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Chapte rr  5 

Necklaces ::  Inhomogeneou s and 
Point-Enhance dd Deformabl e 
Models * * 

Inn many advanced segmentation problems objects have inhomogeneous bound-
aries,, hindering segmentation under uniform boundary assumption. We 
presentt a multi-feature image segmentation method, called necklaces, that 
exploitss local inhomogeneities to reduce the complexity of the segmentation 
problem.. Multiple continuous boundary features, deduced from a set of train-
ingg objects, are statistical analyzed and encoded into a deformable model. On 
thee deformable model salient features are identified on the basis of the local 
differentiall  geometric characteristics of the features, yielding a classification 
intoo point landmarks, curve landmarks and sheet points. Salient features are 
exploitedd within a priority segmentation scheme that tries to find complete 
boundariess in unknown image, first by landmarks then by sheet points. The 
applicationn of our method to segment vertebrae from CT data shows promis-
ingg results despite their articulated morphology and despite the presence of 
interferingg structures. 

**  Conditionally accepted for publication in Computer Vision and Image Understanding 
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5.11 Introductio n 

Imagee segmentation, the partitioning of an image into distinct areas whose points 
cann be characterized according to some specific property, is commonly performed 
onn the basis of object boundaries. Image information that is associated with these 
boundariess is extracted locally and is then linked in one or another way by a compu-
tationall  method. When images contain a complex ensemble of boundaries that are 
fractured,, occluded, convoluted or inhomogeneous otherwise, computation may be 
seriouslyy hampered under uniform boundary assumption. Segmentation under this 
premisee only works well for a limited range of segmentation problems where objects 
aree smooth and their edges are well-defined along the entire boundary. It is there-
foree imperative to strive for segmentation that exploits inhomogeneities rather then 
apprehendingg them as obstacles. This is viable as inhomogeneities often form salient 
informationn and hence are suitable boundary landmarks for image segmentation. 

Thee importance of boundary landmarks has been recognized in several works. 
Methodss that profit from point landmarks are proposed in e.g. [74], [70], [125], [54], 
[9].. In here, the user manually defines a set of point landmarks for computation to 
alignn it to the target object in the image. This is disadvantageous because manual def-
initionn is time-consuming and prone to failures. For this reason automatic landmark 
definitionn has been proposed in e.g. [121], [28], [36], [47], [109], [29]. Point landmarks 
ass well as curve landmarks are defined on geometrical or analytical grounds. Interac-
tivee detection is advocated in e.g. [100], [99] and [46] since automatic definition and 
detectionn of point landmarks is complex and prone to errors [98]. Interaction in this 
casee means that either a region of interest or an approximate position of a landmark 
iss given by the user to aid computation. We commemorate that existing methods 
definee and employ landmarks manually, automatically or interactively, the common 
denominatorr being the application of predefined features for landmark definition. 

Wee conceive of landmark-based segmentation as a multi-feature selection pro-
ceduree aiming at automatically defining and gradually exploiting landmarks. In a 
multi-featuree approach object boundaries are defined using multiple image and shape 
features,, often giving rise to a repertoire of landmarks. For example, when examining 
thee bending along the heart's boundary in cardiac images, curvature feature values 
wil ll  give a peak at the lower tip of the outer wall. When, in addition observing the 
edgee structure along the heart's boundary, this might give a highlight at the position 
wheree the aorta enters the heart. The local deviations in multi-feature observations 
cann be seen as landmarks with differing degrees of freedom. We strive to learn such 
landmarkss from a given set of training objects and to exploit them accordingly. The 
questionn addressed in this work is how to conveniently define landmarks and how to 
befittinglyy apply them for segmentation of volumetric image data. 

Thee work presented in this chapter is organized as follows. In section 2 ob-
jectt boundary landmarks are discussed. Attention is devoted to object boundary 
representation,, definition of landmarks and their application. Section 3 focuses on 
landmark-basedd segmentation by necklaces. Necklaces are introduced in terms of 
modell  construction, model qualification and model optimization. Experiments and 
resultss follow in section 4. The chapter concludes with a discussion in section 5. 
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5.22 Objec t Boundar y Landmark s 

Wee discuss requirements for boundary landmarks, their definition and application. 
Beforee we do that we first briefly describe object representation which plays an es-
sentiall  role in defining suitable landmarks. 

5.2.11 Boundar y Representatio n 

Inn chapter 3, the appearance of a two-dimensional object is learned from a repertoire 
off  features. Multiple continuous features are extracted from M training images /m(x) 
forr m = 1,..., M and Im : x G 9£2 -»  9£, for each of which the known segmentation is 
representedd by smooth curves sm(u), s : « e K 4 R2. For the mth learning example, 
thee shape sm(w), relates to the image at points Im(sm(u)). This is expressed in 
termss of N features derived from the shape as well as from the image. The mapping 
ff  : u G 9£ —> T handles this, yielding feature function 

fm(u )) = [ / i ( u ) , . . . , / ^ ( u ) ] . (5.1) 

Thiss way, features are integrally captured by space curves in the iV-dimensional fea-
turee space ƒ*, each dimension associated with one feature. This representation allows 
forr conveniently localizing landmarks arising from multiple boundary features of the 
object.. The landmarks are typically maxima, minima and zero-crossings of the space 
curves,, identified at the level of derivatives by differential curve geometry. 

Here,, we take over the multi-feature object representation in order to exploit 
landmarkss that appear in feature functions for image segmentation. We do this 
forr three-dimensional objects, extending two-dimensional concepts from chapter 3 
too three-dimensions. In this case, training images Jm(x) are three-dimensional, i.e. 
IImm : x G 9ft3 ->  9£. Object outlines are smooth surfaces represented by sm(u), 
ss : u G 3ft2 -*  U3. The mapping f : u G 9?2 ->  T yields feature functions 

f ra(u)) = [ / i (u ) , . . . , / ^ (u) ]. (5.2) 

Featuress are now conveniently captured by manifolds [82] in the iV-dimensional fea-
turee space T. In search for landmarks, we have to consider high curvature points in 
thesee manifolds. Differential geometric surface analysis then localizes landmarks. 

