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Chapterr  1 

Introductio n n 

Thiss book is concerned with the multivariate method of correspondence analysis. Corre-

spondencee analysis is primarily a graphical method for inspecting multivariate count data. 

Typicallyy correspondence analysis is applied to a so-called contingency matrix: a matrix 

off  frequencies of co-occurrences between two categorical variables. However, extensions 

andd adaptations of the method exist that make it possible to apply correspondence anal-

ysiss to other types of data; for instance, multiple-choice and preference data. In this book 

severall  topics hi correspondence analysis, both theoretical and applied, will be described. 

Thee name correspondence analysis is derived from the French term "analyse des corre-

spondances".spondances". The method was developed in France in the early 1960s by a group of data 

analystss led by J. -P. Benzecri. Numerous theoretical results as well as applications were 

publishedd over the years in the journal Les Cahiers de I'Analyse des Données. In their 

expositionn of the method a large emphasis was placed on geometrical concepts. Since 

thee 1980s the method has considerably gained in popularity outside the French speaking 

world.. The publication of two English textbooks on correspondence analysis, i.e. Lebart 

ett al. (1984), and Greenacre (1984), have been of great importance in this respect. 

Theree exist several methods that are mathematically equivalent to correspondence 

analysis,, e.g. reciprocal averaging, homogeneity analysis, and dual scaling. Differences 

betweenn the methods are only superficial and the result of underlying rationales. Both 

Nishisatoo (1980) and Greenacre (1984) give an extensive historical overview tracing the 

originss of these methods back to several apparently independent beginnings: Richardson 
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andd Kuder (1933), Hirschfeld (1935), Horst (1935) and Fisher (1940). It is because of 

thee independent beginnings, as well as the rediscovery of the method over the years by 

differentt authors from different nationalities with different scientific backgrounds, that 

theree are so many names1 for what is essentially the same method. In this thesis no 

attemptt is made to describe any of the mathematically equivalent methods in detail. For 

aa description of reciprocal averaging, a term first proposed by Horst (1935), we refer 

too Hill (1974). (It should be noted, however, that Hill , 1974, refers to the method as 

"correspondence"correspondence analysis: a neglected multivariate method".) Greenacre (1984, p 96-

102)) provides a similar exposition of reciprocal averaging and contrasts it with what 

iss now more commonly regarded as correspondence analysis. Homogeneity analysis is a 

methodd developed in the Netherlands, in particular in Leiden. Gifi (1990) gives a thorough 

overvieww of the method as well as its relationship with various other multivariate methods. 

Duall  scaling is based on the optimal scaling approach introduced by Guttman (1941). A 

comprehensivee description of dual scaling can be found in Nishisato (1980, 1994). A 

comparisonn with correspondence analysis can be found in Greenacre (1984). 

Inn addition to the foregoing, it has been shown that correspondence analysis is tightly 

connectedd with several other, well-known multivariate analysis methods. In particular, 

canonicall  correlation analysis (Greenacre, 1984 and Lebart et al., 1984), discriminant 

analysiss (Lebart et al., 1984), principal component and principal coordinate analysis 

(Greenacre,, 1984 and Gower and Hand, 1996), factor analysis (Greenacre, 1988 and Boik, 

1996),, biplots (Greenacre, 1993a and Gower and Hand, 1996) and (weighted) metric 

multidimensionall  scaling (Gifi, 1990 and Cuadras and Fortiana, 1995). Some of these 

relationshipss will , to a certain extent, be exploited in this thesis. For a complete treat-

mentt of the relationships, however, we refer the interested reader to the references given 

inn parentheses. 

Applicationss of correspondence analysis cover a wide range of scientific disciplines and 

topics.. In a recent article by Volpato and Contarello (1999), for example, correspondence 

analysiss is used to study social relationships in the extreme situation of the concentration 

camp.. The authors base their analysis on the famous novel If This is a Man by Primo Levi 

11 Nishisato (1980, 1994) gives 12 alternative names for dual scaling. 
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(1947),, written just after his release from Auschwitz. Albers and Keizer (1990) apply 

correspondencee analysis in their study of orthomanual medicine. Greenacre and Vrba 

(1983)) analyze antelope census data in African wildlif e areas, and Anna Torres-Lacomba 

(1999)) applies correspondence analysis to beer brands and characteristics associated with 

thesee brands. These are just a few examples indicating the multidisciplinary character 

off  the method. Greenacre (1984) provides an extensive overview of applications, sorted 

byy research field. Other sources containing several recent applications of correspondence 

analysiss are Greenacre and Blasius (1994) and Blasius and Greenacre (1998). 

Outlin e e 

Inn Chapter 2 we describe two approaches to correspondence analysis. For this purpose 

wee introduce notation that will be employed throughout the thesis. The first approach 

iss based on the close relationship between correspondence analysis and component anal-

ysis.. In section 2.3 we will , using this relationship, derive equations that are of crucial 

importancee in correspondence analysis. These equations are the mathematical backbone 

off  correspondence analysis and they will frequently be referred to in other chapters. It 

shouldd be noted that some recent textbooks on multivariate analysis, e.g. Johnson and 

WichernWichern (1998), describe correspondence analysis in a similar fashion. 

Thee second approach to correspondence analysis, which is given in section 2.4, stays 

closerr to the usual geometrical approach as described by Greenacre (1984) and Greenacre 

andd Hastie (1987). The rows and columns of the contingency matrix are approximated 

inn a least-squares sense through minimization of the Mahalanobis distance. As we will 

show,, assuming multinomially distributed rows and columns, this approach is identical to 

thee usual correspondence analysis. 

Somee specific correspondence analysis terms such as chi-squared distance and inertia 

wil ll  also be introduced and clarified in Chapter 2. The relationship between correspon-

dencee analysis and a biplot is described in subsection 2.3.1. We conclude the chapter with 

ann example based on experimental data. 

Chapterr 3 is based on a paper by van de Velden and Neudecker (2001). This chapter 

dealss with a specific eigenvalue property encountered in correspondence analysis. Al-
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thoughh the property in question is well-known, a clear algebraic proof was not available. 

Inn this chapter an overview of existing proofs is presented along with a selection of new 

proofs.. The existing proofs have in common that they do not solve the problem directly, 

butt instead rely on some method-specific features. Moreover, they are quite lengthy. 

Proofss that are not related to any particular method but only rely on matrix algebra are 

givenn in subsections 3.3.4 and 3.3.5. With the exception of the proof given in subsection 

3.3.44 these method-unrelated proofs require rather advanced matrix algebra. 

Thee analysis of preference data, in particular so-called paired comparison data, is the 

topicc of Chapter 4. In marketing research one is often interested in analyzing such data. 

Considerr for example the analysis of consumer preferences with respect to a certain prod-

uct.. As will be shown in this chapter, which is based on van de Velden (2000a) and van 

dee Velden (2000b), correspondence analysis provides a tool for the analysis of preferences 

thatt does not require any distributional assumptions. However, as correspondence anal-

ysiss is typically applied to a contingency matrix, some adaptations need to be made in 

orderr to apply the method to preference data. 

Preferencee data can be coded and collected in several ways. Greenacre (1984, 1993b), 

forr example, describes the analysis of so-called rating data. The analysis of paired com-

parisonn data, however, is not explicitly treated by Greenacre. Nishisato (1980, 1994) in 

hiss description of dual scaling does treat the analysis of paired comparisons. Moreover, 

hee claims that one of the main advantages of dual scaling over correspondence analysis 

iss the wider applicability of dual scaling. In Chapter 4, we introduce two approaches 

forr applying correspondence analysis to paired comparison data. It will be shown that 

onee of these approaches is equivalent to the dual scaling approach. The other approach— 

whichh is more in line with the treatment of rating and rank order data in correspondence 

analysiss as described by Benzécri (1973) and Greenacre (1984, 1993b)—gives different 

results.. Using optimal scaling arguments similar to those introduced by Guttman (1946) 

thee differences between the two approaches will be clarified. 

Correspondencee analysis of data on more than two categorical variables is the topic 

off  Chapter 5. As one often encounters data on more than two categorical variables the 

analysiss of such data is of great practical interest. Multiple-choice data, for example, can 
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oftenn be considered as data on several categorical variables. The questions then represent 

thee variables, and the answering options are the categories. By coding the data in a 

specificc way, i.e. in the format of a so-called indicator matrix, correspondence analysis 

cann be applied to data on more than two categorical variables. This approach is called 

multiplemultiple correspondence analysis. There are some important problems associated with 

thiss approach. In particular, the use of geometrical concepts that are essential in the 

geometricall  approach to correspondence analysis become rather cumbersome. Greenacre 

(1988)) recognizes these problems and proposes an alternative approach which he calls 

jointjoint correspondence analysis. 

Bothh multiple correspondence analysis and joint correspondence analysis will be treated 

inn this chapter. These methods are closely related to other well-known multivariate meth-

ods.. In particular, multiple correspondence analysis is closely related to principal compo-

nentt analysis, and joint correspondence analysis is related to (principal) factor analysis. 

Thesee relationships will be described in detail. Moreover, we will show that in the case 

off  the analysis of two categorical variables, multiple correspondence analysis is closely 

relatedd to, and joint correspondence analysis is equivalent to correspondence analysis of 

thee corresponding contingency matrix. To illustrate the two approaches an example 

concerningg women's 'shopping-for-clothing' attitudes will be presented. 

Thee relationships between correspondence analysis and principal component and fac-

torr analysis will also be of importance in Chapter 6. In that chapter, which is based on 

jointt work with Henk Kiers, we consider a rotation of the correspondence analysis approx-

imation.. Rotation in correspondence analysis is particularly useful if the dimensionality 

off  the approximation is greater than two. Similarly to rotation in principal component 

andd factor analysis, the correspondence analysis approximation (or, more precisely, the 

correspondencecorrespondence analysis biplot) may be rotated to simple structure. There are several 

issuess that arise naturally in this context. Firstly, we need to define simple structure of 

thee correspondence analysis solution. For this purpose we will introduce the well-known 

varimaxx criterion. Secondly, as correspondence analysis yields several biplots, an appro-

priatee biplot must be selected. Finally, as rotation in correspondence analysis concerns 

bothh the row and column coordinates, we must either choose one set of coordinates that 
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wil ll  be rotated to simple structure, or we must introduce a procedure for rotating both 

setss simultaneously to simple structure. 

Inn order to interpret both the original and rotated correspondence analysis approx-

imationss we will use a decomposition of inertia similar to a common decomposition of 

variance.. Especially in the case where the dimensionality of the correspondence analysis 

approximationn is greater than two it is common to assign labels to axes that facilitate 

interpretation.. These labels are assigned by using the decomposition of inertia. In section 

6.77 the decomposition of inertia before and after rotation will be described. To illustrate 

thee usefulness of rotation the chapter concludes with two examples. 



Chapterr  2 

Correspondencee analysis 

2.11 Introductio n 

Thee aim of correspondence analysis is to depict multivariate numerical data in a graphical 

manner.. In particular, rows and columns of a contingency matrix are depicted as points 

inn a plot of few (usually two) dimensions. Insight in the complex multivariate data is then 

obtainedd simply by looking at the plot. The main objective of correspondence analysis is 

too explore rather than to analyze the data. No assumptions are necessary to carry out 

correspondencee analysis. As a result of the exploratory nature of the method, the role of 

statisticall  inference is limited. 

Ass was mentioned in the previous chapter, correspondence analysis is closely related to 

severall  other well-known multivariate methods. In this chapter the relationship between 

componentt analysis and correspondence analysis is employed to describe correspondence 

analysis. . 

InIn section 2.3 we will derive the essential equations encountered in correspondence 

analysiss using the relationship between correspondence analysis and component analysis. 

Forr this purpose a summary of component analysis, a method closely related to principal 

componentt analysis, is given in section 2.2. The close relationship between correspondence 

analysiss and biplots will be clarified in section 2.3.1. In section 2.4 correspondence analysis 

iss described in a more geometrical fashion. Rows and columns of the data matrix are 

treatedd as points in a space of high dimensionality. These points are then projected into 
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aa space of few (usually two) dimensions in such a way that the approximated points are 

'closest",, in a least-squares sense, to the original points. The distance measure with 

respectt to which the least-squares approximation takes place is referred to as cki-squared 

distance.distance. Greenacre (1988) notes that this distance is in fact variance standardizing. 

Noo formal derivation of this result is however provided. In section 2.4 the least-squares 

approximationn of the rows and columns is considered with respect to the Mahalanobis, 

i.e.. variance standardizing, distance. The equivalence between the chi-squared distance 

andd the Mahalanobis distance, in the treatment of a contingency matrix, will be apparent. 

Wee conclude this chapter with an example based on data concerning the role of emotions 

inn economic decision making. 

2.22 Component analysis 

2.2.11 One-mode component analysis 

Supposee we have an n x p observed data matrix X. The aim of one-mode component 

analysiss is to approximate the p columns (usually representing the p variables) of X by 

linearr combinations of a smaller number of vectors, say k (k < rank(X)), such that the 

residualss are as small as possible. Thus, 
k k 

x 0)) = 5 3 6Jfta<fc> + eW (for  j  = 1 , . .. p), 

where,, generically, x^j denotes the j'th column of X and eyj is the j t h vector of residuals. 

Alternativelyy we can write 

XX = A B + E . (2.1) 

Componentt analysis is closely related to sample principal component analysis where 

thee aim is to find linear combinations of the variables such that the sample variance of 

thee linear combinations is as high as possible. See, e.g., Magnus and Neudecker (1999). 

Inn matrix notation, we can formulate as least-squares objective for one-mode compo-

nentt analysis 

minn trace ( x - AB ' ) ' ( X - AB' ) (2.2) 
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wheree A is of order nx k and B is of order px k. Without loss of generality we restrict 

BB in such a manner that B B = I* . Eckart and Young (1936) solved this approximation 

problemm using the singular value decomposition of X. For later purposes, however, we will 

solvee the minimization problem in (2.2) using matrix derivatives. An extensive treatment 

off  matrix derivatives can be found in Magnus and Neudecker (1999). 

Byy dropping the constant term and reversing the sign we can reformulate the problem 

as s 

maxx é = 2 trace X'AB ' — trace A'A 
A,B B 

s.t.s.t. B'B = It . 

Thiss yields the Lagrangian expression 

<££ = 2traceXAB — traceAA — traceL(B B— 1 )̂. 

Duee to the symmetry of the constraints we can, without loss of generality, take the La-

grangiann multiplier matrix L to be symmetric. Using this symmetry we consider variations 

inn A and B. Then, 

d(j>d(j>  = 2 trace (x'A - BL) dB' + 2 trace ( B ' X ' - A' ) dA. 

Settingg d<f> = 0 for arbitrary dA and dB yields together with the given constraint, 

AA = XB (2.3) 

X'AA = BL (2.4) 

B'BB = Ifc. (2.5) 

Fromm (2.3) and (2.4) it follows that 

X'X BB = BL. (2.6) 

Moreover,, we see that 

B'X' AA  = A A = L, 
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whencee L is positive definite. Prom these expressions it follows that 

 = 2 trace X AB — trace A A = trace L 

whichh is to be a maximum. 

Let t 

LL = UAU', 

wheree U is orthogonal and A is diagonal, and define 

AA = AU, B = BU. 

Then n 

A'AA = A, 

and d 

B'BB = Ik 

Equationss (2.3) through (2.6) then become 

AA = XB 

X'AA = BA 

B'BB = Ik 

X X BB = BA. 

Thus,, A, whose trace is to be maximized, is a diagonal matrix containing the eigen-

valuesvalues of X'X . Moreover, as AB = AB we can, without loss of generality drop the tilde 

inn the above expressions. Hence, B can be obtained from the eigenequation 

X X BB = BA. 

Itt is clear that the objective function in (2.2) is minimized when the k largest eigenvalues, 

andd corresponding eigenvectors, are selected. 
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2.2.22 Two-mode component analysis 

Iff  we are not only interested in reducing the p columns of X, but also the n rows we can 

applyy two-mode component analysis1. The elements of X are then expressed as 

A = ll  (=1 

wheree ki <n and ki<p. In matrix notation we have 

XX = AZB '  + E, 

wheree A is an n x fci component matrix for the columns of X, B is a p x fc2 component 

matrixx for the rows of X and Z is a k\ x &2 matrix, usually referred to as the core matrix, 

relatingg the two component matrices. The aim of two-mode component analysis is to find 

suchh A, B and Z that the sum of squared residuals, i.e. ^* = 1 S>=i  eïj>  & ^ small as 

possible. . 

Wee can formulate as objective, together with two identification constraints, 

minn t race (X-AZB ' ) (X -AZB ' )' (2.7) 
A,Z,B B 

s.ts.t A'A = I jfcl , B'B = Ifc2. 

Heree we will only treat the case where fei = &2 = k, (the general case does not produce 

aa better approximation and is easily derived from the case k\ = £2)- Moreover, we take 

thee core matrix Z to be nonsingular, i.e. rank(Z) = A;. The solution to this problem 

cann be obtained immediately using the singular value decomposition of X, see Eckart and 

Youngg (1936). For the sake of completeness we will , in a similar fashion as before, give a 

completee derivation using matrix derivatives. 

