions. Firstly, an economy with perfect 
competitionn and utilit y maximising behaviour is analysed (2.1). Chaos can 
alsoo arise in economies with market imperfections, such as imperfect 
competitionn (2.2) and financial imperfections (2.3). Paragraph 3 analyses 
chaoticc growth. Chaotic dynamics are also used to explain dynamic 
behaviourr in other economic fields such as regional economics, 
environmentall  issues, exchange rates and game theory. However, since this 
thesiss is about macro-economic fluctuations these other applications are not 
treatedd here (see for references: Puu(1989), Grauwe and Dewachter(1993) and 
Grauwe,, Dewachter, Embrechts(1993), Rosser(1991)). 

Thee mathematical form of the different models presented in this chapter is 
adjusted,, so the dynamics can be described by using the logistic equation1. 
Somee models have already shown to generate chaotic fluctuations, others 
(especiallyy the financial models in sub-section 2.3) have not. The object of 
thiss chapter is to determine the essential requirements for chaotic 
fluctuations,, using the original assumptions; it is not to determine the 
existencee of chaos for a broad range of mathematical versions of these 
models. . 

ll nn the following we will often refer to the logistic equation, or logistic map as it is called as 
"thee logistic". See chapter three for the mathematics. 
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2.. Chaos and the business cycle 

2.11 Chaos with perfect competition and perfect information 

Thee overlapping generations model has become a major vehicle for 
intertemporall  analysis in the last two decades2. This type of model assumes 
aa choice theoretic foundation: economic subjects optimise their utility , 
havingg perfect foresight. Al l prices are flexible, so markets clear at all dates. 
Generally,, overlapping generation models exhibit stable steady states under 
thesee assumptions. To generate fluctuations, they depend on exogenous 
shocks.. The discovery of chaos in this type of model was seen as an 
importantt critique of the new- and neo-classical models. 
Grandmont(1985,, 996-997) states: "The purpose of this work is to 
demonstratedemonstrate that, by contrast to currently accepted views, a competitive 
monetarymonetary economy of which the environment is stationary may undergo 
persistentpersistent and large deterministic fluctuations under laissez faire; that these 
cyclicalcyclical fluctuations may display moreover the sort of correlation's that 
recentrecent Classical macroeconomic models have sought to incorporate, even 
underunder complete information, without having to make the ad hoc 
assumptionsassumptions that cycles are due to exogenous shocks; and finally, that the 
Government,Government, in the face of such autonomous deterministic fluctuations, 
hashas in principle the power to stabilize the economy by implementing simple 
deterministic-anddeterministic-and publicly known-countercyclical policies". 

OverlappingOverlapping generations and chaos 
Inn 1973, David Gale presented a paper on overlapping generation models, in 
whichh he made a distinction between two kinds of economies: 
aa Samuelson economy, in which the young want to transfer value to the 
nextt period (positive savings), and 
aa classical economy, where the young dissave and refund when old 
(negativee savings). 

Benhabibb and Day(1982) use a non-monetary exchange economy, similar to 
Gale(1973),, to explain the business cycle. Benhabib and Day(1982, 42) "show 
[forr the classical case] that cyclical trajectories may oscillate without ever 
convergingconverging to a cycle of any order", if the utilit y function satisfies the 
"sufficient"sufficient substitutability condition" (Benhabib and Day(1982), 44). They 
show,, furthermore, the equivalence between an exchange economy and a 
monetaryy economy. The Samuelson economy is not explicitly treated 
becausee the forward dynamical path is not uniquely determined. Given a 
preferredd level of loans, the choices of the old and young generations can 
conflict.. Grandmont(1985) uses an overlapping generation model with 

^Seee for example Fürstenberg (ed.), von Mv Social Security versus Private Saving (Cambridge, 
1979)) and Part 4: Debt neutrality and financial "crowding out' in Buiter, W., Macroeconomic 
TheoryTheory and Stabilization Policy (Manchester, 1989) for theoretical and empirical work on 
Ricardiann equivalence and bequests, see for an survey Blanchard and Fisher(1989) and 
Weddepohl(1990). . 
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labourr (leisure) and consumption in the utilit y function, in contrast with 
Gale(1973)) and Benhabib and Day(1982) who only incorporate consumption 
inn the utilit y function. Grandmont(1985) describes the occurrence of chaos in 
thee Samuelson case. The positive demand for money requires the expected 
reall  interest rate to be above the ratio of marginal indirect utility . The same 
methodologyy as in Benhabib and Day(1982) can be used to prove the 
existencee of chaos using backward-looking dynamics (solving the model 
backwards,, starting at t=k reasoning back towards f=0 (for details, see 
Grandmont(1985),, 1007, Weddepohl(1990), 294)). To prove the appearance of 
chaoss in a forward-looking way, Grandmont(1985) turns his attention to the 
processs of learning. The summary in this section is based on 
Weddepohl(1990).. Using the logistic equation, both the Samuelson and the 
classicall  case are shown to exhibit chaotic behaviour. 

TheThe model 
Thee following assumptions are made: 
-- there are two generations alive in every period (y for young, o for old); 
-- the individual lives for two periods (t, t+1); 
-- people consume a single perishable good (cf); 
-- the individual receives an endowment, divided over the two periods of 
hiss or her life: w=(wy, w°); 
-- income is saved, using money (m) as means of storage; 
-- the endowments are equal for all generations (zov=wy't=wV'r+i=.., 
ww00=w=woo

-- there is perfect foresight, the expected value of pt+\ equals the actual price 
inn f+1. 

Too simplify the representation below (population) growth is ignored, 
contraryy to the models mentioned above. Al l individuals are assumed to 
havee the same preferences, so the economy can be modelled as if there are 
onlyy two individuals: a young and an old consumer. Firstly, the individual 
decisionn process is modelled. The possibilities of the young consumer are 
boundedd by its lifetime endowment. The budget constraint of a consumer 
bornn at Ms in the first period of her life: 

ppttccyy
tt +mt = ptw

y (4.2.1.1) 

Inn the second period, the consumer is constrained by: 

PtPt++ icli=rnicli=rn tt+p+p t+1t+1w°w° (4.2.1.2) 

InIn the first period, being young, the consumer can consume more or less 
thann her endowment. Consuming less than first period income wil l result 
inn (nominal) monetary savings (m^>0), consuming more is financed by a 
(nominal)) credit account provided by some sort of financial institution 
(mf<0).. Gale(1973, 27-30) and Benhabib and Day(1982, 49) give examples of 
severall  different institutional arrangements. 
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Combiningg equation (4.2.1.1) and (4.2.1.2) using the definition of excess 
demandd (z~w-c) gives the intertemporal budget constraint: 

2 y + z ° + 11 = 0 (4.2.1.3) 
Pt Pt 

Thee consumer maximises an utility function 

(u(z(u(zyy
tt,z°,z°t+t+ XX with: ^ - = W>0;  ̂ = U° >0), subject to (4.2.1.3). This gives 

\\ ' dzf dzt 

thee usual first order conditions, with V = the indirect utilit y function: 

MlMl==  = l (4.2.1.4) 
WW pt v 

Thee consumer equates the marginal utilit y ratio to the price ratio over the 
twoo periods, whereas the ratio between marginal utilit y is given by 1/V. The 
steadyy state requires V=l , giving equal marginal utilit y for both periods, so 
thee price level does not change. 