Wee briefly summarize requirements for landmarks, conforming to the ones in [92]. 

-- Landmarks should be selective. Landmarks that do not posses characteristics 
thatt discriminate them from other boundary points have no additional value for 
segmentation. . 

-- Landmarks should be sparse. Landmarks that are abundantly present are less 
suitablee for concise representation of the segmentation problem. 

-- Landmarks should be detectable. Landmarks of which the presence can not be 
confirmedd computationally may cause erroneous solutions. 
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-- Landmarks should be robust in their appearance. Boundary landmarks that 
aree inconsistent in their frequency of occurrence and that have highly variable 
appearancee may hamper segmentation. 

Thesee requirements are general of nature; they hold for a large number of points on 
andd off boundaries. We concentrate on boundary landmarks. 

5.2.22 Definitio n of Landmark s 

Wee take a differential geometric approach to find suitable landmarks from feature 
functions,, reducing landmark definition to localizing surface landmarks. Surface land-
markss are captured by the well-known first and second fundamental forms (see e.g. 
[65],, [117]). In this section, we will discuss landmark definition for the case that the x, 
yy and z-coordinates of a surface are the only features to consider, i.e. f : u G 5ft2 —> 5R3. 

Forr the surface f(u) the first fundamental form 7(u, du) measures the length of 
aa small movement df from the point f(u) in the direction given by du. The first 
fundamentall  form I(u, du) is determined on the basis of the surface derivatives fu in 
thee u = [ui,U2]T direction. It is defined as 

ƒƒ (u, du) = du1 ff . f f .f 
ff . f ff -f 

du. du. 

Forr the second fundamental form the unit normal vector is needed 

It i !!  X I U 2 n(u|f)) = 
\*ui\*ui X tu 

(5.3) ) 

(5.4) ) 

Itt measures the change dn of the normal vector and the change in the surface position 
dfdf given by 

7/(u,, du) = du —— A**T ' u i U i ' ï ll  *UiU2* ^ 

n n 
du. . (5.5) ) 

AA surface is essentially expressed by mapping these two matrices into the normal 
curvature,, defined as 

K0(u|f)) = -
df-dn n 
df-df f 

(5.6) ) 

andd the principal curvatures, which occur when dn and df are aligned for a particular 
directionn du. The maximum curvature K\ and the minimum curvature /c2 are defined 
as s 

«i(u|f)) = 77 f̂ ' 

* 2(u|f)) = 
llU2lL2 U2lL2 n n 
ff . f 

(5.7) ) 

(5.8) ) 
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Thee directions u and w in which the principal curvatures occur, the principal curva-
tureture directions, are determined from du = (dui,du2) by solving the quadratic equation 

du\du\du\du\ —du\du2 du2du2 
ff  .f f .f 

f f n n 

ff -f == 0. (5.9) ) 

Ann alternative to the principal curvatures are the direction independent mean curva-
tureture K3 and Gaussian curvature, K4: 

K 3( u | f)) = K1K2, 

K 4(u|f)) = . 

(5.10) ) 

(5.11) ) 

Forr specific applications it is desirable to make these quantities scale-independent by 
multiplicationn with the surface area 

6A(u\f)6A(u\f) = V(f Ul)
2 + (fUa)

2. (5.12) ) 

Thiss way two surfaces that are different in size but similar in shape can be considered 
thee same with regard to curvature. 

Twoo frequently used landmark localization approaches are discussed. They employ 
principall  curvatures «i(u|f) and «2(u|f), the largest curvature Ki(u[f ) being the one 
withh the highest value. 

Elliptic c 

Hyperbolic c 

Figur ee 5 . 1 : An object with four types of boundary points: flat/planar, ridge/parabolic, 

peak/elliptic,, saddle/hyperbolic. 

Onee way of classifying surface points is based on the principal curvatures Ki(u|f) and 
K2(u|f)) and associated principal directions v(u|f) and w(u|f) (e.g. [40], [121]). Two 
curvaturee functions Ki(s|c) and K2(s\c) are determined which measure the curvature 
off  the surface along a curve c(s), parameterized by s, that goes through the point 
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off  interest and has a tangent equal to the corresponding principal direction at that 
point.. Zero-crossings of the directional derivatives of these curvature functions are 
usedd to classify points as elliptic, parabolic or planar (see table 5.1). Elliptic points 
cann be viewed as point landmarks, parabolic points as curve landmarks. 

VK 2(S |C)) = 0 

V«2(a|c)) ^ 0 

VKI (S |C)) = 0 

elliptic c 
parabolic c 

V/ci(s|c)) 4- 0 
parabolic c 
planar r 

Tabl ee 5 . 1 : Shape classification on the basis of zero-crossings of the curvature functions K I ( S | C ) 

andd K 2 (S |C) . 

Thiss approach provides a geometrically meaningful distinction between different types 
off  surface points. The disadvantage is that on the basis of the zero-crossing only it 
iss not possible to distinguish between "strong" and "weak" elliptic/parabolic points. 
Evenn almost flat structures and minor bumps in the surface are classified as elliptic 
orr parabolic. 

Ann other common way of classifying surface points is based on the signs of principal 
surfacee curvatures (e.g. [8], [117]). The possible configurations are listed in table 5.2. 
Inn this case, surface points are classified into one of six basic types: peak, pit, ridge, 
valley,, saddle and flat. An equivalent classification is reached by using the signs of 
thee Gaussian and mean curvature. Saddle points are then resolved into saddle ridge, 
saddlee valley and minimal surface yielding eight basic surface point types. Peaks pits 
andd saddle points can be viewed as point landmarks, ridges as curve landmarks. 

K2(u|f)) < 0 
«2(u|f)) = 0 
K2(ll|f )) > 0 

Kl(u|f )) < 0 
peak k 
ridge e 
saddle e 

«i(u|f)) = 0 
ridge e 
flat flat 
valley y 

Kl(u|f )) > 0 
saddle e 
valley y 
pit t 

Tabl ee 5.2: Shape classification on the basis of the signs of the principal curvatures. 