Derivationn of the two-mode component analysis solution 

Droppingg the constant term XX ' and reversing the sign in (2.7) yields as equivalent 

objective e 

maxx 2 trace AZB'x '  - trace ZZ' (2.8) 
A,Z,B B 

1Inn the context of three-mode factor analysis Levin (1965) describes a similar approach which he refers 

too as "a modification of two-mode factor analysis". 
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subjectt to the aforementioned constraints. Then, proceeding in a similar fashion as in 

sectionn 2.2.1, we formulate as Lagrangian function 

<j><j>  = 2trace AZB'x ' - traceZZ' - traceL^A'A - I f c)- traceL2(BB - Ifc), 

wheree Li and L2 represent matrices of Lagrange multipliers. Note that, due to the 

symmetryy of the constraints these matrices may, without loss of generality, also be taken 

too be symmetric. Taking derivatives and equating them to zero yields as first-order 

conditions s 

XBZ '' = AL t (2.9) 

X'A ZZ = BL2 (2.10) 

ZZ = A'XB , (2.11) 

wheree we have used the symmetry of Li and L2. Inserting (2.11) in (2.10) yields 

X'AA'X BB = BL2, (2.12) 

andd similarly we obtain 

XBB'X' AA = AL i (2.13) 

afterr inserting (2.11) in (2.9). Also, pre-multiply (2.9) by A' and (2.10) by B' to get 

L11 = AXBZ ' = ZZ', 

and d 

L22 = BX 'A Z = ZZ. 

Althoughh (2.12) and (2.13) resemble eigenequations, they have as disadvantage that no 

solutionn for one of the component matrices can be obtained without a solution for the 

otherr component matrix. However, there is a way around this problem. Consider a 

singularr value decomposition of Z, i.e., 

zz = UAW, 
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wheree XfV = V'V = Ifc. Then 

Lii  = VMf 

and d 

L22 = VAV' . 

Insertingg these expressions in (2.9) and (2.10) yields 

XBVA* UU = AUAU' , (2.14) 

and d 

X ' A U A VV = BVAV' . (2.15) 

Postmultiplyy (2.14) by UA"*  and (2.15) by VA" *  to get 

XB VV = AUA i (2.16) 

and d 

X'A UU = BVA* . (2.17) 

Now,, upon defining A = AU and B = BV, premultiplication of (2.16) with X' yields, 

afterr inserting the expression for X'AU , the eigenequation 

X X BB = BA. 

Similarlyy we obtain 

XX' AA = AA. 

Itt is clear that 

A AA = B B = I* , 

and d 

AZB '' = A U A W ' B ' = AA* B . 
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Thee objective (2.8) can be written as 

maxx 2 trace ZB X A - trace ZZ = trace ZZ' = trA. 
A,Z,B B 

Hence,, the solution of two-way component analysis can be obtained by taking the k 

largestt eigenvalues and corresponding eigenvectors. As mentioned before, this solution 

cann be obtained in one step by means of the singular value decomposition of X, i.e. 

X~AA*B ' . . 

2.33 Two-mode component analysis of categorical data: 

correspondencee analysis 

Supposee we have as data matrix a n n xp contingency matrix F, i.e. the entries fij  of F 

denotee the number of times an observation falls simultaneously into the ith category of 

thee first, and the j t h category of the second variable. 

Iff  one assumes independence between the row and column variables, the expected 

numberr of observations in each cell can be calculated as 

wheree s denotes the total number of observations, i.e. 
nn p 

t = ll  J = l 

wheree l n denotes an n x 1 vector of ones and TCi. is the probability of an observation 

fallingg into the ith category of the first variable, whereas TT.J denotes the probability of an 

observationn falling into the jth category of the second variable. Typically 7T*. and n.j are 

unknown,, however, they can be estimated by taking the means of the rows and columns. 

Let t 

rr = F lp, and c = F ' ln , (2.18) 

i.e.. r is an n x 1 vector of row totals, and c is a p x 1 vector of column totals. Then, 

7rrr = - r, and 7rc = - c. (2.19) 
ss s 
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Thus,, 7rr is the n x 1 vector of row means and 7rc is the p x 1 vector of column means. 

Too test the hypothesis that the rows and columns of the contingency matrix F are 

independentt we define 

nn P ff  B \2 

TT = J2Y, -  (2-2°) 
i= ll  3=1 6i> 

wheree e\j denotes the estimated expected frequency under the assumption of independence 

betweenn rows and columns, i.e. 

.. - 1 

or,, expressed in matrix notation, 

C^^  A z^ o tX j  7T i A — ' \ C'-j  j 

mm 1 ' 
E == - re 

s s 
Thiss statistic is well known and is referred to as the Pearson chi-squared statistic for 

testingg independence. 

Wee can express T in matrix notation as 

TT = 5 x traceD' 1 (F - - re 'J D^1 [ F - - re j , (2.21) ) 

wheree D r and Dc are diagonal matrices with as elements the elements of the vectors r 

andd c respectively. Hence, D r is an n x n matrix and Dc is of the order p x p. It can 

bee shown that, under the assumption of independence, T is asymptotically chi-squared 

distributedd with (n — l ) x ( p - l ) degrees of freedom. (For a proof see Kendall, Stuart 

andd Ord, 1987). 

Correspondencee analysis is concerned with the analysis of the matrix of deviations 

betweenn the observed frequencies and the expected frequencies, i.e. the analysis of F — 

ire'.. Correspondence analysis is in fact the two-way component analysis of the matrix 

off  deviations where weights have been assigned to the rows and columns in a similar way 

ass was done in the calculation of the chi-squared statistic in (2.21), i.e. the entries are 

dividedd by the expected frequencies. 

Thee weighted matrix of residuals is 

FF = D r ' ( F - i r c ' j D c =. (2.22) ) 
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Byy assigning weights in this fashion a relatively large weight is assigned to rows and 

columnss that have a small number of occurrences, whereas a relatively small weight is 

assignedd to rows and columns that have a large number of occurrences. It should be 

notedd that Greenacre (1984, 1993b) bases his analysis on the matrix of proportions, i.e. 

PP = ~F, rather than on F. However, as he also defines scaling matrices D r and Dc based 

onn this matrix of proportions, all differences cancel out. 

Considerr the two-way component analysis of F. As was shown in section 2.2.2 the 

solutionn of such an analysis can be obtained through the singular value decomposition of 

thiss weighted residual matrix, i.e. 

FF = U A V , (2.23) 

where e 

U'UU = V'V = I* , (2.24) 

A**  is the diagonal matrix of singular values and K denotes the rank of F. The matrices U 

(n(n x K) and V (p x K) are the component matrices whereas As is the core-matrix relating 

thee two component matrices. 

Ass the aim of two-way component analysis is to reduce the dimensionality of the 

originall  data, one would like to approximate the weighted residual matrix by a matrix 

off  lower rank. This can be done by selecting the k (k < K) largest singular values 

andd corresponding columns of U and V. For convenience however we will consider the 

fulll  decomposition to derive some important correspondence analysis equations. It is 

understoodd that, as all definitions are based on the singular value decomposition (2.23), 

ann approximation is obtained simply by selecting the first k columns of U and V and the 

correspondingg k largest singular values. 

Principall  axes 

Wee define matrices A and B as 

AA = D?U (2.25) 
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and d 

BB = Dl V. (2.26) 

Thee columns of A and B are called the principal axes for the columns and rows of F 

respectively.. It follows from (2.24) that they are standardized as 

A'D; XAA = B'D^ B = iK. 

Principall  coordinates 

Greenacree (1984) defines so-called principal coordinate matrices G and H as 

GG = y^D^UA* , (2.27) 

and d 

HH = ^DC"*VA * (2.28) 

soo that 

G D r GG = H'DCH = sA. (2.29) 

Thee matrix G is referred to as the matrix of principal row coordinates, whereas the matrix 

HH is referred to as the matrix of principal column coordinates. By choosing the solution 

too be of low rank (usually A: = 2) one can plot the principal coordinates, i.e. the rows of 

GG and H, as points in a graph. 

Rewritingg (2.23) as 

UU = D;*  (F - -rA D7*VA" *  (2.30) 

andd inserting this expression in (2.27) yields after premultiplying by r' 

r 'GG =V5l ' f r - i r c ) D ; èV = y/l (c - c') D;* V = 0. (2.31) 

AA similar argument leads to 

c'HH = 0. (2.32) 
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Standardd coordinates 

Inn addition to the principal coordinate matrices G and H, Greenacre (1984) defines so-

calledd standard coordinate matrices, say X and Y, as 

XX = v^D;* U = GA-* , (2.33) 

and d 

YY = x/lDc-*  V = HA"5 (2.34) 

soo that 

X'D r XX  = Y'D CY = slK. (2.35) 

I tt is not difficult to see that both the principal and the standard coordinate matrices 

cann be obtained from eigenequations. In the case of the standard coordinate matrices 

(2.33)) and (2.34), we have 

D;11 (F - ~TA T*-1 (F - -TA X = XA, (2.36) 

and d 

D;11 (F - -rA D;1 (F - -rA Y = YA, (2.37) 

bothh of which follow from (2.23), (2.33) and (2.34). Replacing X by GA~* and Y by 

H A - '' yields the same eigenequations for G and H. 

Transitio nn formulae 

Thee row and column coordinate matrices obtained in correspondence analysis are related 

throughh so-called transition formulae. For the standard coordinate matrices X and Y we 

have e 

XX = D" 1FYA" i (2.38) 

and d 

YY = D;1F'XA"5 . (2.39) 
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(Similarr formulae can be obtained for the principal coordinate matrices using (2.33) and 

(2.34)). . 

Too obtain (2.38) insert (2.30) in (2.33), i.e. 

XX =v/ iD; a
 (F - i r c '^ D ; * V A - Ï . 

Then,, from (2.32) and (2.34) it immediately follows that 

XX = D^FYA"* . 

InIn a similar fashion we obtain (2.39). 

Inerti a a 

Promm (2.29) it is clear that the weighted squared lengths of the principal coordinates are 

equall  to s times the squared singular values. As these squared singular values are the sums 

off  squared deviations from independence, they are the correspondence analysis analogues 

off  variance. They are referred to as inertias. 

Notee that the test statistic T for testing the hypothesis of independence is equal to s 

timess the sum of all inertias, i.e. 

TT = s x trace A. 

Thee inertias are often used to assess the quality of a A;-dimensional approximation. For 

example,, 12j=i lj  where 7̂  is defined as 

ljlj  — ^K 77 > (^'40) 

indicatess how much inertia is accounted for by the &—dimensional approximation. 

Distances s 

Distancess between the principal coordinates are so-called chi-squared distances. To see this 

wee first need to define chi-squared distance, which is related to the chi-squared statistic 

TT denned in (2.20). 
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Gifii  (1990, p. 266) defines the chi-squared distance 6ij between row i and j of a 

contingencyy matrix F as 

Ann alternative definition of chi-squared distance, given by Gower and Hand (1996, p. 176), 

doess not contain the constant s. As this is clearly of no influence we will , for convenience, 

usee the definition in (2.41). 

Wee can express £? as 

6%6% = sx(ei- e,-)'  D; 1 ) D ,1 c ) Dr_1 (*  " e,), 

wheree e» is the ith unit vector of order n x 1. Then, from (2.23) and (2.27) it immediately 

followss that 

6%6% = sx{ei- e,)' Dr*UAU'D; *  (e*  - e,) = (e*  - e,)' GG' (ei - ej). (2.42) 

Hence,, the Euclidean distances between the principal row coordinates are chi-squared dis-

tances.. If A; is chosen smaller than K the equality in (2.42) does not hold and the distances 

betweenn the principal row coordinates are approximated chi-squared distances. Following 

aa similar approach we can show that, for k = K, the chi-squared distances between the 

columnss of F are equal to the distances between the principal column coordinates, i.e. 

thee rows of H. 

Notee that distances between rows of G and rows of H are not defined. 

2.3.11 Biplot 

Inn a biplot as introduced by Gabriel (1971), rows and columns of a matrix are plotted in 

loww (usually two) dimensional space such that the inner products of the coordinate vectors 

forr the rows and columns are least-squares approximations of the original elements of the 

dataa matrix. For example, consider the nx p data matrix X, then 

XX = AB' + E, (2.43) ) 
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wheree A is an n x k matrix of row coordinates, B is an p x k matrix of column coordinates 

andd E is an n x k matrix of residuals. The rows of A give n coordinate vectors for the rows, 

andd the rows of B are the p coordinate vectors for the columns. If k = 2, a scatter plot can 

bee obtained representing a two-dimensional approximation of the original data. Clearly 

thee choice of A and B is not unique. For example, postmultiply A by a non-singular 

matrixx T. Then, postmultiplication of B by T_ 1 does not affect the approximation. 

Comparingg (2.1) and (2.43) immediately shows the equivalence between one-mode 

componentt analysis and a biplot. In fact, a biplot can be obtained by plotting the rows 

off  A and B obtained in the one-mode component analysis of X. 

Recalll  the singular value decomposition essential in correspondence analysis, i.e. 

D;**  (F - ire'J DJ*  = UA*V' . 

Usingg (2.33) and (2.34) we can write 

ss x D7è (F - -TA D;*  = D?XH,DI = DIGY'DI , 

or,, alternatively, 

sxsx fij  = ^/ücp^tij = v^giYj -

Thus,, the correspondence analysis plot of X and H is a biplot where the coordinates have 

beenn weighted by the square roots of the row and column totals respectively. A similar 

argumentt applies to the correspondence analysis plot of G and Y. Greenacre (1993a) 

describess the relationship between biplots and correspondence analysis in more detail. 

Gowerr and Hand (1996) introduce correspondence analysis as a type of biplot. 

2.44 Correspondence analysis using Mahalanobis dis-

tance e 

Inn the previous section we derived the correspondence analysis solution using two-mode 

componentt analysis. We found that the distances between principal coordinates were 

chi-squaredd distances. Greenacre (1984) describes correspondence analysis as the simul-

taneouss low-rank approximation of row and column profiles, which we will define later, 
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byy minimization of weighted chi-squared distance between the original row and column 

profiless and their low-rank approximations. For a definition of weighted chi-squared dis-

tance,, as well as an extensive argumentation for its applicability in the analysis of the 

roww and column profiles, we refer to Greenacre (1984). In this section we will follow a 

similarr approach. However, instead of minimizing the weighted chi-squared distances we 

wil ll  consider the minimization of the squared Mahalanobis, i.e. variance standardizing, 

distance.. The results we obtain are identical to the ones derived in the previous section. 

2.4.11 The analysis of the row profiles 

Considerr the n x p contingency matrix F. The rows of F can be seen as observations from 

aa multinomial distribution with 

E(fi)E(fi) =r,7rc, (2.44) 

Varft)Varft) =*{&*.-* ene), (2.45) 

wheree D*c is a diagonal matrix with as entries on the diagonal the elements of nc, and 

TiTi -the ith element of r as defined in (2.18)- denotes the sample size. 

Thus,, it is assumed that the ith row of F represents a sample of size 7% from a multi-

nomiall  distribution with as expectation a p x 1 vector nc (where nclp = 1) multiplied by 

thee sample size r«. 

AA matrix of proportions, say R, can be obtained by dividing the rows of F through 

theirr sample sizes, i.e. 

RR = D ^ F, (2.46) 

soo that R l p= 1„. These proportions are often referred to as row profiles. For each row 

theyy give the distribution over the p columns. Let R» denote the ith row profile, i.e. the 

ithh row of R written as a column, then it follows immediately from (2.44), (2.45) and 

(2.46)) that 

E(Ri)E(Ri) = TTC, 
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and d 

Vor(Ri)Vor(Ri) = -(BWe - *ene). 

AA squared Mahalanobis distance can be defined for the distances between the rows of R. 

However,, as the variance matrix of R̂  is singular (post-multiply Var(Ri) by l p to see this) 

wee have to use the Moore-Penrose inverse. It is easily verified that the Moore-Penrose 

inversee of DTe — ncir' c is M D ^ M , where M is the centering matrix of the appropriate 

order,, i.e. 

MM = Ip - - l Pl p , 

seee e.g. Tanabe and Sagae (1992) and Neudecker (1995). Hence, as expression for the 

squaredd Mahalanobis distance between row profiles i and j ' , e.g. see Mardia et al. (1979) 

wee have 

Notee that the centering matrix M does not occur in this expression because the rows of 

RR sum to 1. 

Wee are interested in approximating the matrix R by linear combinations, say R = 

W BB , where the matrices W and B, both of full column rank, are of order n x k and 

pp x k (k < K) respectively. By doing so we manage to reduce the dimensionality p of 

thee data and we simplify their interpretation. Considering the distribution of the rows of 

FF we formulate as objective for approximating R by R the minimization of their squared 

Mahalanobiss distance. However, as D"^ depends on the unknown vector nc, an estimator 

needss to be introduced. We will use the maximum-likelihood estimator, i.e. the sample 

averagee as defined in (2.19). Hence 

D»cc = V (2.47) 

Ass expression for the Moore-Penrose inverse for the estimated covariance matrix of the 

ithh row profile we get 

Var{Ri)Var{Ri)++  = sriMD^M. (2.48) 
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Ass only the relative positions of the row-profiles are of interest to us we will approxi-

matee the matrix of row-profiles in deviations from the mean profile, i.e. 

R = R - - l c ' , , 
s s 

insteadd of the non-centered row-profile matrix R. 

