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Chapter 4 

Design considerations for 
generic grouping in vision * 

4.1 Introduction 

Grouping plays an important role in many computer vision systems that aim at 
recognition of objects in images. In vision, grouping can be seen as the process that 
organizes image features into higher level structures, corresponding to objects in the 
image. This abstract notion of grouping is formulated in many ways. We consider 
grouping as the task to find groups of similar elements from a set S. where S is a 
finite set of basic elements {s1,s2,.... sn} derived from an image. The elements of 
S may represent edge points in an image (found with an edge detector), locations 
of simple structures in the image (found by a template operation), the location and 
orientation of curves, etcetera. At any rate . 5' is a set of elements derived from the 
image by a detector, to be refined in section 4.3.1. Despite its importance, there 
is hardly any consistency in the (implicit) definition of grouping among the various 
papers dealing with the subject. This lack of uniformity makes it cumbersome to 
compare the s t ructure and the behavior of different grouping methods. 

In most cases the design of grouping algorithms is application-driven or method-
driven. As a result, the behavior of the algorithms is hard to predict in general. In this 
chapter we develop a number of consideration for the design of grouping algorithms 
in general. The considerations may also be used to typify the difference between 
grouping algorithms. Our goal is not design a generic grouping algorithm (as regarded 
undesirable in [169], and we agree), but rather to take the general grouping case in 
vision as a reference in the design of actual grouping algorithms. The considerations 
reflect the rationale behind grouping, for computer vision and human vision alike. 

A grouping algorithm in li terature is often seen as the combination of a grouping 
framework and a grouping measure. For the grouping measure, the Gestalt laws still 
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56 Chapter 4 . Design considerat ions for generic grouping in vision 

have lost little of their value [91]. These laws are often used as design considerations 
for grouping measures. For a modern discussion of the use of Gestalt laws in grouping 
and perceptual organization, see [123]. Although large part of the behavior of grouping 
algori thms is determined by the behavior of the grouping measure, in this chapter we 
will focus on the considerations for t he grouping framework. Our considerations do 
not deal with quant i ta t ive behavior like grouping quality or execution time. Although 
this quant i ta t ive behavior for a large part is determined by the design, it is also 
influenced by implementational issues. We choose to limit the scope of this chapter 
by not taking these issues into account. Our goal is to provide a set of characteristics 
tha t are important to consider when designing an grouping algorithm and specifically 
to describe the consequences when the considerations are not taken into account by 
a specific algori thm. 

In section 4.2 we discuss the use of grouping in li terature, specifically considera
tions, definitions and requirements lor grouping. We present our considerations for 
grouping in section 4.3 with formal definitions. To illustrate the use of the consider
at ions we present a grouping framework and some examples in section 4.4. 

4.2 Grouping in literature 

There are three main motivations in li terature for the use of grouping in vision. 
T h e first reason is found in papers that derive their methods from the principles 
of Gestalt theory (see for instance [12-"). 99. 1]). The general idea is that grouping-
works well in the human vision system, making it worth a try in computer vision 
systems. The second reason is the principle of' common-cause, found in for instance 
[157. 159. 91 . 115]. and later used in for instance [48]. It is based on the idea that 
many relations in visual information have a low probability to occur at random in real 
life images. So when a relation is found there is a high probability that the relation is 
significant. Organizat ion processes based on such relations will deliver non-accidental 
s t ructures, often representing objects in the real world. In other words: grouping is 
useful for real life images because our world is coherent. The third reason is that 
of computa t ional efficiency, coming from a result in model-based object recognition 
found in [47]. According to this result, it is critical (from a complexity point of view) 
to use techniques that select subsets of the data likely to have come from a single 
object before establishing a correspondence between data and model features. 

In vision l i terature the process of forming sets out of one set of single elements, 
is denoted by a number of names: classifying, clustering, feature grouping and per
ceptual organization. Different processes are denoted by the same name, making 
comparisment of methods cumbersome. In [84. 82. 83]. definitions are proposed for 
classification, clustering methods and hierarchical methods. The term classification 
is used as the general term to address all processes that form sets out of one set of 
single elements. Classification can be divided into clustering methods and hierarchi
cal methods . Clustering, according t o [84. 82. 83]. is a elassificatory method which 
optimizes the intra-group homogeneity, where hierarchical classification optimizes a 
hierarchical route from single elements to population. When an element can be as-
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signed to more than one class, the classification is called overlapping. In many papers 
the term clustering is reserved for non-overlapping classification schemes (see for in
stance [162, 161. 78]). The term hierarchical is used in most papers to denote tha t the 
output of the classification process delivers multiple solutions that can be arranged 
in some hierarchical manner (see for instance [110, 28. 70]). We define hierarchy as 
a characteristic of a process, not as a process of its own. opposing the definitions of 
[84, 82, 83]. 

In the field of pa t te rn recognition, clustering is often seen as partit ioning data 
without label information, while classification is regarded as partit ioning data with 
label information [112]. The term perceptual organization (or perceptual grouping) 
is sometimes used as a general term for all kinds of clustering or classification pro
cesses. In [125], perceptual organization is defined as the ability to impose structural 
organization on sensory da ta , so as to group sensory primitives arising from a com
mon underlying cause. In a number of papers however, perceptual organization and 
grouping are defined more specifically. In [66] grouping and perceptual organization 
are considered to be identical: a bot tom-up process t ha t clusters image features into 
higher level organizations, each likely to come from a single object (in [154] however, 
grouping is not assumed to be strictly bot tom-up) . Perceptual grouping of curved 
lines is defined in [28] as the search for and explicit description of significant curvi
linear s tructure. In [3] grouping is defined as a process that rearranges given d a t a by 
eliminating irrelevant da t a items and sorting the rest into groups, each corresponding 
to a particular object. There is also a tendency to use the term perceptual organi
zation for processes that are related to or inspired by the Gestalt principles (see [72] 
for a discussion on the Gestalt principles), sec for instance [124. 99. 37]. The great 
diversity in definitions makes it hard to compare different grouping methods and to 
quickly unders tand the scope and use of these methods. We provide a precise defini
tion for grouping t ha t is applicable to a large class of grouping problems and provide 
precise definitions for the considerations based on our definition for grouping. 