Thee advantage of this classification approach is that a distinction is also made be-
tweenn pits and peaks and between ridges and valleys which have identical shape but 
aree embedded differently in three-dimensional space. However, as with the previous 
classificationn scheme, minor bumps in the surface are classified as elliptic or parabolic. 
Thee number of landmark points derived this way can be very large. In addition the 
distinctionn between different types of landmarks is not always clear, making them less 
suitedd for aiding segmentation. 

Thee above discussion motivates the definition of landmarks on the basis of a 
thresholdthreshold for the principal curvature values. We modify the classification scheme 
basedd on the signs of the principal curvature and classify surface points depending on 
whetherr the absolute values of the principal curvatures «i(u|f) and K2(u|f) exceed a 
predefinedd threshold cs, where the value of cs is derived from a priori knowledge. 
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(a)) (b) (c) 

Figur ee 5.2: Classification of surface points on the basis of a threshold for the principal curva-

tures:: a) point landmarks indicated by spheres, b) curve landmarks and c) sheet points. 

K 2(u | f)) < -Cs 

-C-Css < K 2(u f) < Cs 

CCss < At2(u|f) 

K l ( u f )) < -Cs 

pointt landmark 
curvee landmark 
pointt landmark 

-C-Css < K l (u | f ) < C3 

curvee landmark 
sheett point 
curvee landmark 

CCss < K l (u | f ) 

sheett points 
curvee landmark 
pointt landmark 

Tabl ee 5.3: Shape classification on the basis of a threshold for the principal curvatures. 

Threee types of surface points are distinguished this way as illustrated in figure 5.2. 
Wee refer to them as point landmarks, curve landmarks and sheet points. Point land-
markss are uniquely localized due the presence of a strong curvature in both principal 
directions.. Curve landmarks are well defined in only one of the principal directions. 
Sheett points are only well defined in the normal direction. The points are listed in 
tablee 5.3. 

5.2.33 Application of Landmarks 

Whenn surface points are classified into point landmarks, curve landmarks and sheet 
pointss as defined above, it is natural to adopt a priority scheme when objects are 
segmented.. We employ the following order in finding objects: 

1.. Detect point landmarks. The result is a rough estimate of the position of the 
objectt by its point landmarks. 

2.. Given 1, localize curve landmarks. The result is an outline of the object. 

3.. Detect sheet points departing from the solution of 2. The result is the location 
off  all boundary points. 
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Thiss priority scheme enables to search for curve landmarks and sheet points once point 
landmarkss are detected. The incremental approach has two advantages. In the first 
placee it allows to handle complex image scenes by exploiting well-defined information 
first,first, reducing disturbance from unrelevant image data and diminishing the search 
space.. Another advantage is that point landmarks reduce user interaction to point-
to-pointt correspondence when dealing with erroneous solutions due to propagation of 
errorss made in point landmark localization. 

5.33 Landmark-Based Segmentation by Necklaces 

Landmark-basedd segmentation can be applied adequately within the deformable 
modell  platform. Deformable model methods have been extensively used for image 
segmentationn (e.g. [114], [119],[16],[15]). To accommodate deformable models for 
segmentationn of inhomogeneous boundaries, we have developed one that uses multi-
plee features to define and exploit boundary landmarks. As it reminds of a necklace 
becausee of its inhomogeneous and point-enhanced character we call it as such. 

Learnin gg Phase 

(x) ) 

Sm(U> > 

Feature e 
Function n 
Definition n 

l-eature e 

ff (u) 
nrr ' 

Feature e 
Function n 

Characterization n 

Definjtion_ _ 

f(u) ) 
f(u) ) 

a f u u 

nW W 

s0(u) ) 
Feature e 
Function n 
Definition n 

ft(u) ) 
Feature e 
Selection n 

Features s 

ft(u) ) 
Quality y 

Computation n e e 
Model l 

Optimization n 

s f (u ) ) 
— i — —

Segmentatio nn Phase 
s ((u )) (T times ) 

Figur ee 5.3: Overview of components of the necklace segmentation technique. Note that at 

thee start of the learning phase, we need a set of images J m ( x ) , m = 1...M with corresponding 

correctt ground-truth segmentation represented by s m ( u ) . 

Thee essence of necklaces is formulated in terms of the following aspects: how the 
boundaryy model is constructed, how the objective function is formulated and how 
optimizationn is performed. Figure 5.3 shows the main components of the necklace 
segmentationn technique. They will be addressed in the following sections. 
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5.3.11 Mode l Constructio n 

Ass in chapter 3, we aim at learning object models rather than constructing them 
fromm a priori geometrical or analytical knowledge. However, in contrast to chapter 
3,, where image and shape features are weighted according to the variation seen in 
thee training feature functions, here we select them according to saliency seen in these 
functions.. We are aware of the fact that this may introduce shortcomings related to 
neglectingg variational information. However, this has inconsequential affects to the 
conceptss proposed here. 

Shapee Features 

Objectt shape is learned from a training set of M surfaces sm(u), m = 1,..., M, em-
beddedd in example images 7m(x). A number of shape features (e.g. curvature) are 
recordedd along sTO(u) to obtain a population of features. The population average for 
thee nth feature is 

11 M 

m = l l 

wheree /£ (u ) ,n € {l,...,iV }  is the feature function emanating from fitting a surface 
throughh the feature samples taken along sm(u). The feature functions are smoothed 
andd aligned to properly compare features at same positions along the boundary. The 
variancee in shape feature values is 

*/""  <u) = ( M E « H S - ) "  Z7»)2 J  (5-14) 

Ass shape feature we select the translation and rotation invariant mean curvature made 
scalee independent by multiplication with the local surface area <L4(u|sm). Apart from 
this,, we also learn the principal curvature values Ki(u|sm) and K2(u|sm) to relieve 
landmarkk localization in subsequent steps. Scalar and vector features form dimensions 
off  the feature space. Table 5.4 lists the features and their definition. 