Usingg (2.48) we can formulate as objective 

minn trace (D r (R - WB ' jMD^Mf R - WB') ') 

s.t.s.t. B ' M D ^ M B = Ifc, (2.49) 

wheree we have dropped the constant s. Upon defining B = M B and because RM = R 

wee can rewrite this objective as 

mmm tn 
B,W W 

teee 1 L>rlH - W B )UC 

s.t.s.t. B 'D ;1B = ik 

Forr convenience, we will hereafter drop the tilde on B. 

Let t 

RR = D!RD;* , 

uu = DIW, 

and d 

VV = D *B . 

Thenn (2.49) can be rewritten as 

minn trace ( R - UV') ( R - UV' ) 

s.t.s.t. V V = I* 
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Thiss problem is equivalent to the one-mode component analysis problem described in 

sectionn 2.2.1. Hence, as solution we have 

R'RVV = VA, 

UU = RV, 

V'VV = IA. 

Insertingg the expressions for R, U and V yields as first-order conditions 

R'DrRDc
_1BB = BA, (2.50) 

WW = RDC
-1B, (2.51) 

As s 

(2.50)) becomes 

B ' D ^BB = Ifc. (2.52) 

D r RR = D r (R - i l c ' ^ = F - i r c ', (2.53) 

(F--TA(F--TA D;1 (V-irc'^ D^B = BA, 

andd from (2.23) and (2.26) it immediately follows that the matrix B obtained from the 

minimizationn of the Mahalanobis distance is equivalent to the matrix of principal axes for 

thee rows as defined in (2.26). Moreover, 

WW = D" 1 ( F - - r c ') D ^ B = D^UA* , 

wheree we used (2.23) and (2.53). Hence, the rows of W, which can be seen as coordinates 

withh respect to the principal axes B, are equivalent to the principal row coordinates G, 

definedd in (2.27), multiplied by a constant 4;. 
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2.4.22 The analysis of the column profiles 

Insteadd of assuming that the rows of F are observations from a multinomial distribution 

wee could also consider the columns fy) of F to be observations from a multinomial 

distribution.. Then 

Var(fVar(fu)u))) = Cj(DTr - 7rr7iv), 

wheree D,rr is an n x n diagonal matrix with as entries on the diagonal the elements of the 

nn x 1 vector nr. Like before we will estimate this expected value by the sample average, 

i.e. . 

1 1 
7Trr  = - r . 

s s 

Proceedingg in a similar fashion as before a n n xp matrix Pc of so-called column profiles, 

cann be constructed by dividing each column of F through its total, i.e. 

CC = B:1F', (2.54) 

soo that C l n= l p. Following the same procedure as before the objective for approximating 

CC = C — -lpr' by QA becomes 

minn traceDc(Cc - Q A ' j D ^ C - QA')', (2.55) 

s.t.s.t. A ' D ^ A ^ , (2.56) 

wheree the rank k matrix Q is of the order p x k and A i s a n n x fc matrix of rank k 

(k<K).(k<K). Then, following the same procedure outlined in the previous section, we obtain 

(F- i rc)) D;1 U--/A D^A = AA, (2.57) 

wheree A is standardized as in (2.56) and A is a diagonal matrix containing the k largest 

eigenvaluess of (F-^rc ') D" 1 ( F - i r c ) ' D ;1 , and 

QQ = CD^A . 
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Promm (2.23) and (2.25) it follows immediately that the principal axes obtained in the 

analysiss of the column profiles, i.e. A obtained form (2.57), is equivalent to the matrix 

off  principal axes for the columns as defined in (2.25). Furthermore, it is not difficult to 

showw that \/sQ is equivalent to the matrix of principal column coordinates H as defined 

inn (2.28), viz 

QQ = D ; 1 (F' - -cr' J D-XA = Dr*VA* , 

wheree we used (2.23). 

CombiningCombining these results it is clear that correspondence analysis as described in section 

2.33 is equivalent to the simultaneous approximation of row- and column-profiles through 

thee minimization of the appropriate squared Mahalanobis distance. Moreover, the two 

problemss described in this section, can be solved in one step by means of the singular 

valuee decomposition of D̂T (F- j rc ') D7

2.55 An example 

Inn order to illustrate the use of correspondence analysis we consider a data set kindly 

madee available to us by Ronald Bosman and Frans van Winden of the Universiteit van 

Amsterdam.. Bosman and van Winden (1999) studied the role of emotions in economic 

decisionn making. An experiment was conducted in which participants had to play a one-

shott two player power-to-take game. The participants were randomly divided into pairs 

consistingg of a take authority and a responder. The game consisted of two stages. In the 

firstfirst stage, the take authority had to decide how much income2 was to be transferred from 

thee responder to the take authority after the second stage (the so-called take rate). In 

thee second stage the responder was given the opportunity to punish the take authority 

byy destroying own income. For a complete description of the experiment as well as an 

overvieww of the role played by emotions in economics see Bosman and van Winden (1999). 

Afterr the game the participants were asked to answer several questions concerning 

theirr emotions during the experiment. In one of these questions the responders were 
22 The income in this experiment was earned by the participants in an individual real-effort decision 

makingg experiment preceeding the power-to-take game. 
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Tablee 2.1: Frequency matrix emotion data 

0-20 0 

21-40 0 

41-60 0 

61-80 0 

81-100 0 

notnot at all 

2 2 

3 3 

1 1 

1 1 

0 0 

Irritatedd 2 

0 0 

0 0 

1 1 

3 3 

0 0 

Irritatedd 3 

1 1 

1 1 

1 1 

1 1 

0 0 

Irritatedd 4 

0 0 

0 0 

0 0 

4 4 

0 0 

Irritatedd 5 

0 0 

2 2 

2 2 

5 5 

0 0 

Irritatedd 6 

0 0 

0 0 

0 0 

6 6 

1 1 

veryvery intensely 

0 0 

0 0 

0 0 

2 2 

2 2 

askedd to think back of the moment they were confronted with the take rate proposed by 

thee take authority. They then had to indicate, on a 7 point scale reaching from not at all 

too very intensely, to what extent they experienced irritation. 

Inn table 2.1 a cross-tabulation of the 7 irritation categories and 5 take rate categories 

iss given. For this purpose the take rates, which could reach from 0-100, where coded into 

55 categories: 0-20, 21-40, 41-60, 61-80 and 81-100. 

Applyingg correspondence analysis to the frequency matrix in table 2.1 yields a two-

dimensionall  approximation that accounts for 90.31% of the total inertia. In figure 2.1 

wee have plotted the rows, representing the take rates, in standard coordinates, and the 

columns,, representing the irritation levels, in principal coordinates. We immediately see 

thatt the take rates are separated along the first axes from high (left) to low (right). The 

experiencedd irritation is, following a similar pattern, separated along the first axes from 

veryvery intensely irritated (left) to not at all irritated (right). The second axis, the y-axis, 

separatess the "intermediate" take-rates from the two extremes. In a similar fashion the 

categoriess very intensely and, to a lesser extent, not at all are separated from the less 

outspokenn experienced emotions. 

Fromm figure 2.1 it appears that there is a positive correlation between the take rate 

proposedd by the take authority and the irritation level of the responder. In other words, 

onn average, responders confronted with a high take rate had a tendency to experience 

moree irritation than those confronted with a lower take rate and vice versa. 
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61-800 Irritated 2 
(41-60 0 

-0.5--

* * 
cv j j 

toto -1 

i i -1.5 5 

Irritatedd 4 

"" Irritated 6 

++ very intensely 

nott at all 
 21-40 

-22 -1.5 -1 -0.55 0 0.5 1 
Inertiaa 62.07% 

1.55 2 

Figuree 2.1: Correspondence analysis biplot. Take rates in standard coordinates, irritation 

categoriess in principal- coordinates. 
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Ann important eigenvalue property 

encounteredd in correspondence 

analysis s 

3.11 Introductio n 

InIn the previous chapter we introduced correspondence analysis as two-mode component 

analysiss of the weighted matrix of frequencies in deviation from independence, i.e. the 
-- —1 i — 4 

analysiss of F = D r
 5 ( F - ^ r c) Dc . As an alternative to this approach we could simply 

_ ii  i 
considerr the weighted frequencies matrix Q = D r

 5FDC
 5. The results of such an approach 

are,, as we will show, equivalent. The reason for this equivalence is closely related to 

ann important result concerning the singular values of the nonnegative matrix Q. This 

particularr result is, despite the individual differences between the various mathematically 

equivalentt methods mentioned in the introduction of Chapter 2, encountered in all of 

them. . 

Althoughh the property is frequently cited, it is often introduced without proof, or 

accompaniedd by a 'statistical' proof. In this chapter some of these 'statistical' proofs 

wil ll  be translated into mathematical proofs. This will show how the several approaches 

leadd to different proofs of the same property. In addition, a proof due to Tenenhaus and 

Youngg (1985) treating a special kind of data, namely data in the format of a so-called 
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indicatorr matrix, will be extended so that it also applies to data occurring in the format 

off  a contingency matrix. Finally, four general proofs that tackle the problem directly 

throughh the matrix Q will be provided. 

Fromm the expositions of the different proofs it will become clear that they rely heavily 

onn the related statistical methods. This means that, in order to understand the proofs, 

onee needs to have some knowledge of the method at hand. For example, in order to 

comprehendd the proof in Greenacre's work one needs to understand some aspects of the 

geometricall  framework in which correspondence analysis is being introduced. Similarly, 

thee dual scaling proof due to Nishisato as described in section 3.3.1 requires knowledge 

off  the decomposition of variance which is essential in dual scaling. 

Inn addition to the treatment of these method-related proofs a new general proof using 

elementaryy matrix algebra will be provided. This proof has as great advantage over the 

otherr proofs that it directly solves the problem, without using any method-specific features 

inn an amazingly straightforward and compact way. Finally, we will briefly discuss three 

otherr general proofs which also do not require familiarity with any of the methods. These 

proofs,, however, involve rather advanced matrix algebra such as the Frobenius theorem 

(Gowerr and Hand (1996), Puntanen and Styan(1998)), row stochastic matrices (Puntanen 

andd Styan(1998)) and GerSgorin's discs theorem (GrafFelman (1998)). Moreover, the proof 

off  Gower and Hand (1996) implicitly imposes a restriction on the matrix at hand. 

Notation n 

Thee notation in this chapter will be consistent with the notation introduced in the previous 

chapter.. For convenience let us restate some of the fundamental definitions: 

rr = F l p a n dc = F ' ln (3.1) 

aree the vectors of row and column totals of a nonnegative n x p data matrix F. Furthermore 

wee have scaling matrices 

D rr = diag{r} and Dc = diag{c}. (3.2) 

Finally,, assuming that the matrix F has no rows or columns that are completely zero, 



3.2.3.2. The problem 33 

thee matrix of so-called row profiles was defined as 

RR s D ^ F, (3.3) 

andd the corresponding column profile matrix as 

3.22 The problem 

I tt is known that the singular values of a matrix A are the positive roots of the non-

triviall  eigenvalues of AA ' (or equivalently of A'A) . In correspondence analysis as well as 

inn related methods one obtains singular values for a matrix Q = D r *FDC , and these 

singularr values are understood to lie in the [0,1] interval. 

Onee can write 

Q'Qvv = D ^ F D ^ F D ^ v =Av, (3.4) 

and d 

QQ'uu = D ^ F D j V D ^ u =AU, (3.5) 

wheree v is a p x 1 eigenvector of Q Q corresponding to an eigenvalue A and u is an 

nn x 1 eigenvector of QQ' corresponding to the same eigenvalue. Proving that the singular 

valuess of Q he in the [0,1] interval is the same as proving that the eigenvalues in (3.4) or 

equivalentlyy in (3.5) are in that interval. Hence, we have to prove that 

AA €[0,1]. (3.6) 

Sincee A is an eigenvalue of a positive semi-definite matrix only the upper bound of the 

intervall  has to be considered, i.e. we have to prove that A is smaller than or equal to one. 

Beforee proceeding let us first clarify the use of Q instead of F as defined in (2.22). 

Correspondencee analysis' trivia l solution 

Itt is easily verified that v = -^D* l p and u =^-D* l „  are standardized eigenvectors cor-

respondingg to an eigenvalue A = 1 in equations (3.4) and (3.5) respectively. Then, the 
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singularr value decomposition of Q can be expressed as 

**  W - (>h„, U) ( ' A ) ( ***  ) - Irfuitf  + UAV. 

Re-arrangingg terms yields, after some manipulations, 

D ; **  MF—rc') D ^ = UAV' . 

Hence,, by considering Q instead of the weighted matrix in deviations from independence 

onee always finds the solution with A = 1. This solution is usually referred to as the trivial 

solution.. In the next sections we will show that this eigenvalue A = 1 is also the largest. 

3.33 Proofs 

Inn the literature a general proof of the eigenvalue property does not exist. Escoufier (1971) 

usess the relationship between correspondence analysis and canonical correlation analysis 

too prove the result. Greenacre (1984) also mentions this proof and in addition he provides 

anotherr proof. He argues that the optimal one-dimensional approximation to R is the 

so-calledd centroid, a weighted average sometimes also referred to as centre of gravity, 

andd this centroid is an eigenvector corresponding to eigenvalue one. Hence the largest 

eigenvaluee equals one. Nishisato (1980, 1994) in his description of dual scaling finds that 

thee eigenvalue A is in fact equal to, what he calls, a squared correlation ratio, hence it 

hass to be between zero and one. Tenenhaus and Young (1985) only treat a special case 

inn correspondence analysis, i.e. the case where the data are in the format of an indicator 

matrix. . 

Ass mentioned before, the one thing in common between these proofs is the fact that 

somee understanding of the underlying statistical method is necessary. One needs to un-

derstandd the rationale of the statistical method to understand the mathematical proof. 

Wee shall streamline these proofs in the following three sections. Each section will open 

withh a short introduction to the method at hand. These introductions are not sufficient 

too get a deep understanding of the several methods and should not be considered as such. 

Forr a complete treatment of the methods the reader is referred to the standard texts 

mentionedd in the previous chapter. 



3.3.3.3. Proofs 35 5 

Thee general proof to be proposed in section 3.3.4 does not need an introduction to any 

method.. It takes the matrix Q as the starting point and the result follows immediately 

byy elementary matrix algebra due to the nonnegativity of F and the scalings imposed by 

thee F-dependent matrices D r and Dc. 

3.3.11 Dual scaling proof for  a contingency matri x 

Iff  one interprets dual scaling, a method closely related to correspondence analysis, as 

ann "analysis-of-variance" approach, see Nishisato (1980, 1994), the result regarding the 

eigenvaluess follows from the decomposition of variance essential to the method. To see 

thiss let us start with a brief description of the method. 

Inn dual scaling one assigns scale values, often referred to as "weights", to columns 

(rows)) of the data matrix in such a way that the homogeneity in each row (column) is 

maximizedd whilst the homogeneity between the rows (columns) is minimized. Let us con-

siderr the "weighting" of columns by a vector y = (yi, y2,... , yP)'. Nishisato decomposes 

thee variance in the contingency matrix as follows 

£É&< »» -s)2=EE/«(» - ÏÏ 2+ÊEMv* - ft)2- (3-7) 
i = ll  j=l t= l j=\ t= l j=l 

wheree y denotes the overall average scale value, i.e. 

11 n p 1 

where e 

ss t= i j=i 

^£È^^  = 1»F 1 " 
i = ll  j=l 

andd fii denotes the ith row average, that is 

ViVi  = ~^v—7—- (3-8) 
ZJJ= 11 Jij 

Inn words (3.7) can be expressed as: Total sum of squared deviations (SSt) equals the sum 

ofof squared deviations between rows (SSb) plus the sum of squared deviations within rows 

(SSw): (SSw): 

SStSSt = SSb + SSw. (3.9) 
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(Notee that (3.7) can be seen as a decomposition of variance where each entry fa in the 

originall  matrix is replaced by fy repetitions of yj). 

Nishisato'ss proof requires the maximization of the so-called squared correlation ratio 

ifif  which he defines as 

22 SSb 

Clearly y 

SStSSt > SSb > 0, 

soo that T/2 is smaller than or equal to one. Nishisato (1980, 1994) restricts y in such a 

wayy that the overall average y equals zero, i.e. 

inFyy = o. 

Forr our purposes, however, we do not need this restriction. Instead, define 

s/JJ = yj-y-*y* = y-yi, 

and d 

VÏVÏ = Vi-y-

Then,, if one defines a n n xl mean vector m as 

mm = [ # , $ , . .. ,&]' , 

itt follows from (3.8) and the definitions of D r , y*  and y» that 

mm = D^Fy* . 

Rewritee the first two terms of (3.7) using the definitions of y*, c, r and m as 

t= ll  j = l 

and d 
nn p 

SSbSSb = £ £ /«#2 = m ' D ' m = y^F'Dr'Py' -
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Define e 

zz = DcV, 

andd write the dual-scaling objective as 

aa SSb Z ' D C ^ F D ^ F D A 
maxx 77" = -=— = -r (3.10) 

ss O i l Z Z 

Differentiatingg TJ2 and equating to zero yields 

,, , 2z'Dr*F'D::1FD;r^z 2z'Dc"^FD-1FDri zz'dz 
00 = drf =  ̂ - 7 -2 

zz z (z z) 

-**  D j V ü ^ F D ^ z = rj2z. (3.11) 

Hence,, if is the largest eigenvalue of D r ^ F D ^ F D j 3 . 