Many existing clustering techniques, like /.•-means [97]. graph-theoretic clustering 
[167], nearest neighbor [92], fuzzy clustering [121] or neural networks [131] are success
fully used in computer vision for instance to segment images [2]. Although the above 
mentioned methods are successful in part of the vision based grouping problems, there 
is a need for grouping algorithms tuned more towards computer vision, given the large 
effort that is put into making specific grouping algorithms for computer vision ap
plications and into generic grouping algorithms for vision (see for instance [3. 162]). 
However, little effort is put into the question which characteristics can be useful for 
grouping algorithms in vision applications. For clustering in general, a formalization 
of desired properties is given in [161]. but not all axioms given there are applicable in 
computer vision settings. For instance elements to be grouped, can share the same 
location and it is stated that a grouping where an element is assigned to more than 
one group can never be optimal. For one specific application, i.e. the clustering of line 
segments, in [70] a number of requirements are mentioned. From these requirements 
a grouping measure and a clustering scheme are derived. Our considerations are not 
limited to one application domain. In [163]. some general grouping principles are de
rived from finding's in neuroscience. In general, the requirements given are important 
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for perception in the presented application, but they can not easily be translated into 
desirable characteristics for generic grouping in vision. The field of mathematical 
taxonomy [69] pu ts forward a number of conditions that we consider for our purposes 
where possible. 

4.3 Design considerations for grouping 

4.3.1 Proper definition 

In considering the design for grouping it is desirable to start from proper definitions 
[69]. As can be learned from section 4.2. definitions are rarely consistent in the 
computer vision li terature. 

C o n s i d e r a t i o n 1: p r o p e r def in i t ion : The following entities are prop
erly defined for any generic grouping framework: the target structure, the 
data to be grouped, a grouping and a grouping measure. 

In this chapter we choose to separate the extraction of the data (feature extraction) 
from the grouping process. Other choices are equally possible, for instance [95] argues 
to postpone decisions on which features should be extracted. Furthermore we choose 
to divide the grouping algorithm in two components, the grouping framework and the 
grouping measure. 

Grouping in vision can be seen as the process that organizes image features into 
higher level s tructures. T h e design of a specific grouping algorithm preferably s tar ts 
with the definition of these structures in a model. In our view of grouping, this model 
consists of two par ts : description of t he symbols and description of the organization 
of the symbols. The symbols are the smallest entities into which the higher level 
s t ructures can be decomposed, such t ha t every symbol is equal (see figure 4.1). The 
organization describes in which way these symbols should be organized to form the 
higher level s tructures. This organization can be based on cues using color, geomet
rical characteristics or texture . Which of the cues are the most useful can hardly 
be said for computer vision. For human vision [33] argues tha t geometric properties 
of boundaries play a prominent role in grouping. Given the model of the high level 

Symbol 

\ • 

A\ 
Symbol 

Figure 4 . 1 : Illustration of the symbol definition. For the model of the dotted line, the symbol 

is the dot, for the dash-dotted line, the symbol is the dash and the dot together. 
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structure, the next step is the collection of the data from the image that has to be 
grouped. The data can be seen as the instantiation of the symbols from the model. 

Given the set S. grouping can be formalized in several ways, for instance as a 
labeling problem or as a set-theoretical problem. When viewing a grouping process 
as a labeling problem, it boils down to finding the mapping between the elements in 
the image and the labels of the various groups. When viewing a grouping process as 
a set theoretical problem, the process boils down to finding some set covering of the 
set 5 . We choose to use a set theoretical formulation throughout this chapter. 

A grouping is seen as a set of subsets of 5'. where one subset may not be a subset 
of another set in the grouping. This restriction is meant to forbid groups of different 
abstract ion levels or scopes to be mixed, because this would complicate the design 
of a (generic) grouping method to an extent that it may be unsolvable. To illustrate 
this, consider an image of windmills (see figure 4.2). In perceptual grouping literature 

Figure 4.2: The windmill example shows a case of different levels of abstraction in grouping: 

grouping edge pixels into lines, grouping lines into vanes and grouping vanes into windmills. The 

wish to group all the elements of the different abstraction levels in one go, would be unreasonable. 

often the term clustering is used for processes that are more strict then the process 
given by our grouping definition. Clustering is often seen as the process that results 
in a parti t ion of S. 

In this chapter we concentrate on grouping (as given in definition 4.3.1). because 
in realistic images a substantial part of the data to be grouped may be irrelevant, 
making it undesirable to assign a label to it (see figure 4.3). A grouping algorithm 
is able to ignore this data, since it does not strictly parti t ion the da t a set S. This 
consideration is mentioned in the definition of grouping in [3]. Clustering methods 
do not have this feature by definition, since they result in a covering or a partit ion 
of the elements of S. One could introduce an •irrelevant" label as a work around. In 
statistical literature ignoring irrelevant da ta boils down to outlier detection. 

