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Chapte rr  3 

Strings ::  Variationa l Deformabl e 
Model ss of Multivariat e Ordere d 
Features * * 

Wee propose a new image segmentation technique called strings. A string is 
aa variational deformable model that is learned from a collection of example 
objectss rather than built from a priori analytical or geometrical knowledge. 
Ann object boundary is represented by a one-dimensional curve in multivariate 
functionall  space rather than by a point as is the case in active shape mod-
els.. In the learning phase, multiple shape and image feature functions along 
continuouss object boundaries in a learning set are aligned, then subjected to 
functionall  principal components analysis and functional principal regression 
too model the feature space. A Mahalanobis distance model takes the natural 
variationss in the learning set into account for evaluation of boundaries. In 
thee segmentation phase, an object boundary in a new image is searched for 
withh help of a deformable feature function, a string. The string is weighted 
byy the regression model and evaluated by the Mahalanobis model. A curve 
iss deformed in the image to produce feature functions with minimal distance. 
Stringss have been compared with active shape models on 145 vertebra images, 
showingg that strings produce better results when initialized close to the target 
boundary,, and comparable results otherwise. 

'Conditionallyy accepted for publication in IEEE Transactions on Pattern Analysis and Machine 
Intelligence e 
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3.11 Introductio n 

Inn advanced image segmentation problems object boundaries frequently have inhomo-
geneouss characteristics. The shape of a target boundary may be blunt at some parts 
andd strongly convoluted at other parts. Or, the image gradient along a target bound-
aryy may be clearly visible and pointing outwards at some places, while it is hardly 
definedd due to neighboring objects at other places. We note that in many advanced 
segmentationn problems boundaries are fractured, occluded, convoluted or inhomoge-
neouss otherwise, requiring the definition of multiple features for accurate description 
off  the boundary. For this reason, it is imperative to construct inhomogeneous bound-
aryy models for application in image segmentation. We learn such boundary models 
byy exploring the information contained in large collections of example images rather 
thann constructing them from analytical or geometrical knowledge rules. 

Learningg in the context of boundary-based image segmentation has received con-
siderablee attention in literature, e.g. in [12], [43], [58], [71], [114], [108], in particular 
withinn the active shape model framework [22]. In active shape model methods, a 
boundaryy is learned by statistical analysis of feature values from a set of example 
boundaries.. During image segmentation, the learned boundary model is used as a ref-
erencee for deformation of an active shape and for evaluation of a boundary recorded by 
thatt shape. The generic approach of active shape models is very appealing. However, 
theyy often fail to fully exploit the multivariate continuous characteristics of a bound-
ary.. The question that is raised here is how multiple boundary features such as edge 
gradientt and contour curvature, are exploited for learning a continuous variational 
imagee segmentation model. 

Wee propose a unified approach to learning structurally different boundary features 
forr multi-feature image segmentation. The problem of learning is transposed into one 
off  analyzing the closed functional curves in feature space that best describe average 
featuree values and the most important variations therein. Image segmentation is 
conceivedd of as an iterative procedure of recording multiple continuous feature values, 
weightingg these feature values to amplify the statistically most descriptive features 
andd evaluating the weighted features values with respect to the values seen in the 
learningg set. The proposed segmentation approach combines theory from functional 
dataa analysis [95] with theory from chemometrics [69] to arrive at string segmentation 
models. . 

Thee chapter is organized as follows. Section 2 discusses previous work on active 
shapee models. Section 3 introduces the string method. First the learning phase will 
bee described in detail, then image segmentation with help of deformable strings is 
addressed.. Implementation issues, experiments and results are described in section 4. 
Discussionn and conclusion follow in section 5. 

3.22 Related Work 

AA number of active shape models have been presented in literature. The method 
introducedd by Cootes et al. in [22] makes use of established statistical techniques to 
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constructt a shape model from examples. In the reference, a shape is represented as 
ann N-vector of vertices 

xx = [(xi,y1),...i(xN,yN)]T. (3.1) 

Assumingg two-dimensional vertices, each N vertex is a single point in a 2AT-dimensional 
vectorr space. The set of M shape examples subsequently forms a learning set of size 
M M 

££ = { X l , . . . ,xM } . (3.2) 

Too remove variation from the learning set attributed to stretching, shearing and rota-
tionn of the shapes, the example shapes are aligned by Procrustes analysis [50], aiming 
att minimizing the sum of distances of each example shape to the average 

M M 

e£= ]T | | x m - x | |22 (3-3) 
m=l l 

wheree x is an initial estimate of the average shape, with ||x|| = 1. In an iterative 
procedure,, the M shape examples are aligned one-by-one, with each iteration refining 
thee estimation of the average shape. 

Assumingg the cluster of aligned shapes forms an ellipsoid, in [22] principal com-
ponentss analysis is performed to reduce the dimensionality of the data using the 
covariancee matrix 

11 M 

m=l l 

wheree x now denotes the average shape of the aligned example shapes. The eigenval-
uess An of C^, with A„  > A„+ i for n = 1,..., 2iV, tell the amount of variance captured 
byy each principal component. The largest fraction of the total variance is given by 
thee first Q < 2N eigenvalues 

Q Q 

AA = £A„ . (3.5) 
3=1 1 

Thee eigenvalues Xq describe the most significant modes of variation and the corre-
spondingg eigenvectors describe the dimensions in which they occur. A shape instance 
xx is explained as the mean shape plus some linear combination of these eigenvectors 

xx as x + P bT (3.6) 

wheree the Q x 2N matrix P contains the first Q eigenvectors and b is a Q-vector 
off  weighting coefficients. New plausible shapes are generated by varying b within 
suitablee limits, derived by statistically examining the distribution of the weighting 
coefficientss required to generate the learning data. On the basis of these feasible 
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shapess high gradient boundaries are searched for in the image. 