Thee goods market clears, so the market clearing condition (the material 
balancebalance constraint in the terminology of Benhabib and Day(1982)) in period t 
is: : 

ppttcf+pcf+pttcf=pcf=ptt^+p^+pttw°w° (4.2.1.5) 

Usingg the definition of excess demand, dividing by ptf this can be written as: 

-z°-z°tt = z? (4.2.1.6) 

Forr the supply and demand of the good to be in equilibrium, (dis)savings of 
thee young generation have to be equal to the (dis)savings of the old 
generation.. The real savings of the old generation are given, predetermined 
byy decisions in the former period. The savings of the young generations 
havee to adjust to the 'old' savings, clearing the goods market. The savings 
whenn young and when old depend upon each other, so the dynamics in this 
modell  can be solved by replacing &t with z°t+\. The savings of the old 
generationn in period t+l  can be written as a function of the savings of the 
oldd in t using (4.2.1.3), (4.2.1.4) and (4.2.1.5) to derive the dynamics of the 
model: : 

"t+i "t+i == Vz°t (4.2.1.7) 

Benhabibb and Day(1982) prove the existence of chaos in the classical case 
(z°>0),, defining conditions on V, which is labelled the "sufficient 
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substitutabilitysubstitutability condition". They give some examples of utilit y functions 
whichh satisfy the conditions for chaos (Benhabib and Day(1982), 44-46). 

Grandmont(1985,, 1023) shows the occurrence of chaos in the Samuelson 
casee (z°<0), concluding "the more a trader's relative degree of risk aversion 
increasesincreases as he gets older, the more likely is the emergence of cycles". 
Weddepohl(1990)) gives a survey of these models. 

AA logistic interpretation of zt+i 
Ass stated above, the objective of this subsection is not to show the existence 
off  chaos for a large class of utility functions, but to show how the 
conclusionss of Benhabib and Day(1982) and Grandmont(1985) can be reached 
inn a simpler model that incorporates the logistic equation. The model is 
solvedd using the indirect utilit y function V, which represents the price ratio 

(pt+i/pt),(pt+i/pt), instead of using the utilit y function,U\zf ,z°+1). By assuming V to 

bee a linear function, the problem of undetermined behaviour in the case of 
forward-lookingg perfect foresight dynamics is avoided (see 
Grandmont(1985),, 1007). As in the literature a distinction has to be made 
betweenn the classical (Vc) and the Samuelson case (Vs). 

Inn the classical case, z°>0. The price ratio should be such that the agents, who 
aree young in t, are prepared to spend more than their income (zy<0), 
financingg this excess demand with the repayments of debts of the generation 
thatt is old at t (zy=wy-cy=-(w°-c°)=-z0). As the debt payments of the old 
generationn in t rises, the young generation has to be induced to spend more, 
soo the relative price of the good in t has to decline relative to the price in 
M-l.. Assume Vc to takes the form of: 

VVcc = p(a-yz?) (4.2.1.8) 

Equationn (4.2.1.8) states that marginal utilit y of the young generation 
decliness when the predetermined level debt offered by the old generation 
rises.. Equation (4.2.1.4) gives the accompanying price relationship. When 
thee old generation uses a large part of their income to reimburse their debts, 
thee demand for goods declines. This induces a decline in the price level, pt. 
Presentt consumption becomes cheaper, compared to future consumption, so 
thee younger generation makes more debts, compensating for the decline in 
consumptionn of the old generation. Marginal utility , defined in this way, is 
consistentt with the conditions as in Benhabib and Day(1982): utilit y rises 
withh young consumption, but at a declining rate in cV. The parameter j8 
measuress the reaction of the young generation. Substituting (4.2.1.8) in 
(4.2.1.7)) gives the intertemporal dynamics, the familiar logistic: 
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Inn the Samuelson case, savings in the young period are positive (zy>0), so 
consumptionn in old age is above income (z°<0). Equation (2.1.8) wil l cause 
thee model to become unstable. This equation is therefore replaced with: 

VVss=^(a=^(a + yz°) (4.2.1.10) 

InIn contrast with the former case, the old generation consumes more than 
theirr income, because of the positive savings in the former period. A rise in 
z°,z°, a decline in savings in the young period, wil l lead to a decline in 
consumption.. Analogous to the former case, this induces a rise in the 
presentt price relative to the future price. Equation (4.2.1.10) gives the 
dynamicc equation3: 

z?+ii  =/&?(« + !*?) (4.2.1.11) 

Thee sensitivity of the consumption of the young for savings of the old is 
againn given by /?. In both cases, the possibility of fluctuations depends 
positivelyy on the importance given to old age consumption, as in 
Grandmont(1985). . 

Thee description above confirms the findings of Benhabib and Day(1982) and 
Grandmont(1985).. It shows that relatively simple reactions in a world not 
unlikee that of the new classical economics (rational, utilit y maximising 
consumers;; flexible prices) can lead to endogenous chaotic fluctuations 
withoutt monetary or technological shocks. 

ExtensionsExtensions of the original model: production and preferences 
Inn the Grandmont-model, as in the model above, there is no explicit 
productionn function. Income is earned in exchange for labour without a 
processs of transformation. Benhabib and Laroque(1988) develop a model 
withh an explicit production function. Reichlin(1986) and }ulien(1988) 
developedd other models, also using a production function. For more 
exampless see Benhabib and Laroque(1988) and Baumol and Benhabib(1989). 

Thee conclusion by Benhabib and Laroque(1988) is that cycles (and chaos) are 
possiblee in two cases. The first case is when the savings are a declining 
functionn of the interest rate, as in Grandmont(1985). This requires the 
substitutionn between the factors of production to be low. In the case of a 
positivee relationship between the interest rate and savings, cycles are 
possiblee when there is sufficient complementarity in the production 
function.. The cycle, as described by Benhabib and Laroque(1988), starts from 
aa positive deviation between the actual capital accumulation and the 
accumulationn in equilibrium (see Benhabib and Laroque(1988), 149). 

ss gives the logistic equation using the following transformation: 

byy taking TP=-X (remember z°<0), rewriting (2.1.11) as xr+I = 0r,(a-)«,). 
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Thee real yield on capital declines. The value of money in terms of the 
producedd good also declines, so the price of the good rises. This inflation 
increasess profitability. Capital accumulation grows faster because of the rise 
inn profitability and the demand for labour becomes larger than the 
(exogenous)) supply. Wages rise above the equilibrium wages and stimulate 
demandd for goods. The inflation, however, lowers real cash balances, which 
depressess demand. When the real cash balances decline below their 
equilibriumm level, savings are held in the form of money, not in real capital. 
Thee combination of a lower demand and inflation depresses real 
profitabilityy on capital, so accumulation declines. The cause of the cyclical 
adjustmentt is the interaction between the distribution of income and the 
reall  balance effect. 