Every grouping method uses a measure of (dis)similarity or alikeness (given by 
a non-negative real number) to decide whether single elements or groups are to be 
grouped together or not. Often the grouping measures are inspired on Gestalt prin
ciples like continuity and proximity. The grouping measure, as we define it here, is 
based on the (probabilistic) characteristics of the symbols as well as the structure 
that is specified in the model. Other possibilities arc to base the grouping measure 
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Figure 4.3: When clustering the image data into straight lines, A is not the desired result, B 

is. 

also on intra-group dissimilarity or similarity measures, see for instance [9. 28. 126], 
or the use of depth cues [102]. The considerations apply to those kinds of grouping 
algorithms, but the definitions might differ. 

To formalize the concept of data to be grouped, let 7 € 2 be the image to be 
analyzed: / : I1Ï2 —* D. where D is t he set of possible image values. Let the output 
of the detector be given by Dj : E2 —> V. where V is the set of possible results for 
the detector. In the discrete case, the output of the detector D assigns a value e, to 
every point p ; € 2 " . The elements of 5 are defined as follows: 

S={s\Dj(s)EV*}, (4.1) 

where V* is the set of characteristics common to the elements of .S'. 
Given the set S we can define a grouping as follows: 

D e f i n i t i o n 4 .3 .1 ( G r o u p i n g ) Let S = {s\,s2 sn} be a set of single elements 
then a grouping X = {Xi,X2 A',,,} is a collection of subsets of S. such that X-\ U 
X2 U . . . U Xm C S, where X{ g X>. i / .;'. 

A grouping measure can be defined as a function 

G : V(S) x V(S) x . . . x V(S) - //?+. (4.2) 

where p is fixed. We define G(XhX2, ...Xp) = 0 for Xx U X2 U . . . U Xp = 0 and 
for X] U X-2 U . . . U Xp = {s,\ G S. for all functions G. Suppose that it is more 
likely for a number of sets X\. X2 Xp to form one group then it is for a set of sets 
Y\, I 2 , • • • Yp. Then it is desirable to have that G(Xj. X2,... Xp) < G(YUY2,... Yp). 
H i e function G : V{S) —* IRQ that only takes one set as an argument is called a 
hornogeiK ity measure. 

4.3.2 Invariance 

The next consideration is standard in many computer vision algorithms. 

C o n s i d e r a t i o n 2: i n v a r i a n c e : A generic grouping framework has the 
ability to be invariant under a variety of transformations. 
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Many vision algorithms nood to be invariant under translation, rotation, sealing and 
other transformations. As a consequence the grouping process will often need to be 
invariant under those transformations as well. Regardless of the need, there arc many 
examples of vision algorithms that are not strictly invariant where they should be. 
For example rotation invariance is often only true in an approximate sense, due to 
the inevitable discretization of images. 

We call a grouping algorithm A invariant under operation 0 if the following holds: 

A(S) = A(0(S)). (4.3) 

Relative invariance can be formulated as A(^k(S)) = g<p(k)A(S). where $/,- is an 
operation with multi dimensional parameter k and g a function with scalar output. 

4.3.3 Multiple interpretations 

The third consideration seems specific for grouping in computer vision, where in 
statistical clustering such a consideration will rarely be found. 

Considerat ion 3: multiple in terpre ta t ions : A generic grouping 
framework has the ability to assign one symbol to more than one group. 

In images (for instance engineering drawings), parts of an imago can somantically be 
part of more than one object (see figure 4.4). For instance corner points and crossing 
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Figure 4.4: An input image with: (.4,) possible outcome of a clustering; (A>) alternative 
possibility of a clustering; (B) possible outcome of 'multiple clustering' (grouping), the crossing 
point of the two lines has a multiple label. 

points are members of two lines or lines can be members of more than one square. Not 
assigning a corner point to both lines would raise a fundamental topological problem 
to which line the point should be assigned to. Having the possibility to assign a data 
element to more than one group solves this problem. As a consequence, methods that 
result in partitions of the dataset S. are loss useful as generic grouping methods in 
vision. 

The possibility to have overlapping groups in a grouping is used in [101] in the field 
of information retrieval. In vision the notion of overlapping groups in a grouping in 
general is mentioned in [154]. More specifically, in [22] the need to handle intersecting 
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curves properly in grouping is discussed, while in [17. 105] curves can share elements. 
In for instance [53] junct ions are classified as such, but elements are not assigned to 
more than one s t ructure . The drawback of fuzzy clustering [121] as a solution to the 
multiple clustering is that partial memberships add up to 1. implying that an element 
can not be a 'full' member of two or more groups. 

For a formal definition of multiple interpretations, define a grouping X — X\ U 
X-2 U . . . U Xm of S. Multiple interpretations is possible for a grouping process if it is 
possible that 

XinXjïb tori^j. (4.4) 

Equat ion 4.4 captures the difference between grouping and clustering. 

4.3.4 Multiple solutions 

[69] pu ts forward the condition that a grouping algorithm should result in a hierarchy 
of solutions. We maintain in computer vision a more general consideration holds: 

C o n s i d e r a t i o n 4 : m u l t i p l e s o l u t i o n s : A generic grouping framework 
has the ability to re turn multiple solutions. 