AA number of shortcomings of the active shape model in [22] have been recognized and 
dealtt with in literature. 

Onee problem arises when the learning set C is contaminated with outliers, in-
fluencingg the statistics adversely. For this reason, Duta et al. [35] remove outliers 
inn an iterative approach using an inter-shape distance matrix that defines the mean 
alignmentt error between a polygonal approximation of a shape instance and an orig-
inall  shape from the learning set. The reduced learning set forms the basis for the 
constructionn of a less distorted statistical shape model. Application of the corrected 
shapee model for image segmentation consequently leads to better performance. We 
adoptt this idea and we remove outliers in one step using another distance measure. 

Anotherr problem is that minimization of equation 3.3 only takes into account 
posee and scale differences between instances and does not account for non-linear shape 
differences.. This is solved by Duta et al. [35] using a flexible point matching technique 
thatt performs global similarity registration of two arbitrary sets of points and non-
linearr registration based on local similarity of two curves. Instead of minimizing 
equationn 3.3, the trade-off between a compensated mean alignment error and the 
numberr of correspondences is minimized. This way the effect that unconstrained 
linearr registration of two sets of points tends to shrink [42] one set with respect to the 
otherr is avoided. In addition, in [35] no correspondence between points is required 
whenn performing non-linear registration. Other work on the shape alignment problem 
includess the work by Kotcheffet al. [68], who optimize model compactness rather than 
variance.. We also aim at linear and non-linear registration while avoiding problems 
withh the cardinality of point sets. 

AA restriction of point distribution models is that deformation of the shape model by 
adjustingg weighting vector b only allows limited deformation reflecting the variations 
inn the learning set. For this reason, Wang et al. [125] use prior models based on 
principall  component analysis of additional covariance matrices. By replacing equation 
3.44 with a weighted and mixed covariance matrix that deals with independence and 
smoothnesss they are capable of building a wide range of shape models even when 
theree are few examples shapes or if the learning set exhibits small variation. An 
earlierr attempt to add artificial variation to the statistical model is found in [21]. We 
takee a different road aiming at building models also capable of explaining objects 
dissimilarr to the ones in the learning set. 

Ann other limitation of active shape models concerns their inability to statistically 
capturee image features around shape models. Cootes et al. [24] solve this problem by 
takingg samples of the image intensity perpendicularly to a shape. By recording in-
tensityy profiles for all labeled points of the shape model, they arrive at an augmented 
learningg set. As with the shape data, they compute the statistics of the intensity data 
usingg equations 3.1-3.6. The image features improve model specificity and hence seg-
mentationn accuracy. Other work on modeling image features includes Van Ginneken 
ett al. [122], who propose a selection of optimal features by non-linear classifiers. We 
adoptt the idea of modeling both shape and image features. 

Inn [24], it is assumed that the image feature values sampled at different points 
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alongg the boundary are independent of one another while commonly feature values 
aree spatially highly correlated. Hence, independence of image feature values along 
aa boundary cannot always be assumed. For this reason, Haslam et al. [56] pro-
posee a probabilistic fitness measure using concatenated intensity profiles, bringing 
inn some continuity in feature values. This way, in addition two resolving the issue 
off  dependence, they reduce the number of point distributions to two. Other work 
acknowledgingg and adhering to the often continuous characteristic of boundary fea-
tures,, particularly shape features, is found in e.g. [68], [27], [5], [56], [101], [71]. We 
embracee the thought of capturing spatial correlations among image features and we 
extendd this idea to arbitrary features. 

Too overcome the problem of high correlation between structurally different fea-
turess [56], Edwards et al. [37], and more recently Cootes et al. [19], propose an active 
appearancee model that couples shape and image models more explicitly by using a 
singlee vector containing both shape and image feature values. By concatenating the 
featuree values into a single vector and representing this vector as a point in a very 
high-dimensionall  space, a learning cluster is formed of combined shape and image 
features.. This way a more specific boundary model is obtained and more accurate 
imagee segmentations are achieved. We adopt and generalize the idea of capturing 
correlationss between structurally different boundary features. 

Inn conclusion, many of the problems addressed by the aforementioned methods em-
anatee from the discrete point representation of boundaries. Discrete points lead to 
discretizationn problems when point sets have different numbers of elements, requiring 
pseudo-continuouss solutions. In addition, in discrete point representations, spatial 
interdependenciess between features and correlations among structurally different fea-
turess are not reckoned appropriately. Also, salient features in the learning set are 
insufficientlyy exploited when specified a priori rather than selected from the data by 
optimality.. Finally, information valuable for model specificity is lost in the currently 
appliedd procedures for dimensionality reduction. 

I tt is the purpose of this study to address these problems integrally. We do this 
withh a technique we call strings. 

3.33 String s by Functiona l Data Analysi s 

Objectt boundaries are continuous. Hence, they should be represented by curves rather 
thann by a collection of discrete points. Apart from this, boundaries are often described 
byy multiple features. Hence they should be represented by multivariate models rather 
thann by a combinations of univariate models. These boundary characteristics motivate 
thee representation of boundary features by multi-variate curves in functional space, 
ratherr than by points in vector space. When boundaries are represented this way, the 
learningg and segmentation problems can be solved by functional data analysis [95] 
(seee figure 3.1). 

Eachh of the components in figure 3.1 will be described in more detail in the fol-
lowingg subsections. In section 3.4 we will again elaborate on these components one 
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F i g u r ee 3 . 1 : Overview of the string segmentation technique. Note that at the start of the learning 

phase,, we need a set of images 7m (x) , r ra = 1...M with corresponding known segmentations sm(v). 