Feature e 

1stt principal curvature 
2ndd principal curvature 
meann curvature 

Dimension n 

/ m ( l | S m) ) 

fm(u\*m) fm(u\*m) 
M"\*m) M"\*m) 

Definition n 

ki(u\ski(u\smm) ) 

Mu|Sm) ) 
(*i(u|sm)) * fc 2(u |sm) ) / ^ (u |sm) 

Tabl ee 5.4: Shape features in our implementation. First principal curvature values / ^ ( u | s m ) 

formm the first dimension of ? and second principal curvature values / £ ( u | s m ) form the second 

dimension.. The third dimension is formed by scale independent mean curvature values / ^ ( u | s m ) . 
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Imagee Features 

Ass the gray-level patterns about a boundary point will often be similar in different 
images,, we also statistically capture the image data along the object boundary. The 
statisticss of image features along Jm(sm(u)) are computed analogously to the shape 
statistics: : 

11 M 

ƒ"(")) = ^ L - C H / m , sm ) (5.15) 
m = l l 

andd corresponding variance 

CTCT/-(»)/-(») = if £ ( / £ H A » . * ») - r(u))2 . (5.i6) 
\\ m=l / 

Too highlight specific structures in the image while suppressing unrelevant ones, we 
usee filter information obtained from the structure tensor. The structure tensor is 
commonlyy used to capture the local three-dimensional structure of the image (e.g. 
[52],, [87], [28], [127]) as it contains more information about the image than gradient 
informationn only. For an image position 7(x) it is defined by 

// IX1 (x;(Td)IXl(x;crd) IXl{x;<rd)Ix 2(x',<rd) IXl{x;ad)IX3(x\(7d) \ 
M{x;aM{x;add)=l)=l  IXl(x;ad)IX2{x;ad) IX2{x;ad)IX2{x;ad) IX2{x;ad)IX3(x;ad) 15.17) 

VV  IX3{x;ad)IXl(x;ad) IX3{x]ad)IX2(x;ad) IX3(x;ad)IX3{x;(j d) ) 

wheree ad is the differentiation scale and (.) denotes smoothing with scale as to obtain 
thee dyadic product. The matrix elements IXi denote partial image derivatives defined 
ass convolution of the image with derivatives of a Gaussian function 

hihi (x; ad) = I(x) *  GXi (x; ad). 

Thee eigenvalues Ai > A2 > A3 of M(x ; ad) are used to define image feature functions. 
Whenn all eigenvalues are sufficiently large this indicates a point-like structure. Feature 
functionn f^(u\Im, sm) records a boundary in an image filtered to highlight such point-
likee structures. Two eigenvalue, Ai , A2, a multitude larger than the smallest eigenvalue 
A33 indicates a point on a curve-like structure. Feature function / ^ ( u | /m , sm ) records 
aa boundary in an image filtered to highlight such tubular-like structures. Similarly, 
/ ^ ( u | /m , sm )) measures intensity values in an image which has been processed to 
highlightt sheet-like structures. The image features are listed in table 5.5. 

Thee normalization constant ct in table 5.5 reflects the minimum required image 
variationn for an image point to be highlighted as one of the three boundary point 
types.. This way we can focus on strong point landmarks and curve landmarks while 
disregardingg image variations caused by minor bumps in the object boundary or by 
noise. . 

Att this point we have a statistical description of the object boundary of interest. 
Thee relevant information is contained in the N = 6 dimensional population average 
featuree function f(u) = [ /^u) , . . . , /6(u)] and variation erf(u) = [<T/I(U) , ...,<r/6(u)]. 
Wee transfer this information to the segmentation phase. 
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Feature e 

imagee point points 

imagee sheet landmarks 

imagee curve landmarks 

Dimension n 

Jm\^\*miJm\^\*mi sm) 

/m(u | /m,Sm ) ) 

/m( u !An,Sm ) ) 

Definition n 

11 — e ct 

11 — e ct 

11 — e c« 

Tabl ee 5.5: Image features in our implementation-: / £ (u | I m , s m ) highlights point landmarks, 
/ m H / m , s m )) highlights curve landmarks, /m(u| /m ,sm ) highlights sheet points. 

5.3.22 Mode l Qualificatio n 

Forr segmentation of an unknown image we exploit landmarks found in f(u). 

Deformabl ee Surfac e 

Thee deformable surface s,(u),st : u e f/ C ffi 2 -> Sft3 is used to actively find an 
objectt in the unknown image I0(x). It deforms in time t tosuggest new features 
extractedd from it and the image it lives in, to be compared to f (u) and «rf (u) as the 
statisticss from learning. The initial deformable surface s0(u) is the average of the 
alignedd training shapes 

11 M 

so(")) = ^ 5Z s™(u)- (5-18) 
m = l l 

Onn the deformable surface, point landmarks, curve landmarks and sheet points are 
localized.. This is done by investigating at path positions u whether the principal 
curvaturess of the population average f(u) exceed the predefined threshold c8. For 
instance,, if at / n ( u) the statistical average of both principal curvatures exceeds the 
predefinedd threshold, than st(u) is considered a point landmark. Hence, 

UUAA = { u | -cs > /ci(u|f) > c8, -cs > K2(u\f) > cs } , (5.19) 

UUBB = { u I ~C8 > Ki(u|f) > c8, - c . < K2(u|f) < c8 } , (5.20) 

UUcc = { u I -c8 < *i(u|f ) < cs, -cs < K2(u|f) < cs } . (5.21) 

Thee disjoint sets UAMBMC together contain all path positions, with st(u) for u 6 ^ 
beingg point landmarks, s4(u) for ueUB curve landmarks and se(u) for ueUc sheets 
points. . 