Images are often 2D-interpretat ions of 3Z)-scenes. Par ts of such images can frequently 
be interpreted in different ways, due to 3D-ambiguity or occlusion (figure 4.5). But 
also in strictly 2D images like engineering drawings it can be possible to have more 
than one interpretat ion of a local scene (figure 4.6). Which is the 'right' interpretation 
of a scene, can not always be determined with just the local information. Since the 
use of global or higher order information is unavoidable, the grouping method can not 
always decide which interpretation is right, but as a solution could give more than 
one possible interpretat ion of a scene. This consideration is discussed for instance in 
[70. 66] for line grouping algorithms in computer vision. 

With the generation of more than one possible solution, the question arises how-
to organize the solutions. Hierarchical organization is mentioned for instance in [9. 
28. 65. 154. 70]. based on three reasons: interpretation of a scene is dependent on the 
scale at which it is observed: hierarchical methods are computationally efficient and 
visual recognition by humans is hierarchical. In [70] it is argued that for straight lines 
it is easy to see that a hierarchy or ordering makes sense1, see figure 1.7. Despite the 
importance and usefulness of hierarchical methods in computer vision, hierarchical 
methods are limited in the sense tha t two solutions that are really alternative or 
competing, as the two interpretations of figure 4.5. can not be represented by a single 
hierarchy. The most general (though perhaps not most practical) interpretation of the 
result of a. grouping algori thm is to see the result as a set of' hierarchies of groupings. 
as is shown by two example hierarchies in figure 4.5. 

Hence, we distinguish three types of'grouping processes: 

- Those that result in a single grouping. 

- Those that result in a hierarchy of groupings. 
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Interpretation A Interpretation B 

Image 
Grouping A Grouping B 

s 

Hierarchy A 

Figure 4.5: Two interpretations of a scene: 'A' (with occlusion) and 'A' (no occlusion), 
together with possible groupings of the two interpretations and example hierarchies leading to 
these groupings. 

v 

1 1 1 1 1 1 

1 1 1 2 2 2 

Detail Context Grouping 

Figure 4.6: A detail of an input image with possible contexts for the input image and several 
correct groupings depending on the context. 

L L2 L3 

Figure 4.7: Regardless of context, grouping L]L> should be grouped at a lower scale then 

grouping L2L3, L1L2L3 or L1L3, when looking for straight lines. 
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- Those tha t result in a set of hierarchies. 

It is clear that the result space form the three types shows increased complexity, 
where each type is a superset of the previous type. 

T h e consideration of multiple solutions can be formulated as follows, where 
A4(5) = {X\X is a grouping of 5 } : A grouping algorithm A allows multiple solu
tions if it is possible that .4 : S —-V{M{S)). To formalize a hierarchy of groupings, 
taking previous considerations into account, a notion of ordering is needed. The 
ordering used in [67] to define hierarchical is not useful here since it does not allow 
elements to be part of more than one group. We use the following partial ordering: 

D e f i n i t i o n 4 .3 .2 (Par t ia l g r o u p i n g o r d e r i n g ) Let X.y be groupings of S. Then 

x <y iff 

\/x e x 3Y e y •. x c Y and vr e y 3X € X : X C Y. (4.5) 

The first part of equation 4.5 states that da ta grouped in X should remain grouped 
in y. The second part of the equation states that every group of y somehow has its 
origin in a group of X. Lemma 4.3.3 ensures thai the ordering we have chosen has 
the propert ies of a partial ordering. 

L e m m a 4 .3 .3 Let X. y. Z be groupings ofS. If ";<" is defined as in definition 4-3.2, 
I hen '":< " is a partial ordering on the groupings of S. 

The proof that the relation is a partial ordering, i.e. tha t it is reflexive, anti-symmetric 
and transitive, can be found in [35]. 

A hierarchical grouping, or a hierarchy of groups can be defined as a sequence 
of groupings H = {X^.Xo Xp}. where X, •< Xj+\. This definition delivers a 
hierarchy for groups equivalent to the hierarchy mentioned in [67], represented by 
a sequence of groupings. Although the ordering function is partial, the sequence of 
hierarchies is totally ordered. The set of hierarchies can be derived directly from the 
definition of the hierarchy. 

4.3.5 Simplicity 

Following the priciple advocated since Occam's razor and the Gestalt-law [91]. leads 
us to formulate the fifth consideration. The fifth consideration is also mentioned in 
[69] under the concept of optimally. It can be explained as the ability to find the 
most simple explanation of a scene that is still valid under the used model. 

C o n s i d e r a t i o n 5: s impl ic i ty: A generic grouping framework has the 
ability to find the maximal groups according to the model. 

When grouping edge points into straight lines, a configuration of points may be 
grouped into 3 groups of straight line segments (see figure -4.8). If there is no further 
evidence from the image, it is desirable for the grouping method to deliver I he most 
"simple" grouping of the da ta (figure 4.8). Simplicity of a grouping can be seem as the 
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Figure 4.8: When clustering the image data into straight lines, A is not the desired result, B 
is. 

characteristic that for every group in that grouping there does not exist a superset of 
basic elements that is equally likely according to the grouping measure. 

It should be noted that the condition of multiple interpretations is a necessary 
condition for simplicity of a grouping method. See figure 4.9 for an example. Suppose 

p. 

O O 
O 

Figure 4.9: Multiple interpretations is needed for simplicity. 

the grouping method does not fulfil consideration 4 of multiple interpretations char
acteristic. When looking for straight lines the white and the black group compete 
for element p with equal rights. To prevent element p being assigned to the black 
group or to the white group on entirely accidental grounds multiple interpretations 
is mandatory. The alternative is to assign p to a new. third grouping of its own. in 
contrast to the demand of simplicity. 