Vilder(1996)) analyses a two-dimensional overlapping generations model 
withh productive investment and capital accumulation in which current 
leisuree and future consumption are gross substitutes. To model production 
hee uses a Leontief production function and a CES utilit y function to model 
thee consumption-leisure decision. This leads to a second order difference 
equationn in production: yt+2=fiyt+\>Vt)-  Vilder(1996), then, shows the 
occurrencee of complex dynamic behaviour in the neighbourhood of the 
autarkicc steady state, depending on the degree of substitution in the CES 
utilit yy function. 

Medioo and Negroni(1996) show the existence of different 'routes to chaos' by 
usingg numerical analysis and simulations. They analyse four variations of 
thee overlapping generations models with production. These variations of 
thee base model are derived by making different assumptions with respect to 
preferencess and technologies (/=labour, fc=capital, c=consumption quote, 
M=utility ,, others parameters). As to the first period utilit y they assume either 
constantt absolute risk aversion (CARA: u(c) = -re~c) or constant relative risk 
aversionn (CRRA: u(c) = a~lca; 0<a <l). Production takes place using a Leontief 
technologyy (f(l,k) = mm(al,bk)) or a CES technology 

(f(n)) = a[Sn-p +1 - ö]'1'";  n = = //it). 

Medioo and Negroni(1996) conclude that the possibility of erratic fluctuations 
iss independent of an inverse relationship between savings and the interest 
ratee (taking 0<c<l in all versions) and of the fixit y of the factors of 
production,, although chaos only occurs for low levels of substitution: "the 
possibilitypossibility of defining forward dynamics crucially depends on the choice of 
thethe utility function for consumption in the second period, whereas the 
occurrenceoccurrence of complex dynamics also depends on the interaction of the 
utilityutility  function for consumption in the first period and the production 
function"function" (Medio and Negroni(1996), 3). 

Thee models discussed here are neo-classical in the sense that they assume 
pricee flexibilit y and perfect competition. This is done to obtain compatibility 
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withh new classical models. A drawback of these models is the high level of 
abstraction,, making them vulnerable to the criticism of non realistic 
assumptionss and the verdict that "Each time period has to be interpreted, 
empirically,empirically, as equivalent to 30-40 years which makes it impossible to define 
observableobservable counterparts for the variables of the model" (Boldrin{1988), 63). 
Inn the following two paragraphs fluctuations are generated in models that 
introducee market imperfections. 

2.22 Chaos with imperfect competition 

Althoughh the overlapping generations model provides a general framework 
off  research, the assumptions are very restrictive and unrealistic 
(representativee agents, perfect foresight, clearing markets). Markets are often 
characterisedd by imperfect competition. This can also be a source of chaotic 
fluctuationss as shown by Rand(1978), who modelled a duopoly. A firm 
choosess a level of production, which maximises profits, given the reaction 
off  the competitor. This reaction curve is assumed to be a non-linear hill -
shapedd function (as the logistic). Rand shows that chaotic dynamics are 
possible. . 

Vann Witteloostuijn and van Lier(1990a, b) extend the Rand(1978)-model in 
twoo ways. Firstly, they give a rationalisation for the non-linearity of the 
reactionn function. Secondly, Rand assumed the monopolistic production (qm 

inn figure 4.1) to be zero, whereas van Witteloostuijn and van Lier assume 
qqmm to be above zero. Since the last assumption does not influence the 
dynamics,, the description of the van Witteloostuijn-van Lier model below 
concentratess on the first extension of the Rand(1978)-model. Since, the 
dynamicss of the logistic equation have been discussed in chapter three, this 
sectionn concentrates on the rationalisation for the behavioural assumptions. 
Thee equations used by Witteloostuijn and van Lier( 1990a) are quoted, but 
thee mathematical proof is omitted (see Van Witteloostuijn and van 
Lier(1990b)). . 

Assumee a new firm (labelled j , production is given by q) to enter a 
monopolisticc market. The (former) monopolist (i) has two possible 
strategies. . 
A.A. Strategic complements 
Givenn the short-term capital stock, the monopolistic firm can enlarge its 
productionn above the present production, to drive out the entering 
competitor.. This expansion is possible up to a certain level. Above this level 
off  production expansion stops either because of full utilisation of the capital 
stockk or as losses on sales become prohibitive. 
B.B. Strategic substitutes 
Thiss alternative strategy assumes the former monopolist to be less 
aggressive.. The firm decides to 'share' the market with the entering firm. 
Productionn is decreased in reaction to the entering of the new firm. 
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Vann Witteloostuijn and van Lier(1990a) combine strategic substitutes and 
complementss and define the following behaviour of the monopolistic firm 
(seee figure 4.1a). When the newcomer's production at the time of entry is 
beloww cfj*, the former monopolist increases its production above the 
monopolisticc level Cjm, using its excess capacity. As the production of the 
monopolistt approaches q1*, the production capacity reaches its upper limi t 
orr losses become prohibitive. When the newcomer chooses a production 
levell  above qj*, it does not benefit the old firm to behave aggressively. The 
monopolistt chooses to become an accommodator and reduces its 
production.. The reaction function, rl, in figure 4.1a is a logistic, following 
thee expose of van Witteloostuijn and van Lier4, in which the control 
parameterr measures the sensitivity of the production of the old firm i to the 
productionn of the new firm;'. 

7 1 1 

"2 "2 

m m 

" V V 

y y 

<?22 D 

Figuree 4.1: Action and reaction with imperfect competition. 
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Too determine the adjustment process, the behaviour of the new firm has to 
bee defined. Van Witteloostuijn and van Lier(1990) propose three different 
possiblee behavioural assumptions. 

^Too describe the behaviour of firm i they use q' =l-oi  q! -l + -y= . Compare Collet and 

Eckmann(1980)) who use xM = l - ex). 
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First,, assume the new firm to be an imitator. When the former monopolist 
increasess its production, the new firm follows. The reaction function of the 
enteringg firm ƒ can be described as: 

r>(<7')) = <7' (4-2.2.1) 

Thee reaction function can be drawn in the same qi-q* space as the reaction 
functionn of i. This is the 45°-curve in figure 4.1b. Assume firm ;' to enter 
withh quantity qio- Firm i reacts with a rise in production from qm to qjj. 
Followingg (4.2.2.1) firm j imitates this quantity. The reaction of firm i is qii, 
andd so on. It is clear, from the expose in chapter three, that given certain 
valuess of the control parameter cyclical, aperiodic and chaotic behaviour is 
possible. . 

AA second behavioural assumption made by van Witteloostuijn and van 
Lier(1990a,, b) is the case of the entrant as accommodator. The new firm 
adjustss its behaviour to the monopolist (see figure 4.1c). The two firms 
'share'' the market, with total production remaining constant. Take total 
productionn to be normalised to one, the reaction function is given by: 

r V )) = W=<7 ; (4-2-2.2) 

Assumee the new firm to enter with a production above the quantity for 
whichh qi=qi, for example qi0 in figure 4.1c. Firm i reacts with a rise in its 
productionn from qm to qlj. This aggressive behaviour leads to a reduction in 
j'sj's production to q)\, and further. The way production moves in the long 
runn (to the equilibrium or a (un)stable cycle) depends on the slope of 
reactionn function r' in the intersection point with ri. 