AA new alternative proof that does not require any maximization can be obtained by 

notingg that, algebraically, equality (3.7) holds for any y and we may therefore take y to 

bee zero. Then, 

££ £ t*8=£ £ /«A+£ £ M*  - »r\ <3 1 2) 
1=11 j = i j= i j = i t= i >=i 

wheree y can be any vector, and all three terms are, due to the nonnegativity of F, 

nonnegative. . 

Clearlyy now 

nn p 

5ZX^i =yDcy' ' 
»=ii  j = i 

and d 

ÈE/v^y'F'D^Fy. . 
t= ii  j = i 

Hence e 

£ é M V ii  - *? = y ' D c y - y ' F ' D r " l F y = y De*(I p-D;*F ,D;1FD:*)D*y . 
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Duee to the nonnegativity of F, this expression is nonnegative. Thus, since y can be any 
_ ii  , _i 

vector,, the matrix Ip-Dc
 2F D~XFDC

 2 is positive semi-definite. This implies that 

/ K I P - D ^ F ' D ^ F D ; * )) > 0 -» 0 < pfDj V D ^ F D C " * ) < 1, 

wheree p(-) denotes the eigenvalue function. We see that the result regarding the non-

triviall  eigenvalues of D ^ F D ^ F D ^3 is a direct consequence of the variancelike decom-

positionn (3.12). 

3.3.22 Geometrical proof for  a contingency matri x 

Greenacree (1984) explains correspondence analysis by employing geometrical concepts 

suchh as weighted Euclidean distances. First he standardizes the data by 

l > l pp = 1, (3.13) 

thenn row- and column-profile matrices R and C are introduced. The aim of correspon-

dencee analysis is to simultaneously obtain low-rank approximations of R and C by mini-

mizingg the so-called weighted chi-squared distances between these approximations and the 

profiless matrices. As was shown in section (2.4) these weighted chi-squared distances are 

inn fact equivalent to the Mahalanobis distances. For our purposes, it suffices to consider 

thee approximation of the row profiles. 

Forr the approximation of the row profiles matrix R as defined in (3.3) Greenacre 

(1984)) formulates the following objective 

minn trace (pr(R - W B ' ) D C
_ 1 ( R - WB') ') (3.14) 

s.t.s.t. B ' D ^B = Ifc) 

wheree W is an n x k matrix of rank k (k < p), and B is of the order pxk and also of rank 

k.k. Clearly this objective is similar to (2.49). Instead of the profiles in deviations from the 

meann profiles however, we consider the profile matrix R. The solution to this minimization 

problemm can be obtained by substituting R for R in the first order conditions (2.50) and 

(2.51).. Hence, after insertion of (3.3) we have 
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F D ^ F D ^BB = BA (3.15) 

WW = D ^ F D ^B 

B'DC-'BB «I f c , 

wheree A is a diagonal matrix of eigenvalues, i.e. A = diag{\i, A2,... , A*} . In order to 

provee the eigenvalue property (3.6) Greenacre uses the result that an optimal sub-space 

necessarilyy contains the so-called centroid, the weighted average, of the original points. 

Thiss can be shown in the following way. 

Supposee we have a set of n points in p-dimensional space, say yi , y2, • • • ,yn where y* 

(tt — l . . . n ) i s a p x l vector. Define the centroid as 

y = X > i y i ,, (3.16) 
»=i i 

wheree the weights Wi are nonnegative and 

Lett S* denote a k—dimensional sub-space (k < p), and let y*, i = 1 . . . n be the points in 

thiss sub-space closest to the points y i , y 2 ) . . . ,yn-

Greenacree defines the weighted squared distance between the original points and the 

pointss in S* as 

n n 

^5 ' ;y 1 ,y 2 , . . .. ,yn) = J^wi(yi-y;)'Bq(yi-y  ̂ (3.17) 
t= i i 

wheree D , is a p x p diagonal matrix with positive diagonal. Define then 

n n 

t= i i 

andd let 
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Now,, let y\ denote a point in another fc-dimensional sub-space, say S, defined as 

9i=y*+t,9i=y*+t,  (fori = l . . . n ) . 

Notee that the centroid y is also the centroid of the points in S, since 
nn n 

J2J2 Wi = E «*(* + y?) = t + y* = y. (3.18) 

Rewritee (3.17) as 

n n 

$(s*\$(s*\ y i ,y2, . . ., yB) = E w ^ y i ~ y i + y i "  y** ) ' 0^ - ft + ft - y*) 
t= i i 
nn » 

== E Wi (yi ~ y*)'i>,(y i - yO + E ^(f c ~ y.*)' Di(y'  - yJ) 
t= ii  t= i 

n n 

+ 2 ^ ^ ( y i - y i ) ' D g ( y i - y ; ) ) 
t= i i 

n n 

== E ^(y< - yt)'D«(yt - y<) + t 'Dg t 
i = l l 

== ^ (5 ;y i ,y 2 ( . . . , y„ ) + t 'D, t . (3.19) 

Heree the identities 

E™'(y»» - y«)'D,(yi - y*) = Yl Wi(yi ~ y^DQ^ 
i = ll  i= l 

and d 
nn n 

EE ™i(y« - y» )= y~ E Wiyi = °> 
i= ii  i= i 

weree used. Prom (3.19) it is clear that, as long as t ^ 0, ^(5*;yi ,y2, . . . ,yn) is larger 

thann tp{S\ yi, y2, • • • , yn)- Thus, S* can never be the optimal sub-space unless y*= y, i.e. 

thee sub-space closest to the original points must contain their centroid. 

Now,, let us return to the problem of finding an optimal sub-space for the row profiles as 

formulatedd by Greenacre. The n rows of the profile matrix R can be seen as p-dimensional 

observationn vectors. Due to the standardization in (3.13) a centroid can be defined in a 

similarr fashion as was done in (3.16), i.e. 

T l l 

Tc-^riRi, Tc-^riRi, 
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wheree r» denotes the sum of the p elements in the ith row of F, i.e. the ith element of r 

ass defined in (3.1), and Rj, is the ith row of R written as a column. 

Fromm the definitions of R in (3.3) and c in (3.1) it follows that 

rcc = R'r = F D ^ r  = F l n = c. 

Hence,, c is the centroid of the row profiles and as such it necessarily lies in the row space 

ofR. . 

Now,, let k = 1, i.e. approximate R by uv'. Equation (3.15) can then be rewritten as 

F'D" 1FD71vv =A:V. (3.20) 

Duee to the fact that the centroid c has to be in the row space of uv' (the optimal sub-space 

containss the centroid) we can write 

cc = v u g -> v = 7C, (3.21) 

wheree g is an n x 1 vector, and 7 = -4-. Inserting (3.21) in (3.20) yields 

F D ^ F D ^ vv =Aiv - F D ^ F D ^ c =A lC -+ c =AlC, 

hence e 

A11 = l. 

Greenacree (1984) also provides another argument which can be formalized in a proof. 

Hee argues that the singular values obtained in correspondence analysis of a contingency 

matrixx are equal to the canonical correlations obtained in the canonical correlation analy

siss of the same categorical data. Then, as the canonical correlations lie in the [0,1] interval 

(e.g.. Mardia et al., 1979, Escoufier, 1971), the eigenvalue property immediately follows. 

Thiss relationship between these two methods is well known, see e.g. Escoufier (1971), 

Greenacree (1984) or Lebart et al. (1984). A complete proof of the relationship between 

thee singular values obtained in correspondence analysis and the canonical correlations, 

cann be found in several texts on correspondence analysis, e.g. Greenacre (1984) or Lebart 

ett al. (1984). 
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3.3.33 Tenenhaus and Young's proof for  an indicator  matri x 

Tenenhauss and Young (1985) solve the problem for the case where the data matrix is a 

so-calledd indicator matrix. Correspondence analysis of such data is usually referred to as 

multiplee correspondence analysis (Greenacre, 1984) or homogeneity analysis (Gifi, 1990). 

Byy using the relationship between multiple correspondence analysis and correspondence 

analysiss of a contingency matrix Tenenhaus and Young's result can be extended to the 

casecase where F is a contingency matrix. 

Supposee one has data for n individuals on k categorical variables with pj (j = 1 . . . k) 

categories.. An indicator matrix Zj can be constructed for the jth variable by letting the 

PjPj columns of Zj represent the categories of the variable whereas each row of Zj represents 

ann individual. The elements of Zj, say Zij, are one if an individual i falls in a category j , 

andd all remaining elements are zero. Moreover, each individual is restricted to fall in one 

categoryy only, i.e. each row consists of Pj — 1 zero elements and one element equal to one. 

Hence,, ZjlPj = ln-

Dataa for n individuals on k categorical variables can be collected in what is also called 

ann indicator matrix, say Z, where Z is the partitioned matrix denned as 

ZZ =(Zi,Z2, . . • ,Zfc). 

Byy considering this matrix Z, Tenenhaus and Young (1985) prove the eigenvalue prop

ertyy (3.6) in the following way. The scaling matrices D r and D c are calculated like before 

withh the indicator matrix Z playing the role of F, i.e., D r and D c are now implicitly 

dennedd as 

D r l n == Z l p and D c l p = Z ' l n , (3.22) 

where e 
k k 

i=i i 

Wee can rewrite the original problem using the indicator matrix Z and the appropriate 

scalingg matrices as denned in (3.22). That is, we now have to prove that the singular 

valuess of Dr ZDe lie in the [0,1] interval. 
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Promm the definition of an indicator matrix it follows that ZjlPj = l n . Hence, 

Zl pp = Jtln -^ D r = kin. (3.23) 

Notee that the singular values of D7 ZD7 are the same as the positive square roots of 

thee non-trivial eigenvalues of Dj1Z'D~1Z. Let g be a p x 1 eigenvector of D~1Z'D71Z, 

correspondingg to an eigenvalue A, i.e. 

D^Z'D^Z gg =Ag. 

Substitutee for D r * and divide through A to get 

Ait t 
D c

1ZZ gg = g. (3.24) ) 

Now,, if one writes Z = (z(1),Z(2),... ,Z(p)), where z<j) (for I = l...p) denotes the Ith. 

columnn of Z, (3.24) becomes 

J_ J_ 
Xk Xk 

11 i*ri  ^ 
a* -» - * - ^ " ^ ^ (3.25) ) 

wheree gi denotes the Ith element of g. Let gm be the largest element of g in absolute 

value,, and note that, without loss of generality, the choice gm > 0 is legitimate. Define a 

vectorr gm as 

gmm = gm*-pi 

then,, from (3.25) and the definition of gm it follows that, 

11 1 * _ 1 1 i gm 1 / 
9m9m==A*^>>A*^>> ZgZg * Aifc^ z^ Zg-=xk z^Zhm (3.26) ) 

Finally,, applying (3.23) and the definition for Dc to the right-hand side of (3.26) yields 

— - z ( m ) Z l p - - - z ( m ) l nn = T . 

Thus, , 
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Hence,, the result is proven for the special case where F is an indicator matrix. If, however, 

onee has data on two categorical variables comprised in the indicator matrix Z = (Zi, Z2), 

aa contingency matrix can be constructed by simply calculating 

FF = ZiZ2. (3.27) 

Itt is known that the correspondence analysis of this contingency matrix F and the cor

respondencee analysis of the two-variable indicator matrix Z are closely related (see for 

examplee Greenacre, 1984, Lebart et al., 1984 and Gifi, 1990). In fact, the eigenvalues are 

relatedd by 

XXFF =  (1 - 2AZ)2, (3.28) 

wheree XF denotes an eigenvalue obtained in the correspondence analysis of the contin

gencyy matrix F and Xz denotes an eigenvalue obtained in the correspondence analysis 

off the indicator matrix Z. (A complete derivation of (3.28) can be found in Chapter 5, 

sectionn 5.3.1). Because 

00 < Xz < 1, 

wee also have 

00 < XF < 1. 

Hence,, the non-trivial singular values obtained in a correspondence analysis of a contin

gencyy matrix F are smaller than or equal to one. 

3.3.44 Direct proof using the norm of a matri x 

Definee the row sum norm for a p x p matrix A as 

||A||=maxf>44 (3.29) 
J=I I 

Compatiblee with the matrix norm (3.29) is the vector norm of an n x 1 vector z 

||z|]] = max \zi\, the largest element in absolute value of z. 
*e{i,...,r* } } 
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Notee that 

||Az||<||A||||z||, , 

because e 

||Az|jj = max 
X X 

n n n n 

< m a x ^ | a y ^ || < | 

Now,, let t be an eigenvector of A corresponding to eigenvalue A, i.e., At =At. Then, 

||At||| =||At|| = |A|||t||, 

and d 

| |A t | |< | |A | | | | t | | -» |A | | | t | |< | |A | | | | t | | - |A |< | |A | | . . 

Thus,, no eigenvalue can exceed (in absolute value) the row sum norm. (For the defining 

propertiess of norms in general see, e.g. Basilevsky, 1983 or Stewart, 1973). 

Ass F is a nonnegative matrix and D~ lF D71F1P = lp , i.e. each row sum equals one, 

thee norm of D~1F'D~1F becomes 

||| D - ^ ' D ^ F || = 1 

andd it immediately follows that the singular values of the matrix Q, being equal to the 

positivee roots of the non-trivial eigenvalues of D~1F'D~1F he in the [0,1] interval. 

3.3.55 Three other  proofs 

AA proof using the Frobenius theorem 

Gowerr and Hand (1996, p. 261) provide a proof of the property that, like the proof in 

sectionn 3.3.4, does not require an introduction to any statistical method. Their proof, 

however,, is not valid for a reducible nonnegative matrix Q Q . (For a definition of a 

reduciblee matrix see e.g. Gantmacher, 1959 or Horn and Johnson, 1996). 

Thee singular values of Q are equal to the positive roots of the non-trivial eigenvalues 

of f 

Q'Q^D^F'D^FD;* . . 
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Post-multiplicationn of Q Q by Dc l p yields 

D ^ F D ^ F D C ^ D II l p = D ^ F D ^ F l p = D c ~Vl„ = Dc~*c = Df lp , 

wheree we have used (3.1). Hence, the vector 

vv = D ! I P 

iss a positive (i.e. all its elements are greater than zero) eigenvector of Q'Q corresponding 

too an eigenvalue, say A, equal to one. Now, if Q Q is a nonnegative irreducible matrix, it 

followss immediately from the Frobenius theorem (e.g. Wielandt, 1950, Gantmacher, 1959 

orr Seneta, 1973), that A is the largest eigenvalue. 

Ass Gower and Hand note, proofs of the Frobenius theorem are difficult, e.g. Wielandt 

(1950),, Gantmacher (1959) or Seneta (1973) . Moreover, as mentioned above, the Frobe

niuss theorem requires that the matrix Q'Q is nonnegative and irreducible. Clearly, as 

FF is nonnegative, Q'Q is nonnegative, however, the second requirement, i.e. Q'Q is 

irreducible,, which is not mentioned in Gower and Hand (1996), implicitly imposes a re

strictionn on F. In the case of correspondence analysis, where the matrix F is a matrix 

off observed frequencies of co-occurrences, it is unlikely that the restriction does not hold. 

However,, it is not difficult to construct a matrix F with a sufficient number of zero entries 

suchh that Q'Q is a reducible matrix causing the proof to break down. 

AA proof using a row stochastic matrix 

Puntanenn and Styan (1998) note that the singular values of Q are equal to the positive 

squaree roots of the non-trivial eigenvalues of the so-called row stochastic matrix S, i.e. a 

nonnegativee matrix with row sums equal to one, defined as 

ss = D;1FD;1F' . 

Itt is then stated, without proof, that the eigenvalues of a row-stochastic matrix have a 

spectrall radius of one, i.e. 

maxx |Ai| = 1, 
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whencee the result follows immediately. 

Itt is not difficult to see that the proof of section 3.3.4 can immediately be applied to 

SS to prove this property of stochastic matrices. Instead, a reference is given to Marcus 

andd Mine (1992). However, Marcus and Mine do not provide a proof but give a reference 

too Gantmacher (1959). Of essential importance in Gantmacher's proof is the following 

inequality: : 

nn n 

minn ^2 Sij < Affiax < max ^ SH > (3-30) 
3=13=1 * J = l 

whichh is proven for irreducible nonnegative matrices (using the Probenius theorem) and it 

iss said to hold for any nonnegative matrix. The straightforward proof using matrix norms 

iss apparently not known to Gantmacher (1959). In fact, in Gantmacher (1959) matrix 

normss do not occur whilst in the second and third editions, e.g. Gantmacher (1967), 

matrixx norms are treated in a subsequent chapter. 

AA proof using GerSgorin's theorem 

Graffelmann (1998) provides a proof that is also based on inequality (3.30). For a proof of 

thee inequality Graffelman refers to Barbolla and Sanz (1998). Their proof appears to be 

forr positive rather than for nonnegative matrices. 

Forr the right-hand side inequality, i.e. the upperbound (which is in fact the only 

relevantt bound) Barbolla and Sanz use GerSgorin's theorem. A proof of Gefsgorin's 

theoremm can be found in standard texts on matrices such as Horn and Johnson (1996). 