To formulate simplicity, suppose the grouping measure takes p arguments, X\. X-2 Xp. 
where X = Xi U X2 U . . . U Xp. Then define 

G*(X) = min G(Xi.X2 X„] (4.6) 

A grouping process resulting in a single grouping is called simple, if the following 
holds for the result of the grouping process: VX € X => -BY C S : (X C Y) A 
(G*(X) > G*(Y)). So for every group in a single grouping there does not exist a 
superset of that group that is just as likely to be formed as the group itself. 

A grouping process resulting in a hierarchical grouping, with grouping measure 
G. is simple if the following holds for the result of the grouping process: 

VX G Xi : {3Y C S. X C Y : G'(X) > G*(Y)) => 
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(3j > i. 3Z e Xj.X C Z : G*(X) > G*(Z)) (4.7) 

So for hierarchical grouping results we interpret simplicity as follows: if there exists 
a superset of a group in a grouping that is as most as likely to occur as the group 
itself, then somewhere at a higher level in the hierarchy there exists a superset of this 
group in the grouping. If all the hierarchies in a set of hierarchies are simple, the set 
of hierarchies can be seen as simple. 

4.3.6 Robustness 

For any practical application we need the following consideration: 

C o n s i d e r a t i o n 6: r o b u s t n e s s : A generic grouping framework is robust. 

Robustness of a method is interpreted here as the characteristic that a small change 
in the input, due to noise or measurement errors, only has as small influence on the 
result of the method. Of course there is a trade-off between the discriminatory power 
of the method and its robustness, largely dependent on the application. 

The condition of multiple interpretations is a necessary condition for the robust
ness of a grouping method. In figure 4.10 an arbi trary small change in the element p 
causes the white cluster in clustering A to be formed as a subset of another cluster at 
a much higher level in clustering B. If element p can be assigned to both groups, the 
white group A (including /;) can be formed at a level arbitrarily close to the original 
level. 

o° 
/ 

© 

o° 
o°° 

A B 

Figure 4 .10: Multiple interpretations is needed for robustness. 

T h e outcome of a grouping measure of the combination of two groups T and U 
can be calculated from their individual grouping measure G(T) and G(U) or can be 
calculated as G(TUU) [83]. Although the first combinatorial calculation has obvious 
computat ional advantages, it can not be guaranteed that the same groups are formed 
at the same level, regardless of the order of previous grouping steps. Combinatorial 
calculation potentially leads to non-robustness. T h e second option, non-combinatorial 
calculation requires more computational effort, but is independent of the distribution 
of the element over the two sets. Hence, robustness may be ensured in the latter case. 

To ensure that a grouping method is robust, the grouping measure must be robust 
as well. Tha t is not a sufficient condition however. To ensure that the same groups 
are formed at the same level, regardless of the order of previous grouping steps, it is 
useful that the grouping measure is data-dependent. 
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Definition 4.3.4 A grouping measure G : V{S) x V(S) —> M is called data-
depeildeilt iff 

T U U = T' U U' =*> G{T. U) = G(T'. U') (4.8) 

A data dependent grouping measure can be given as a function Gs : V(S) —» ïïi. So 
if G(T, U) is data dependent if it can be written as G(T U U). 

To illustrate the usefulness of data-dependent distance measures consider the ex
ample of a robust grouping measure that is not data-dependent: 

G{T,U) — ( min \\x — y||)/(max{ max ||.r — y\\, max \\x — y||}). 
x£T,y€U x.y£T x,y£U 

In figure 4.11 it is illustrated that for this grouping measure it is not true that the 
same groups are formed at the same level, disregarding the order of the previous 
grouping steps. The groups forming group 'A' are grouped at level r, (assuming 

T U T U 

• • • • • O 

A B 

Figure 4 . 1 1 : Two different groupings A and B of the same one dimensional set. 

that the distance between two subsequent points is 1 and that the points arc placed 
equidistant), while the groups forming group 'B' are grouped at level | , meaning that 
the same group is formed at a completely different level, depending on the groups it 
was constructed from. This potentially leads to methods that are not robust. 

Robustness and data-dependence of a grouping measure are insufficient to ensure 
a robust grouping method. Consider the situation in figure 4.12. Assume that we are 
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Figure 4.12: Robustness and data dependence of the grouping measure are not sufficient for 
robustness. 

looking for continuous piecewise straight lines in an image. Solution .4 is just as valid 
a solution as B is. Since the existence of both solutions A and B in the result of a 
grouping method cannot be guaranteed, it may happen that only one of them will 
appear in the results. Therefore an arbitrarily small change in the data may cause 
the algorithm to prefer solution A over B or vice versa (see figure 4.13). The problem 
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Figure 4.13: A small shift of point p may cause a preference of solution B over solution A. 

sketched in figure 4.1.'} is a problem of robustness in general. An arbitrarily small 
change in the elements of S. may cause a completely different result, equally likely. 
Consequently, a method should allow for multiple solutions to be robust in the most 
general sense. 

To formulate this consideration of robustness, the set under change ( 5 U y)\x is 
denoted as 5.,—u. In addit ion subset under change <Zx—„ and inclusion ander change 
€.,-_,, are defined as follows: 

D e f i n i t i o n 4 .3 .5 ( S u b s e t under change) C. is defined, such that T r 
iff T C U or Tx„y C U or T C t / r _ y . 

So a set T is a subset under change of set U if it is a normal subset or a subset if the 
elements x is replaced by the1 element y. 

D e f i n i t i o n 4 .3 .6 ( Inc lus ion under change) €.,-_y is defined such that x € : , _ y T 

iffx&T oryeT,-y. 

