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Chapterr 4 

Groupingg Lines by Fi t t ing 
Splines s 

Extract ingg straight and curved lines from an image is an important and well 
researchedd topic in computer vision. The main group of approaches adopt a 
two-stepp method. First edgels are extracted from the image data with conven-
tionall  edge-detectors like [7] or [6]. The original information (the image) is not 
usedd from then on. The edgels. using orientation and curvature information, 
aree grouped or clustered into curves and straight lines. 

Clusteringg and grouping deliver the higher order structure of an image, 
fromm information provided by low-level image detectors. Clustering and group-
ingg are related, but different operations. The grouping process can be de-
scribedd in an incremental manner: first two elements (for example line seg-
ments)) are grouped, a third one is added, and so on until convergence is 
reached.. Clustering [14] differs from grouping in that it is concerned with 
inherentlyy global properties, like symmetry, separation into point clouds [34]. 

Inn this paper we concentrate on a grouping algorithm. This grouping 
methodd is applied to detecting curvilinear structures with a defined width, 
basedd on evaluating hypotheses against the input image. 

Severall  grouping methods have been proposed. The saliency network pro-
posedd by Sha'ashua[33] is a well known approach. A function evaluates the 
saliencyy of a curve into a saliency map of the image for all pixels proportional 
too the score of the most salient curve emanating from the pixel. The most 
salientt curve in the image can be found by tracing the curve start ing from the 
mostt salient pixel. Alter [1] shows that this method has problems in main-
tainingg scale and rotation invariance. and that the method also suffers from 
digitizingg problems. Also, in grouping applications the method has difficulties 
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inn extracting other curves than the most salient. Other methods do not take 
edgelss but straight line-segments as a start ing point for grouping data into 
straightt lines or curves [12], [28], [13]. These methods do a search to find 
thee image structures optimizing the criteria. Another example is [19] for con-
struct ingg a grouping hierarchy for straight lines from short line segments in 
thee image. Xes [29] improved the technique of searching, using efficient data 
structuress and heuristics. Lack of robustness in these methods is caused by 
informationn loss; artifacts or errors in measurements introduced in detecting 
primitivess are propagated (or even exaggerated) in the grouping stage. 

AA well-known curve grouping algorithm is presented by Parent [30]. based 
onn curve detection by iterative relaxation labelling with local kernels to esti-
matee tangent and curvature. Methods to extract curves directly from an image 
aree proposed by Liete [23] and Kalitzin [22]. These methods have problems 
wit hh intersecting lines: they are not able to deliver large curvilinear structures 
thatt are intersected by other structures. August [4] describes a curvature based 
filterr to enhance -contours in images. The method works well with curves of 
constantt curvature, for which is designed. As with Leite and Kalitzin. a diffi -
cultt post-filtering step would be required to obtain a model based description 
off  the image as a set of curves. 

Detectingg curves in images is also done by tracking. This technique is 
especiallyy suited for low quality images. The main advantages of tracking are 
thee presence of an initial estimate of the curve's location and the ability to 
adaptt the line model locally. Examples of these methods are presented by Maio 
[24]]  and Jonk [21]. When both the start ing point and end point of a curve are 
known,, dynamic programming techniques can be employed as demonstrated 
byy Merlet [26] [27] and Gerbrands [17]. Without a priori knowledge of the 
locationn of curvilinear structures, as is the goal in this paper, these methods 
cann not be employed. 

Too find curvilinear structures, we first detect straight line segments to 
transformm the problem of curve detection into a grouping problem of a limited 
sett of primitives. A grouping cue is defined that guides the grouping. The 
groupingg cue is based on evaluating an hypothesized B-spline curve against the 
originall  input image. While no single step is particularly novel we arrive at an 
approach,, called Hierarchical Grouping (HG), that is robust, scale invariant, 
modell  based and can be computed in reasonable time. 

Thee result of the grouping algorithm is a grouping hierarchy. The grouping 
hierarchyy gives a priority on which primitives are combined into larger ones. 
A tt the top of the hierarchy are the primitives which hold the highest likelihood 
off  originating from one underlying curvilinear structure. At the bottom of the 
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hierarchyy are primitives which have a low likelihood of originating from the one 
underlyingg curvilinear structure. In section 4.5 a comparison is made between 
HGG and a generic clustering algorithm [3]. 

4.11 Grouping 

Groupingg is the task of finding higher order structures in an image based on 
primitivess extracted from the image. We put forward that it is necessary to 
vieww the grouping process as a hierarchical process. We do not assume that 
theree is a unique grouping associated with each image regardless its domain. A 
groupingg procedure therefore cannot give as a result, which primitives should, 
andd which ones should not be grouped. It should however answer the question 
whichh groupings have priority over others. If necessary in the context of a 
specificc application domain, a threshold can be operated to yield a grouping. 
Seee for example figure 4.1. It is not clear, a priori, whether the three segments 
inn the image are on one. underlying, curvilinear structure. A grouping method 
howeverr should be able to give a priority on all possible groupings. In 

(A)) (B) " 

Figuree 4.1: Three line-stgments 

figurefigure 4.1 it should conclude that line segments a and b (in this example 
straightt line segments are the primitives) have a high priority of grouping, 
whilee grouping all three line segments receive a lower priority. These priorities 
shouldd be assigned a grouping value by a grouping cue., so that depending 
onn the image and application, an actual grouping of line segments could be 
obtained.. In defining the grouping cue. an understanding of the application 
domainn is necessary. 

Wee define a grouping hierarchy # as a priority on the grouping of a set 
VV of H primitives. These primitives, denoted as .<*,. with 0 < / < n. can be 
straightt line segments, arcs, line points or other (combinations of) objects. 

Eachh level a in the grouping hierarchy is a set of grouped primitives. With 
CfCf a group of primitives at level a. W = {Cf . C2

a. , C£rt } , with Cf C V. 
Att the top of the grouping hierarchy * ° , Cf = st, with 0 < i < n. The 
groupingg hierarchy we define is causal in the sense that primitives grouped at 
aa high level o in the grouping hierarchy, remain grouped at lower levels in the 
hierarchy.. Causality also means that each original primitive must be part of 
exactlyy one grouped set at every level in the grouping-hierarchy: (|J,- C,n. Vo) = 
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VV and Cf HCf -- iff  i ^ j . Whether the causality assumption is valid. 
dependss on the domain the grouping method is applied to (see figure 4.2). 