Objectiv ee Functio n 

Too qualify the deformable surface when it is in an unknown image 70(x), an objective 
functionn is defined that measures how much a recorded boundary deviates from the 
populationn average. The deviation is calculated in terms of the above defined local 
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shapee and image features. An integration is carried to compute a global measure 
off  deviation for all N features measured along /0(st(u)). Denoting the N feature 
functionss emanating from I0(st{u)) by f ((u) = [f l(u), . . . ,ƒ*  (u)], the global objective 
functionn summarizes the fit as follows 

0(s,|f,<rf ,f t)) = f i f w " ( u r ( u | f , ^ , r ) r f u . (5.22) 
J uu J n = l 

Thee weight function w"(u) is the actual feature selector. For each feature n it indicates 
thee relative importance of that feature based on the mean curvature of the population 
averagee for feature n, denoted by K 3(u| /n) . Currently, wn(u) selects one feature and 
turnss off others: 

n .. , _ ƒ 1 i f K 3 ( u | /n ) > K 3 ( u | f ) , i e { l , . . . , i V } , ^ n ( s) 
ww ( u ) " \ 0 otherwise ^ ' 

Thee local objective function 9n{u\fn,afnJ
n) measures the distance between ex-

pectedd and recorded values for feature n. To ensure a controllable distance measure, 
thee Mahalanobis distance [34] is computed using population average and variation 
informationn obtained from learning. For the nth feature this means 

)) = «(-) p y ) '  <5-24> 
Thee local objective function is controlled by means of weighting function v(u). It 
regulatess the contribution of point landmarks, curve landmarks and sheet points to 
thee objective function value using prespecified weights VA , VB and vc 

(( VA if u 6 UA 

vv(u)(u) = < vB if u G UB (5-25) 
\\ vc if u £Uc 

Thee weights are positive and subjected to the following constraint 

VAVA + VB +vc = 1- (5.26) 

Inn the priority scheme discussed in section 5.2.3, the first step is performed using 
thee following weight settings vA = l,vB = 0,vc = 0, step two using vA = 0,vB = 
l,vl,vcc = 0, and three using vA = 0,vB = 0,vc = 1. The weights may also be set 
suchh that features along the entire surface contribute to the definition of the object, 
constrainedd according to equation 5.26. 

5.3.33 Mode l Optimizatio n 

Thee optimization of the deformable surface corresponds to the minimization of the 
objectivee function. Optimization only affects the geometry of the initial surface st = 0 
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byy changing the position of surface points while keeping the same uniform parame-
terization.. The aim is to find the optimal deformable surface s/(u), such that 

s /=a rgm inn 0(s<|f,crf ,f,) (5.27) 
Si i 

Optimizationn involves two main steps for each surface point. In the first step a new 
suggestedd position is calculated based on the fit quality of the deformable surface. 
Thiss is followed by movement of the deformable surface in order to reposition each 
pointt as close as possible to the newly preferred position. 

Searchh Schem e 

Wee adopt a priority scheme when optimizing the deformable surface; different surface 
pointss are fitted to the image data at different times and in different number of 
dimensions.. The aim is to first search for well-defined points in the image and to 
exploitt solutions thereof for obtaining an optimal global fit. 

Wee consider optimization a function of scalars a,0 and 7. These parameters 
aree associated at each surface point with the normal vector n(u|st) , the maximum 
principall  direction v(u|st) and the minimum principal direction w(u|sf ) respectively. 
Thesee local surface properties allow to steer segmentation in ways that take into 
accountt physical object properties. 

Thee suggested movement, or drive d(u|st) that works on a surface point s((u) to 
movee it to the newly preferred position, is formulated as a linear combination: 

d(u|s,)) = an(u|st ) + /3v(u\st) + 7w(u|st). (5.28) 

Thiss way, movement is restricted to well-defined directions, permitting search spaces of 
differentt dimensions for different types of points as illustrated in figure 5.4. Moreover, 
thee magnitude of the movement can be easily controlled by predefining the range of 
acceptablee values for the optimization parameters. 

(a)) (b) (c) 

Figur ee 5.4: Three types of search spaces: a) one-dimensional for sheet points, b) two-

dimensionall for curve landmarks and c) three-dimensional for point landmarks. 
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Fittingg the deformable surface to the image data is performed in four steps, fol-
lowingg the priority scheme discussed in section 5.2.3. In the first step deformable 
surfacee point landmarks are fitted to corresponding image point landmarks. The fit 
iss performed in three dimensions where the search space is naturally spanned by the 
normall  vector n(u|st) and the principal curvature directions v(u|st) and w(u|st). Ac-
cordingly,, optimization reduces to finding the optimal values for a, 0 and 7, defining 
thee the quantity in equation 5.28. 

Thee user may fit a restricted number of selected point landmarks by pointing and 
clickingg in the image to steer the segmentation. User interaction yields initial values 
forr parameters a, /? and 7. That is, interaction with image point xp yields parameter 
valuess for which holds 

xpp = st (u) + d(u|st )JueWJ4. (5-29) 

Thee solution obtained by solving this linear system of equations forms the depart-
ingg point for the computational method. The optimal values for a, ƒ? and 7 are 
automaticallyy searched for in the vicinity of the point of interaction. 

Inn the next step, curve landmarks are fitted to the image data departing from 
thee previous result. Optimization is done away from point landmarks, i.e. first curve 
landmarkss close to point landmarks are optimized, then curve landmarks at greater 
distances.. This way we further exploit earlier found solutions. The location of curve 
landmarkss in the image is searched for in a two-dimensional space spanned by the 
normall  vector n(u|st) and the maximum principal curvature v(u|st ) . Optimization 
correspondss to finding the optimal values for a and /5, while 7 is set to zero. Conse-
quently,, the driving force working on curve landmark st (u) ,u 6 UB is fixed by 

d(u|sf)) = an(u|st ) + /?v(u|st). (5.30) 

Sheett points are then fitted to the image data to find all remaining boundary points. 
Firstt those sheet points are optimized that are close to curve landmarks than sheet 
pointss at greater distance for the same reason as mentioned above. The location of 
sheett points in the image is obtained by fitting surface points st (u) ,u € Uc to the 
imagee data in the normal direction only: 

d(u|st)) = an(u|st ) . (5-31) 

Soo far point landmarks, curve landmarks and sheets points have been optimized sepa-
rately.. In the final step all surface points are optimized once again in their respective 
dimensionss to obtain a global solution and to fine tune results. This is especially im-
portantt in light of the step-by-step segmentation scheme where errors made in early 
stepss may be propagated. A final optimization accounts for this. 