That is. an clement is included under change, if it is included in the set. or if it is 
included in the subset under change. 

Suppose G is a homogeneity measure. The formation level of a grouping X can 
then be defined as L{X) = maxx^G{X). For grouping measures that are not homo
geneity measures the maximum can be taken over the values of the grouping measure 
of the components tha t formed X. 

The minimal formation level of a set Xj is denoted as L{Xj) and is defined as 

follows: 

D e f i n i t i o n 4 .3 .7 The minimal formation level of a group Xj within a hierarchi
cal grouping H = {XX.X> Xp} is denoted as L(Xj) and given by L{Xj) = 
m{nX,eH:(x^X,wx:icAeX,)L^X^ 

Lr—y{Xj) is defined in the same way C . r _ y is denned. 
For the definitions of robustness we have to assume there exists a distance measure 

on the space of sets of elements S. To define robustness for non-hierarchical methods. 
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we need some notion of distance between groups. Suppose there is a distance measure 
d(Xi,Xj) assigning a distance to a pair of groupings (X,.X}). The actual form of 
such a measure will depend on the application in which the grouping method is to be 
used. Robustness of non-hierarchical grouping methods can be defined as follows: 

Def in i t ion 4 .3 .8 A grouping algorithm which groups a, set S into a set of groups 
X = {Xi,X2, Xm} with grouping measure G is called robust if 

Vx e S, Vs > 0. 36 > 0 : d{X, X') < ~. Vy with \\x - y\\ < 6. 

where X' is the grouping of 5 . r „ , r 

So a grouping algorithm is robust, if an arbi trary small change in a da t a element of a 
group, only results in a small change in the resulting grouping. The distance measure 
d(Xi.Xj) should be chosen carefully for useful definitions of robustness. A discrete 
measure tha t assigns 1 to a pair of groupings that is equal and 0 to a dissimilar pair, 
docs not allow for any robust grouping algorithms. Rather a continuous measure is 
needed. 

A hierarchical grouping algorithm which groups a sot S into a number of nested 
groups H = {Xi.Xo X,,} with X, < Xi+1, for i < p. with grouping measure G 
is called robust if 

\/x e S. Vi. \/Xj € Xt. Vc > 0. 3d' > 0 : 

WXj) ~ Lx~y(Xj)\\ < e. My with \\x - y\\ < Ö. (4.9) 

where H' = {X\. X'2 . X'p] is the hierarchical grouping of 5a-„ ( / . with correspond
ing levels L'. So a hierarchical grouping method is robust if an arbitrary small change 
in a da t a element of a group, only results in a small change in the minimal formation 
level of tha t group. A grouping method that results in a set of hierarchies can be seen 
as robust if it is robust for all the separate hierarchies. 

To introduce the notion of robustness for hierarchical methods, we used the level 
at which a grouping was formed, which can be assumed to be a real number. This 
introduces some notion of similarity between two groupings. If the difference be
tween the levels at which the groupings are placed in the hiërarch}- is small, then the 
groupings are alike. 

The definition of robustness can be slightly altered for other small changes in the 
da t a set like addition or subtraction of points, by overloading the definition of <-» in 
the definitions of 6 '„ . C _ . € „ and change L _ . such that they model the intended 
small change in the da t a set. 

4.4 A grouping algorithm 

4.4.1 An algorithm 

To illustrate our considerations we present a grouping algorithm. We choose to use a 
variation of the hierarchical grouping framework presented in [67]. making it possible 
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to re turn more than one grouping. Following the discussion of consideration (i. the 
algori thm uses a homogeneity measure. G : V{S) -> IRQ. as grouping measure. 

In the hierarchical algorithm of [67] a proximity matrix M is used in which the 
rows and the columns represent the different groups {Xi,X2 Xm) in a grouping X. 
T h e elements M y , ï ^ j are given by G(XiUXj) and Mu = 0. The disjoint grouping is 
defined as X = {{s\}. {s2\ {sn}}- The algorithm delivers a hierarchical s t ructure 
of solutions H = {X1,X2 Xn}, with Xt -< X, for all i < j and it is easy to 
adjust the stop criterion in such way that the grouping stops as soon as no meaningful 
groups can be formed depending on the value of the grouping level (assuming that the 
grouping measure can be used for this task) . If the grouping process is terminated 
early, data that have not been grouped can be marked as irrelevant and can be left 
out of the results. Our framework is not able to deliver a set of hierarchies. This 
means that equivalent al ternative solutions can not both be delivered as a result of 
the algorithm. Adding this feature may be possible, but will be inefficient. 

Taking the consideration of multiple interpretations into account, we observe that 
the mentioned algorithm from [67] does not allow elements to be assigned to more than 
one group, which means that for instance corner points or crossing points can not be 
t rea ted correctly. Furthermore, simplicity and robustness can not be ensured. To solve 
this drawback, an alternative matrix Q is defined. The columns of Q represent the 

groups {{si} , {s-2} {sn}} in tin' disjoint grouping, while the rows of O represent 
t he groups {AT. X> Xm} in the grouping at a certain level. The elements Q,, are 

given by 6'({.s,} U Xj) if {>,} ^ Xj (lls(> Qij = ° ( s i n c e r h o element is already part 
of that group). To limit the complexity of the algorithm, the number of groups that 
share the same basic element, is at most u, while the number of basic elements that 
two arbi t rary groups share, is at most w. 