Invariably,, in this chapter bold face upper case indicates a matrix of functions, e.g. A(v),B(v),E(v) or 

inn the case of G of scalars, bold face lower case indicates a vector of functions, e.g. ft, or scalars, e.g. 

g j ,, and regular lower case indicates a function or a scalar. 

byy one to show the (intermediate) results for a vertebra application. 

3.3.11 Featur e Functio n Definitio n 

Inn order to construct a statistical boundary model, example features need to be spec-
ifiedd and their values computed. Commonly, the feature values are a set of coordinate 
valuess of some boundary points and a set of image gradient values recorded orthogo-
nallyy to those boundary points, see for example [20], [37], [19], [35]. 

Wee explore boundary features in example images using their known segmentation, 
representedd by smooth curves s : 5ft ->  3ï2 parameterized by v € 3?. Given the set of 
MM input images i i (x) , . . .JM(X) with corresponding segmentations si(u), ...SM{V), the 
learningg set consists of pairs of image and shape data (compare to equation 3.2) 

££ = {(h(x),s1(v)),...,(IM(x):sM(v))}. (3.7) 

Forr the rath learning example, the shape sm(i>) relates to the image at points 
Im(Im(ssm(m(vv))-))- The relation is expressed in terms of TV features derived from the shape 
(e.gg curvature) as well as from the image (e.g. isophote curvature). The mapping 
ff  : dt -> T takes care of this, yielding feature functions f̂ *(i>) in the iV-dimensional 
functionall  space T, where each dimension corresponds to one feature, i.e. 

C »» = LCW, -JL*N(V)}- (3.8) 
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Too capture image and shape features on and off a boundary we exploit the local 
Taylorr expansion [64] of the image up to the second order, sampled at discrete but 
densee points along the boundary. In this way, we have an approximately complete two-
dimensionall  description of local boundary properties. Later, the principal components 
analysis,, yet to be described, will cancel out linear dependencies in the Taylor set. 

3.3.22 Featur e Functio n Alignmen t 

Forr statistical analysis of example boundaries, feature values at one point on an 
examplee boundary need to be compared with values at an equivalent point on an other 
examplee boundaries. Commonly, this is achieved by scaling, rotating and translating 
thee examples so that they correspond as closely possible. This reduces to aligning a 
sett of discrete points, when boundaries are represented by point distribution models 
ass in [20], [37], [19]. 

Inn the context of our functional data, the alignment problem is a curve registra-
tionn problem. Feature functions t^{v) may differ due to the fact that they are not 
measuredd at the same path position v or due to small non-linear differences. A shift of 
featuree values along v and a non-linear warping account for this. Alignment reduces 
too finding the warping function u;m(i;) that produces the warped feature function 

f^v)=rf^v)=rmm*(oj*(ojmm(v)).(v)). (3.9) 

Thee warping function u}m(v) is strictly monotonie and differentiable up to a certain 
order.. It takes care of a shift and a non-linear transformation by the roughness penalty 
approachh described in [95]. In this case, we penalize by the size of the third derivative 
Off  Wm(f). 

Alignmentt of ^"(v ) is done by the Procrustes method [50] using a global alignment 
criteriaa that computes the least squares distance to f (v), the overall average feature 
function.. This reduces to finding ujm{v) such that 

MM . 

ujujmm(v)(v) = argmin £ / | | C « ( « )) " * > ) l | 2^ . (3.10) 

Thee warping functions are estimated in an iterative process where argument values 
forr a feature function are shifted and transformed so as to minimize the least squares 
error.. The estimated average f(v) is updated by re-estimating it from the partially 
alignedd feature functions. 

Thee final average feature function f(v) is computed from the aligned set. It is 
subtractedd from each feature function to normalize the range of feature values. This 
yields s 

withh units of variance due to normalization by the variance vector of functions 

// M \ 1 / 2 

^ ( v )= ( ] j fE l lC (« ) - f ( » ) l l 2 ll  (3-12) 
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Normalizationn is required to reduce the influence of differences in variation of differ-
entlyy measured features. The aligned normalized feature functions fm(v) contain all 
informationn needed to statistically summarize features into a boundary model. 

3.3.33 Featur e Space Reductio n 

Wee perform principal components analysis to project the high dimensional functional 
dataa to a smaller feature space expecting that the essential structure in the original 
dataa is preserved. This is admissible as long as the features exhibit a small number 
off  modes of variation, covering a large part of the variability in the data. 

Functionall  principal component analysis [31] computes the main modes of varia-
tionn in the collection of TV-dimensional feature functions fm (v). The number of modes 
too retain is derived from a given proportion of the variance as explained in the learn-
ingg set. When the modes are numbered by q = 1,..., Q, the central concept is that of 
takingg the linear combination 

N N 

9mq^^29mq^^2 fmn{v)aqn(v)dv, (3.13) 
n=ln=lJv Jv 

wheree aqn(v) denotes a weighting function chosen so as to highlight variation in the 
dataa in dimension n. As before, fmn(v) is the nth dimension of the mth observed 
featuree function. The values gmq are the principal component scores. They will be 
usedd to produce more robust descriptions [32]. 