Figuree 4.3 il lustrate the definitions of the grouping hierarchy. 

+ + 
+ + 
+ + 

-ff  + -K+; 
+ + 
+ + 

+++ +++ 

Figuree 4.2: Causality states that every object is part of only one grouping. This is not 
validvalid for every domain. The cross in the hashed circle is part of both lines of crosses 
withinwithin the dotted ellipses. In contrast, causality is valid in the domain of curvilinear 
structures. structures. 
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Figuree 4.3: Definitions of the grouping hierarchy. 

Thee grouping cue returns a value, the grouping value, on a set of primitives 
representingg how well these primitives form one group. A priori, we pose a 
numberr of demands on the grouping cue also advocated by Puzicha in an 
axiomatizationn of cost functions for clustering [18]. The grouping cue, in the 
domainn of line drawing interpretation, must be: 

 Scale, ro ta t i o n and t ranslat ion invar iant . 
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•• Robus t. An important characteristic of a grouping cue is its robustness 
againstt disturbances in the image. Small changes in the image and in 
primitivess describing the image should not result in large differences in 
thee grouping value. For example when finding lines in the image, the 
groupingg cue should be robust against line ruptures, touching objects, 
intersectingg objects and (random) noise. 

•• M o d el based. The grouping cue should explicitly aim at reconstructing 
thee image model. Therefore, the model should be made explicit and the 
groupingg cue should be based on that model so that the grouping cue 
aimss at linking the image to the image model. 

Inn this paper, the generic grouping algorithm is applied to finding curvi
linearr line structures of constant width although this poses no fundamental 
limitationn to the grouping method. We aim at finding line structures with 
constantt width, because the width of a line has a semantic interpretation in 
linee drawings. Straight line segments are used as primitives. But again other 
primitivess could have been used. We present a grouping cue that returns how 
welll a set of straight line segments can be replaced by a single curvilinear 
structure. . 

Figuree 4.4 presents an overview of the grouping algorithm. 

Figuree 4.4: Overview of the grouping algorithm. The process to select the optimal 
groupinggrouping from a set of potential groupings uses the grouping cue. 

4.22 Grouping applied to curvilinear structures 

Inn this section, the grouping method is applied to detecting curvilinear struc
tures.. First, the line model is discussed. Then, the grouping cue is described. 
Thee grouping cue is calculated by first calculating a virtual line through a set 
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off primitives, and then calculating the evidence that this line is indeed visible 
inn the image. Finally, an algorithm is presented to construct the grouping 
hierarchyy based on the developed grouping cue. 

4.2.11 Line model 

Thee curvilinear structures in the image are modelled by a set of B-splines [31] 

eachh with fixed, possibly different width. A B-spline. described by its set of 

controll nodes {po-pi- • • • . ; 4 } - is given by[31]: 

LLkk(t)(t) =YtpiXLw(t). (4.i; 

;=o o 

where e 

A ' - ° - \\ 0 other wise ^ 

Xunit)Xunit) =  - ^ V - Y _ - , ( f ) + fi+m+l -f XUH-M). (4.3) 
<?? + m ~~ ' j ' ti + m + 1 — Ti+\ 

Inn these equations m s tands for the order of the spline, and k for the number 

off nodes. /?? is set at 2. 

Consideringg the application of the grouping method, detecting curvilinear 
s tructuress with a fixed width, the choice of grouping primitives is limited to 
(straightt or curved) line segments with a defined width. Points or zero width 
linee segments are not usable. 

Wee selected straight line segments as primitives. Line segments are derived 
byy the line detection algorithm described in [35]. The algorithm delivers a set 
off connected pixels at the center of the line extended with information on the 
linee width. Using the Piecewise Linear Approximation-algorithm [11], the set 
off connected center pixels are approximated by a set of straight line segments. 

Figuree 4.5 demonstrates the Piecewise Linear Approximation Algorithm. 
AA set L of n connected pixels L = {po-pi.-  -Pn} is first approximated by 
aa straight line between the begin and the end point. At the point with the 
largestt distance to the straight line, an intermediate point is inserted when the 
distancee exceeds a preset threshold a. This process is repeated recursively for 
bo thh parts of the curve, until the complete curve is approximated by straight 
linee segments. The line fjj  between two points p,- = (.Vi.y,) and pj = {.rj,yj) 
iss described by: 

fijfij  = — -r + yi - .Ï 'Ï— • I4-4) 
XiXi - Xi Xi - X, 
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Figuree 4.5: The piecewise linear approximation algorithm. In three steps, the curve 
isis approximated by a set of straight lines. 

proceduree PWLA-r (Set L, Integer i, Integer J) 

kk «- argmax.i<fc<J A(fij,pk) 

i ff A ( / y , p f t ) < ( j 
PWLA-rr (L,i,k) 
Outputt <— Pk 
PWLA-rr (L.k.j) 

endif f 

r e t u rn n 

proceduree PWLA (Set L, Integer n) 

outputt <— po 
PWLAA (L.O.n) 
OUtpUtt <r-  pn 

r e t u r n n 

Figuree 4.6: Pseudo-code of the Piecewise linear approximation algorithm 

Thee recursive procedure to approximate a set of pixels, with A(/,;J,j9/,.) the 
Euclideann distance between a point and a line, is presented in figure 4.2.1. 
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4.2.22 Th e grouping cue 

Thee grouping cue is calculated by first calculating a virtual line through a set 
off primitives, and then evaluating this virtual line against the image data. The 
definitionn of the grouping cue is explicitly based on our defined task; finding 
continuouss curvilinear structures with a defined (and constant) width in an 
image. . 

Th ee virtua l line 

Thee virtual line is constructed by defining' a B-spline with the begin point, 
centerr point and end point of the line segments as the spline's control nodes. 
Otherr choices of control points can be made, but in practice this selection 
workss well. The width of the spline is set at the weighted average of the width 
off the line segments. The weight being the length of a line segment. This 
approximationn by a spline is in accordance with the line model. 

Wee define a transformation <3? that works on a set of line segments 
{go,9i~{go,9i~ •• • ,9m} with m > 1, and produces a spline B: 

B=$({go,gi,---,gB=$({go,gi,---,gmm}).}).  (4.5) 

Eachh line segment contributes three control-nodes, so k = 3m — 1. 
Ass a matter of notation, B\ denotes the part of the spline between numbers 

ii  and j (see figure 4.7). 

B(j) ) 

B(0)) — 

Figuree 4.7: Definitions of spline notation. 