Apparentlyy the proofs by Puntanen and Styan (1998), and Graffelman (1998) employ 

thee same inequality for which they provide different proofs (or, in fact, references to 

proofs).. Both of these proofs involve advanced matrix algebra such as the Frobenius 

theoremm and GerSgorin's theorem. As we saw in section 3.3.4 the relevant inequality, i.e. 

right-handright-hand side of (3.30), can be proven in a much faster and easier manner. 





Chapterr  4 

Correspondencee analysis and dual 

scalingg of paired comparisons 

4.11 Introductio n 

Inn Chapter 2 we introduced correspondence analysis as two-mode component analysis 

off the weighted matrix of deviations from independence. The type of data in which 

thiss approach is appropriate is a contingency matrix. It is, however, often argued, e.g. 

Greenacree (1984), that one of the advantages of correspondence analysis is its applicability 

too a wide range of data types. This applicability appears to be mainly based on the 

factt that the only mathematical requirement for the approach is the nonnegativity of F. 

Evenn though Greenacre (1990, 1993b) observes that the interpretation of the chi-squared 

distance-- which was defined in Chapter 2, section 2.3, and is of great importance in the 

geometricall approach to correspondence analysis- becomes cumbersome in the analysis of 

dataa that are not in the format of a contingency matrix, correspondence analysis is also 

appliedd to such data. Justification for using correspondence analysis in such instances is 

providedd after obtaining the results. 

Inn Chapter 3 we already encountered an example of correspondence analysis of data 

thatt are not in the format of a contingency matrix, i.e. the analysis of the indicator 

matrixx in section 3.3.3. Another type of data that can be analyzed with correspondence 

analysiss are so-called preference data. The analysis of such data can be of interest in 
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e.g.. marketing. One may for example be interested in the preferences of individuals with 

respectt to some products. 

Ann important problem in the analysis of preferences arises from the various formats 

inn which the preference data can be obtained. For example, individuals can be asked 

too rank objects with respect to some criterion. This type of data is referred to as rank 

orderr data. Alternatively, the individuals may be asked to assign so-called ratings to the 

objects.. These ratings are usually on a predefined scale but this does not have to be the 

case.. A problem with this kind of data is the subjectivity of the rating numbers. For 

example,, two persons may give the same rating to an object but this does not necessarily 

meann that they evaluate the objects identically. Some people for example simply have 

aa tendency to assign extreme (highest or lowest) ratings whereas others may not have 

thiss tendency. Yet another approach to study preferences is to have individuals indicate 

preferencess for all possible pairs of objects. This type of data is referred to as paired 

comparisonn data and in this chapter we will focus on the analysis of such preference data. 

Althoughh correspondence analysis and dual scaling are mathematically equivalent 

methodss it appears that with regard to the analysis of preference data the methods differ 

significantly.. Greenacre1 (1984, 1993b) for example treats the analysis of rating data. 

Inn his analysis it is implicitly assumed that the rating numbers assigned by the different 

subjectss (individuals) have the same "meaning". This implies that not only the size of 

differencess between ratings can be interpreted (a strong assumption in itself), but also 

thee actual ratings assigned. By considering rank numbers as ratings this correspondence 

analysiss approach can also be applied to rank order data. Correspondence analysis of 

pairedd comparison data however, has not been treated before. In this chapter we will 

introducee correspondence analysis of paired comparison data. 

Nishisatoo (1978) introduced an approach for applying dual scaling to paired compar

isonn data. His approach however, is not a straightforward application of 'ordinary' dual 

scalingg applied to paired comparison data. It is related to Guttman's (1946) optimal scal-

1Inn this chapter we often refer to Greenacre (1984, 1993) when treating correspondence analysis of 

preferencee data. It should however be noted that there are earlier publications on the treatment of 

correspondencee analysis of preference data, see e.g. Benzécri (1973). Additional references as well as 

severall examples can be found in Benzécri (1992). 
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ingg approach as was shown by Nishisato (1978). An important advantage of his approach 

overr Guttman's optimal scaling approach, Nishisato (1980, p. 130) argued, was that the 

duall scaling approach "makes the calculation of optimal weights for subjects a straightfor

wardd procedure, an aspect which is not obvious in Guttman's approach". It is, however, 

nott explained in what sense these subject weights are optimal. By employing optimal 

scalingg arguments similar to those of Guttman, we derive a solution for the subjects. 

Thiss optimal scaling solution for the subjects is, however, not the same as Nishisato's so

lution.. Instead, it is closely related to the approach for applying correspondence analysis 

too paired comparison data as introduced in section 4.3.2 of this chapter. 

Thee structure of this chapter is as follows. First, we introduce the data structure and 

somee of its specific properties. Then, in section 4.3, after briefly indicating the difficulties 

duee to the coding of the data, two approaches for applying correspondence analysis to 

pairedd comparison data are introduced. Section 4.4 gives a short summary of Nishisato's 

duall scaling approach. The relationship between his approach and the correspondence 

analysiss approaches as described in section 4.3 is immediately apparent. Optimality of 

thee approaches is described in section 4.5, using Guttman's optimal scaling approach. We 

finishfinish the chapter with a short summary and discussion. 

4.22 The data 

Supposee there are q objects and we are interested in the relationship between these objects 

withh respect to some criterion. For example, we have q types of soda and we would like 

too compare these with respect to their tastes. Paired comparison data can be obtained 

byy having n subjects indicate a preference for each possible pair of objects. Furthermore, 

forr convenience, let us assume that for each pair a strict preference can be indicated, 

i.e.. subjects are never indifferent between two objects. We can collect the data in the 

followingg way: Construct an n x q matrix T with typical element Uj the number of times 

subjectt i preferred object j over the other q — 1 objects, and an n x q matrix S with 

typicall element Sy the number of times subject i did not prefer object j over the other 

qq — 1 objects. 
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Clearly y 

TT + S = fa-l)l„i;, (4.1) 

TlTlqq = Slq = n, (4.2) 

wheree 1/ denotes a column vector of ones of the order I. Furthermore, define 

tt = T' l„, (4.3) 

and d 

ss = S'l. (4.4) 

Finally,, let 

DDtt = diag{t), (4.5) 

and d 

BB33 = diag (s). (4.6) 

Wee will assume that t and s are positive. 

AA special case of paired comparison data are rank order data. Rank order data can be 

obtainedd by asking the subjects to rank q objects according to some criterion. Comparing 

thee rank numbers gives paired comparison data where the comparisons are transitive. It 

iss not difficult to see that the resulting matrices T and S then give the original rank 

orderingg on a scale from 0 to q - 1. 

Remarkk  llfwe allow subjects to be indifferent we could code this as follows: Uj becomes 

thethe number of times subject i preferred object j plus | times the number of times subject 

ii  was indifferent between object j and other objects, and similarly Sij is defined as the 

numbernumber of times subject i did not prefer object j plus | times the number of times subject 

ii  was indifferent between object j and other objects. For example, if subject i indicates the 

followingfollowing ordering: Xx = X2 > Xz = X4, we obtain: ta = ti2 = 2 +  = 2\, ta = t* = \, 

snsn = Si2 = 2 a>nd *t3 = s»4 = 2 + \ = 2\. Note that with this coding relationship (4-1) is 

stillstill  valid. 
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4.33 Correspondence analysis of paired comparisons 

Thee formulas and equations presented in Chapter 2, in particular section 2.3, can be 

appliedd to any nonnegative matrix F. Thus, one could argue, correspondence analysis 

cann be applied to any nonnegative data matrix. In this section we will consider some 

alternativess for correspondence analysis of paired comparisons. 

4.3.11 Correspondence analysis of the original data 

Thee paired comparison data, gathered in the matrices T and S, are nonnegative and we 

couldd analyze these matrices using the equations of section 2.3. Let us start with the 

analysiss of T. 

Substitutingg T for F in (2.36) and (2.37) yields the eigenequations 

^ _ ( T - i l „ t ' ) D t - ' ( T - I l „ f ) ' xx = XA, (4.7) 

and d 

^ i ) D ' ''  H 1-* ' ) (T41»t ' ) Y - YA'  <*»> 
wheree we have used (4.1) and (4.2), and t and D t are as defined in (4.3) and (4.5). 

Now,, as the data in T represent the same relationships as those in S one would 

expectt the analysis of S to yield equivalent results. Clearly this is not the case. (To see 

thiss replace T, t and D ( in (4.7) and (4.8) by S, s and Da). Thus, the correspondence 

analysess of T and S yield different results. 

4.3.22 Correspondence analysis of object-wise 'doubled' data 

Inn his analysis of rank order data Greenacre (1984, 1993b) encounters a similar problem 

ass described above. Correspondence analysis of the original rank order data depends on 

thee direction of the ranking, e.g. the analysis of objects ranked from smallest to largest is 

differentt from the analysis of objects ranked from largest to smallest. In order to resolve 

thiss 'direction' problem, Greenacre, proposes to analyze both 'directions' simultaneously 
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byy constructing a doubled data matrix. In the case of paired comparison data a similar 

approachh can be followed. 

Let t 

Then n 

F cc = (T , S). (4.9) 

TT = Fcl2q=q(q-l)ln, (4.10) 

cc = F c l n = 

and d 

ss = l'nFcl  ̂ = nq(q- 1). 

Followingg the procedure described in section 2.3 with F c substituted for F, we obtain as 

eigenequationn for the matrix of standard row coordinates G 

55=ijj ((T • s)" iK (*' •s')) D* (<T • s>" b- (*' • 0 ) x = X A> < 4 - n ) 
where e 

Usingg (4.1) and (4.2) we can simplify this to 

- ^ - ^  ̂ ( T D ^ T ' + SD^S'  - \q{q - l ) l n l ^  X = XA. (4.12) 

Inn a similar fashion we can obtain the matrix of standard column coordinates Y. For 

laterr purposes, however, we will use the transition formula (2.39). Hence 

/D , - ^XA-J \\ /Dr>T'XA-* \ 
\\ D^S'XA- i ) \ - D j ^ X A * ) 

Wheree we used (4.1), (4.10) and (2.31). 
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Fromm the order of Y it is immediately clear that this approach yields 2g "points" for 

thee q objects. The first q points are scaled by the column totals in T whereas the last q 

pointss are scaled by the column totals of S and have opposite signs. For a more elaborate 

discussionn concerning the interpretation of these results we refer the reader to Greenacre 

(1984,, 1993b). Although Greenacre does not specifically treat paired comparison data, 

hiss argumentation in the case of rating or rank order data also applies here. Moreover, as 

Greenacree (1984) proposes a doubling as in (4.9), the results of his analysis and the one 

proposedd here coincide when one treats rank order data. 

4.3.33 Correspondence analysis of subject-wise 'doubled' data 

Wee want to propose another way of dealing with the ambiguity of the direction of the 

scale. . 

Define e 

'' T \ 
(4.14) ) 

andd subject this 'doubled' matrix to correspondence analysis. Recall that the doubling in 

correspondencee analysis was introduced as a way to resolve the 'direction' problem. No 

specificc argumentation for the choice F c as opposed to F r was provided. 

Usingg (4.1) and (4.2) we get 

rr = F r l , = i g ( 9 - l ) l 2 n , 

cc = F'rl2n = n{q-l)lq, (4.15) 

and d 

ss = l ' ^F r l , = nq(q - 1). 

Then,, following the procedure outlined in section 2.3, we obtain as eigenequation for the 

standardd column2 coordinate matrix Y: 

^ — ^  ̂ ( F r - \(Q - l ) U . i ; ) ( F , - i ( , - I ) !» . ! ; ) Y = YA, (4.16) 

2Notee that we obtain Y before X, as opposed to what was done in the previous section. The reason 

forfor this will become apparent in the next section. 
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or,, alternatively, 

— T - 2 - T ÏÏ (T'T + S'S - \n{q - l)\ïq) Y = YA, (4.17) 

where e 

Y'DcYY = s I r e ^ Y Y = 9IK . 

Now,, let 

LL = (In , I„). (4.18) 

Then n 

FFrr - \{q - l ) l 2 n i ; = (l2n - ^ L ' L ) F r . 

Clearly,, as LL' = 2In, the matrix l2n - §L L is idempotent. Thus, eigenequation (4.16) 

cann be expressed as 

?—yF'?—yF'rr (l2n - ) F r Y = YA. (4.19) 
nq(q nq(q 

Thee solution for the rows, i.e. the row coordinate matrix X can be obtained in a 

similarr fashion or by using transition formula (2.38), i.e. 

22 2 / TYA~5 \ 
XX = Dr-

1FrYA-3 = - - F r Y A - 5 = - . (4.20) 
q(qq(q -1) Q{Q ~ x ) \ -TYA-* J 

Wheree we used (4.1), (4.15) and (2.32). 

4.44 Nishisato's dual scaling approach of paired com-

parisonn data 

Ass correspondence analysis and dual scaling are mathematically equivalent methods the 

equationss of section 2.3 can also be used to obtain a dual scaling solution. At least, this 

iss the case when analyzing a contingency matrix or a so-called indicator matrix consisting 

off only zeroes and ones. Concerning the analysis of paired comparison data Nishisato 
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(1978),, however, follows a different road. In his analysis of paired comparison data he 

introducess a so-called dominance matrix E which contains both positive and negative 

elements.. Moreover, as this dominance matrix is equal to the difference of T and S, i.e. 

EE = T - S , 

thee usual definitions of the scaling matrices cause the matrix D r to be a zero matrix. 

Therefore,, the usual equations cannot be used. To resolve this problem Nishisato(1978) 

introducess alternative definitions for the matrices D r and D c : 

D?D? = n(q-l)Iq. 

Then,, Nishisato introduces as eigenequation for the matrix of optimal scale values for the 

objectss (which we will denote by Y^ to allow for comparison with the correspondence 

analysiss approach): 

-J^E'EY^Y-A,-J^E'EY^Y-A, (4.21) 

where,, letting s = nq(q — 1), we have, in accordance with (2.35), 

YYN'N' DDNNYYNN = ^ _ 1 ) I K _ yN'yN = ^ 

(Notee that this eigenequation can be obtained by using the alternative scaling matrices 

D ** and Df, and substituting E for F - ' in (2.37)). 

4.4.11 The relationship between dual scaling and correspondence 

analysiss of paired comparisons 

Let t 

J = ( I n ,, " I n ) , 

soo that 

EE = JF r . 
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Then,, as 

JJ J = 21.2n — Li Li, 

withh L as defined in (4.18), we immediately see that 

E'EE = 2 F ; ( l 2 n - i L ' L ) F r . (4.22) 

Insertingg (4.22) in (4.21) gives 

2 2 ^F^I^ - IL 'LJF.Y^Y^A , , 
nq(q nq(q 

whichh is identical to eigenequation (4.19) obtained in the correspondence analysis of F r . 

Hence,, assuming that there are no eigenvalues of multiplicity greater than one, the matrix 

YY obtained in the correspondence analysis of F r is identical to the matrix of scale values 

forr the objects obtained in Nishisato's dual scaling analysis of the dominance matrix. For 

easee of notation we will henceforth replace Y^ with Y. 

Nishisato33 (1994) obtains optimal scale values for the subjects through the transition 

formula a 

Q{QQ{Q ~ 1) 

Sincee S = (q - l ) l n l ^ - T, and l^Y = 0, we can rewrite this as 

X*== , 2 „TYA-* . (4.23) 
q{qq{q ~ 1) 

Recalll (4.20) to see that 

\\ -XN 

Thus,, Nishisato's analysis of the dominance matrix E is equivalent to the correspondence 

analysiss of F r . This result was also obtained, independently, by Anna Torres-Lacomba 

andd Michael Greenacre of the Universitat Pompeu Fabra, Barcelona. It is described in 

moree detail in Greenacre and Torres (1999) and van de Velden (2000a). 

3Inn Nishisato (1978, 1980) the scale value matrices X and Y are both standardized as X X = Y Y = 

qlqlKK.. In Nishisato (1994), however, it appears that the standardization for Y has become (more in line 

withh the usual procedure in dual scaling): Y ' D ^ Y = nq{q - 1)1* - • Y ' Y = nlK. Here we will only 

considerr this latter standardization. 
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4.55 Optimal scaling of paired comparisons 

Guttmann (1946) formulated an approach for quantifying paired comparisons. His aim is 

too assign numerical values (or, as we will refer to them, scale values) to the objects "so as 

too best distinguish between those things judged higher and those judged lower for each 

individual",, Guttman (1946). (Clearly the 'things' referred to by Guttman are what we 

referr to as objects). For this purpose Guttman introduces expressions for the between-

subjectss and the within-subjects variances of the scaled data. The scale values are then 

soo determined that the between-subjects variance becomes a maximum with respect to 

thee overall variance. 

Inn a similar way we could assign scale values to the subjects such that we can distin

guishh between subjects with respect to their indicated preferences. Thus, formulated in 

aa similar way as for the objects, we aim to assign numerical values to subjects so that 

wee can best distinguish between those subjects who judged objects higher and those who 

judgedd objects lower for each object. Then, upon defining expressions for the between-

objectss and within-objects variances we can formulate as objective the maximization of 

thee between-objects variance relative to the overall variance. Guttman (1941) described 

aa procedure for obtaining scale values for subjects- which he referred to as 'scores'- in 

thee analysis of categorical data in the format of a so-called indicator matrix. It appears 

thatt in the case of paired comparison data this problem of assigning scale values to the 

subjectss has not been described before. 