Furthermore,, as movement of one surface point almost always suggest a similar 
movementt of neighboring surface points, we choose to distribute the force working on 
aa single surface point along the entire deformable surface. That is, we preserve the 
shapee of the deformable surface as much as possible when fitting a specific surface 
pointt by simultaneously estimating the correct position for deformable surface points 
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(a)) (b) (c) 

Figur ee 5.5: The left upper point-landmark is repositioned causing deformation of the entire 
surface:: a) initial surface, b) deformation with a low distribution constant, c) deformation with 
aa large distribution constant. 

thatt have not yet been optimized. This means that, given drive d(uj|st) working 
onn surface point s^u,), the following movement of st(uj), Vii j e U is performed to 
obtainn the next preferred position st +1(uj) 

84+1(11,)) = st(u,-) +d(ui\st)e-^/c  ̂ (5.32) 

wheree 6 = Z?(st(ui),s4(u_,)) denotes the Euclidean distance between surface points 
st(uj)) and st(uj). The constant cd > 0 is a predefined value controlling the magnitude 
off  the distribution. A small value for the distribution constant influences the shape 
off  the surface in the immediate neighborhood of the point under optimization, while 
aa large value also effects the shape of the deformable surface at large distances. This 
iss illustrated in figure 5.5. 

Init ial izatio n n 

Thee inherent difficulty in deformable model methods is that searching for a minimum 
overr a non-convex function is possible only under predefined conditions that lead to 
thee desired solution [18]. As the objective function is typically non-convex, it might 
havee many local minima. As a consequence the use of a local optimization method 
wil ll  usually find only local minima, and therefore it becomes necessary to place the 
initiall  surface close to the true boundary to obtain acceptable results. 

Wee allow the user to specify an initial guess that is close to a local minimum. 
Thee initial surface for the object at hand is placed in the image and aligned with the 
soughtt object boundary by transformation. The user translates, rotates and scales 
thee a priori deformable surface until an acceptable first guess is-obtained. Starting 
fromm the user initialization the optimization method refines the initial guess to fit 
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too the image data. In this context, the purpose of initialization here is to bootstrap 
optimization. . 

5.3.44 Implementatio n 

Inn our implementation we use B-spline surfaces. B-spline surfaces have been chosen 
becausee they allow for analytic computation ([93], [41]), and hence an easy derivation 
off  local second order surface properties. Apart from this, the influence of control 
pointss is limited to well defined surface intervals providing local control to surface 
manipulation.. This simplifies user-steered adjustments of locally undesirable results. 

Thee B-spline surface is a collection of B-Spline curves [93]. The surface is defined 
ass the set of all points given by the following expression for all parameter values of 
u == [ui,u2]

T 

s(u)) = E E ^ ( u ^ U 2 ) b J ' '  (5-33) 

3=13=1 1=1 

wheree b* ' is the array ofJxL control points. The Bj(ui ) are B-spline basis functions 
off  degree p - 1 in ui direction, which are p - 2 times continuously differentiate. The 
BBll (o2) are the basis functions of degree q - 1 in u2, which are q - 2 times continuously 
differentiate.. A set of knots in a path parameter interval relating to the control 
pointss is used to define the basis functions. For an analytic expression of B-splines 
basiss functions see [93]. 

Forr the calculation of new shapes during the optimization process we need the 
pointss p j £ , j = 0,..., J J = 0,..,L, which are the interpolation points of s(u) at 
uu = [u^uf ] 7. They are defined as 

p*<< = s(u{,ul) = E X ^ u i ) ^ ) * ' 1 . (5-34) 
33 = 1 1=1 

Powell'ss method is used in combination with Brent's line minimization method [13] 
forr calculating new suggested positions for the control points. This variant of coordi-
natee descent optimization minimizes each parameter in turn using Brents line search 
minimization.. The method cycles repeatedly through all parameters. It discards one 
coordinatee dimension in favor of another one if this is a better candidate. The process 
iss repeated after each cycle of minimization, until a stable solution is found for the 
objectivee function. Although being slower than gradient-descent approaches, Powell's 
methodd has the distinct benefit that no derivatives need to be known for the objective 
function. . 

5.44 Experiment s and Result s 

Thee application to evaluate the proposed necklace method deals with 20 CT images of 
vertebrae.. The CT images are acquired on a Philips SR 700 CT at 140 KV (Philips 
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Medicall  Systems, Best, The Netherlands). They were scanned at a resolution of 
approximatelyy 225 x 225 Wm and slice thickness of 0.5 mm. The images concern 
thee lumbar part of the human spine, exhibiting considerable variation in shape and 
gray-levell  appearance even among normal patients. 

Fourr steps are involved in the evaluation procedure: (1) manually outlining and 
aligningg vertebral boundaries for composing the training set, (2) statistically analyzing 
featuress in the training set for construction of the vertebra model, (3) segmenting 
vertebrall  boundaries in new unknown images, and (4) comparing segmentation results 
withh the known solutions. These steps are performed in two distinct phases: learning 
andd segmentation. 

Inn the learning phase the medical expert provides ground-truth segmentations by 
indicatingg three-dimensional points in three two-dimensional orthogonal slices of the 
volumee data. This is done only one time and within one day. A total of 144 points 
aree positioned along a single vertebra boundary, forming the interpolation points for 
B-splinee surfaces. The resulting B-spline surfaces and corresponding images are added 
too the training set. Subsequently, image and shape features are taken at 400 samples 
alongg each surface in the training set, then statistically analyzed. 

(a)) (b) (c) 

Figur ee 5.6: The population average vertebra surface s t =o(u) : a) side view b) upper view and 

c)) frontal view. Its shape is controlled by 144 interpolation points. 

Thee testing phase involves segmentation of the vertebra images with help of the neck-
lacee model. The segmentations are then compared with the ground truth delineations. 
Thiss is done using a cross-validation technique [66] as splitting the limited amount 
off  20 vertebra images into separate fixed learning and testing categories would result 
inn an insufficient number of test and learning cases. Figure 5.6 shows the population 
averagee shape of the vertebrae in our training set. 
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5.4.11 Experiment s 

Thee experiments investigate the benefit of landmark-based segmentation with help of 
necklacess over segmentation under uniform and smooth boundary assumption. We 
concentratee on landmarks that emanate from the curvature of the vertebra surface, 
i.e.. landmarks are defined only on the basis of high value positions in / ^ u) and 
/ 2(u)) under the assumption that in this application saliency is predominantly due to 
vertebraa shape. Apart from this, feature selection is done according to the type of 
surfacee point: at point landmarks features /3(u) and /6(u) are evaluated, at curve 
landmarkss features /3(u) and /5(u) and at sheet points /3(u) and /4(u ). This way 
wee always take into consideration shape features while exploiting saliency in the image 
data. . 