Too obtain the value of gmq for all q the corresponding vectors of weighting functions 
aaqq(v)(v) = [aqi(v), ...,aqN(v)] need to be computed. They are sought for one-by-one in 
suchh a way that they explain most of the variation in the learning data 

aaqq(v)(v) = argmax 
a;(«) ) 

== argmax 

wheree ak{v), for each iteration k, is subject to the following orthonormal constraints 
N N 

££ / aqn{v)2dv = 1 (3.15) 

n=\n=\Jv Jv 

NN f 
^2^2 / ockn(v)aqn{v)dv = 0,k<q. (3.16) 

Equationss 3.15 and 3.16 ensure that the vector OL\ (V) contains most of the independent 
variation.. After a\(v) has been established, the above process is continued until all 
QQ significant modes of variation, each described by aq(v), are obtained. 

Thee matrix of functions A(v) = [ai(v),...,OLQ(V)]T indicates where along the 
boundaryy there is independent variation in the learning ensemble, ai (v) captures the 

1 V MM
 02 

mq mq 

I ff  E m = l ( S Ü L l SV fmn(v)aqn(v)dv) 
(3.H) ) 
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locationn with largest correlated variation, a.2 {v) the second largest of the remaining 
variancee and so on until most of the variation is explained. Hence, the functional 
principall  components capture the most important feature subspace by the matrix of 
weightingg functions A(v). 

3.3.44 Principa l Component s Regressio n 

Too construct an underlying model of feature values, the distribution of feature values 
seenn in the learning set needs to be captured in statistical terms. In the active shape 
modell  literature [20], [37], [19], [35], feature reconstruction is done after projecting the 
featuress to the space spanned by the most important principal components. Hence, 
onlyy part of the data in the learning set is subjected to modeling. We perform principal 
componentt regression [14] to obtain a predictive model from the feature functions in 
thee learning set. 

Wee define the matrix of functions F(v) = [fi(f),... , fjw(^)] T and the matrix G by 

GG = F(v)A(i;) (3.17) 

withh scalar elements according to the dot product defined in equation 3.13. We define 
aa matrix of regression functions B(v) = [/^ (v),..., @Q(V)]T, with elements of the same 
N-dimensionall  functional form as the elements of F(v). To find the values of B(t?), 
thee matrix of feature functions F(v) is expressed as 

F(v)F(v) = GB(v) + E(v) (3.18) 

withh E(v) = [€I(V),...,€M(V)]T being the matrix of residual functions yet to be de-
fined.fined. Instead of regression on the original feature data, regression is performed on the 
principall  component scores containing information on how the feature samples corre-
latee with one another. The matrix of regression functions B(v) gives an estimate of 
howw the principal scores relate to the feature functions and what the contribution of 
eachh is towards defining an unknown feature function. The regression functions are 
computedd by least squares minimization such that 

M M 

B(v)B(v) = argmin T / HM" ) " SmB*(v)\\2dv. (3.19) 

Sincee there are no particular restrictions on the way in which the matrix of functions 
B(v)) varies as a function of v, the solution can be obtained by minimizing the least 
squaress difference for each v separately. After least squares minimization we have 

E(i;)) = | |F (v ) -GB(^ ) | |2 . (3.20) 

Withh help of the estimated regression functions we predict scores for an unknown 
featuree function in the segmentation phase, reconstruct it in reduced space according 
thee regression model and evaluate it by examining the distance of its score to the 
clusterr of scores corresponding to the feature functions in the learning set. 
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3.3.55 Mahatanobi s Distanc e 

Inn order to determine how a single boundary relates to the collection of boundaries in 
thee learning set, a distance measure needs to be defined. In the active shape model 
literature,, the evaluation of boundary feature values is performed in terms of the 
Mahalanobiss distance, i.e. the distance to the average normalized by the variation in 
eachh dimension. Following Cootes et al. [20], we use a Mahalanobis distance model 
[32]]  to compute the distance of a feature function to the average of the learning set. 

Thee Mahalanobis distance model is obtained by augmenting G with the vector of 
residualss e = [€I, .- . ,CM] with elements defined as 

e -- = Jf E U €™^dV ~ if E l *rnn(v)dv\ . (3.21) 

Thiss yields an (Q + 1) x M augmented principal components scores matrix G* = 
[G,eT ] .. This improves the robustness of Mahalanobis distance calculation [32]. The 
Mahalanobiss distance matrix is then defined as 

DD = N. (3.22) 
(MM + 1) 

Thee Mahalanobis distance of fm(v) to the average f{v) is computed using g^ = 
[gm,em]]  as follows 

DD22(f(fmm{v){v)11f{v))=g^B-f{v))=g^B-11^ n̂n
TT.. (3.23) 

Notee that D depends on g^. Hence, the distance model not only takes into account 
variationss encountered in the learning set but also the valuable additional discriminat-
ingg factor of residual information [69]. In the segmentation phase, the Mahalanobis 
distancee model will be used as an objective function to find a boundary in a new 
imagee from which a feature function emanates similar to the ones seen in the learning 
set. . 

3.3.66 Stochasti c Outlie r Remova l 

Ass outlier feature functions in the learning set can have a severe influence on the 
discriminationn ability of the Mahalanobis distance model, they are removed following 
[35].. Those with a Mahalanobis distance exceeding a threshold rM are considered 
outliers.. For a Gaussian distribution, rM = 3 corresponds to removal of all instances 
thatt have a 1% probability of belonging to the class. These instances are removed, 
resultingg in a new learning set in which each element has a Mahalanobis distance of 
TTMM or less. Learning is done once again to come up with more appropriate regression 
andd distance models. For simplicity of notation, we assume in the following that the 
quantitiess are computed from the reduced set rather than from the full set of feature 
functionss used this far. 
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3.3.77 Deformabl e String s 

Havingg constructed a statistical boundary model in the learning phase, in the segmen-
tationn phase we use this model as a reference for finding a boundary in a new image. 
Too this end, we use the following information from the learning phase: the average 
featuree function f(v), the normalization function (Tf(v), the Mahalanobis distance 
modell  G* and the regression functions matrix B(v). 