Ass we saw in the previous section, Nishisato (1978) does obtain scale values for the 

subjectss and he refers to them as optimal scaling values. In what sense these scaling 

valuess are optimal is however not explained and in fact Nishisato (1980) notices himself 

thatt these optimal scale values do not allow to differentiate very well between the subjects. 

Usingg a decomposition of variance similar to the one described by Guttman in his 

analysiss of the objects we will show that the first vector of optimal scale values for the 

subjectss is not equal to Nishisato's solution, i.e. the first column of X^ as derived in 

(4.23).. Instead, this vector of optimal scale values for the subjects is equivalent to the 

firstt column of Y as obtained in the correspondence analysis of Fc , cf. section 4.3.2. Hence, 
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inn the case of rank order data, Greenacre's solution for the subjects, being different from 

Nishisato'ss solution, is an optimal scaling solution. 

Forr the sake of completeness we will first describe Guttman's quantification method 

forr paired comparisons, i.e. finding optimal scale values for the objects. 

4.5.11 The objects 

Lett y denote a q x 1 vector of scale values and define 

Ej=ll **J^J - ^ -n, I A nA\ 

^T^^Ï^T) ^^  (424) 

and d 

„_,, = E '= i WO _  ̂ _ 2_ 

EJ=i*«« ~* 9 (9 - 1 ) ' 

Thee vectors yt and ys can be seen as average scale vectors, e.g. yt is a vector of average 

scalee values for the number of times objects were ranked higher. 

Furthermore,, define as overall average 

vv~~ Er.,EJ.ife + »«) "«(«-i) "'; ,y « ,y ' 

fc,fc, S W ^ i - . y. - rTr̂ Sy. (4.25) 

as s 

t= ll  j = l 

Usingg these definitions one can obtain an expression for the total sum of squared devia

tions,, i.e. 
nn q n q 

SStSSt = 55t(T) + 55*(S) = X;^^(j, J-y)2 + 5 ] ^ ^ ( y J - y ) 2 (4.26) 
i = ii j=\ i=\ j=\ 

nn q q 

Also,, the between-subjects sum of squared deviations can be defined as 

nn q n q 

SSbSSb = 556(T) + 556(S) = 5 3 Ê ^ ( ^ - y ) 2 + E Ê ^ f c - v ) 2 (4-2?) 
t= ii  j = i t= i j = i 

== U(q-i)it[(yt ti-y)2 + (ys,i-y)2} 
i = l l 
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Thus,, if one defines the within-subjects sum of squared deviations (SSw) as the difference 

betweenn these two, we have the usual decomposition of variance, i.e. 

SStSSt = SSb + SSw. 

Withoutt loss of generality, the scale values y3 can be chosen in such a way that y = 0. 

Insertingg this and applying the definitions for y t and y3 we obtain the following expres

sions: : 

SSbSSb = \q{q - 1) £ > ? , + fSii) = \q{q - l j f y ^ + y ^ ) = ^ p T y y ' ( T ' T + S'S)y 

and d 

SStSSt = n{q - 1) £ y] =  n(<? ~ ^ V -
3=1 3=1 

Wee are interested in finding scale values y3- such that the variation between the n subjects 

iss maximized whilst the variation within the subjects is niinimized. One way to achieve 

thiss is to maximize the so-called squared correlation coefficient defined as 

SSbSSb = 2 y ' (T'T + S'S)y 
nn ~ SSt nq(q-l)2 y'y { } 

Maximizingg f § | is identical to maximizing SSb subject to a constraint on SSt, e.g. y'y = 

q.q. Combining this with the constraint y = 0, we have as objective: 

T<;^V' (T ' T+S' s )yy (429) 

s.t.s.t. y'y = q, y ' l , = 0. (4.30) 

Wee can express the optimization problem in (4.29) as 

maxx y'Ay 
y y 

s-ts-t y'y = q, y'lq = 0, 

where e 

A =A ' ^^ ïp( T ' T + s ' s) --
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Wee can formulate a Lagrangian as 

0(y)) = y'Ay - A (y'y - g) - /*l^y, 

wheree A and /i are the Lagrangian multipliers. Differentiating 0(y) and setting d<j>  = 0 

yields s 

d<j)d<j)  = 2y Ady - 2Ay rfy - / i l^dy = 0 
1 1 
5' ' Ayy = Ay + -filq 

q q 
1 1 

As s 

A l , = = 
22—-—-22 (T' T + s's) i, = - L - (T' + s') i„  = i9) nq(q~iy\nq(q~iy\ J q n(q - 1 ) 

wheree we used (4.1) and (4.2), it follows that 

/ii  = 0. 

Hence,, as first-order conditions together with the constraints we have 

Ayy = Ay, 

y'yy = <7, 

y ' i ,, = o. 

Inn order to maximize y Ay the largest eigenvalue A and corresponding eigenvector y, 

standardizedd as in (4.30), and satisfying the constraint y ' l 9 = 0, must be selected. 

Thus,, as solution to the problem in (4.29) we have the eigenequation 

— L - f l T TT + S ' S f r - V , (4.31) 

wheree A is the largest eigenvalue of ^ J J J ( T ' T + S'S), and y is a corresponding eigen

vectorr standardized as y y = q and satisfying y ' l g = 0. 

Itt is not difficult to see that, for n > 2, the matrix T 'T and hence T 'T + S'S is 

irreduciblee (for a proof see Appendix 2). Then, from the Probenius Theorem (e.g. Horn 
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andd Johnson (1996), Wielandt (1951)) it follows that to the unique largest eigenvalue A 

theree corresponds a positive eigenvector. As 

- f e ,, (TT + S'S) 1, = ^ f e ( r + S') 1„ = 1„ 

wee see that the unique largest eigenvalue A is equal to one, and a corresponding eigenvector 

iss lq. Obviously, this vector of object scale values does not satisfy the second constraint 

(y ' l ,, = 0). Thus, we have to take the second largest eigenvalue and a corresponding 

eigenvectorr orthogonal to the first eigenvector. This second largest eigenvalue and a 

correspondingg eigenvector can be obtained from the eigenequation 

^fef^fef (T'T + S-S-Inte - UVi ) y - Ay, (4.32) 

Thiss eigenvector gives scale values for the q objects such that the homogeneity between 

subjectss is minimized whereas the homogeneity within subjects is maximized. Additional 

orthogonall scale vectors can be obtained by considering the full eigenequation, i.e. 

^fef^fef (T ' T + S 'S - i n (, - l ) ° l , i ; ) Y = AY, (4.33) 

where e 

Y'YY = qU* 

andd A is a matrix of ordered eigenvalues. The K columns of Y are the optimal scale 

vectors. . 

Clearly,, (4.17) and (4.33) are identical. Thus, as Nishisato's approach is equivalent to 

thee correspondence analysis of F r , it immediately follows that Guttman's optimal scaling 

solutionn for the objects is equivalent to Nishisato's dual scaling solution. Nishisato (1978) 

alsoo proved this relationship in his treatment of dual scaling of the dominance matrix E. 

Inn addition to the equivalence between the two approaches Nishisato (1978, 1980) 

arguedd that an advantage of his dual scaling approach is the simultaneous retrieval of 

scalee values for the subjects. Guttman does not find such scale values. However, as we 

willl show below, one can define a similar decomposition of variance where scale values are 

assignedd to the subjects. 
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4.5.22 The subjects 

Guttman'ss approach can be modified in such a way that scale values for the rows of T and 

SS are obtained that minimize the homogeneity between the objects whilst maximizing the 

homogeneityy within the objects. In fact, this is what is usually done in dual scaling. In the 

casecase of a contingency matrix the dual scaling solution for both the rows and the columns 

cann be obtained simultaneously. When using a decomposition of variance similar to the 

onee introduced in section 4.5.1, this is no longer the case for analyzing paired comparison 

data. . 

Lett x be an n x 1 vector of subject scale values. Similarly to what we did in section 

4.5.11 we will obtain a decomposition of variance where the scale values Xi are assigned to 

thee rows (subjects) of T and S. 

Inn accordance with (4.24) and (4.25) we define 

-- _ Z2i=l UjBi - n - w 
xxt,jt,j = ^=?n 7 • x t = u t L x 

and d 

EEn n 
i= ll SjjXj _ T»—Ifi' 

xxa,ja,j = ~v^n ~ *  x s = Us ö X > 

wheree Dt and D„ are as defined in (4.5) and (4.6). 

Wee now have 

nn q n 

SStSSt = SSt(T)+SSt(S) = £ I > ; + «y)0* - *? = q{q - 1) £ fa - x)\ (4.34) 
i= ll j=l i= l 

and d 

nn q n q 

SSbSSb » SSb(T)+SSb(S) = £ £ M*w -*) 2 + E E '*&•>* ~ *)2' f435) 
«=11 j=l i=l 3=1 

Withoutt loss of generality we set x = 0. Then, (4.34) and (4.35) can be simplified as 

SStSSt = q{q - l)x'x 

SSbSSb = x' ( T D , " 1 ! 1 ' + S D J 1 ^ ) x, 

wheree we have used (4.5)and (4.6). 
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Wee define the sum of squared within-subjects variance (SSw) as the difference between 

SStSSt and SSb. Then, 

SStSSt = SSb + SSw. 

Inn a way similar to the one followed in section 4.5.1 we formulate an objective to find 

scalee values Xj such that the between-objects variance is maximized whilst the within-

objectss variance is minimized. Thus, 

maxx , 1 , , x ' (TDr'T' + S D r 1 ^ ) x 
xx q(q-l) V » ) 

S.t.S.t. X X = 71, X l n = 0. 

Analogouslyy to the derivation in section 4.5.1 we obtain as first order condition the 

eigenequation n 

** ( T D r l T ' + S D ; 1 ^ ) x = Ax. (4.36) 

Clearly, , 

JUTj jj (TD< 'T ' + S D " S ' ) **  - ^T} <T1<+S1<> * » -
Then,, as TDf *T is positive, i.e. all elements are larger than zero, it immediately follows 

formm Perron's Theorem (e.g. Horn and Johnson (1996)) that the positive eigenvector 

1„„ corresponds to the unique largest eigenvalue A = 1. This vector does not satisfy our 

constraintt x 1„ = 0. Thus, the second largest eigenvalue and corresponding eigenvector, 

orthogonall to the first, gives the first vector of optimal scale values for the subjects. This 

vectorr of optimal scale values for the subjects can be obtained from the eigenequation 

j j j ^^  ( T D - T '  + SD7'S'  - i r f , - l ) l „ i ; ) x - Ax. 

Inn a similar way to what was done in the previous section we obtain additional scale 

vectorss by considering 

-J—j-J—j (TDr 1 ! " + SD.^S'  - igfo - 1 )1 ,X) X = XA, 

wheree X X =nIK and A is a diagonal matrix containing the eigenvalues. Comparison 

withh (4.12) immediately shows that the analysis of F c yields, as solution for the subjects, 

optimall scale values. 
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4.5.33 An example 

Too illustrate the differences in optimality for the two approaches for correspondence anal

ysiss of paired comparison data, let us consider an adaptation of an example proposed by 

Nishisato44 (1994, p. 191). 

Forr 4 subjects (S1,...,S4) we have paired comparison data concerning 4 objects (01,...,04). 

Thee matrix T and the first vector of scale values for the subjects (for both approaches) 

aree summarized in the following table: 

T T 

SI I 

S2 2 

S3 3 

S4 4 

01 1 

2 2 

3 3 

3 3 

3 3 

02 2 

3 3 

2 2 

2 2 

2 2 

03 3 

1 1 

1 1 

1 1 

0 0 

04 4 

0 0 

0 0 

0 0 

1 1 

C A F r r 

0.94 4 

1.06 6 

1.06 6 

0.94 4 

CAFC C 

-1.41 1 

0.00 0 

0.00 0 

1.41 1 

Clearlyy the solution for the subjects of the row-doubled matrix F r , which is equivalent 

too Nishisato's dual scaling solution, does not show a lot of variation (each of them being 

closee to one). Moreover, the solution assigns the same scale value to SI and S4 even 

thoughh they did not indicate equivalent preferences. When analyzing paired comparison 

dataa of the sort as in this example, i.e. with great similarity among the objects and 

subjects,, Nishisato (1994, p. 190) notes that, "... the variance of the absolute values of 

rowrow weights is nearly zero, rather than a maximum." (the weights Nishisato refers to are 

whatt we call scale values). 

Inn the analysis of F c we see that the variation has increased and differentiation between 

thee subjects became possible. 

44 The original dominance matrix E given by Nishisato corresponds to a matrix T where the sec

ondd and third row are identical to the ones presented in this example but with as first and last row 

( 33 2 1 0 J • Consequently, in his example, the matrices D t and D„ are singular making it impossi

blee to apply correspondence analysis to Fc. 
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4.66 Summary and discussion 

InIn this chapter we introduced two approaches for applying correspondence analysis to 

pairedd comparison data. The first approach, described in section 4.3.2, is similar to the 

usuall treatment of preference data in correspondence analysis. The columns (representing 

thee objects) of the original data matrix are 'doubled' and correspondence analysis is 

appliedd to the doubled data matrix. The second approach, described in section 4.3.3, 

involvess a doubling of the rows (which represent the subjects) of the data matrix, and 

yieldss equivalent results to the dual scaling approach introduced by Nishisato (1978). 

Thee differences between the two approaches were further clarified in section 4.5. It 

wass shown that the first approach- the analysis of the object-wise 'doubled' data- yields 

optimall scale values for the subjects. In addition, it was shown that the second approach-

thee analysis of the subject-wise 'doubled data'- provides optimal scale values for the ob

jects.. Thus, whereas in dual scaling of a contingency matrix the optimal scaling solutions 

forr both the rows and columns can be obtained simultaneously, this is no longer the case 

withh paired comparison data. 

Givenn the differences between the approaches one wonders which approach should 

bee chosen in which case. It appears that this depends chiefly on the research question. 

Iff one is interested in finding optimal scale values for the objects with respect to the 

preferencess indicated by the subjects, it seems natural to use the approach described in 

sectionn 4.3.3. Using the optimal scale values for the objects, one can obtain scale values for 

thee subjects. In fact, this is what is done in dual scaling where the subject scale values 

aree calculated using (4.23). The resulting scale values for the subjects are, however, 

notnot optimal. Furthermore, it should be noted that, as the scale values are elements of 

eigenvectors,, the direction (e.g. from smallest scale value to largest) can be reversed by 

simplyy multiplying the eigenvector with minus one. Thus, in order to make statements 

concerningg the direction of the scale an additional step is necessary. One could, for 

example,, try to infer the direction of the scale values from the column averages of the 

dominancee matrix. 

Iff the scale values for the subjects with respect to their preferences for the objects are 
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off interest, the approach described in section 4.3.2 is more appropriate. Using (4.13), one 

obtainss two 'sets' of scale values for the objects; the first 'set' corresponds to the number 

off times an object was preferred, the second 'set' corresponds to the number of times an 

objectt was not preferred. Hence the direction of the scale is immediately apparent. 



Chapterr  5 

Correspondencee analysis of more 

thann two categorical variables 

5.11 Introductio n 

Correspondencee analysis as described in Chapter 2 is concerned with the analysis of a 

contingencyy matrix, i.e. the cross-tabulation of frequencies of co-occurrences between two 

categoricall variables. Often the situation occurs that we have data on more than two cat

egoricall variables. For the analysis of such data extensions to the usual correspondence 

analysiss approach exist. In this chapter we will present two of these approaches: multi-

pleple correspondence analysis and joint correspondence analysis. Multiple correspondence 

analysiss and joint correspondence analysis are closely related to, respectively, principal 

componentcomponent analysis and factor analysis. We will treat the methods in relation to these 

well-knownn multivariate analysis methods. 

Ann important issue in the analysis of data on more than two categorical variables is 

thee coding of the data. In Chapter 3, section 3.3.3, we introduced a so-called indicator 

matrix.. In the analysis of more than two categorical variables such an indicator matrix, 

sometimess also referred to as a response pattern matrix, e.g. Nishisato (1994), is of crucial 

importance.. Typically the rows of the indicator matrix denote the observations whereas 

thee columns represent the categories for each variable. For each observation a one is 

insertedd in the columns representing the observed categories. All remaining elements are 
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zero.. This indicator matrix will be the starting point for both multiple correspondence 

analysiss and joint correspondence analysis. 

Thee name multiple correspondence analysis can be misleading as it suggests to repre

sentt a method that is different from correspondence analysis. This, however, is not the 

case.. In fact, multiple correspondence analysis is usually defined as the correspondence 

analysiss of an indicator matrix. The geometrical and statistical concepts encountered in 

thee correspondence analysis of a contingency matrix, i.e. the chi-squared distance and 

thee chi-squared statistic, are difficult to justify in multiple correspondence analysis, see 

e.g.. Greenacre (1990, 1991). Mathematically equivalent methods such as homogeneity 

analysis,, reciprocal averaging and dual scaling are not explicitly concerned with these 

geometricall concepts. Therefore, the rationales underlying these methods may provide a 

justificationn for the use of multiple correspondence analysis. Greenacre (1991) discusses 

thee interpretational problems of multiple correspondence analysis as well as the practical 

interpretationn of homogeneity analysis in more detail. 