Too compare landmark-based segmentation using necklaces with conventional seg-
mentationn we also study segmentation under uniform boundary assumption. To this 
endd we reduce the necklace method to one without landmarks a) by learning and 
applyingg ƒ3 (u) and ƒ4 (u) along the entire boundary and b) by optimizing each point 
off  the the deformable surface in three dimensions, regardless of the dimensionality of 
thee features at the surface points. 

Wee perform three segmentation experiments both for landmark-based segmenta-
tionn and the conventional way of segmentation. The ground-truth shape model is 
transformedd to the initial deformable surface by translating it with —15 < \ 5: 15 
voxels,, rotating it by —10 < ^ < 10 degrees along the z coordinate or scaling it by 
0.99 < ot < 1.1 times with respect to a center point. The deformable surface is then 
fittedd to the image data using the Powell optimization procedure, with equilibrium 
definedd as a 10 percent or smaller change in maximal 50 iterations for line search and 
aa maximum of 50 calls to line search. The curvature threshold is fixed at cs =0.03. In 
thee first three steps of the priority scheme the weights VA , VB and vc are either turned 
onn or off depending on the segmentation aim, whereas in the global optimization step 
theyy are set to: VA = 0.5, VB = 0.3 and vc = 0.2. The image features are obtained 
usingg differentiation scale ad = 3.0 and smoothing scale as = 4.0. The normalization 
constantt c< is set to 100. 

5.4.22 Results 

Evaluatingg the spatial accuracy of the necklace method amounts to comparing the ex-
tractedd vertebral segments with ground truth, which is not predetermined, but rather 
iss a function of the test data and the accuracy of the human expert. The distance 
betweenn the segmented surface and the target surface is measured using the root 
squaredd metric error, which computes the average Euclidean distance between points 
inn the proposed solution and points in the ground truth. The Euclidean distance is 
computedd using a discrete error formula: 

xx L - l 

eedd==  min - V ||sm(u() - s/(u/ + S)\\. (5.35) 
0<5<L0<5<L  L *-^ 

1=0 1=0 
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wheree sm(u) is the ground-truth solution and s/(u) is a point on the optimized 
deformablee surface. This error metric is used commonly for measuring the accuracy 
off  a point sample distribution. 

Thee first row in figure 5.7 shows the average Euclidean distance between the 
segmentationn result (with and without landmarks) and the ground-truth solution for 
differentt transformations. The flatness of the graphs is an indication of the capture 
rangee of the deformable surface. It can be seen that even small rotations negatively 
influencee segmentation, while translations and scaling up to +/-5 pixels and scaling 
withh +/- 0.04 produce acceptable results with Euclidean distance less than 5. In 
mostt cases landmark-based segmentation achieves a higher reduction in Euclidean 
distance,, i.e. the result is closer to the true solution. Sometimes the result is worse. 
Wee attribute this to the fact that when point landmarks are localized and fixed 
wrongly,, e.g. because the sought image landmark point is out of the capture range 
off  the deformable surface, it has a considerable negative affect on the subsequent 
localizationn of other points. We conclude that landmark-based segmentation using 
necklacess outperforms conventional segmentation when point landmarks are localized 
well. . 

Thee second row in figure 5.7 indicates how the average Euclidean distance corre-
spondss to the average Mahalanobis distance of the segmentation result to the pop-
ulationn average. It can be seen that the Mahalanobis distance after optimization is 
lowerr then at the beginning, meaning that the final deformed surface has feature val-
uess closer to population average than the initial deformable surface. Landmark-based 
segmentationn obtains a larger reduction in Mahalanobis distance when starting from 
aa scaled version of the ground-truth shape. For translation and rotation landmark-
basedd segmentation yields higher reduction in some cases, and lower in other ones. 
Notee that for the vertebra application the objective function is much more sensitive 
forr translation and rotation than for scaling, presumably due to the dense context 
off  the segmentation scene with ribs and other organs easily disturbing the fit of the 
vertebraa model 

Fromm figure 5.7 we observe that even when the initial deformable surface is the 
ground-truth,, the optimization brings the deformable surface to rest at an average 
off  a littl e under 4 voxel distance. The minimal voxel distance of 4 is largely due 
too variation in assignment of ground-truth by the expert. For our stochastic model 
suchh a variation is the lower bound in accuracy of what the algorithm is capable of 
findingfinding back. In a four time repetition of the ground-truth assignment under similar 
conditionss we found a variation of 4.4, 4.9 and 6.7 voxels for point-landmarks, curve 
landmarkss and sheet points respectively. We expect an improvement of performance 
proportionall  to the accuracy of the ground-truth segmentation, either by more precise 
individuall  assignment or by using larger amounts of salient points per vertebra. 

Furthermore,, we partially ascribe the minimal voxel distance of 4 to fact that the 
modell  was built from different types of lumbar vertebrae (LI , L2, L3, L4, and L5), 
whichh may have led to a population average that does not sufficiently resemble any 
off  the segmented vertebra. This causes the deformable surface sometimes to shift 
awayy from its correct position in order to comply to the population average. We note 
thatt it is essential to use as much invariant features as possible to reduce the effect 
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(a) ) (b) ) (c) ) 

(d) ) (e) ) (f) ) 

Figur ee 5.7: Comparison of segmentation results with and without application of landmarks. Top 

roww shows the average Euclidean distance of results to ground-truth shape for a) translation, b) 

scaling,, c) rotation. Bottom row shows the average Mahalanobis distance of result to population 

averagee for : d) translation, e) scaling, f ) rotation 

off  the population average features to the accuracy of the segmentation result, e.g. 
consideringg image features after histogram equalization. 