Determiningg the spline through a set of line segments is a grouping problem 
onn its own. Through a set of n line segments, many different splines can be 
hypothesized*,, see the examples in figure 4.8. Many different optimization 
criteriaa can be employed. We chose, as illustrated in figure 4.8, minimal length 

"Somee basic combinatorics learns that the number of possible splines through n line 
segmentss is 2n~1n\. 
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(A) ) (B) ) (C) ) (D) ) 

Figuree 4.8: Given a set of line segments, many different splines can be hypothesized. 
InIn (a) three input line segments are drawn, (b)-(d) shown several of the possible 
splines.splines. The spline in (b) is the logical choice, as it has minimal length. 

off the spline as the optimization criterium. Given the domain, where large gaps 
betweenn line segments are not common as continuous curvilinear structures are 
detected,, the minimal length criterium works well. For other domains, other 
optimizationn criteria such as curvature and curvature change can be feasible. 

Determiningg the spline of minimal length is identical to the graph-theoretical 
problemm of finding the shortest walk in a weighted graph covering all vertices. 
Thiss problem is known to be NP-complete [5]. To avoid this combinatorial ex
plosion,, we implemented a heuristic to select a good spline based on a greedy 
algorithm,, detailed in appendix 4.7. This greedy algorithm has a computa
tionall complexity of 0(n 2 ) , with n the number of line segments and returns 
inn all but pathological instances the optimal spline. 

Thee grouping value 

Considerr figure 4.9, where the grouping cue operates on an identical set of 
primitivess that were extracted from different images. The grouping cue should, 
accordingly,, yield different results. Therefore, the spline B is evaluated 
againstt the image z. The image : is a binarization of the grey value input 
imagee [32]. 

Thee evaluation of B is done by computing the percentual match between 
thee spline and the image. We define a binary image ƒ (x, y), and a function 0 
thatt transforms a spline in such a binary image. So 0 is the algorithm that 
performs: : 

"" 1 5(x, y. B) < w(B) 
f(x,y)f(x,y) = 

00 else 
(4.6) ) 

wheree w(B) is the width of spline B. and S(x, y. B) is the Euclidean distance 
betweenn spline B and the point (x,y). Recall that B = &{{go, gi,  ,</»}). 
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X X 
(a) ) 

/ / 

/ / 
(c) ) 

(b) ) 

(d) ) 

Figuree 4.9: (a) Binary mage, (b) Three straight line segments describing (a), (c) 
BinaryBinary image, (d) Two straight line segments describing (c). Line segments 1 and 2 
areare identical to the line segments 4 and 5. There is however a difference: in image 
(a)(a) line segments 1 and 2 are connected by pixels. As there is no gap between 1 and 
2.2. the grouping cue on line segments 1 and 2 must yield a higher result the grouping 
cuecue on line segments 4 and 5. 

withh <£> the algorithm from figure 4.7. Next we defi 

\e(Bi)nz\ \e(Bi)nz\ 

lie: lie: 

K(B K(B JJ ^ 

MB? MB? 
(4.7; ; 

withh 0 < K(BJ
j,z) < 1 and \z\ denotes the area of the foreground set. Bj is. 

ass before, the part of the spline between control nodes i and j . This makes 
f(x,y)f(x,y) the observation model, and K the distance between the model and 
thee image data as the percentage of foreground pixels it explains. See figure 
4.10.a. . 

Thee distance measure could also be defined as the integral distance between 
thee model the image data . This method is useful when no overlap can be 
measured,, for example when working with lines of zero width. Computing 
thee overlap is preferable, for we are explicitly aiming at explaining foreground 
pixels.. While this method may seem time consuming, in section 4.4 an analysis 
off the computational complexity shows this not to be the case. 

Definingg a grouping cue seeks a balance between greediness and robustness. 
Comput ingg the overlap between the complete spline BQ and the image will lead 
too a greedy grouping cue, where large splines can absorb short line segments 
andd easily bridge gaps. See figure 4.11. Therefore, the evaluation of the 
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Groundd truth 

Hypothesis s 

Figuree 4.10: Computing the distance between two lines of non-zero width. The 
horizontalhorizontal line represents the hypothesis and the other the ground truth. The hatched 
areaarea is the area left unexplained by the hypothesis. 

Figuree 4.11: When the grouping cue is not designed carefully, long linear structures 
cancan becom,e greedy, (a) The input image with two lines, a thick line and a thin line, 
(b)(b) Shows the detected line segments, and in (c) an the effect of a greedy grouping 
processprocess is shown, where the thin short line is absorbed by the long thick line. 

splinee is defined as a combination of sub-evaluations of the parts of the spline 
correspondingg to the line segments and gaps hypothesizing the spline. See 
figurefigure 4.12. 

Thesee sub-evaluations need to be combined into one evaluation. The 
groupingg cue is defined as: 

è(B.è(B. z) = nn G(K(B'I 3(t+l) ) 
33 f ' ).a))G(K(Bl).a))G(K(Blm+2m+2 ^ '3m '3m (4.8) ) 

wheree G(x, a), is the Gaussian with mean 1.0, and standard deviation a, where 
aa is sufficiently large so that G(x, a) < 1 for all x. 

Thiss grouping cue meets the demands posed in 4.1. The balance between 
minimall greediness and maximal robustness is accounted for by the use of 
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Figuree 4.12: (a) Three line segments, the small circles denote the begin point, mid 
pointpoint and end point of the line segments, (b) a B-spline with control nodes the circles 
fromfrom (a), (c) Five spline parts corresponding to the line segments and gaps, (d) 
EvaluationEvaluation of the spline against the image data is based on the parts of the spline 
correspondingcorresponding to the line segments and adjoining gaps. The final line segment does 
notnot have a adjoining gap. 

sub-evaluationss limiting greediness and allowing for robustness. Robustness 
againstt small disturbances in the image is guaranteed for the evaluation is 
basedd on the percentual match of the spline against the image data. Only 
largee deviations in the image will affect this percentual match significantly. 
Basingg the evaluation on a percentual match also means the grouping cue is 
scalee invariant. Rotation invariance is only limited by discretisation effects. 
Also,, the grouping cue reconstructs a B-spline with constant width from the 
sett of line segments and is therefore model based. The grouping cue has the 
desirablee property that gaps are more easily bridged when the adjoining line 
segmentss are longer. Refer to figure 4.13. 
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Figuree 4.13: When evaluation of the gap is part of the evaluation of the leading line 
segment,segment, the segments in (a) are less likely to be grouped than the segments in (b). 
ThisThis concurs with human perception. In the same manner, gaps between thick line 
segmentssegments (c) are more easily bridged than gaps of the same size between thinner line 
segmentssegments (d). 