We restrict the number of pairs that are considered in each grouping step, by a 
graph II = {VH- EH), defined over all groups in a grouping, and a graph R = (I /,-. ER). 
representing the relation between the groups in a grouping and the basic elements from 
S. If for two groups A', and A, the corresponding edge ij is present in the graph, they 
are candidates to be grouped. We define the graphs as follows: Define V = X and 
E = {ij\d(Xi,Xj) < / } . where r/(A,. Xj) = inins,eA-,..s,GA-, IN - Sj| |- The graph R is 
defined likewise. Other types of restrictions can be defined with the graphs / / and R 
in a similar fashion. See figure 4.14 for the resulting Multiple Hierarchical Grouping 
algori thm. 

4.4.2 Complexity 

The following lemma gives the general complexity of the grouping algorithm, with no 

practical restrictions (i.e. r = n. ic — n, and H = K„. R — Kn x A „ ) . 

L e m m a 4 .4 .1 Let the order of complexity of the grouping measure be given by OQ-
Then the order of complexity of the unrestricted MHG is 0(n30G). where n is the 
number of data elements. 

T h e following lemma gives the complexity of the grouping method, when parame
ters are bound to a realistic constant, v = cc < n. w = c„. < n. and Vr 6 VH '• S(v) < 
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Initialization Initialize the initial grouping, the matrices and graphs. Set the sequence number p = 0. 
form the disjoint grouping Xp. form the proximity matrix M of Xp. form the alternative proximity 
matrix Q of Xp. form the graphs H = (VH,EH) and R = (VR, ER) and set the grouping level 
L{p) = 0. 

Step l .a Find a least dissimilar pair of groups (i'.j*) that can be joined together according to the 
restrictions. 

Step l .b Find a least dissimilar pair of a group from the disjoint grouping and a group of the grouping 
ai the current level (i, j) that can be joined together according to the restrictions. 

Step 2 Store Xv and increment the sequence number p <— p + 1. 

Step 3 Update the grouping X,,. If no pair of groups could be found that can be joined together, stop. If 
the pair of groups (i'.j'), is the least dissimilar and it is possible according to the restrictions, join 
the groups i* and j ' together. Otherwise join the group Ï and the group j if it is possible according 
to the restrictions. 

Step 4 Update the matrices and graphs. 

Step 5 If Xp = {{«j. .s2. . . . s„ }}, stop. If the grouping measure of the joined groups is no element of the 
allowed set, stop. Else go to step 1. 

Figure 4.14: The hierarchical grouping algorithm (MHG). 

cH < n. Vu E VR : S(v) < cR < n.). 

Lemma 4.4.2 Let the order of complexity of the grouping measure be given by Oa. 
Let v = cv < n, w = cw < n, and Vv G VH : S(v) < cH < n, Vv E VR : S(v) < 
cR < n, with (:,..€„..(-,,.cR constant. The order of complexity of the restricted MHG 
is ö{nÖG), where n is the number of data elements. 

For the proofs of lemma 4.4.1 and 4.4.2 see [35]. 

4.4.3 Results 

Point set example 

In this example we took a point sot from [3] to repeat an experiment they describe. 
The algorithm as described in this section was implemented to group the points into 
straight lines as an example case. The homogeneity measure that was used, is based 
on the Singular Value Decomposition of a group of'points, where the grouping measure 
is given by the variance of the points in the direction of the second principal axis. 

So let every element *, in S correspond to the position of a point in the image 
(sXi. sVi). Let D be a // x 2 matrix containing all the points (sXi. sVi). Then the singular 
value decomposition of that matrix D can be determined and is given by D = UZVT, 
where Z is a diagonal 2 x 2 matrix. The largest value. amax corresponds to the 
variance of the positions in the direction of the first principal axis. The smallest 
value a,nin corresponds to the variance of the positions in the direction of' the second 
principal axis. Define amln(X) as the variance in the direction of the second principal 
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axis of the elements of X. The homogeneity measure G(X) of a set X C S used in 
the examples in this section is defined as 

G{X)=trmtn{X). 

To calculate the grouping measure for two single points (which is needed in the be
ginning of the grouping process), the grouping measure is returned of a group that 
consists of the two points, combined with a third point from the set .S'. that delivers 
the smallest value of the grouping measure. So. for \X\ = 2. the grouping measure 
G'{X) is given by: G'{X) = mmxeS,x^x G(X U {.r}). 

To illustrate our algorithm we used a da ta set from [3]. which is given in figure 
CM.a. In figure C . l .b the result is given of applying our algorithm to the data without 
the ability to assign an element to a group more than once (the 'classic' hierarchi
cal method) . The algorithm was ordered to stop if the grouping measure exceeded 
the value of 25. Only the five largest groups were selected. With these setting the 
algori thm fails to obtain results comparable to the algorithm from [3]. due to the 
effect that a lot of points are initially assigned to noise and therefore can no longer 
be assigned to more appropr ia te groups (the migration problem). In figure C.l .c the 
result is shown of applying our algorithm to the same data , but now with the ability 
to assign an element to more than one group. To keep the complexity low. we limited 
the number of groups that an element can be assigned to. to '20 and we limited the 
number of elements that two groups can share to 3. The result is very similar to the 
result of [3]. with the difference that our method assigns elements to more than one 
group (see figure C . l .d ) . Wi th the above mentioned relatively small change in the 
sett ings, the algorithm no longer suffers from the migration problem. The easy selec
tion criteria used prevent the algorithm from assigning labels to small insignificant 
groups in the end. thereby ignoring irrelevant data. Furthermore the algorithm finds 
the 'most simple explanat ion ' of the scene. While the 'classic' algorithm does not find 
the maximal solution with a certain maximum grouping quality (there are a lot of 
points missing in the groups given in figure C. l .b) . our method does, as is illustrated 