Now,, consider the active feature function ft**(v) , which will be deformed in time 
t.t. We call it a string. The string lives in the iV-dimensional feature space T, and 
hencee we can compute its Mahalanobis distance to f (v). As in the learning phase (see 
equationn 3.9), we first obtain 

f t »» = f r M „ ) ) , (3.24) 

where,, similar to equation to 3.11, the warping function ut{v) is computed such that 

uutt(v)(v) = argmin / ||f4**K(v) ) - ï(v)\\2dv. (3.25) 

Wee normalize the feature function in analogy to equations 3.11 and 3.12. Normaliza-
tionn yields 

e(e( x f ;(u)-f(v ) 
W)W) = * f ,  (3.26) 

Thee quality of ft(v) with respect to the reduced feature functions matrix F(v) is 
determinedd from the relation of its corresponding score vector gt to the cluster of 
examplee scores contained in G. The vector gt is estimated by solving 

ft{v)=ft{v)= StStB(v)B(v)TT + et(v). (3.27) 

Thatt is, the equation estimates the score of a new feature function on the basis 
off  the principal component regression model obtained in section 3.4. The principal 
componentt scores are estimated by least squares minimization such that 

gtt = argmin / | |g;B(v)T - ft{v)\\2dv. (3.28) 

Inn analogy to equation 3.20, we augment gt with the residual of the least squares 
minimizationn as an additional discriminating factor for the string. The (Q + l)-vector 
g**  = [St, ct] is obtained on the basis of 

^ ( ^^ = | |g*B(t;)T-f (( i ;) | |2 (3.29) 

byy adding to gt the residual sum 

et=et=N N kk S > - j ^ E / )  (3.30) 
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Thee Mahalanobis distance of ft**(v ) is defined as the distance of the newly augmented 
scoree g*  to the average of the cluster of example scores 

Z)2(ft(ü),f(t;))) = g?D-1g?T . (3.31) 

Wee use this quality measure for image segmentation by strings. The string ft**(u ) is 
definedd by features extracted from an active shape model st{v) and from the image in 
whichh that shape model lives. The string vibrates in feature space due to deformations 
off  the shape model in image space. In this iterative procedure, the shape model is 
freelyy deformed rather than constructed in the reduced space as is the case in [20] and 
[37].. Forms of the shape model that are less plausible are punished by rather than 
prohibited. . 

3.3.88 Optimizatio n 

Finally,, we formulate the segmentation problem as an optimization problem. The 
objectivee is to find a boundary that gives rise to a feature function with minimal 
Mahalanobiss distance £>(.) to the ones seen in the learning set. To this end, the de-
formablee shape model st(v) is deformed in the image /0(x) to suggest a statistically 
optimall  boundary described by the deformable string ft**(v) . Starting from an initial 
shapee configuration st=0(v) the shape model is deformed by tuning its shape param-
eterss in such a way that the state of minimal energy provides the optimal feature 
function.. This reduces to optimizing st{v) such that 

f(u)) = argmin D{ft(v),f{v)). (3.32) 

Wee use simulated annealing [63] for optimization as it distinguishes between different 
locall  minima in the energy landscape. Starting off at the initial configuration, a se-
quencee of iterations is generated, where each iteration consists of the random selection 
off  a configuration from the neighborhood of the current configuration and the calcu-
lationn of the corresponding change in the energy value. By a small perturbation in 
thee neighborhood, a transition is achieved from one configuration into another one. If 
thee change from time ttot+l yields negative AD = D{ft+i(v),f(v)) -D{f t(v),f(«)), 
thee transition is accepted unconditionally; if the cost function increases the transition 
iss accepted with a probability based upon the Boltzmann distribution p = e1-"^" 1 

wheree it is a constant and the temperature X is a control parameter. This tempera-
turee is gradually lowered throughout the segmentation from a sufficiently high starting 
value,, i.e. a temperature where almost every proposed transition, both positive and 
negative,, is accepted to a freezing temperature, where no further changes occur. The 
temperaturee is decreased in stages, and at each stage the temperature is kept constant 
untill  thermal quasi-equilibrium is reached. 

3.44 Experiment s and Result s 

Wee illustrate and discuss the use of functional data analysis for construction of the 
boundaryy model and the application of strings for image segmentation. We do this 
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stepp by step according to figure 3.1. To this end, we use 145 annotated and digitized 
NHANESS X-ray images of normal cervical vertebrae, acquired from the National Cen-
terr for Health Statistics (NCHS) [86]. As can be seen from figure 3.8, the vertebra 
boundaryy in these images is ill-defined. It is characterized by the presence of interfer-
ingg boundaries (e.g. the vertebra above and below), convoluted boundary parts (e.g. 
tipss of the vertebral body), missing image evidence (e.g. at the pedicles) and in this 
casee very poor image quality. These characteristics complicate model construction 
andd image segmentation. 

3.4.11 Featur e Instantiatio n 

Forr the description of the boundary we use a repertoire of features. Among the many 
featuress that have been proposed in literature (see [44] and [73] for a comprehensive 
surveyy of image and shape feature respectively), we confine ourselves to the use of 
invariantt features. Invariant features generalize applicability, but more importantly, 
theyy minimize the need for feature alignment. For this reason, we use the features 
listedd in table 3.1. 