4 .2 .33 C o n s t r u c t i n g t h e g r o u p i n g h i e r a r c h y 

Usingg the grouping cue <f>,  the grouping hierarchy can be constructed in an 
iterativee procedure. In each iteration a set of nodes with maximal grouping 
valuee is grouped into a new node. This new node is the next grouping in the 
grouping-hierarchy.. We define: 

TTmm = arg max é(primitives(T). z). (4.9) 

withh #T > 1. and primitives(T) the primitives g, e Cj. with C) G T. Now, 
thee next level in the grouping hierarchy is defined as: 

r + 11 = ( f \{f ,eTm})ur , , (4.io) 

Soo the set of nodes Tm is removed from ^a. and a new node consisting 
off all primitives from Tm is added to construct * a + 1 . This is repeated until 
onlyy one node is left (all primitives are grouped). Convergence is guaranteed, 
ass the number of nodes in T is at least 2. leading to a maximum number of 
iterationss of n — 1. 

AA grouping algorithm is only valuable if its computational complexity is 
manageable.. It is difficult to formulate a grouping algorithm that is scalable. 
Forr example Fischer [16] proposes a pairwise clustering method applicable to 
findingfinding contours that delivers promising results, but suffers from hard combi
natoriall optimization problems. 

Equationn 4.9 indicates a combinatorial explosion rendering the grouping 
algorithmm unscalable. To compute Tm, all subsets of ^a need to be pro-
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cessed.. With A- elements in $a, this amounts to a computational complexity 
off ^2iZ-2 u)> which is unmanageable for larger k. 

Forr this reason, we pose a restriction on ct> that simplifies the procedure 
too pairwise grouping. We demand that for every set T, there exists a subset 
TTss C T with #TS = 2 and è(Ts) > <p{T). If this property holds for <j>,  the 
constructionn of the grouping hierarchy simplifies to pairwise grouping, for Tm 

willl always be a pair of sets. At every level in the grouping hierarchy, only 
thee grouping value of the pairs of sets in $° will need to be computed. This 
leadss to a computational complexity of 0((n - k)2) at level ^k of the grouping 
hierarchyy on n primitives. A detailed analysis of the computational complexity 
iss given in section 4.4. 

Thee pair restriction is implemented in the grouping cue o as defined in 
equationn 4.8. Because the grouping cue is defined as a product of sube-
valuationss with each subevaluation assigned a value between 0 and 1. each 
subevaluationn lowers the grouping value. Therefore, constructing the group
ingg hierarchy using o can be implemented by pairwise grouping while still 
beingg guaranteed optimal. Figure 4.14 depicts the successive operations in 
constructingg the grouping hierarchy by pairwise grouping. 

Grouping g 

hierarchy y 

\\ ITERATE 

Figuree 4.14: Steps in constructing the grouping hierarchy. 

Att the start of the algorithm, a matrix M is initialized. After initializa
tion,, the matrix contains the grouping value of all pairs of primitives. During 
operation,, the matrix contains the grouping value of every pair of grouped sets 
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off primitives ty? and * J (•/ / j): 

MMaa(i.j)(i.j)  = o ( ^ U ^ ) . (4.11) 

Inn every iteration t, the pair of (sets of) primitives {C/ .Cj} with highest 
groupingg value Af 'f / . j ) is selected. Then, a new matrix _U'+1 is computed. 
Forr this matrix Mt+l . most grouping values from M( can be retained. Only the 
pairingg from newly formed set {Cj UCj} with other sets need to be computed. 

Inn figure 4.15, an example of an iteration in the construction of the grouping 
hierarchyy is presented. 

4.2.44 Th e appropr iat e hierarchy level 

Althoughh it was argued that a grouping process must return a grouping hier
archyy as its result, often a specific grouping is required by applications. Every 
levell in the grouping hierarchy represents such a grouping, and the question 
thenn rephrases to: which level should be selected? 

AA manually selected threshold is not desirable, for this introduces lack of 
robustness:: parameters of the grouping cue will have a large effect on the 
presentedd curvilinear structures. 

Itt would be advantageous to have a method of automatic level selection. 
Heree we encounter a contradiction, because it was previously argued that a 
uniquee optimal grouping and hence an optimal level can not be determined. 
Itt is. however, possible to give a reasonable stable and predictable heuristic 
forr automatic feature selection. 

Observee figure 4.16, where the grouping hierarchy is constructed using 
OmrootOmroot with two different values for a. Although the levels in which nodes are 
groupedd differ in the two presented hierarchies, the structure of the grouping 
hierarchiess does not. As can be seen, the difference in grouping value between 
thee initial groupings of connected linear structures, and the groupings with 
linee segments separated by a significant gap. is large in both trees. This can 
bee used by defining: 

7 nn = nïaxci(Cf) , (4.12) 
z=00 ' 

assigningg to ->a the largest grouping value of the nodes in a specific level of 
thee grouping hierachie. The heuristic employed in finding the appropriate 
hierarchyy level is now defined as: 

",", opt = arg max - , - - , , _ i, (4.13) 
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Figuree 4.15: An iteration in the construction of the grouping hierarchy. The pair of 
primitivesprimitives A and B has highest grouping value, so they are selected. All entries in the 
listlist of grouping values containing A or B are deleted, and new entries are computed. 

withh I the number of nodes in the grouping hierarchy. So, intuitively, the 
optimall level j o p t in the grouping hierarchy is defined as the level where the 
largestt effort has to be put in further grouping the tree. 
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Figuree 4.16: Two grouping trees associated with a simple sample image. The tree in 
(a)(a) was constructed with a = 0.3. The tree in (b) was constructed with a = 0.4. In 
bothboth trees the order in grouping is the same. At the top of the hierarchy, continuous 
curvilinearcurvilinear structures are grouped (parts I). At, the intermediate levels, gaps between 
structuresstructures are bridged (parts II) and at the bottom of the trees, unrelated structures are 
groupedgrouped (parts III).  This presents the rational of automatically selecting a threshold in 
thethe grouping tree. The gaps in grouping value between grouping values for unrelated 
curvilinearcurvilinear structures and grouping values for line segments from the same structure 
willwill  always be large, (c) Shows four different levels of the grouping hierarchy, the third 
levellevel is the automatically selected level for both values of a. 
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4.33 Results 