Thee last case treated by van Witteloostuijn and van Lier(1990a, b) is the case 
off  two similar reaction functions (see figure 4.Id). When the old firm 
increasess its production, the new firm follows as long as the new production 
levell  lies below some optimal level (behave like the imitator), above this 
levell  the new firm behaves as an accommodator, lowering its production. 
Vann Witteloostuijn and van Lier(1990a, b) prove that chaotic behaviour can 
exist.. Which state occurs, the long-term equilibrium (in one of the three 
pointss of intersection) or (un)stable cycles, depends, as before, on the 
parameterss of the reaction functions, but also on the initial values of the 
production. . 

EmpiricalEmpirical problems 
Ass important as the occurrence of chaos on the microeconomic level, due to 
thee assumed market imperfections, is the disappearance of chaos on a 
macroeconomicc level. 
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Whenn the new firm imitates the old monopolist, chaotic behaviour of the 
monopolistt causes the imitator to behave in a chaotic way. Macroeconomic 
production,, then, also exhibits chaotic fluctuations. 
Inn the case of the accommodator, firm i enlarges its production when the 
productionn of the former monopolist is low and vice versa, macroeconomic 
productionn wil l not change (Van Witteloosruijn and van Lier(1990b), 178). 
Highh production of one firm wil l be compensated by a low level of 
productionn of the other firm. If both firms behave in a chaotic way, in the 
casee of similar reaction functions, it is not clear what happens to 
macroeconomicc production. In some periods a high production of one firm 
iss neutralised by a low production of the other. In other periods a high or 
loww level of production of one firm wil l be enforced by the behaviour of the 
other.. For long periods macroeconomic production may seem to be stable, 
whereass the microeconomic behaviour is chaotic. The absence of chaotic 
fluctuationss in macroeconomic data does not prove the absence of chaos on 
aa microeconomic level. 

2.33 Financial chaos 

2.3.11 Financial markets 

Inn this section perfect competition is assumed again. The models above 
soughtt the source of fluctuations in the real sphere. Another sector in which 
chaoss theory is used to explain fluctuations, is the financial sector. The 
hecticc fluctuations in share prices can be explained particularly well using 
deterministicc chaos and much empirical work benefits from the long series 
off  data generated by financial markets (see section 2.3 in chapter three). 

Aiyagari(1988)) explains the prices of shares from a non-linear model in 
whichh a relationship exists between the actual and expected stock prices. Van 
derr Ploeg(1986) also reaches a quadratic relationship between present and 
futuree prices in financial markets, based on rational utilit y maximisation 
behaviourr of the lenders choosing between a one period bill and perpetual 
bonds.. The bifurcation parameter depends on the structural parameters (the 
degreee of risk-aversion, the degree of risk on bills) and policy variables (the 
couponn on bonds, the supply of bonds, the average discount factor). Changes 
inn preferences or policy can cause a stable model to become unstable and 
(givenn large enough changes) the occurrence of chaos. The dependency on 
policyy variables also increases the possibility for the monetary authorities to 
counteractt destabilising changes in preferences or exogenous changes in risk. 

AA second line of research in the financial markets concentrates on the 
heterogeneityy of expectations and behaviour of agents. Day and Huang(1989) 
andd Huang and Day(1989) distinguish three kinds of investors. Each group is 
characterisedd by its attitude towards risk and yield. This difference in 
behaviourr can account for the (chaotic) fluctuations in the prices of shares. 
Brockk and Hommes(1996a, 1996b) develop the concept of 'adaptive belief 
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systems',, referring to Keynes' animal spirits: "stock prices are not only 
determineddetermined by fundamentals, but in addition market psychology and 
investors'investors' animal spirits influence financial markets significantly" (Brock 
andd Hommes(1996b), 3). In their models, beliefs if) are modelled as (Brock 
andd Hommes(1996b)/ 10): 

fhtfht = ghxt-i+h 

With: : 
ƒƒ = beliefs 
hh = kind of agent 
tt = t ime 
xx = deviations of fundamentals 
gg = trend 
bb = bias of agent h 

Differentt kinds of traders use different predictors: fundamentalists assume 
g=b=0;g=b=0;  trend chasers take b=0; whereas some agents are purely biased, g=0. 
Brockk and Hommes(1996b, 22) conclude: "The bifurcation routes that occur 
seemseem to be closely related to the type of trader that dominate the market". 
Nott only the existence of different kinds of traders is a source of instability, 
alsoo the possible switching of predictor can explain part of the erratic 
behaviourr of share prices. Fundamentalists seem to stabilise the prices, 
whereass the other traders have a destabilising influence. This result is 
confirmedd by Grauwe, Dewachter and Embrechts(1993, 73), who analyse an 
exchangee rate model with fundamentalists and chartists (trend chasers). The 
occurrencee of chaotic dynamics poses a serious problem for both traders and 
researchers,, because "the chaotic dynamics considerably obscures the effects 
ofof fundamental variables on the exchange rate, this makes it very difficult ... 
toto detect the influence of fundamental variables on the exchange rate or to 
useuse them for predictive purpose" (Grauwe, Dewachter and Embrechts(1993), 
163). . 

Nonee of the models presented below uses the logistic equation. After 
introducingg the original model, the models are rewritten in terms of the 
logisticc equation to describe the dynamics, while preserving the economic 
contentt of the original articles. 

2.3.22 Finance and production 

Althoughh the models in this section search for the source of the fluctuations 
inn the monetary sphere, they deviate from the models mentioned above in 
twoo ways. Firstly, they assume an explicit relationship between financial 
fluctuationss and the real sphere. The second difference is ideological. The 
interactionn between the financial and real sectors is based on the perception 
onn the process of capital accumulation. Foley(1986) defines the cause of the 
cyclee as follows: "In the circuit of capital framework, [the capitalist crisis as 

Thee Business Cycle 



4.. The chaotic approach to the business cycle 75 5 

historicall  phenomena] can be expressed as systematic changes in the 
underlyingunderlying parameters of the accumulation process, the markups, 
capitalizationcapitalization rate, and time lags in production, realization and finance. 
TheseThese changes in parameters must force the system off its path of steady 
state",state", [so he concludes:] "In mathematical terms this type of explanation of 
crisiscrisis involves studying the non-linear relations among the parameters of 
thethe circuit of capital and between those parameters and capital accumulation 
itself'itself' (Foley(1986), 48). 

Profits,Profits, interest rate and liquidity 
Foley(1987)) models the relationship between monetary growth, investment 
andd the business cycle. To do so, he assumes there to be no constraints on 
resourcess for production. Furthermore, the wage rate is given and consistent 
withh the given profit rate on sales. Firms are maximising profits and 
identical.. Lastly, the price level is assumed to be constant. 