Too obtain an impression of the computational gains of our algorithm, we also 
observee how fast the initial model converges to a stable solution. We perform 10 
segmentationss where we observe the number of calls to the objective function, the 
reductionn in Mahalanobis distance and the reduction in Euclidean distance. For 
landmark-basedd segmentation a total of 4104 calls are required on average, taking on 
averagee a littl e over 1 minute to reach equilibrium. The average reduction in Maha-
lanobiss distance is 0.7, corresponding with an average reduction in Euclidean distance 
off  approximately 1.4. Conventional segmentation requires on average 9055 calls, with 
ann average reduction in Euclidean distance of 0.43 and in Euclidean distance of 1.1. 
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Wee attribute the computational efficiency to the reduction of search space of solutions 
forr curve landmarks (2D) and sheet points (ID). The fact that landmark solutions are 
propagatedd to estimate adjacent boundary points on the same and other vertebrae, 
alsoo contributes to an increase in computational efficiency. 

(a)) (b) (c) 

Figur ee 5.8: Three views of the segmentation scene: a) volume rendering of the 3D data block, 

b)) same with initial model superimposed, c) same with different orthogonal intensity planes. 

Wee give a segmentation illustration of the fourth lumbar vertebra. Segmentation 
departss from the population average vertebra shape in contrast to the above exper-
imentss which have been conducted starting from the ground-truth shape. To get 
ann impression of the tree-dimensional context of the image data and the deformable 
surfacee in it, figure 5.8 gives three different views of the scene. Figure 5.8a shows 
aa volume rendering of the image data on the basis of a threshold for gray-value in-
tensity,, providing a visual means of comparing results from the deformable surface 
approachh with those based on thresholding. The three-orthogonal slices through the 
imagee data show intensity values of the original image. Figure 5.8b shows how the 
deformablee surface and the volume rendering relate by superimposing the surface on 
thee rendering. Figure 5.8c shows another view of the deformable model. As the planes 
cutt the deformable surface, only parts of it in front of the plane are visible. 

Thee top row in figure 5.9 illustrates the initial deformable surface from three 
differentt perspectives (see figure 5.8 for context). The bottom row illustrates the 
segmentationn result. The images show how the deformable surface correctly moves to 
thee upper and lower surface of the vertebral body. At some parts the model moves 
onlyy slightly towards the target boundary or even moves away from it to comply to 
thee population statistics. 
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(a) ) (b) ) (c) ) 

1 1 

(<D D (e) ) (f) ) 

Figur ee 5.9: An example segmentation with initial and final deformable surface superimposed 

onn the intensity slices through the volume data. Top row shows the initial situation: a) upper 

view,, b) frontal view, c) side view.. Bottom row shows result after deformation: d) upper view, 

e)) frontal view, f ) side view. 

5.55 Discussion and Conclusion 

Inn conclusion, in this work we present an inhomogeneous and point-enhanced de-
formablee model called a necklace. The necklace aims at exploiting salient information 
inn images containing sophisticated objects and constellations. Saliency is determined 
onn the basis of multiple features observed along object boundaries in a given train-
ingg set. Multiple features from multiple objects, forming a collection of manifolds 
inn multi-dimensional feature space, are averaged and inspected for landmarks on the 
basiss of the second order structure of the population average. A distinction is made 
betweenn point landmarks, curve landmarks and sheets points depending on the num-
berr dimensions with extreme values for the curvature of the manifolds. Along the 
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entiree manifold features are selected that give saliency. They are subsequently em-
ployedd in a priority scheme to search for boundaries in new unknown images. Point 
landmarkss are detected in three-dimensional image areas, plausibly bootstrapped by 
interaction.. Starting from detected point-landmarks, curve and sheet landmark are 
detectedd in respectively two-dimensional and one-dimensional areas. A final detection 
off  all points provides a global segmentation solution. 

Thee method has in common with other landmark-based methods such as [74] and 
[29]]  that it exploits salient image and shape information for segmentation. However, in 
contrastt to mainstream landmark-based segmentation, we focus not on a single basis 
forr a landmark but rather try to learn landmarks emanating from multiple features. 
Whatt makes our approach different from methods with the same aim such as [99] is 
thatt we cast more than just one features in a multivariate functional feature space to 
identifyy a repertoire of landmarks automatically. Apart from this, feature selection is 
carriedd out to exploit the most discriminative feature at each point along the object 
boundary.. This way the uniqueness of features is exploited as much as possible along 
thee entire boundary. Furthermore, to make segmentation less distracted and more 
efficientt the search for boundaries is performed in relevant dimensions only, specified 
byy the directions in which points are uniquely defined. 

Thee necklace method is suited for interactive segmentation. Point landmarks are 
sparsee and have a unique zero-dimensional character forming excellent conditions for 
steeringg purposes in three dimensions. They permit the user to conveniently perform 
segmentationn by easily making a one-to-one correspondence between point landmarks 
onn the deformable surface and point landmarks in the image, enhancing indigenous 
integrationn of interaction and computation to avoid graphically editing solutions in a 
postt mortem sense. Where the experiment results suggest that a better localization 
off  point-landmarks improves the performance of the necklace method it may give the 
operatorr a natural place in accrediting the whole segmentation process. 

Inn the experiments described in the previous section we determine landmarks 
onn the basis of a single feature, the curvature, and apply two features for fitting 
thee deformable surface to the image data. We did not investigate how the necklaces 
behavess with landmark selection from a large number of features. It is straightforward 
too extend equation 5.23 to the case where more features are selected at each point. 
Wee expect that more accurate results are obtained by a) tuning VA,VB,VC locally 
suchh that features along the entire surface contribute to the definition of the object at 
alll  steps of the priority scheme and b) re-estimating the position of deformable surface 
pointss at all steps of the priority scheme rather than fixing them. In the definition of 
featuress a number of other issues remain unexplored when the sign of the principal 
curvaturess is included in the definition of landmarks. Also the influence of the path 
parameterization,, the number and distribution of the sample points over the surface 
requiress more study. We leave these aside for future work. 

Wee arrive at the conclusion that the necklace method, in particularly when used in 
combinationn with user interaction, may help segmentation of complex scenes where a 
multi-dimensionall  feature set is needed to properly capture a boundary locally. Neck-
lacess work well when object segmentation using one or two straightforward features 
failss due to lack of a simple definition of the object boundary. 
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