Thee validity (and robustness) of the approach to first extract straight line 
segmentss as primitives from the image containing curvilinear structures, and 
thenn using these straight line segments to hypothesize splines and matching 
thesee to the image is investigated in figure 4.17. In the figure, the same 
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Figuree 4.17: (a) input image (shown at 300 dpi). The thick black line results in 8 
straightstraight line primitives, (b) grouping value of the complete line, (c) Detected width 
ofof the complete line. Scanning at 400 dpi is optimal. 

inputt image at different resolutions is processed. At resolutions lower than 
1000 dpi, the linear structure is not detected (at 50dpi, the size of the image 
iss merely 24 x 48 pixels). Figure 4.17.b shows the effect of discretisation. 
Forr higher resolutions, the width and position of the line can be determined 
moree precisely, and thus the grouping cue provides more accurate results. The 
groupingg value increases with the scanning resolution, although above 400 dpi. 
thee grouping value stabilizes. In figure 4.17.C, the width of the detected line in 
termss of pixels versus resolution. It is demonstrated that below 200 dpi. the 
widthh detection loses reliability, explaining the low grouping values measured. 
Onee would expect a (nearly) linear relation between scanning resolution and 
linee width. This linear relationship breaks down below 200 dpi. 

Figuree 4.18 shows a similar experiment on synthetically generated curves 
off varying width with identical center lines. The image was generated by a 
processs described in [9]. 

Bothh experiments demonstrate that constructing a spline through a set of 
straightt line segments extracted from an image containing curvilinear struc
tures,, can lead to results accurately describing the ground truth of the image. 
Onn real images, scanning at a resolution of 400dpi is optimal. Because the 
groupingg cue works on lines with a defined width, and uses that width to cal-
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Figuree 4.18: (a) Identical curves translated and increasing in width, (b) The grouping 
valuevalue of the virtual line through extracted straight line segments. Curves with width 
largerlarger than 4 pixels, are well detected. 

culatee the grouping cue, the width of lines in the image must be significant 
(moree than 4 pixels). Below that width, discretisation effects seriously hinders 
thee line extracting and following matching operation^. 

4 .3 .11 A l t e r n a t i v e g r o u p i n g c u es 

Thee effect of different grouping cues is demonstrated in figure 4.19. Besides 
thee m-rooted product defined in equation 4.8, we demonstrate the effect of 
twoo other grouping cues. We define: 

<Pmin(B,g)<Pmin(B,g) = min(^nG(K(Blf+1\g),a),G(K(B3C+2,9),(7)), (4.14) 

and: : 

m—m—1 1 
<P<PPProrodd(B,g)(B,g) = (H G(K(BZ£+1),g),a))G(K(B!™+2,g),a). (4.15) 

i=0 0 
tinn practice, an image scanned at 400dpi will only contain lines with a width larger than 

44 pixels, for the smallest pen size in use draws lines at that width. 
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Thee grouping cue èmm defines the grouping cue as the minimum of its 
subevaluations,, which is intuitively appealing. (pprod defines the grouping cue 
off the product of its subevaluations. Figure 4.19.a illustrates the effect of these 
groupingg cues on a typical image. It can be shown, by taking the negative 
logg of equations 4.14 and 4.15, that the minimum grouping cue penalizes 
largee structures more than other grouping cues. We conclude that the m-
rootedd product grouping cue delivers for this case the best t rade off between 
robustnesss and greediness. 

(B)) (C) (D) 

Figuree 4.19: (a) The input image. Note parts (1), (2) and (3). The detected linear 
structuresstructures using: (b) the product grouping cue 4>prod, (c) the m-rooted product cue 
phi,phi, (d) the minimum grouping cue 4>mm- The white lines denote detected curvilinear 
structures.structures. For clarity, adjoining curvilinear structures are drawn in separate line 
types.types. In figures (b)-(d) different line types are used to distinguish between adjoining 
line.line. Only the m-rooted product cue (c) succeeds in finding the large structures (2) and 
(3).(3). Notice that the grouping cue make different decisions in area (1), both decisions 
beingbeing valid. 

Figuress 4.19 shows tha t the grouping method delivers an accurate de-
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seriptionn of the image at the automatically selected threshold. Figure 4.17 
demonstratedd that in order to obtain an accurate description, images should 
bee scanned at 400dpi, in order to make the grouping cue effective. When 
linee segments at least four or five pixels wide, the grouping cue and resulting 
groupingg hierarchy is robust. 

4.44 Computational complexity 

Thee grouping algorithm consist of two consecutive stages (recall figure 4.14): 
ann initialization stage and an iteration stage. The order of the algorithm is 
maximumm order of the two stages. 

4.4.11 Ini t ia l izat io n stage 

Computingg the grouping value of a set. of line segments is linear in the number 
off line segments in the set. In the first stage the grouping value of all pairs 
off line segments is determined. This had order 0(ri2), with n the number of 
linee segments. After computing the grouping values, the maximum grouping 
valuee is determined in order 0{n2). Therefore, the order of the initialization 
stagee has order 0(n2). 

4.4.22 I terat io n stage 

Thee tree is grouped in n iterations, with n the number of line segments. In 
iterationn •/ (0 < i < n). n ~ i + 1 sets of line segments remain to be grouped. 

Thee number of number of computations needed at iteration / in computing 
thee grouping values, is dependent on the size of the set grouped, denoted 
ass Sj. at that iteration (see figure 4.20 for an example). The number of 
computationss at iteration /', denoted as cn can be expressed as: 

CjCj = isi + n - Sj = (/ - l)sj + n. (4.16) 

Att iteration /. the maximum value for Sj equals i. Therefore, the worst case 
scenarioo is a tree in which at every iteration Sj = i. The best case scenario 
iss a tree in which at each iteration Sj is the size of the smallest set. Figure 
4.211 illustrates the worst case and best case scenarios. The total number of 
computations,, denoted as Q . in the worst case scenario is expressed as: 

n n 

cctt = ^2(i-l)i + n. (4.17) 
i=2 i=2 
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Figuree 4.20: The number of line segments evaluated in an iteration depends on 
thethe size of the selected grouping. In (a), sets A and B are selected for grouping. 
ComputingComputing the grouping value of the new set AB with the other sets requires 16 line 
segmentssegments evaluated. In (b). the larger set C and D is selected. This requires 19 
evaluations. evaluations. 
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Figuree 4.21: The ordering of the grouping hierarchy has an impact on the number of 
evaluatedevaluated line segments in building the hierarchy, (a) Worst case scenario, (b) Best 
case. case. 
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Withh Yl"=i  i2 = f (1 + ' 0 (1 + 2«). this gives: 