Inn joint correspondence analysis the aim is to provide a least-squares approximation of 

alll contingency matrices that can be constructed from the data. If there are q categorical 

variabless we can make \q{q — 1) contingency matrices and these contingency matrices are, 

simultaneously,, approximated in a least-squares sense. If we have two categorical variables 

theree is only one contingency matrix and the two methods are in such a case equivalent. 

InIn order to obtain a joint correspondence analysis solution an iterative procedure was 

suggestedd by Greenacre (1988). Greenacre also mentioned the relationship between joint 

correspondencee analysis and factor analysis. This relationship was further formalized by 

Boikk (1996) who also provided an alternative algorithm to Greenacre's (1988) original 

algorithm. . 

Inn this chapter the focus will be on some mathematical properties of multiple and 

jointt correspondence analysis. In section 5.2 we introduce notation and summarize some 

importantt properties of the indicator matrix. The relationship between multiple corre

spondencee analysis and correspondence analysis when there are only two variables will 

bee formalized in section 5.3.1. In such a case the data are, except for a difference in the 

format,, the same. Therefore, the outcomes should preferably also be similar. In fact, as 



5.2.5.2. Notation 71 1 

wass already mentioned in Chapter 3, section 3.3.3, the analysis of the indicator matrix Z 

andd the contingency matrix F are closely related when there are only two variables. 

Inn section 5.3.2 the close relationship between multiple correspondence analysis and 

principall component analysis will be clarified. This relationship is known and in a recent 

textbookk by Gower and Hand (1996), multiple correspondence analysis is introduced as 

aa form of principal component analysis. 

Inn section 5.4, we will introduce joint correspondence analysis as a specific type of 

factorr analysis. For this purpose we will introduce the typical factor analysis model 

togetherr with a generalization that is sometimes referred to as multiple battery factor 

analysisanalysis or multigroup factor analysis. In section 5.4.2 we will derive an iterative procedure 

forr obtaining a solution in the multigroup factor analysis model. This iterative procedure 

iss essential in joint correspondence analysis. 

Lett us first start with the introduction of some specific properties of the data. 

5.22 Notation 

Lett Z be an n x p (n > p) indicator matrix that can be partitioned as 

ZZ = (Z 1 ,Z 2 ) . . . ,Z , ) ) (5.1) 

wheree Z» is an n x p{ (i = l...q) matrix with exactly one row element equal to one and 

alll other elements zero, and £? = 1 pi = p. 

Wee have the following relations, 

Zipp = qln, (5.2) 

and d 

ii nnZlZlpp = nq. (5.3) 

Let t 

zz = Z l n = z2 2 (5.4) ) 

\*J \*J 
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wheree z» is a Pi x 1 vector, for i = 1 . . . q, and introduce a p x p diagonal matrix T)z 

satisfying g 

D z l pp = z. (5.5) ) 

Notee that Z^Zj = diag{zi}, and Z^Z; (i ^ j) is the contingency matrix with as its elements 

thee frequencies of co-occurrences between the ith and jth. variable. 

Definee an n x p matrix Z* as 

Z*=^=ZDJ*.. (5.6) 

Thus,, Z* is a rescaled version of the original indicator matrix. The non-zero elements of 

Z** indicate the relative (with respect to the category totals) number of subjects falling in 

aa category. This means that categories which have only few observations corresponding 

too it receive higher weights than categories that have many observations. 

Thee constant -^ in (5.6) is added for convenience. 

Wee define the sample covariance matrix for Z* as 

S,.. = -Z* MZ*, 
n n 

wheree M is the usual centering matrix of the appropriate order, i.e. 

(5.7) ) 

MM = I n —-l n l n -
n n 

Insertingg (5.6) in (5.7) yields 

sz.. = — D^Z'MZD; 
nq nq 

(5.8) ) 

.. -LDr* fz-iiz') (z-V) D;* 
nqnq \ n J \ n ) 

== —D;* f z'z--zz') D;*, 
nqnq \ n ) 

wheree we used (5.4). 
Usingg the partitionings of (5.1) and (5.4) we can write 

((z;ziz;zi - £zlZ; z;z2 - izlZ; • • • z;z, - j Z l Z ; ^ 
ZjZii - ^z2zi Z2Z2 - £z2z2 • • • Z2Z9 - ^z2zq 

nq nq 

KK Z i Z i - i z«z' i  Z i Z 2 "  £Z* Z2 z'A-ivi i 

D D -è è (5.9) ) 
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Now,, as Z-Zj (i ^ j) is a contingency matrix with as its elements the frequencies of co

occurrencess between the categories of the ith and jth variable, we see that the off-diagonal 

blockss of Sz*  are weighted contingency matrices in deviations from the independence 

model.. In simple correspondence analysis we only have two variables and the off-diagonal 

blockk matrix is subjected to two-way component analysis. In the next section we will 

comparee the analysis of a two-variable indicator matrix with that of the contingency 

matrix. . 

5.33 Multipl e correspondence analysis 

Ass mentioned in the introduction of this chapter, multiple correspondence analysis is 

inn fact correspondence analysis applied to the indicator matrix Z. As Z is nonnegative 

thee equations from Chapter 2, in particular those of section 2.3, can be used with Z 

substitutedd for F. 

Iff we have data on two categorical variables we can either apply correspondence anal

ysiss to the contingency matrix F or to the indicator matrix Z. As the data are the same, 

thee outcomes of the approaches should preferably also be the same. As we will show 

beloww this is only true to a certain extent. Note that this relationship is well-known and 

alternativee descriptions can be found in Greenacre (1984), Lebart et al. (1984) and Gifi 

(1990). . 

5.3.11 Multipl e correspondence analysis of two categorical vari-

ables s 

Inn the two variable case we have a n n x p indicator matrix Z — (Zl5 Z2), where Zi is of 

thee order n x pi and Z2 is of the order n x j>2- Define F as the p\ x P2 corresponding 

contingencyy matrix, i.e. 

FF = Z;Z2. (5.10) 

Also,, in accordance with the usual definitions let 

rr = Flpj = Z ^ l p a = Z j l n = ZjZilpj, 
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and d 

cc = F lP l = Z2Zilp l = Z 2 l n = Z2Z2lp2. 

Then,, due to the special structure of Z, the corresponding scaling matrices D r and Dc 

cann be expressed as 

D rr = ZlZ!, (5.11) 

and d 

Dcc = Z'2Z2. (5.12) 

Now,, consider the correspondence analysis of the indicator matrix Z, where the diag

onall scaling matrices, say Df and Df, are denned as 

Dff = diag{Zlp} = 2I« (5.13) 

and d 

Dff = diag{Z'ln} = diag{{Zu Z2)' l n } = I ° r j . (5.14) 

Insteadd of considering the deviations from independence we will here, for convenience, 

considerr the analysis of F (and Z). (It was shown in Chapter 3 that except for the retrieval 

off the so-called trivial solution in the analysis of F the two analyses are equivalent). The 

eigenequationss for the standard coordinates, cf. (2.36) and (2.37), become 

D ^ F D ^ F ' XX = XA, (5.15) 

D; 1F'D" 1FYY = YA, (5.16) 

wheree A is a k x k (where A; is the chosen rank of the approximation; k < K < min(pi,p2)) 

diagonall matrix of eigenvalues, and X and Y are matrices (of orders pi x k and p2 x k 

respectively)) of eigenvectors standardized as X D r X — Y DCY = nl*. One apparent 
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differencee in the two approaches is, of course, that in the analysis of Z we not only obtain 

aa solution for the two-variables but we also obtain a solution for the n subjects. In the 

analysiss of a contingency matrix such a solution does not appear. With regard to the 

solutionn for the (two) variables, i.e. the columns of Z, we have the eigenequation 

z \ - i i ( D f ) " 1 Z ' ( D ? ) " 1 Z Y z = Y z r , , (5.17) ) 

wheree Fis&kxk diagonal matrix of eigenvalues and Yz is&pxk matrix of corresponding 

eigenvectorss standardized as Y* Df Yz = nl*. Like before k is the (chosen) rank of the 

approximation.. Writing Z = (Zi(Z2) yields, after insertion of (5.13) and (5.14) in (5.17), 

;;  (Z!,z2)Y
z = Y' r 

k- l l 

Z^Zii Z^Z2 

ZoZ ii  Z0Z2 
YY = Y z r 

22 I D^ZjZ j D ^ Z ' ^ i 

IPXX D ^ P 
YYzz = 2Y z r , (5.18) ) 

wheree the relationships (5.11) and (5.12) were used. 

Fromm (5.18) it follows that the eigenvalues i{ are solutions of the equation 

( 1 - 2 7 ) 1 ** D ^ F 

D ^ F '' (1-27)1» 

Assumingg that 27 ^ 1, and applying a well-known rule for determinants of partitioned 

matricess yields 

== 0. (5.19) ) 

|(11 - 27)1*1 x 1(1 - 27)1* - (1 - 27)-1D;1F'D r"
1F == 0 

- lw 'T^ - l l D ^ FF D ^ F - (1 - 27)%, = 0 - (1 - 27)2 = A 
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Hence,, the eigenvalues A* (for i = 1 . . . k) obtained after applying correspondence analysis 

too the contingency matrix F can be calculated from the eigenvalues 7j obtained in the 

correspondencee analysis of a two-variable indicator matrix Z. 

/Y ff  \ 
Furthermore,, if we partition Yz as { I where Yf is a pi x k and Yf is a p2 x k 

matrix,, then (5.18) yields the equations 

Yff + D ^ F Y f = 2Yf r , 

and d 

Wee can rewrite these as 

and d 

Yff + D;XF Yf = 2Yf r . 

D ^ F Y ff = Yf (2 r - I f c ) , 

D ^ F '' Yf = Yf (2r - Ifc). (5.20) 

Assumingg that, for i = l...k, 27i ^ 1, we have 

Yff = D r -
l F Y f ( 2 r - I f c ) - 1 . 

Insertingg this expression in (5.20) yields the eigenequation 

D" 1F'D; 1FYff = Yf (2r - Ifc)
2. (5.21) 

Inn a similar way we obtain as eigenequation for Yf 

D ^ F D ^ F ' Y ff = Yf (2r - Ife)
2. (5.22) 

Then,, as 

Y ' D ff  Y z = ( Y f ° 'Y f ) - nla, 
^^ Yf D.Yf ) 

andd assuming that there are no multiple eigenvalues, comparison of (5.15) and (5.16) with 

(5.21)) and (5.22) immediately shows that the matrix of standard column coordinates Yz 
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obtainedd in the analysis of Z, is equivalent to the stacked matrix of row and column 

standardd coordinates obtained in the analysis of F, i.e. 

- - ( : )

Thee principal coordinates obtained in the two analyses are not the same as the matrices of 

singularr values are not the same in the two analyses. Furthermore, the inertias obtained 

inn the analysis of Z are not equal to the inertias obtained in the analysis of F. The quality 

off the multiple correspondence analysis approximation can be assessed in a similar way 

ass described in Chapter 2, section 2.3, with T substituted for A. An important problem 

inn multiple correspondence analysis concerns the low percentages of explained inertia. 

Greenacree (1990) describes this problem in more detail and provides some alternative 

measuress for the amount of explained inertia in multiple correspondence analysis. 

5.3.22 Multipl e correspondence analysis and principa l compo-

nentt  analysis 

Inn principal component analysis one obtains linear combinations of the original variables 

suchh that these linear combinations account for as much variance as possible. In Chapter 

22 it was already noted that principal component analysis based on the sample variance is 

equivalentt to one-mode component analysis. 

Thee matrix of k (k < p) principal component loadings in the analysis of Z* and 

correspondingg sample covariance matrix Sz-, can be obtained from the eigenequation 

nS,.LL = LA, (5.23) 

wheree the p x k matrix of eigenvectors L is standardized as 

andd A is a k x k diagonal matrix with on the diagonal the k largest eigenvalues of nSz*. 

(Forr an exposition of principal component analysis see, for example, JolifTe, 1986). 
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Iff k < rank(Sz*)  the matrix LAL gives a least-squares approximation of nS2 . . Hence, 

applyingg principal component analysis is equivalent to the least-squares approximation of 

nn times the sample covariance matrix Sz«. 

Inn principal coordinate analysis, as introduced by Gower (1966), the aim is to obtain 

coordinatess for the observations such that the distances, suitably defined, between the 

observationss are best, in a least-squares sense, preserved. Principal coordinate analysis is 

relatedd to (metric) multidimensional scaling in the following way. The n observations are 

consideredd as points in p-dimensional space. Upon calculating the Euclidean distances 

betweenn all pairs of points a distance matrix is constructed. Then, by applying (metric) 

multidimensionall scaling1 to this distance matrix we obtain a new configuration in a space 

off low dimensionality. This new configuration is 'closest' to the original configuration in a 

least-squaress sense. It can be shown, e.g. Mardia et al. (1979) and Joliffe (1986), that the 

coordinatess for the n points in the new configuration, i.e. the principal coordinates, are 

equall to the centered scores of the n objects on the first k principal components. Thus, 

thee matrix of principal coordinates in the analysis of Z* can be expressed as 

Gpcc = MZ*L, (5.24) 

wheree the subscript pc is added to distinguish between the matrix of principal row coor

dinatess obtained in correspondence analysis. 

Iff the (metric) multidimensional scaling approximation has rank p, i.e. the new con

figurationfiguration has the same rank as the original configuration, the principal coordinates are 

equivalentt to the original coordinates up to an orthogonal rotation (see van de Velden et 

al.,, 1999, and Graffelman, 1999). 

Byy employing the usual correspondence analysis equations we will show that the prin

cipall row coordinate matrix G obtained in multiple correspondence analysis is equivalent 

too the matrix of principal coordinates Gpc multiplied by y/n. 

Substitutingg Z for F in the usual correspondence analysis equations yields as eigenequa-

tionn for the standard column coordinates 

lD,-'(Z-V)'(z-ilz')YY = YA, (5.25) 

^orr an exposition of metric multidimensional scaling see e.g. Mardia et al. (1979). 
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where e 

Y'D2YY = nqlK. 

Define e 

Y**  = -5=DJY 

soo that 

andd (5.25) can be expressed as 

iD j^Z 'MZDj 'Y** = Y*A. (5.26) 
Q Q 

(Notee that, for convenience, we used the complete decomposition rather than the k~ 

dimensionall approximation.) Using (5.8) we can rewrite (5.26) as 

nSz .. Y* = Y*A. (5.27) 

Comparingg (5.23) and (5.27) immediately shows that the matrix Y* is equivalent to the 

loadingg matrix L obtained in the principal component analysis of Z*. Hence, the matrix 

off standard coordinates for the columns in the correspondence analysis of Z, i.e. Y, is 

relatedd to the loading matrix L through a simple rescaling. 

Rewritee transition formula (2.38) in the following fashion, 

GG = D ^ F Y = D ; 1 ( F - ^ F C ' ) Y, 

wheree we used (2.32) and (2.33). Then, substituting Z for F and using the appropriate 

expressionss for D r , r and c, yields 

GG = i (Z--lz') Y = , / 5 M Z D ; * Y ' = v ^ M Z T * . (5.28) 

Comparisonn of (5.23) and (5.24) with (5.27) and (5.28) immediately shows the relationship 

betweenn the two approaches, i.e. 

GG = y/nGpc. 

Notee that in multiple correspondence analysis we also obtain a matrix of coordinates 

forr the columns of Z, i.e. the categories of the variables. In principal coordinate analysis 

thiss is not the case. 
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5.44 Joint correspondence analysis 

Onee could argue that only the oj(f-diagonal blocks of Sa., which are equal to the matrices 

off relative frequencies in deviation from independence between all pairs of categorical 

variables,, are of interest. Therefore, Greenacre (1988) proposes an alternative approach 

whichh he calls joint correspondence analysis. In joint correspondence analysis all weighted 

contingencyy matrices are approximated simultaneously. Greenacre observes that joint 

correspondencee analysis is related to (principal) factor analysis in a similar way as multiple 

correspondencee analysis is related to principal component analysis. In this section we will 

describee joint correspondence analysis as a form of factor analysis. As a result of this 

approachh some interesting issues, not obvious in the treatment of Greenacre (1988), arise 

naturally. . 

Beforee proceeding, we will briefly introduce the factor analysis model as well as a 

generalizationn that is sometimes referred to as multigroup factor analysis, e.g. Basilevsky 

(1994),, or multiple battery f actor analysis, e.g. McDonald (1970) and Browne (1980). 

5.4.11 Factor  Analysis 

Thee factor model can be expressed in the following way: 

xx - n = Af + u, (5.29) 

wheree x is an observable p x 1 random vector with mean /x, A a p x k (k < p) matrix of 

factorr loadings, f a k x 1 vector of unobservable underlying common factors and u denotes 

a p x ll vector of unobserved unique factors. Thus, the p variables can be expressed as a 

linearr combination of k unobservable factors plus a variable specific factor. 

Inn order to obtain estimates in the factor model the following assumptions are made: 

E(f)E(f) = Ok, Var(f)=lk, (5.30) 

E(u)E(u) = 0p, Var(u) - D*, (5.31) 
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wheree D* is a p x p diagonal matrix, and 

Cot/(u,f)=OpxJt t 

81 1 

(5.32) ) 

Furthermore,, the loading matrix A can be interpreted as the covariance matrix of the 

randomm variable x and the underlying factors f, i.e. 