Firmss produce a homogenous output, using capital, labour and 
intermediaryy products. The stock of inputs is labelled the 'productive capital' 
off  the firm. Sales of the final product represent a decline in the stock of 
productivee capital and result in a rise of monetary assets. To obtain new 
productivee capital, the firms spend on capital outlays, which reduces the 
stockk of monetary assets. Foley assumes the cash balances to take the form of 
depositss with the banking system. Instead of financing the investments out 
off  their deposits, firms can borrow funds at the banks and from other firms. 
Firmss hold financial assets, which are the result of lending to, or borrowing 
fromm other firms. Finally, the monetary assets change because of interest 
payments. . 
Givenn sales and the interest rate, firms determine the capital outlays and the 
amountt of lending and borrowing to maximise their profits on sales. 

Too solve the model, two assumptions have to be made. Firstly, total wage 
incomee is consumed and all profits are reinvested. Since wage payments are 
partt of the capital outlays, for the aggregate economy total sales (5 = 
consumptionn + investment) equal total capital outlays (C- wages + 
investment). . 
Secondly,, the interest rate is determined by equilibrium at the market for 
loanablee funds: 

bb = I + Am 

With: : 
bb = borrowing 
// = lending 
Amm = growth rate in monetary assets 
(alll  as ratio of production, X) 
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Usingg the aggregated balances of firms and banks, Foley determines the 
followingg dynamical equations for the economy (variables and parameters 
ass in Foley(1987)): 

mm = (g-r)m (4.2.3.1) 

Thee monetary assets, the liquidity of the firms, grow with an exogenous 
growthh rate, g, minus the rate of investment, which is equal to the profit 
ratee (r=qS/X, r=profit rate; ipexogenous profit rate on sales (S)). 

Thee growth of financial assets equals net borrowing (b-gm; with b assumed 
too depend on the gap between the rate of profit and the interest rate (p=r-i) 
andd liquidity of the firms (m)), minus the costs of borrowing. 

==  a[r,m+f]-r  (4.2.3.3) 

Thee rate of profit increases with an increase in sales, which is equal to the 

risee in capital outlays («[..] = % , depending on the profit rate and a 
financiall  constraint as represented by the total debt of the firms (m+f)) 
minuss the rate of investment. 

Thee conditions for the steady state follow from (4.2.3.1), (4.2.3.2) and (4.2.3.3): 

gg = a (4.2.3.4a) 

Investmentt equals the growth rate of liquidity. When the rate of investment 
iss above (below) the growth of monetary assets, net borrowing is positive 
(negative),, which raises (decreases) the interest rate, reducing (stimulating) 
investment. . 

r=gr=g  (4.2.3.4b) 

Becausee all profits are reinvested, the profit rate has to be equal to the 
growthh in liquidity for the firms to absorb the additional monetary assets. 

m+fm+f = - (4.2.3.4c) 
g g 

Totall  debt owned by firms (d=m+f) has to be equal to the amount of desired 
borrowingg to finance investment. 
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Foleyy shows that the stability of the model depends on: 
-- the elasticity of the demand for debt to the growth of the money supply; 
-- the elasticity of the growth of capital outlays to the profit rate; 
-- the elasticity of the growth of capital outlays to the liquidity of the firms. 

Thee growth of the money supply has to equal the growth in investment as 
cann be seen in (4.2.3.4a), otherwise there wil l be a shortage of liquidity, which 
increasess the bank rate. Foley assumes a to depend on r and tn+f. He 
describess the dynamics of the firms as follows (Foley(1987), 372): "Starting 
fromfrom a low profit rate, liquidity increases because the profit rate [ investment] 
isis below the growth rate of money. As a result of the increase in m, the 
interestinterest rate falls further below the profit rate, and borrowing increases. 
SinceSince borrowing creates financial assets for lending firms, ƒ also increases in 
thisthis phase. Firms are becoming more liquid. Eventually this liquidity leads 
themthem to expand their capital outlays at a rate higher than profits. Since 
capitalcapital outlays are the source of aggregate demand, this leads to a rise in 
sales,sales, an increase in the rate of turnover of productive capital, through the 
declinedecline in inventories and increase in the rate of utilization of fixed capital, 
andand hence a rise in the rate of profits. As the rate of profit rises, it exceeds the 
growthgrowth of money, and m starts to decline. In this phase of the cycle the 
interestinterest rate rises more rapidly than the profit rate, so that the gap between 
themthem becomes narrower". 
Thee narrowing of the gap between the interest rate and the profit rate 
decreasess the demand for financial assets, so aggregate demand and liquidity 
decline.. If liquidity declines, the expansion turns into a depression. During 
thee depression the profit rate declines below the growth rate of the money 
supplyy and liquidity starts to rise: the expansion wil l take turn. 

Foley(1987)) describes the occurrence of a two-period cycle. However, other 
typess of dynamics are possible. To show this in the original model is 
complexx because both variables as parameters are changing in this model. 

Iff  the evolution of liquidity (m) and the debt-production ratio (ƒ) are 
assumedd to depend on the evolution of the profit rate, r, it is possible to 
reducee the model to a one-dimensional model. From (4.2.3.3), it follows that 
changess in the profit rate depend on the difference between changes in the 
capitall  outlays and the profit rate. When production is not continuous, but 
takess place in discrete periods, it is reasonable to assume changes in the 
profitt rate to take the form of Ar = rt+l  - rt. 
Too simplify the model, it is assumed that it is valid to rewrite (4.2.3.3) in a 

__ f 
discretee version. Using a new variable r = -, equation (4.2.3.3) can be 

writtenn as: 

nn++  (4.2.3.5) 
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Equationn (4.2.3.5) is equal to the logistic in section two with a+\ equal to v: 
thee appearance of chaos depends on the level of the reaction of capital 
outlayss to profits and liquidity. 

Ass seen there, chaotic dynamics are possible. Assume a slow adjustment of 
thee changes in the capital outlays (C), a can be taken constant. This is not 
necessary,, but for the model to remain stable, a has to be between 0 and 3. 
However,, changes within this range make it harder to derive the structure 
off  the model from empirical data. It enforces Kelsey(1988)'s remark on the 
largerr possibility of chaos in a structurally unstable environment (see 
sectionn 2.3, chapter three). 

ConfidenceConfidence and loans 
Frankee and Semmler(1989) follow another direction in this field. The cause 
off  fluctuations in their model is not the objectively observed mismatch 
betweenn the internal profit rate and the external interest rate, as in Foley's 
model,, but the subjective perception of the future (animal spirits). 