0 ( £ / ( H - / ) )) = 0 ( H 3 ) . (4.18) 

?= 2 2 

Inn every iteration, the maximum grouping value is determined. Finding 
thee maximum in a list is linear in the size of the list. The list size at each 
iterationn /', is the number of combinations between the n — i sets, which is 
(n-i){7i(n-i){7i  — i — l) Q • i.i • • 

- — ^ — — : - .. Summing this gives: 

oC£oC£{{--0 ( « - ' - l ) ,, ™..3 == 0{nó). (4.19) 

Thee complexity of the iteration stage is. with both computing the grouping 
valuess and selecting the maximum grouping value at 0( /? 3 ) . therefore 0(n3). 

Thee worst case complexity of the grouping algorithm is 0(n3); the maxi
mumm order of the order of the initialization stage and the iteration stage. 

4 .4 .33 A v e r a ge c o m p u t a t i o n al c o m p l e x i ty 

Thee order of the algorithm has two bottle necks in the iteration stage. Both 
computingg grouping values and selecting maximum grouping values have order 
(9(/?3).. In an implementation of the algorithm, the overall computing time will 
bee largely determined by computing the grouping values. Only in very large 
sets,, selecting the largest grouping value will have a measurable impact on the 
computingg time. 

Sectionn 4.4.2 used the worst case scenario in determining the order of the 
iterationn stage. To assess the computational complexity of the algorithm in 
practice,, we art1 also interested in the average case complexity. 

Figuree 4.22 presents a graph of the average number of evaluated line seg
mentss in constructing random tree-orderings. In a random tree, the groupings 
aree selected at random, instead of determined by the grouping cue. We assume 
thatt random tree orderings give a better approximation of the complexity than 
thee worst case analysis. As can be seen in the figure, the average random tree 
orderingg has an approximate order of 0{n2). This is explained by noting that 
inn a random tree, the average size of the selected set in iteration i is s} = -J* r. 
Summingg this (refer to equation 4.16) gives: 

nn-1-1 n — — l . 

0(T0(T - ^ ( H - (n - /))) - 0(n V - ^ ) = 0(n2) (4.20) 
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Figuree 4.22: The number of evaluated line segments in building a grouping hierarchy 
isis of worst order complexity 0(/z3). (a) Shows the actual number of evaluated line 
segmentssegments in randomly ordered hierarchies, along with the best case and worst case 
hierarchies,hierarchies, (b) Shows that the relationship between the average case and best case 
holdsholds for large n. The plot of2.7n2 shows that the number of evaluated line segments 
hashas an approximate order ofO(n). 

Notee that in practice, the grouping hierarchy is not completely constructed, 
butt build until a certain grouping value (the cut-off level) is reached. This im
provess the actually encountered computational complexity considerably. Not 
onlyy less iterations are needed, but only grouping values higher than the cut-off 
levell need to be retained. 

4.55 Comparison with other work 

Inn [3] a generic method for clustering, in contrast to our grouping approach, 
calledd GCA is described. We use GCA as a basis for comparison with our 
algorithm,, because it is a modem approach to clustering, and has the ability 
too plug in any desired grouping cue to allow for an accurate and fair com
parison.. Other clustering or grouping methods described in literature (for 
examplee [15]) lack this feature and are therefore less desirable for comparison. 
Thee Normalized Cut method [34] [25] is comparable to GCA, as a generic 
methodd for clustering. As GCA, the Normalized cut method finds a global 
optimizationn of the interpretation of the image based on local measurements. 
Normalizedd cut is developed for segmenting images into coherent parts, for 
examplee textured regions. Like hierarchical grouping, Normalized Cut returns 
aa hierarchy as the interpretation of the image. Normalized Cut constructs a 
topp down hierarchy, in contrast to Hierarchical grouping which constructs a 
bo t tomm up hierarchy. We chose GCA as a bases for comparison, for top down 
segmentationn of curvilinear structures as proposed by the Normalized Cut in-
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evitablyy leads to random decisions in the top of the hierarchy rendering this 
approachh less feasible for curvilinear structures. 

Thee GCA system consists of three basic steps. In figure 4.23 an overview, 
appliedd to an example, is presented. 

(k=3) ) 

b.. connectivity graph 

d.. group graph 

Ï Ï 

c.. measured graph 

Figuree 4.23: Example of successive steps in GCA (Genene Clustering Algorithm), 
appliedapplied to curved lines. 

First,, a grouping cue is chosen. An example of a grouping cue is the group
ingg cue as defined in equation 4.8. Then, a connectivity graph is constructed 
denotingg the feature pairs for which the grouping cue must be evaluated. The 
connectivityy graph and the grouping cue reflects the nature of the clustering 
application.. When global clustering criteria are used, for example straight 
lines,, a complete connectivity graph is used. When the problem is local, for 
examplee finding smooth curves, a k-nearest neighbor graph can be employed. 

Inn the second step, the measured graph is constructed where the edges be
tweenn features denote that the feature pairs are assumed to be in the same 
group.. To decide whether two features are probably in a single clustered group, 
thee grouping cue is evaluated with a series of additional third features. If a suf
ficientficient number of these third features produce a grouping value above a pre-set 
threshold,, it is decided that the two features are probably in a single clustered 
group.. In the final step a maximum likelihood group clustering scheme is 
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employedd to find the optimal segmentation into groups. This segmentation is 
basedd on knowledge of the probabilistic properties of the grouping cue, with 
regardss to its confusion matrix. 

Thee GCA method (global properties are induced by local measurements) 
doess not guarantee consistency. Observe for example figure 4.24. which shows 
fourr lines connected by a big dot. Although a natural interpretation would 
bee 4.24.(d.3), interpretations 4.24.(d.l) and 4.24.(d.2) cannot be excluded. 
Wee would expect a system detecting linear structures to make a (random) 
choicee between these three interpretations. But GCA decides locally that every 
optionn is possible (visualized by the graph in 4.24.c), and does not discover 
inn the optimization phase that one choice excludes another. Therefore, the 
processs will re turn all the lines as part of a single linear structure. Note that 
GCAA is a generic method, and allows other definitions of the connectivity 
graph,, the measured graph and the grouping cue. 