Dimension n 

1 1 

2 2 

3 3 

Feature e 

contourr curvature [44] 

isophotee curvature [129] 

directionall  correspondence [79] 

Definition n 
*x(v)a*x(v)avvvv{v)-B{v)-Bxzxz(v)8(v)8vv(v) (v) 

22 (w)+«2 (»))»/» 
l r (x) / , „ (x)+/ „ r (x) / i f (x ) ) 

(/2(x)+/2(x))3/2 2 

V/(s(t>)))  n(v) 

Tabl ee 3 . 1 : Features in our implementation defining the dimensions of f **(«). The first dimension is 

thee contour curvature, the second the isophote curvature and the third the directional correspondence 

betweenn the normal n(v) to the shape s at v and the image gradient at V / (x ) with x — s(t>). 

Thee features listed in table 3.1 and their derivatives up to second order are used. As 
aa consequence N = 9 features are measured along each example vertebra boundary. 
Ass in this application the example vertebra boundary is represented by 7 discrete 
points,, manually marked in the image by a medical expert, we compute a continuous 
approximationn of the boundary by interpolation of a curve through the 7 points. .The 
curvee s(v) and its corresponding 9-dimensional feature function f**(u ) are represented 
byy splines. They are formulated as tensor product B-Spline curves [93] 

K K 

s(v ;p)) = ^£j fe( t?)P Jt (3.33) 
*= i i 

j j 

f*>;q )) = £ £ » < * , (3.34) 

Basiss functions Bk(v) correspond to the K = 7 manually marked points pfc. The 
NN = 9 features, and also point coordinates values, are computed along s(v;pk) at 
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1000 samples. The 100 coordinate values are used for redefinition of the 7-vector of 
controll  points pk to a 100-vector of control points, to be used in active shape model 
segmentationn (yet to be described). Feature functions f**(i>;q, ) are defined by basis 
functionss Bj(v), corresponding to the J = 100 N-dimensional control points qj, i.e. 
thee sampled feature values. As these feature values are not always smooth we impose 
regularityy by using basis expansions with a relatively small number of basis functions 
[95]. . 

3.4.22 Learning Phase 

Wee discuss the results of the learning phase for the vertebra application. We only dis-
cusss the Oth-order derivative values of the features, i.e. only the first three dimensions 
OÏT. OÏT. 

Figur ee 3.2: Feature values along path parameter v for all M = 145 examples. Left: contour curvature 

valuess f^(v). Middle: isophote curvature values f^2(
v)- R ' 6 h t : directional correspondence values 

Figuree 3.2 illustrates contour curvature values f£x(v), isophote curvature values 
f^f 2̂2{v){v) and directional correspondence values ƒ£*(«) computed from sm(v) and the 
imagee data arrays (see equation 3.8). The presence of correlated structure in the 
contourr curvature values is apparent. The peaks in curvature values correspond with 
thee tips of the vertebral body and correlate with the peaks in /^*2(«)- This is more 
clearlyy seen from the average functions in figure 3.5. Note that the isophote curvature 
iss badly defined along most parts of the vertebra boundary. More correlated structure 
iss seen in the feature values of directional correspondence. 

Thee results of aligning feature functions f„*(u ) by the iterative Procrustes pro-
ceduree in equation 3.9 is illustrated in figure 3.3. In the vertebra application, the 
majorityy of the feature functions already has a good alignment thanks to the a pri-
orii  manual registration of the discrete points by medical experts (from which the 
continuouss shapes and feature functions are computed). As a consequence, alignment 
bringss no significant changes to feature functions {^(v). Alignment is more important 
duringg segmentation where the starting points for sampling features are unknown. 

Thee effects of normalization of feature functions f^(v) are shown in figure 3.4. 
Notee that both the isophote curvature and directional correspondence show feature 
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F i g u r ee 3 . 3 : Results of registering feature functions vector t£(y). Left: ftn\(
v)- Middle: f^2(

v)-

Right:: Im3(v)- Note t n a t o n ' y three dimensions are shown out of the nine. 

F i g u r ee 3 . 4 : Results of normalizing feature functions f „ ( u ) : Left: fmi(v) corresponding to contour cur-

vature.. Middle: fm2{v) corresponding to isophote curvature. Right: fm3(v) corresponding to directional 

correspondence. . 

functionss with large variation, amplified due to centering to zero mean and unit 
variancee according to equation 3.11. The feature functions with extreme variation 
aree candidate outliers, to be removed later from the learning set. 

Thee composite effect of adding and subtracting two standard deviations of the first 
principall  component a\(v) to the average feature function fm(v) is shown in figure 
3.5.. We have chosen to reduce the feature space using Q = 4 principal components 
(seee equation 3.14), together capturing 83.9 percent of the total variability in the data. 
QQ has been set to 4 because we expect for our application that there are 4 corners, 
andd hence places, in the model where the data in the learning phase show there is 
independentt variation in the boundary feature values. Note that these displays remind 
off  the diagrams in physics of modes of vibration in a string fixed at both ends, hence 
thee name strings. 

Finally,, regression functions B(v), obtained using equation 3.19, are shown in fig-
uree 3.6. The function (3qn(v) indicates how the nth feature along the curve contributes 
too the gth principal component. Hence, the regression functions indicate which fea-
turess are locally most important to define the boundary characteristics, implying that 
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F i g u r ee 3 . 5 : Average feature functions and the effects of adding ( + ) and subtracting (-) two standard 

deviationss of the first principal component: f(v) +/- 2 standard deviations of a i ( v ) . From left to right 

thee effects for, contour curvature, isophote curvature and directional correspondence. 

F i g u r ee 3 . 6 : Regression functions corresponding to the Q = 4 principal components. Left: func-

tionss 0n(v), ...,Pm(v) for contour curvature. Middle: fiiïiy), ...,(842(1)) for isophote curvature. Right: 

fiis(v),fiis(v), ...,043(v) for directional correspondence. 

weightingg is done in a way that exploits the most correlated and descriptive features 
att each boundary point. 