Ass Foley, they assume the wage share in income to remain constant, so 
adjustmentss fall onto the profit rate, r. Equilibrium in the goods market is 
describedd using an IS-function. Money market equilibrium is given by a LM-
function.. These are: 

' SS = I S ( ' ^ M ) (4.2.3.6) 
lMlM = lM(l,p,r,i) 

With: : 
II  = ratio of loans of firms to the nominal capital stock; 
pp = state of confidence; 
rr  = net profit rate 
ii  = interest rate on bank loans and deposits 

Equilibria Equilibria 
Generall  equilibrium, equilibrium on both goods and money market, is the 
resultt of changes in the profit and interest rate following deviations between 
demandd and supply. The profit rate adjusts so the goods market (IS) is in 
equilibrium,, the interest rate equalises demand and supply on the money 
markett (LM). This short-term equilibrium is not necessarily consistent with 
thee long-term equilibrium. In the short run both the state of confidence (p) 
andd the ratio loans/capital stock (/) are assumed to adjust slowly, so they can 
bee taken constant. Franke and Semmler(1989, 4) abstract from other 
determinantss of investment such as the rate of utilisation and profits: "For 
simplicity,simplicity, and in order to fully concentrate on the role of expectations in a 
macrodynamicalmacrodynamical model". Confidence (p) varies with the debts of the firm 
(approximatedd by I), the profit rate relatively to the yield on riskless assets (r-
i)i)  and the state of confidence itself. 
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Long-termLong-term dynamics 
Frankee and Semmler show the existence of a limi t cycle, using the following 
model: : 

'=SH'WPM') )) (4237) 
pp = v(l,r-i,p) 

With: : 
h(p)h(p) = investments 
s(r)) - internal savings 
«(/)) = part of investments financed through loans 

Thee first part of (4.2.3.7) shows changes in the loan to capital stock ratio to be 
dependentt on the level of investment and the internal and external 
financingfinancing of investment. As with the psychological theories in chapter two, 
confidencee (or optimism) increases investment. When the rise in 
investmentt requires more funds than accumulated through business, the 
loann to capital ratio rises. However, the part of investment that can be 
financedd through external funding is limited by the amount of outstanding 
debtt to the present capital stock (the loan-capital stock ratio). 
Thee second equation of (4.2.3.7) determines the changes in the state of 
confidence.. This depends negatively on the loan-capital stock ratio, since the 
riskk of bankruptcy rises as more of the capital stock is financed externally. 
Thiss effect can be partly offset as the profit rate is above the interest rate, paid 
onn loans, or when the confidence in the state of affairs is high. 

Thee interaction and the hysteresis-effect (dl /dl > 0; dp/dp>Q) cause the 
confidencee and the loan-capital ratio to behave in a cyclical way. 
Startingg in an upswing, optimism creates rising confidence. Sales increase 
liquidityy of the firms, raising the rate at which confidence rises. Investment 
wil ll  increase faster than profits, so the loan-capital ratio, /, rises. This does 
nott diminish the rise in confidence as long as the profit rate is above the 
interestt rate. 
Too maintain the short-term equilibrium in the money market, the interest 
ratee wil l start to rise. This depresses demand, whereas supply increases as 
investmentt increases the production potential: this puts a downward 
pressuree on profits. The short-term adjustments decrease the rise in 
confidence.. The decreasing rate of growth of confidence is one of the major 
factorss causing optimism to turn into pessimism. Once confidence starts to 
decline,, so does investment. Following the decrease in investment, demand 
andd supply decline. The economy moves towards a state of depression. 
Duringg the depression liquidity of the firms rises and the level of the loan-
capitall  ratio declines, because of the low level of investment. Short-term 
adjustmentss cause the interest rate to decline. When the interest rate is 
beloww the (declined) profit rate, confidence wil l be slowly regained. This 
optimismm bears the nucleus of a new recovery. As Franke and 
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Semmler(1989)) state: "On the whole, however, the contracting forces, 
generatedgenerated further away from the equilibrium, keep the fluctuations in a 
boundedbounded interval whereas the repelling forces about the long run 
equilibriumequilibrium keep the economy from converging toward its steady state 
values.values. Thus persistent cyclical behaviour will  result from this dynamics". 

Chaos Chaos 
Frankee and Semmler establish the occurrence of cycles within their model 
butt ignore the possibility of chaotic dynamics. Their assumptions can be 
usedd to model the main dynamics by a logistic equation, thereby illustrating 
thee possible occurrence of chaos. 

Abstractingg from the short-term dynamics, the parameters of the model are 
constant.. Assume a level of confidence at which the ratio between loans and 
thee capital stock does not change {%I5). When the state of confidence 
increases,, the firms finance relatively more of the capital stock through 
loanss (a larger part of investment is financed externally). The supply of 
loanss increases, whereas the interest rate remains constant, assuming the 
risingg state of confidence to convince the banks of the solvability of the 
firms.. Ignoring internal savings, a discrete version of the relationship 
betweenn the growth rate of the ratio between loans and the capital stock 
versuss the state of confidence can be written as: 

^  ̂ =  = öpt-x (4.2.3.8) 

Thee state of confidence declines when the level of loans rises, increasing the 
chancee of bankruptcy. Banks become reluctant to finance new capital thereby 
depressingg investment possibilities (direct through credit rationing, indirect 
throughh higher interest rates). This depresses the state of confidence. This 
relationshipp is given by: 

*P*P  = Pt+i-Pt=_JU\ ( 4 2 3 9 ) 

PP Pt W J 

Whenn (4.2.3.8) is substituted into (4.2.3.9), the logistic equation results for the 
statee of confidence (with y, x and 8 as parameters): 

y y 
AA general equilibrium requires the state of confidence to be: p* = —. The 

occurrencee of irregular dynamics depends on the magnitude of % and y. The 
dynamicss depend (beside the usual dependency on the initial value of the 
variables)) on the reaction of confidence on the changes in financial 
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possibilitiess (y) and on %, the state of confidence, which the banks require to 
financee a given fraction of the capital stock. The dynamics are independent 
off  the reaction of external financing on the level of the state of confidence 
(5). . 

Ass stated above, an exogenous decline in the state of confidence reduces the 
possibilitiess to finance investments externally. This diminishes confidence 
further,, until the loan-capital ratio reaches a level, at which point the banks 
aree willin g to raise the financial possibilities again. 

Growthh has, so far, played no explicit role in the findings. Foley's model is in 
growthh rates but there is no relationship between growth and the business 
cycle.. The models of Grandmont, Weddepohl and Van Witteloostuijn and 
vann Lier are stationary models. In the next section a model is presented 
whichh analyses the relationship between the business cycle and long-term 
growth. . 

33 Chaos and endogenous growth 

Goodwin(1990)) develops several chaotic models, to show the influence of 
Schumpeteriann innovations on the business cycle. The mathematical 
techniquee used is the Rössler Band (Goodwin(1990), 65), using a control 
parameterr which: "progressively inhibits the expansion of the system 
variablesvariables of output or employment", so, "the system is free to vibrate within 
aa wide range of motions from a slightly irregular to a wildly chaotic 
fashion".fashion". Employment {v) and wage costs (u) interact as in the Goodwin-
Volterra-Lotkaa (GVL-)model. High employment increases the wages, 
depressingg profits and capital accumulation. This causes the next-period-
employmentt to decline, so wages decrease and profits increase. The standard 
GVL-modell  assumes a constant (exogenous) growth of labour productivity 
(Goodwin(1990),, 32). Here, Goodwin assumes labour productivity to grow as 
resultt of the Schumpeterian innovation. 

Pohjola(1981)) develops a discrete version of the original Goodwin(1967)-
model.. In contrast to the Goodwin-model, wages are determined by a mark-
upp on average labour-productivity and the wage share is a linear function of 
thee employment rate. This results in a logistic equation for the dynamics in 
thee employment rate. The appearance of chaos is shown to depend 
positivelyy on the output-capital ratio and the bargaining power of the 
capitalistss and negatively on the (exogenous) natural rate of growth 
(Pohjola(1981),, 36). 