Figuree 4.24: GCA does not guarantee a clustering that is consistent with the grouping 
cue.cue. (a) Input image, (b) Detected line segments, (c) Measured graph, (d) Three 
possiblepossible interpretations of figure (a). GCA does not chose an interpretation, but 
decidesdecides the image contains a single linear structure. 
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4.5.11 Compar ison on a typical image 

Inn figure 5.17 the output of both methods is compared when applied to a 
complexx image encountered in practice. Note that HG returns as a result 
off the grouping process the hypothesized curvilinear structures: these are 
integrall part of the chosen grouping cue. To represent the results obtained by 
GCA,, the virtual line through clustered line segments were determined and 
presented.. As can be expected, the results of HG and GCA are similar. In 
figuree 4.25.C. it is demonstrated that HG correctly finds the major parts of 
thee three linear structures. In the bottom right, another (but valid) choice 
iss made *. The only error is in not detecting, at the automatically selected 
levell of the grouping hierarchy, the large straight line. As can be seen in the 
enlargedd part of the image where the error occurs, the straight line segments 
detectedd are badly misdirected. At a lower level in the hierarchy, this line 
iss found but the grouping value is close to zero. In the methodology of the 
groupingg hierarchy, it is more important that the ground truth of the image 
iss represented as some level of the hierarchy, than that the ground t ru th is 
representedd at the automatically selected level of this hiërarch}'. 

Thee result of GCA using the grouping cue is not as good as the result of 
HG.. This can only be explained by the grouping algorithm, for the input image 
andd grouping cue are identical for both methods. When 4.25.e is studied, it 
becomess clear that GCA encounters problems in areas with rapidly changes 
curvature.. This is due to fact that the grouping cue searches for evidence in 
thee image, and large gaps between line segments presented to the grouping-
cuee often lead to small grouping values (see figure 4.26). 

4.5.22 Robustness, invariance and complex i ty 

Thee output of GCA depends on both the threshold set on the grouping cue 
(switchingg edges between nodes on or off) and the confusion matrix associated 
withh the grouping cue (the chance an edge is erroneously inserted, correctly 
nott inserted, et cetera). This matrix is dependent on the threshold (a lower 
thresholdd increases the likelihood of errors). It is hard to select the best 
combinationn of threshold and confusion matrix, while GCA is sensitive to 
variationss in those parameters. In [3] a method is presented to automatically 
derivee the confusion matrix given a grouping cue and threshold. This method 
doess not work for every type of grouping cue, introducing lack of robustness 

"Handlingg multiple interpretations of primitives in an image is extensively dealt with 
byy Cox [8], who proposes an hypothesis tree where decisions can be delayed until sufficient 
informationn is available 
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(A)) (B) 

Figuree 4.25: Comparison between the result of GCA, and HG. In Figure (a) the 
inputinput image is shown. As input to the grouping methods, 489 straight line segments 
areare extracted from this image, (b) shows three linear structures a grouping method 
wouldwould ideally detect (i.e. the ground truth), (c) shows the curvilinear structures 
groupedgrouped by HG at the automatically selected level of the grouping hierarchy. In (d) 
andand (e) the detected straight line segments (the primitives) of detailed image parts 
areare shown where HG runs into trouble. In the bottom right corner of the image HG 
chooseschooses a logical interpretation, although it is not the ground truth. At lower level in 
thethe grouping hierarchy, the problem encountered in detail (d) is solved, (f) shows the 
resultresult of GCA (the circles denote begin points and end points of detected structures. 
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Figuree 4.26: In areas with rapidly changes curvature, GCA's approach of using only 
threethree primitives to evaluate grouping, breaks down. In area 1 of (a), the mismatch 
betweenbetween the spline and the line segment in the hashed circle will  cause the grouping 
valuevalue to be very low. In (b). because of near zero curvature, a high grouping value will 
bebe found. 

againstt parameter change for those grouping cues. 

Bothh HG and GCA are. in the grouping and clustering phase respectively, 
generic.. So, invariances in terms of scale or translation, must be due to the 
detectionn of primitives, and computation of the grouping cue. 

Ass shown in section 4.4, the computational complexity of HG equals 0(n3). 
Inn [2] the order of GCA is shown to be NP-complete. This order is determined 
byy the construction of the group graph, for which Amir presents a fast ap
proximationn algorithm. This approximation-algorithm can terminate in local 
maxima,, but is shown to perform satisfactory on average and runs in O(ir). 
Constructingg the measured graph has order 0 ( n 3 ) , giving GCA an order of 
O O 3 ) .. This makes the effective order of GCA an order slower than HG. 

4.66 Conclusions 

Wee have presented a method to build extended curvilinear structures of given 
widthh by grouping primitives in a hierarchy. The method is built around a 
groupingg cue. the measure of likeliness that a set of primitives originates from 
onee underlying structure. The grouping cue is the measure by which primitives 
orr sets of primitives are placed in the grouping hierarchy. We maintain the 
vieww that any general grouping method should delivers its results in the form 
off a hierarchy as there is no locally decidable t ruth. Hence, the grouping 
hierarchyy represents a priority on primitives being grouped. Our method is 
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rota t ionn invariant, scale invariant, and model-based as we believe a grouping 
methodd should aim at reconstructing the higher order structures in the image, 
therebyy providing the need for an explicit image model. From design as verified 
byy experimentation the method is robust against image disturbances such as 
noisee and intersecting lines. 

Wee consider it essential for the grouping cue to base its findings on the 
imagee data and on condensed information thereof kept as features of sets of 
primitives.. So. we keep a hierarchy to make a link between primitives that» 
havee been grouped sofar, but for the actual grouping of sets of primitives 
wee re turn to their original da ta in the da ta array. In this way there is no 
differencee between the lowest level of grouping and the levels higher up. This 
providess both consistency in the result as well as robustness as minor flaws in 
thee da t a are unnoticed when the original da ta are grouped by the cue. We use 
onee particular grouping cue. as defined in eq. 4.8 (section 4.2.2). but others 
usingg the same image model (eq. 4.14) or using another image model such 
ass straight lines [28] could have been used as well at that point, provided it 
fulfillss the criteria for scale and rotation invariance. 