Nott shown in illustrations is the effect of the optional outlier removal. A total 
off  11 example feature functions have been considered outliers and removed. After 
this,, the whole learning procedure is repeated one more time. The average feature 
functionn vector f(v), the normalization function vector <Tf(v), the matrix of regression 
functionss B(t>) and of scalars G* are transferred to the segmentation phase. 

3.4.33 Segmentation Phase 

Wee perform string segmentation of the vertebra images using the above learning re-
sultss as a reference. An active B-spline shape st(v;pk), defined by k = 100 control 
points,, is deformed in the image by repositioning of these points in an iterative proce-
dure.. Each time a total of 100 samples are taken along st(v; pt) to construct a feature 
functionn from them. For simplification of comparison with active shape model seg-
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mentationn ( described below), the samples are taken at points p* . For computation 
off  image features, derivatives are computed by convolution of the image with Gaus-
siann derivatives at scale 4.0. Optimization of the active shape model is done by the 
simulatedd annealing optimization procedure, with the Boltzmann factor set to 0.99, 
thermall  equilibrium defined as a 10 percent or smaller change in 10 random trials and 
aa maximum of 50 iterations. 

Wee also perform multi-resolution active shape model segmentation [23]. The active 
shapee model learns the distribution of points p*. The normalized gradient is captured 
perpendicularlyy to the boundary in profiles of length 3. The number of levels of 
resolutionn is set to 6, with level 0 the original image, level the 2 the image with half 
thee number of pixels etc.. After alignment of the shapes by rotation, translation 
andd scaling, a shape model is constructed in which 84.2 percent of the variance is 
explainedd by the first 6 principal components. The neighborhood examined to find a 
betterr location for each point is 9. The initial shape is not taken to be the statistical 
average,, rather it is an arbitrary shape which is projected onto the space spanned by 
thee 6 principal components for evaluation [53]. Optimization stops after a maximum 
off  50 iterations. 

Wee perform three experiments with strings and active shape models (software 
courtesyy of [53]). In each experiment a shape is placed in the image on the correct 
positionn and perturbed a known amount to verify robustness against initialization. 
Thee perturbations include translation up to 15 pixels, rotation up to 30 degrees or 
scalingg with respect to a center point c with a factor up to 0.1. The perturbed shape 
iss then used to bootstrap segmentation. To measure the accuracy of the segmentation 
thee distance from the resultant to the correct boundary is computed using the root 
squaredd metric error. The error measure is based on the K = 100 optimized control 
pointss and on control points p*  defining ground-truth, also by 100 samples. The 
experimentss are performed systematically excluding each learning instance, from the 
learningg set and using the excluded one to test the performance of the model built 
withoutt it. 

Figuree 3.7 shows the average root squared metric of 145 segmentations for varying 
amountss of translation, rotation and scaling. As can be seen from the reduction in 
thee root mean squared error, the initial shape almost always moves to the correct 
boundaryy for both strings and active shape models. The string segmentation method 
outperformss active shape model segmentation when the initial shape is close to the 
correctt boundary, in spite of the fact that the ground-truth is poorly sampled. If not 
initializedd close to the target, string segmentation produces results similar to those 
producedd by active shape model segmentation, occasionally worse. This sensitivity 
too initialization is attributed to the fact that no pose parameters are optimized to 
explicitlyy account for pose corrections, in contrast to active shape model segmentation. 
Thee active shape model finds the correct boundary even from a large distance if that 
boundaryy is well defined. However, when the image evidence is vague, the active shape 
modell  tends to get trapped in a local minima far away from the correct boundary 
duee to wrong pose optimization. For strings, we expect performance improvement by 
optimizationn of pose parameters in addition to shape parameters under the condition 
thatt pose parameters are restricted to admissible ranges. Equivalent improvements 
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mayy be expected for act ive shape models by rest r ic t ing pose parameters. 

Figur ee 3.7: The average root mean square distance for initial and final curves as a function of 

translationn (left), rotation (middle) and scaling (right). 

Fromm figure 3.7 we observe that even when the initial shape is the correct shape, 
optimizationn brings the initial shape to rest at an average of almost 5 pixel distance 
fromm correct shape. We note that the points marking the vertebra boundaries in 
ourr learning set have been placed by a single medical experts and that variation of 
55 or more pixels in manual point placement can be expected. Hence, the structural 
errorr of approximately 5 pixels is largely ascribed to intra-observer variability. We 
expectt an improvement of performance proportional to the accuracy of the ground-
truthh segmentation, either by more precise individual assignment or by using larger 
amountss of salient points per vertebra. As the construction of a general model for the 
cervicall  vertebra also contributes to the structural error, we expect that a dedicated 
boundaryy model, e.g. a model of the CI vertebra, will bring in more accuracy and 
specifityy to the boundary model. 

a oo loo 6» TOO ? » aoo » o wo MO B O TOO rao too H O SM « O MO TOO TW NO H O 

Figur ee 3.8: Segmentation of a NHANES cervical vertebra image. Left: typical NHANES image 

withh ground-truth delineation. Middle: active shape model segmentation (solid line). Right: 

stringg segmentation (solid line). Note the vague image evidence along the vertebra boundary due 

too the very low image quality. 