3.11 Chaos in Goodwin(1990) 

Goodwin(1990)'ss model is a mix of an adapted GLV-model and the S-shaped 
logistic,, used to represent an exogenous rise in investment. The labour 
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markett dynamics are given by the following continuous equations (see 
Goodwin(1990),, 66, 91): 

vv = -du+fv-ez 

uu = hv (4.3.1) 

zz = b + gz(v - c) 

With: : 
v=v= employment 
u=u= labour costs 
z=z= control parameter, 
c-c- indication of 'full employment' 
d,d, e, h,f, b,g = parameters 

Goodwin(1990)) defines the control parameter, z as an additional pressure on 
employmentt when v approaches 'full employment' (c). This model 
generatess chaotic fluctuations (Rössler Band). 

Innovationss cause the desired capital stock to deviate from the existing 
capitall  stock. Innovative investment is assumed to follow an S-shaped 
logistic: : 

kk = jk(l-sk) (4.3.2) 

With: : 
kk = capital stock 
ss = 1/fc*  = constant 

Thee rate of change of productivity is taken to be proportional to innovative 
investment: : 

~-~- = m- (4.3.3) 
aa k 

Growthh of production is given by5: 

CJCJ _v a 
qq v a 

(4.3.4a) ) 

so, , 

55 v = L/N, given N constant and L=aq, so v/v = L/L = q/q + a/a. 
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11J-J-ddyy+fu+fu -ez) 
qq (v-v*) A ' 

Productionn exhibits chaotic fluctuations because of the labour market 
dynamics.. An innovation increases investment as long as k<k*. The growth 
ratee of production increases until the new equilibrium level is reached. 
Followingg the initial increase in investment, production grows, reducing 
short-termm fluctuations. When the capital stock reaches its new equilibrium 
level,, fluctuations return to their previous state. 

EndogenousEndogenous growth and cycles 
Goodwin(1990)) does not give a plausible explanation for: 
1.. the appearance of the control parameter, z, necessary for chaos; 
2.. the innovation. 

Beloww an adjusted version of Goodwin(1990)'s model is developed. This 
modell  abstracts of the additional labour market variable, z, using a discrete 
versionn of the u-v dynamics. Equation (4.3.1) is replaced by a discrete version 
off  Goodwin's original employment-labour costs model (Goodwin(1967): 

vvtt = vt_1(a-f}ut) 
)) \ (4.3.1') 

"tt = " t - i U + &>t-i) 

Thesee relationships give rise to closed orbits, which do not give rise to 
chaoticc fluctuations (Lorenz(1993), 65). 

Ass in Goodwin(1990), it is assumed that: 
1.. investment is determined by a logistic equation: 

kkt+1t+1=k=k tt(l(l  + j(l-skt)) (4.3.2') 
2.. labour productivity is positively related to capital accumulation 
(da/dk<0): (da/dk<0): 

aat+lt+l  = a{ 
<<  ' * H 1 - * ^ 

* t t 
11 + m 

3.. production is determined by demand 

++  m 

(4.3.3') ) 

(4.3.4b') ) 

Whenn investment reacts strongly as the desired capital stock (1/s) changes, 
capitall  accumulation can exhibit both regular and chaotic fluctuations. 
Givenn an exogenous innovation, adjustments towards a new equilibrium 
causee investment to fluctuate. Demand (and production) dynamics are a 
mixx of labour market- and investment dynamics. Production exhibits 
chaoticc fluctuations, when investment reacts in a chaotic way. 
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3.22 Endogenous chaotic growth 

3.2.11 The Schumpeter-Goodwin case 

Thee model developed above ((4.3.1')-(4.3.4b')) can reproduce the results in 
Goodwin(1990).. An innovation (modelled as a decline in s), raises the 
capitall  stock in a continuous way towards its new equilibrium level (S-
shapedd accumulation). The economy exhibits only regular cycles, originating 
inn the labour market. Goodwin assumed the desired capital stock (1/s) to rise 
becausee of exogenous factors (for example, innovations). Part of investment 
(m)(m) is used to raise labour productivity (decrease a). This increases 
productionn for the time of capital accumulation: assuming an S-shaped 
logisticc capital accumulation (/<2), growth stops as capital reaches its new 
equilibriumm value (see figure 4.2, first diagram). Both production and labour 
productivityy (figure 4.2, second diagram) remain at a higher level, whereas 
thee fluctuations in production are again governed by the labour market 
dynamics. . 

Figuree 4.2: The time paths of production {q) and productivity (1/fl). 

3.2.22 Chaotic investment 

Furthermore,, using simulations, it can be shown, that in the case of chaotic 
fluctuations,, production grows and the labour input declines continuously. 
Mathematically,, this is because the average capital stock over the cycle is 
beloww its equilibrium value, so £/'( l-s/c)>0. 
Thee relationship between chaotic fluctuations and growth can be explained 
ass follows: positive investment stimulates labour productivity (as in the 
R&DD models in Aghion and Howitt(1998)) and new technologies are 
introducedd faster (endogenous creative destruction) when fluctuations are 
moree severe. 

Althoughh Goodwin(1990) ignores the possibility of chaotic capital 
accumulation,, he mentions another source of instability: "instead of 
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assumingassuming a constant growth rate, j , of new innovative capacity, we may 
assumeassume a linear dependence on the employment ratio (the state of demand), 

thusthus k = (j + nv)(\ - sk)" (Goodwin( 1990), 97). 
Ass the parameter j'=(j+nv) 6 fluctuates, production wil l show a combination 
off  three kind of dynamics, the regular u-v cycle, a movement of k towards 
jt**  for nv small and chaotic fluctuations for nv is large (depending on the 
valuess of  j , n and v). In this case, demand stimulates growth. 

AA drawback of this model is the non-changing equilibrium value of capital. 
Productionn grows because investment is positive. Capital- and labour 
productivityy increase, but the average capital stock remains equal. The 
growthh in production and labour productivity seems a mathematical 
artefact,, although there is an economic explanation for this phenomenon. 
Assumee technical progress to grow at an exogenous determined rate. Since 
eachh generation of capital goods is more productive, relative to former 
generations,, a faster succession of destruction and replacement wil l raise 
overalll  productivity at each level of the capital stock. 

3.2.33 A relationship between short-term and long term fluctuations 

Chaoss produces growth as a by-product, because of the asymmetric 
propertiess of chaos. To explain growth as an endogenous phenomenon, 
additionall  assumptions have to be made. Taking a constant speed of 
adjustment,, ƒ, the desired capital stock, k*, can made dependent on the 
labourr costs, k?{ut), replacing (4.3.2') with: 

*t +ii  = **( i+;( i -*M*t) ) ( 4 3' 2 , ) 

Inn the simulations it is assumed that s(ut) - l/k* t(l + (ut -0.6)*O.l), so the 
desiredd capital stock adjusts slowly to changes in the labour market. The 
desiredd capital stock rises when labour costs are above 0.6. Part of the 
followingg rise in the capital stock is used to raise labour productivity (a, see 
4.3.3')-- Production is given by (4.3.4b'). 