Inn the current implementation we'use straight line segments as detector for 
primitives.. We might have used other primitives such as circular arcs [10] at 
thee expense of an increase in computation time and more parameter values to 
es t imate .. Also, the grouping algorithm was applied to detecting structures of 
givenn width. The application is determined by the definition of the grouping 
cuee and primitives. Another grouping cue yields a different grouping applica
tion.. Grouping cues working on line segments without a defined width, but for 
examplee on edge-strength, could be implemented. Grouping cues that inher
entlyy require a large set of primitives, for example when detecting dashed lines 
[20].. can not be implemented straight forward. That would require a different 
searchh algorithm through the set of possible groupings. Further research could 
thereforee be focused on these search algorithms, and developing grouping cues 
andd primitives tha t can operate with the current search algorithm. 

Althoughh we argue that a grouping algorithm must return a hierarchy on 
groupingss and cannot deliver an unique grouping associated with an image 
independentt of its domain, we present a method of automatically selecting a 
levell in the grouping. For clear cut cases like the bimodal drawings we consider, 
thee level delivers an interpretation of the image based on a priori information 
that,, the image is bimodal containing a foreground and a background. 

AA grouping algorithm is only of value if its computational complexity is 
manageable.. The algorithm was shown to be of worst order 0{n3). with n 
thee number of primitives in the image. The average case complexity was 
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shownn to be of order 0(n2). The computational complexity is based on a 
searchh algorithm that was shown to be optimal for the presented grouping 
cue.. Different grouping cues, taking into account more variables than the 
percentuall match between a hypothesized curve and the image, could require 
aa different search algorithm. 

Experimentss demonstrated that the method provides good results on com
plexx and crowded images. It was shown that the automatically selected level 
inn the grouping hierarchy yields a good interpretation of the image. When 
comparedd to a modern generic clustering approach [3]. our method of hierar
chicall grouping was shown to provide better results, to be a more robust and 
too operate faster. 

4.77 Appendix: The minimal spline through a set of 
linee segments 

Fromm the set of possible splines though a set of line segments, we want to 
selectt the shortest. This problem is equivalent to finding the shortest walk 
inn a weighted (undirected) graph covering all vertices once, with restrictions 
onn the allowed walks. See figure 4.27. for a transformation of a set of line 
segmentss to a graph. The restriction on a walk is that every node in the 

Figuree 4.27: To find the shortest spline through a set of line segments (A), a minimal 
walkwalk through graph B must he established. 

walkk must be preceded or proceeded by the other node originating from the 
samee line segment (In figure 4.27: for example node x\ must be proceeded or 
precededd by x2. v2vix2XiUiU2W1w2 is a valid walk. v2v\x2U\X\U2W\W2 is not.) 

Findingg the shortest walk in a graph is known as the Travelling Salesman 
Problemm (TSP), which is a NP-complete problem [5]. TSP is different from 
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proceduree MiniinalSpline (linesegments L, integer M) 

MListt <- L[M] 
MM <- M-l 
whilee M > 0 do 

Mindistt <- 0 
forr 1 from 1 t o M 

Distt A <- Distance(MList.first.L[l]) 
DistBB <r-  Distance(MList..last.,L[l]) 
Mindistt <- Minimum(DistA.DistB.Mindist) 
iff Dist A = Mindist 

Minsegg <— 1 
startt <r-  1 

endif f 
iff DistB = Mindist 

Minsegg «— 1 
startt <- 0 

endif f 
endfor r 
i ff Start = 1 

MListt <- append(L[Minseg].MList) 
e l s e e 

MListt <r-  append(MList,L[Minseg]) 
endif f 
L[Minseg]] <- L[M] 
MM <- M-l 

enddo o 

r e t u r n n 

Figuree 4.28: Pseudo code of algorithm that finds the spline with minimal 

lengthh given a set of M line segments L 

ourr problem, in tha t it demands that the begin point and end point are equal. 
Inn our problem, this is not the case. Begin and end point are unknown. 

Inn practical applications, heuristics are used to overcome the computational 
complexityy and still find the correct answer in normal situations. In figure 4.7 
aa greedy algorithm is presented in pseudo code. This algorithm is based on 
thee observation that for a particular line segments (in s tandard situations), 
itss adjacent line segments along the optimal curve are also the nearest line 
segmentss in the input set. In the algorithm Minimal Spline, an ordered list 
off line segments MList is initialized with the last line segment from the array 
L.. (Any line segment, will do.) The list MList represents the order of the 
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linee segments in the minimal spline. An iteration is started, in which the line 
segmentss with minimal distance to the spline are added until all line segments 
aree part of the spline. Figure 4.29 shows an example of this process in a 
typicall set of line segments. The order of this algorithm is 0(n ) , with n 
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Figuree 4.29: 77ie successive iterations of the greedy algorithm, starting from an 
arbitraryarbitrary element, to find the spline of minimal length through a set of line segments. 

thee number of line segments. Because the problem is NP-complete, algorithm 
4.77 can not optimal. Figure 4.30 gives an example of a situation in which 
thee greedy algorithm produces a sub-optimal result. In general, input sets 

Figuree 4.30: Example of a situation in which the greedy algorithm breaks down. (A) 
inputinput segments. (B) Result of the greedy algorithm. (C) Optimal residt. 

wheree for each line segment the distance to other line segments along the 
optimall spline is monotonically increasing (as in figure 4.29 are guaranteed to 
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bee found correctly by algorithm 4.7. Input sets for which this is not the case, 
cann produce incorrect results, although the vast majority of lines in actual 
imagess are still handled correctly. (This is due to the fact that distances 
betweenn adjacent line segments along the linear structures tend to be very 
small.. Recall figure 4.30. where the error was induced by the large distance 
betweenn segments 5 and 7.) In practice, only self-intersecting lines (see figure 
4.31)) can go wrong. This is based on comparing the results of greedy line 
finderfinder with an algorithm that finds the guaranteed optimal line but has (a 
worstt case) order 0(n\), where on real images no differences causing a change 
inn the clustering hierarchy were found. In our implementation, we chose the 

Figuree 4.31: A self-intersecting line provides problems for the greedy spline finder. 
(A)(A) the optimal line. At the intersecting point, the choices of the greedy spline finder 
areare nearly random, so (B) and (C) are possible results. 

greedyy algorithm for its trade off between performance and quality. When self-
intersectingg lines are expected in the input image, the computational intensive 
methodd of complete evaluation or another approximation method requiring 
heavierr computation needs to be used. 
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