Figuree 3.8 shows an example result for the active shape model segmentation and 
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thee string segmentation, which typically takes about 15 seconds and 95 seconds respec-
tivelyy on a standard machine. In spite of the elaborate matrix function manipulations, 
performancee is still very good. Much of the processing time is attributed to feature 
functionn alignment. Also the exhaustive search of simulated annealing contributes 
too the high computational cost. We expect a significant reduction in computational 
costt with landmark-based alignment, a more efficient optimization technique and op-
timizationn of our code for speed. Note that much of the erroneous solutions of the 
activee shape model [53] in figure 3.8 are global of nature. Apparently, the image 
evidencee around the target boundary is too vague to be conclusive for such a model. 
Hence,, the active shape model converges with a feasible shape in an unacceptable 
pose.. For the string segmentation, the erroneous solutions are confined to boundary 
segmentss not on the correct boundary, but rather on other visually-detectable edges, 
suchh as tissue/background edges or even edges produced by gray-scale intensity vari-
ationn within a vertebra. 

3.55 Discussio n and Conclusio n 

Inn conclusion, we have addressed a number of contemporary problems with statistical 
imagee segmentation models. We have represented boundaries by curves, solving some 
problemss arising from discrete representations. By placing these curves in a multi-
variatee functional feature space we have properly dealt with the problem of spatial 
andd feature interdependencies. We have performed curve registration, releasing us 
fromm the problem of missing points when aligning. We have substituted feature data 
byy principal component scores, thereby not only reducing the feature space but also 
endorsingg more robust computations. We have constructed a regression model for 
predictingg unknown boundaries, even ones dissimilar to the examples. We have built 
distancee model that also accounts for residual information. Finally, we have defined 
imagee segmentation as string optimization in multi-dimensional feature space. 

Inn this paper we have applied the string method for segmentation of rigidly shaped 
objectss with ill-defined image evidence along their boundary, as often found in medical 
images.. The method is also expected to work well for objects with more articulated 
shapes,, provided there is correlated variation in the shape properties. When applied 
too objects of the real world, where objects often have an unknown and varying back-
ground,, the definition of features should be such that values are computed from the 
insidee of the object only. This provides a multi-variate statistical description of the 
objectt area, rather than a description of the object boundary with its surrounding. 
Itt is important to note that continuous ground-truth segmentations are required to 
fullyy exploit the capabilities of strings. 

Withh [20], [37], [19], [35] we share the observation that features should be learned 
ratherr than constructed from a priori geometrical or analytical knowledge. Geometri-
call  and analytical features such as smoothness act as constraints'on the solution since 
thee resulting shape then will often be smooth at most places, regardless whether that 
iss the appropriate solution or not. As in [20], we conceive of shape and image evidence 
ass features and learn where they are effective in describing the statistics of the model. 
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Inn fact, we have adopted the idea of mapping features to a space where the most 
importantt modes of variation are determined by principal components analysis and 
usedd for steering a shape for segmentation of an image. 

Thee difference is that we conceive of a boundary as a multivariate continuous 
curve,, requiring continuous functions to be learned. Cootes et al. [20] reduce the 
boundaryy to point sets. This introduces the following problems. First, points may be 
confusedd with other points if they are not labeled, leading to erroneous classification. 
Second,, point location correspondence may be doted with error. Third, as recognized 
byy Duta [35], points may be missing, requiring a pseudo continuous reconstruction of 
thee boundary. Finally, measurements at discrete sample points are less reliable and 
leadd to lose of spatial coherence. 

Wee are less critically effected by these difficulties as we use closed continuous 
curves.. We profit from functional data analysis in exploiting the spatial and feature 
correlationss to explain the observed variations in the training data rather than re-
movingg or down weighting such correlations. Apart from this, in explaining these 
variations,, we also consider residual information, rather than omitting it. Contrary 
too Cootes et al. [20] we built a regression model from which we try to explain un-
knownn boundaries, including the errors made in doing so. Another difference is that, 
insteadd of producing new models in reduced space, and hence restricting the shapes 
thee method can handle, we freely produce new segmentation shapes and punish im-
plausiblee shapes. 

Inn comparing the performance of our string implementation with an active shape 
modell  implementation using software by [53], we note the following. The active shape 
modell  performs better in the case the target object is visually well-defined and the 
initiall  shape is placed at a large distance from the target. This is thanks to the explicit 
optimizationn of pose parameters for translation, rotation and scaling. When the initial 
shapee is initialized close to the target object, the active shape model performs better 
inn the case the object has boundary properties like most objects in the learning set. 
Iff  the target object has boundary properties that are dissimilar to the ones in the 
learningg set, the string model produces more accurate results. We note that the 
predictionn of feature values in reduced space, aids in explaining objects not seen in 
thee learning set. 

Inn a situation where the target boundary is visually ill-defined and the shape ini-
tializationn is at a large distance from the target, both string segmentation and active 
shapee model segmentation perform poorly. For that condition, we found active shape 
modelss to produce much better or much worse results than string segmentation. On 
averagee their performance is then similar. It has been acknowledged previously that 
properr initialization is required to guarantee satisfying result in view of the presence 
off  disturbing attractors in the image [83]. Strings outperform active shape models 
iff  the target object is visually ill-defined and the initialization is close to the target 
boundary.. This is due to the fact that strings locally exploit the discriminative power 
off  a repertoire of features. Also the fact that strings cope better with spatial depen-
denciess between feature values and the fact that they take into account correlations 
amongg features more explicitly improves segmentation under such highly demanding 
conditions. . 
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Hence,, we arrive at the conclusion that strings are particularly suited for learning 
variationall  models of objects that have inherently multivariate continuous boundary 
characteristics.. Strings are also very well suited for segmentation of complex scenes, 
wheree the visual evidence is vague or where a multi-dimensional feature set is needed 
too capture an object boundary. 
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