Twoo examples are given in figure 4.3. Firstly, endogenous growth with ;'=1 
(m=0.9),, giving a monotonous movement of k towards fc*, in case of a 
disequilibrium.. As labour costs (u) rise, /c*  rises. Capital accumulation 
followss in a cyclical way, because of the cycle in labour costs. Production 
growss as part of the capital stock is invested in R&D (increasing labour 
productivity). . 
Ass investment behaves in a chaotic way (/=3, m=0.028), the rise in k* causes 
thee capital stock to rise chaotically. Fluctuations in production are irregular, 

nn = parameter. 

Thee Business Cycle 



4.. The chaotic approach to the business cycle 86 6 

butt (because of the chosen value of m), average growth in both cases is 
aroundd 3 %. 

\l\l tt<i-V <i-V 

Figuree 4.3: Growth without (j=l) and with (j=3) chaos. 

Conclusion Conclusion 
Thee model presented here can reproduce Goodwin(1990)'s conclusions, 
concerningg the influence of a one-time rise in the desired capital stock. 
Chaoss was introduced by the logistic investment function and not by the 
introductionn of an additional variable in the labour market. 
Chaoticc investment causes production and labour productivity to grow, 
with,, on average, an equal stock of capital. When a rise in labour costs 
increasess investment in both R&D and capital, the capital stock also rises. 
Thee necessary investment in R&D is smaller when investment behaves in a 
chaoticc way. For an average growth of 3 %, for ;'=1 (non-fluctuating 
investment)) requires a ratio of R&D investment to total investment of 
m=0.9m=0.9 whereas for ;=3, m=0.028. 
Economically,, this is plausible as new inventions are introduced fast when 
investmentt fluctuates. Combined with the desire to innovate as labour costs 
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aree high, this causes production and labour productivity to grow faster than 
inn a situation of non-fluctuating investment. 

Thee different exercises above, however, are subject to Goodwin (1990)'s 
remark:: "The model is not robust for single parameter changes". They have 
too be taken as examples of the possible influence of chaos and the 
interrelationshipp between short-term fluctuations and long-term growth. 

44 Summary and conclusions 

Brock(1988,, 82) sums up which are the conditions necessary for complex 
dynamicss to occur in economic models. In his view, these are: 1. Agents 
discountingg the future heavily; 2. Increasing returns to scale; 3. Incomplete 
markets;; 4. Other forms of price formation than price taking; 5. Complex 
preferencess or technology; 6. Disequilibrium-modelling; 7. Interdependency 
betweenn tastes of different agents or technologies; 8. Forcing functions as 
populationn growth. 

Inn this chapter, several kinds of economic models are analysed: 

-overlapping-overlapping generation models: from different models it was concluded 
thatt the occurrence of continuous fluctuations could be shown to rely on a 
negativee relation between the interest rate and savings, on a strong 
complementarityy between labour and capital or on substitution effects in 
consumption,, depending on the assumptions made. 

-imperfect-imperfect competition model: the non-linearity causing chaos to appear 
wass introduced by different kinds of reactions of a monopolist confronted 
withh a new competitor. 

-financial-financial markets: here, two different sources are identified. Either chaos 
wass caused within the financial sector because of the behaviour of investors 
andd speculators, or it was the result of the interaction between the real and 
monetaryy sector, where banks and firms react to each others behaviour and 
beliefs. . 

-growth:-growth: the diffusion of an innovation is, traditionally, assumed to follow 
ann S-shaped logistic. This introduces the possibility of chaotic fluctuations as 
thee result of a one-time innovation. It was shown that chaotic fluctuations 
inn investment stimulate growth. When the reaction of investment depends 
onn the labour market, the possibility of the occurrence of chaos rises. Growth 
off  the capital stock can be modelled by making the equilibrium stock of 
capitall  dependant on the costs of labour. Chaotic fluctuations enhance 
growthh as the destruction of old capital followed by new investment raises 
overalll  productivity. 
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However,, these different approaches are not unique neither in the cause(s) 
off  the cycle nor the use of non-linear equations. Other models share the 
samee characteristics (see for example the models presented in Gabisch and 
Lorenz(1989)) and in chapter 2). New here is the use of chaos to show the 
existencee of deterministic endogenous erratic fluctuations. This again 
expandss the concept of stability. Earlier, a stable equilibrium meant a 
singularr point in the phase-diagram. Later it could also be a stable circle. 
Withh the help of the logistic equation (or the Rössler band), a stable 
equilibriumm can be a surface, in which the key-variable wanders (without 
bounds)) in a seemingly unpredictable way . The dynamics, however, can be 
tracedd through a deterministic process. 

Chaos:Chaos: Further Research 
Inn general, some conclusions can be drawn from the models reviewed in 
thiss chapter. Firstly, once the possibility of non-linearities is accepted, an 
economyy which is disturbed, can exhibit persistent fluctuations of different 
kinds,, due to different propagation mechanisms. The chances of chaos to 
occurr increase when the parameters of crucial variables depend on changes 
inn the other variables. 

Secondly,, when fluctuations are endogenous and sub-optimal, a 
governmentt can and should stabilise the economy. In a chaotic 
environment,, such an activist policy is difficult and the effects wil l depend 
stronglyy on the knowledge of the structure of the economy and on the 
qualityy of the data gathered by the government. 

Thirdly,, when an economy follows a chaotic path, it is unlikely that the 
subjectss in such an economy can form their expectations rationally. This 
typee of model poses a serious challenge to new classical models. Arrow(1988, 
281)) concludes: "If  deterministic models permitting chaotic behavior are to 
replacereplace stochastic equilibrium dynamics, in whole or in part, there has to be 
aa theory in which chaotic solutions cause the economic agents being studied 
toto recognize the limitations on their predictive ability and act accordingly". 
Lastly,, in the growth model, developed above, chaotic fluctuations have a 
positivee effect on growth. As in Goodwin(1990), the answer to 
Bronfenbrenner(1969)'ss question: "are business cycles obsolete?", is: yes, in 
timestimes of growth. However, it is shown that short-term fluctuations can 
enhancee growth. The resulting fluctuations depend on the way investment 
reactss to short-term fluctuations. 

Onn the other hand, the chaotic approach itself has many shortcomings. Only 
aa few non-linear systems can be solved analytically. The models used, of 
whichh some are presented above, are ad hoc and the economic plausibility is 
nott always convincing. Many conclusions in these kinds of models are based 
onn simulations. Those results, therefore, are local and the relevant 
parameterss are not always found in reality. The sensitivity of the models to 
thee initial values and the parameters make empirical work difficult . 
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Altogether,, Blanchard and Fischer(1989, 261) conclude: "We are not at this 
stagestage convinced by either of these .. approaches". Gleick(1987), however, 
statess that the discovery of chaos radically changes the view of scientists on 
thee world. 

Inn conclusion, much work remains to be done before chaotic fluctuations 
andd chaotic control can take their place in core-economics. 
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