in C. l .c) . 
Since the used homogeneity measure is robust, the algorithm is robust as long 

as the number of elements that can be shared between to groups is set high enough 
and the number of groups an element can lie assigned to. is set high enough. It 
appears that with a relative low setting of these parameters (and thus creating only 
a minor overhead compared to the classic algorithm), robustness can be provided. 
as illustrated by the result given in figure C.2. Changes in the solution especially 
occur in regions where groups overlap, because the restrictions we put on the number 
of elements that two groups can share and the number of groups an element can be 
assigned to. in principle make it impossible for the algorithm to be robust in general. 
But as can be seen in figure C.2 these limitations only have a minor effect. 

Polylines example 

To illustrate the hierarchical nature of the result of our algorithm we applied it to the 
da ta as given in figure C.3.a. We used the same grouping measure as we used for the 
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example in the point set example from the previous section. The number of elements 
that can be shared by two groups was set to 4 in this example. The distinction 
between the definitions of a straight line for different scales is clearly reflected in the 
hierarchical result of the algorithm. 

Flow field example 

In this section we give an example of grouping flow field data, calculated from the 
image sequence as given in figure C.4. The simple homogeneity measure that was used 
is based on the weighted sum of the variance in orientation of the flow field vectors 
and the variance in the size of the flow field vectors. 

Let an element Si from 5 correspond to a vector in the flow field given by pa
rameters (xi,yi,ai,ri), where (.r,./y;) is the position of the vector, o, is the angle 
(measured counter clock wise, relative to the x-axis) and r, is the size. The difference 
between two angles is calculated as 

u \ f 2TT - IQJ — a? | , if la,- — a A > n 
mat,a;) = < , ' . / ' . J l 

[ |a,; — aj\. otherwise. 

The average over a set of angles 3X. /?2, • • •: Pn is calculated iteratively (i = 1 n) 
as 

( ? ~ 1 ) a r 1 + ^ + 7T. for |oi_i - di\ > TT and i > 1 
--{ ( * ~ 1 ) a j - 1 + A , for | a , - ! - ft| < TT and i > 1 

/3i, fori = 1 

where the average a equals an. The variance of the angles is now calculated as S% = 
T^l Z)?=i d(a,ati)2. Given the variance of the size of the vectors Sj. = -^ Y,'i=i(f ~ 
r,)2 of a set of vectors X. the variance in the orientation of the vectors S'2 of a set of 
vectors X, the largest difference in vector size R = inax i=i „ r, - niin,:=i „ n of 
all the vectors in the flow field, the grouping measure for this example is calculated 
as: 

G(X) = ^ + ?l.Jov \X\>3. 
Ti h 

For \X\ = 2 the grouping measure G'(X) is given by G'(X) = mmxes,xgx G(Xu{.r}). 
The maximum number of elements shared by two groups was limited to 1. as was 

the number of groups an element can belong to. Also groups of less than G elements 
were regarded as irrelevant. 

In figure C.5 the flow field is given together with four results from the hierarchy 
of solutions. Vectors close to hip and shoulder arc grouped in more than one group, 
illustrating the usefulness of implementing multiple interpretations. The usefulness of 
the hierarchical result, is shown by the order in which the vectors are grouped: first 
the head, arm, hip and leg are formed, while later on the complete body is grouped 
as one ent it v. 
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4.5 Conclusions 

In this chapter we present six design considerations for grouping in vision. There is not 
one broadly accepted set of design criteria on the behavior of a grouping algorithm, 
nor will such a unique set be found. However, our considerations formulate desired 
behavior of grouping algorithms. For each consideration we show what will go wrong 
when a grouping process does not have that property. This may or may not be 
appropr ia te for a specific application at hand. As a consequence the considerations 
define precisely what the algorithm aims to achieve. 

T h e six considerations for generic grouping algorithms we propose are: proper def
inition, invariance, multiple interpretations, multiple solutions, simplicity and robust
ness. Additionally we provide precise definitions for all six of them. The consideration 
of multiple interpretations, is rarely implemented in grouping algorithms, but it will 
be essential for a correct interpretation of many scenes. There is a marked difference 
with statistical clustering where one would rarely find the consideration of multiple 
interpretat ions taken into account. T h e consideration of multiple solutions is often 
required when the correct interpretation depends on the context of the grouping task. 
T h e simplicity consideration implies that a generic grouping algorithm aims at the 
simplest explanation of a scene, as long as such explanation has the desired quality. 
T h e final consideration states that it is desirable for a generic grouping algorithm to 
be robust . When a grouping algorithm is robust, a small change in the input da ta 
does not have large effects on the grouping result. Human vision for one fulfills all 
these characteristics. 

Although the considerations may be intuitively clear, formulations show that es
pecially simplicity and robustness are hard to obey in general. In order for a grouping 
algori thm to be robust and simple, it is crucial that the grouping algorithm has the 
abili ty to assign one element to different groups. It should be noted that our consid
era t ions apply to deterministic and probabilistic grouping alike. 

T h e feasibility of the considerations is illustrated with a simple example grouping 
algorithm, with O(nOc) complexity, where n is the number of data elements to be 
grouped and Of; is the order of complexity of the grouping measure. By taking 
the considerations into account we are able to improve the behavior of the classic 
algori thm from [67], by making only a lew minor changes. 