CovCov (x, f) = Cov (Af + u + n> f) = ACov(f, f) = A. 

Thee factor model is well known and there are several methods to find estimates for A and 

D«,, e.g. maximum likelihood (which requires additional assumptions on the distribution 

off the factors and errors) or least-squares. The least-squares approach, also called principal 

factorr analysis, involves the estimation of the off-diagonal elements of E. 

5.4.22 Multigrou p factor  analysis 

Iff we have data where the ith, i — 1, . . . , q, variable is represented by a pt x 1 vector, and 

pp = Y%=i P*> ^ c a n construct the following factor model: 

xx - fi = Af + u, 

wheree x is an observable p x 1 random vector with mean vector n, A is a p x k (with 

rankk (A) = k < p) matrix of so-called factor loadings, f is a k x 1 vector of unobservable 

underlyingg common factors and u denotes a p x 1 vector of unique factors. Moreover, the 

vectorss x and u and the matrix A can be partitioned in the following way: 

A2 2 

' x , \ \ 

xx = 
x2 2 

/ u , \ \ 

uu = 
u2 2 AA = (5.33) ) 

\*,J\*,J  \^J \ A g / 

wheree x< and u* are p» x 1 vectors, and A* is a pt x k matrix, for i = 1 . . . q. Thus, each 

variablee vector x», i — 1 . . . q, can be expressed as a linear combination of Jb underlying 
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factorss plus a variable specific vector of residuals. Analogously to assumptions (5.30) 

throughh (5.32) we introduce as assumptions for this multigroup factor model: 

E(f)=OE(f)=Okk,, Var(f)=Iki 

E(u)E(u) = 0q, Var(u) = $d , 

wheree $<i is block diagonal with diagonal blocks of order p» x piy i = 1 . . . q, and 

Cov(u,f)Cov(u,f) = Opxk. 

Usingg this model we obtain for the variance of x : 

EE =Var(x) = Var (Af + u) = AA' + $d . 

Iff we partition the variance matrix E in a similar way as we partitioned x, u and A 

wee see that 

EÜÜ = A < A ; + $ « 

and d 

Eyy = AiAj-, (i  ̂ j). 

Notee that if pi = 1, for i — 1.. .q, the multigroup factor model reduces to the common 

factorr model described in section 5.4.1. 

Forr the multigroup factor model described above our objective is to estimate a loading 

matrixx A and a matrix $<* such that the off-diagonal blocks of the variance matrix E (or— 

inn practice—those of its sample counterpart S) are approximated in a least-squares sense. 

Hence,, by applying factor analysis in this fashion we approximate the off-diagonal blocks 

off E , rather than the off-diagonal elements of E, such that the sum of squared deviations 

iss minimal. 

Thee off-diagonal blocks can be seen as matrices of covariances between the several 

categoriess of a particular variable with those of another variable, i.e. 

XijXij  = Cov fc,^) i^j. 

Thee diagonal blocks, on the other hand, give the covariance structures "within" each vari

able.. Thus, approximating the off-diagonal blocks of E can be seen as the approximation 

off the "between" variables covariances. 
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Derivationn of the principa l factor  analysis solution 

Uponn denning E = S — AA we can formulate as objective for the principal factor analysis 

basedd on the sample covariance matrix S 

ïï min r/>  = trace E*, (5.34) 
A A 

wheree for a p x p matrix X, X„ = X - Xj and, analogously to the definition of $<*, Xd 

iss a block diagonal matrix with as q diagonal blocks the p» x pi (i = 1, . . . , q) diagonal 

blockss of X. Hence, E« = E - Ej . 

Clearlyy E is symmetric, i.e. E = E . In order to solve this minimization problem 

wee will proceed in a similar way as described by Satorra and Neudecker (1998). The 

onlyy difference between their approach and the one described here is that in our analysis 

thee off-diagonal blocks rather than the off-diagonal elements are approximated. It is not 

difficultt to see that this only superficially affects the derivation. As an alternative to the 

derivationderivation given here, one could obtain a so-called alternating least-squares algorithm, see 

Tenn Berge (1993), by solving 

2 2 

forr fixed $<j, and 

minn trace ( S - f AA' -I- $dj J 

minn trace (S- (AA' + $«* J J 

forr fixed A. However, in line with previous derivations in this thesis we will explicitly 

derivee first-order conditions for the minimization problem (5.34) using matrix derivatives. 

Wee can express the objective as 

minn tp = (vecE^J vecE„ = (vecEu) vecE„, 

wheree vecE^ denotes the vectorization of E«, i.e. vecEw is a p2 x 1 vector obtained by 

stackingg the p columns of Ew. Upon defining an appropriate p2 xp2 selection matrix K^ 

wee can write 

vecc Ett = vecE - K4 vee E = (I - Kd) vee E, 
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wheree the matrix Kj selects the block diagonal elements of E from vee E. As 

KrfKdvecEE — KdvecEd = vecEd = KdvecE 

itt follows that K<f is (symmetric) idempotent, hence I - Kj is symmetric idempotent. 

Consequently,, we have 

minn iff = (vec E) (I - Kd) vee E. 

As s 

vecdEE =vecd (s — AA'J 

wee can express the differential of ^ as 

diffdiff = 2(vecE)'(I-Kd)veccJE 

== - 2 (vec E)' (I - Ka) vec UdA) A' + AdA'j . (5.35) 

Lett K denote the commutation matrix, i.e. 

vecc X = K vec X . 

Then n 

(II + K) (I - Kd) vecE = (I + K) vecEu = 2 vecEu. 

Usingg this relationship together with a well-known equality relating the Kronecker product 

andd the vec operator, viz. 

vecc PQR = ( R ' <g> P ) vec Q 

(e.g.,, Magnus and Neudecker 1999, p. 30), (5.35) becomes 

dtpdtp = - 2 ( v e cE ) ' ( I -K d ) ( I + K)vec[(dA)A' 

== - 4 (vec Eu)' vec UdA) A'l 

== - 4 (vec Ett)' (A ® I) vec (dA). 
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Thus,, the first-order condition is 

((A'®IJA'®IJ vecEt, = vecEuA = OpfcXi, 

hence e 

E«AA = 0pxk. (5.36) 

As s 

E„„ = ( s - AA') = Su + (AA') - AA' 

wee can write (5.36) as 

(S t tt + (AA') ) A = AA'A. (5.37) 

Then, , 

E jj = (S t t + (AA') J ' + AA'AA' - (Su + (AA') ) AA' - AA' ( S „ + (AA') ) 

== (S, + (AA')J 2-(AA') 2, 

hencee tp becomes 

iffiff  = trace (su + (AA') ) - trace ( A ' A ) . (5.38) 

Iff we postmultiply A by an orthogonal matrix T and insert this rotated matrix, say A, in 

(5.38)) it is immediately clear that A is also a solution. Then, without loss of generality 

wee take A'A = T where F is a positive definite diagonal matrix. Equations (5.37) and 

(5.38)) become 

(S t tt + (AA') ) A = A r (5.39) 

and d 

i>i>  = trace (sw + (AA') ) - trace T2. (5.40) 

Too attain a minimum for tp we need to search for a maximum of trace T2. 

Equationss (5.39) and (5.40) suggest the following iterative procedure to find A: 
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(0)) Select an initial block diagonal matrix $^ , e.g. 

^=(ww') d, , 

withh W a q x k matrix whose columns are eigenvectors of S associated with the A; 

largestt eigenvalues and of squared length equal to the associated eigenvalue. 

(1)) Compute S* := S„ + $^. 

(2)) Compute the eigenvalues and associated eigenvectors of S' and determine A and 

TT in such a way that the columns of A are appropriately scaled eigenvectors of S* 

associatedd with the k largest eigenvalues of S*. 

(3)) In step 1, replace $^ by f A A' J . 

(4)) Iterate (1) — (3) until stability has been reached. 

Thiss algorithm is easily implemented and appears to converge sufficiently fast in prac

tice.. However, after convergence we do not know whether the obtained minimum is a 

global,, or a local minimum. In addition to this problem it should be noted that the ma

trixx S' in step (1) is not necessarily positive semi-definite. Moreover, one cannot be sure 

thatt after convergence of the iteration procedure the diagonal blocks of <&d  = f S — AA' J 

aree positive (semi)definite. As both St and the diagonal blocks of $<* represent covariance 

matrices,, this situation is cumbersome. Consider for example the case where we find 

negativee or zero eigenvalues among the k largest eigenvalues calculated in step (2). 

Inn ordinary factor analysis the situation where a diagonal element of D$ (i.e. a 

variable-specificc variance) becomes negative is referred to as a Heywood case. In the 

contextt of joint correspondence analysis, which will be explained in the next section, Boik 

(1996)) introduced an alternative algorithm aimed to deal with this multigroup factor 

analysiss analogue to a Heywood case. If the situation should occur, i.e. if the diagonal 

blockss of $d are not positive semi-definite, his algorithm can be used instead. 

Finally,, it should be noted that the solutions of principal factor analysis are not nested, 

i.e.. if instead of a fc-dimensional solution one is interested in a k*-dimensional solution 

(withh k* < k) the iteration process must be carried out again with k* substituted for k in 

stepss (0) and (2). 
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5.4.33 Joint correspondence analysis 

Inn section 5.3.2 we showed that multiple correspondence analysis is closely related to 

principall coordinate analysis. In a similar way joint correspondence analysis is related to 

principall factor analysis. In fact, joint correspondence analysis is mathematically equiv

alentt to multigroup factor analysis. The only difference between the two methods is the 

explicitt formulation of a factor model underlying the data. In joint correspondence anal

ysiss there is no such model. In this section, however, we derive the joint correspondence 

analysiss solution using the multigroup factor model. 

Considerr the rows of the indicator matrix Z as observations on a random vector, say 

Ci i 

C2 2 

' c ^ ^ 

cc = ,, and assume that these q variables can be described using the multigroup 

factorr model: 

CC — A* = Af + u. 

wheree \i is the mean vector. The sample covariance matrix of £ is 

Scc = iz'MZ . 
n n 

Hence,, to estimate a loading matrix A we use the algorithm as described in the previous 

sectionn with S^ substituted for S. Then, AA provides a least-squares approximation for 

thee off-diagonal blocks of S(. 

Inn accordance with (5.6) we introduce the "standardized" random variable £* = 

-^D** £. The factor model for this standardized variable can be expressed as 

<•• - M* = - ^ D ; * A f + ^ = D ; * U = A f + Ü , 

where e 

A=4=D**AA and ü=4=D**u. 

Then,, we have as expression for the variance matrix of £*: 

Var(C)Var(C) = -D7* AA'DJ* + -V7*m7* = AA' + $d. 
QQ Q 
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Hence,, the loading matrix A can be obtained immediately using A, i.e. 

AA  ~ D ; * A 

and d 

iA'D* AA = A' A = T. (5.41) 
Q Q 

Whenn applying principal factor analysis based on the sample covariance matrix of C* w e 

obtainn a least-squares approximation for the off-diagonal blocks of 

Sz.. =—Dj^Z 'MZD j i 
nq nq 

Greenacree (1988) defined joint correspondence analysis as the simultaneous least-squares 

approximationn of the weighted contingency matrices in deviations from independence. 

Promm (5.9) it is clear that these weighted contingency matrices in deviations from indepen

dencee are the off-diagonal blocks of Sz.. Hence, the multigroup factor analysis approach 

describedd above is equivalent to Greenacre's joint correspondence analysis approach. 

AA joint correspondence analysis solution can be obtained using the algorithm described 

inn the previous section where Sz. is inserted for S and A is standardized according to 

(5.41).. It should be noted, however, that Greenacre (1988) proposes another algorithm. 

Moreover,, the solution he obtains is standardized as 

A'D* AA  = It . 

Qualit y y 

Too assess the quality of the joint correspondence analysis solution we compare the sum 

off squared residuals (Rss) with the total variation between the categories of the different 

variabless (Tss). We have 

RssRss = tp = trace EUEU, 

and d 

TssTss = trace S^SU. (5.42) 

Hence,, the quality can be expressed as 

Rss Rss 
~T~ss' ~T~ss' 
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Rotation n 

Whenn describing joint correspondence analysis as a factor analysis approach it is imme

diatelyy clear that the loading matrix A is not unique. In factor analysis the loadings 

aree usually rotated such that they are of simple structure, i.e. elements are, in absolute 

valuee either relatively high, or close to zero. A well-known approach for rotation in factor 

analysiss is Kaiser's varimax rotation. In the next chapter rotation will be discussed more 

fully. . 

5.4.44 Relationship wit h correspondence analysis 

Ann important advantage of joint correspondence analysis over multiple correspondence 

analysiss is the fact that joint correspondence analysis has correspondence analysis as a 

speciall case. As we showed in section 5.3.1 multiple correspondence analysis of two vari

abless yields equivalent standard coordinate matrices as obtained in the correspondence 

analysiss of the corresponding contingency matrix. However, the principal coordinates 

cannott be retained without additional steps to calculate the appropriate inertias. In joint 

correspondencee analysis, however, we are only concerned with the least-squares approx

imationn of the off-diagonal blocks. In the case of two variables there will be two such 

blockk matrices, each being equal to the other's transpose. The least-squares approxi

mationn of these blocks will be equivalent to the least-squares approximation obtained in 

correspondencee analysis. 

Too obtain this solution in one iteration, we express the covariance matrix Sz. for the 

two-variablee case as 

ss = J-(D ; è ) (*>'-&'  F"i rc ' 
MM DJ* / I F ' -kr ' Dc-icc' 

2nn l DJ*  (F-Jrc)'  Dr*  !„  - D«*1B1^D* 

wheree we used (5.10) through (5.12). For convenience we will drop the constant term ^ . 

Furthermore,, we choose as initial block diagonal matrix $£ a matrix consisting solely of 

zeroes.. Then, in step (2) of the algorithm we consider the eigenequation of Se = Su + $£, 
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i.e. . 

// 0 n x n D r c
è 

\ D c " è ( F - I r c ' ) ' D r -
èè 0pxp 

Notee that S' is not positive (semi)definite. However, as will become clear, by choosing 

kk < K, where «is the rank of D r (F—£rc') D c
 5 , this will not pose a problem. Assuming 

thatt r - 1 exists we get 

ƒƒ D7* ( F - J r c ) Di^V = U r f D7* (P - J r c ' ) D ^ V r " 1 = U 

\\ D ^ ( F - i r c ' ) ' D r " ^ U = V r ~* \ DJ* ( F - J r c ' ) ' D ^ U T " ^ V 

soo that 

ƒƒ Dr~* ( F - i r c ) D-1 ( F - J r c ' ) ' Dr*U = Ur 2 

\\ Dc~* (F - J r c ' ) ' D ; 1 (F - J r c ' ) Dj*V = V r 2 

and,, letting U U = V V = I*, these are exactly the eigenequations obtained in the cor

respondencee analysis of F with T2 playing the role of A. The least-squares approximation 

forr the off-diagonal blocks of S*. becomes U r V for the upper right off-diagonal block, 

andd V r U for the lower left off-diagonal block. Thus, this solution is optimal and the 

algorithmm immediately terminates. 

AA loading matrix A can be obtained in the following way, 

soo that, in accordance with (5.41), 

iA'DzAA = r, 

and d 

AjDrr Ai = A ' 2 D C A 2 = r . 

Thee two sub-matrices of the matrix of factor loadings, i.e. Ai and A2, are rescaled 

versionss of the principal coordinate matrices H and G, cf. (2.27) and (2.28), obtained in 

thee correspondence analysis of F, viz 
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and d 

HH =-ADc~
ivr  = v^A2r* , 

soo that 

G D r GG = HD C H = nr2 . 

Inn the context of correspondence analysis, a plot in which the rows of y/nAi and y/nA2 

aree depicted as points in fc-dimensional space, is sometimes referred to as a symmetric 

jointjoint correspondence analysis plot, see e.g. Tijssen (1989) and Gifi (1990). 

Notee that 

cov(C,cov(C, f) = 4=Dj*cot,(C f) = 4 = D ; * A = A, 

hence,, using the analogy between factor analysis and joint correspondence analysis we 

cann interpret these symmetrical coordinates as covariances between the rescaled variables 

andd the underlying factors. 

5.55 An example 

Too illustrate the use of both multiple correspondence analysis and joint correspondence 

analysiss we will analyze data from Jobson (1996). The data set consists of 200 obser

vationss from a mail survey concerned with the analysis of women's attitudes pertain

ingg to shopping for clothing. The data can be downloaded from Springer's website at 

http://www.springer-ny.com/supplements/jobson. . 

Respondentss indicated on a scale from 1 (strongly agree) to 5 (strongly disagree) their 

attitudess with respect to the following seven statements: 

A:: I like sales people to leave me alone until I find clothes that I want to buy. 

6:: I like to pay cash for clothing purchases. 

C:: Price is a good indicator of the quality of clothes. 

D:: I usually spend more than I planned when shopping for clothes. 

http://www.springer-ny.com/supplements/jobson
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E:: I do not think clothes shops provide enough customer service these days. 

F:: When clothing is sold at a reduced price there is often something wrong with it. 

G:: I like to shop where my friends shop for clothes. 

Thesee seven items are designed to measure shopping orientation. In addition to these 

itemss we also have a variable which indicates whether respondents work outside the home 

orr whether they do not work outside the home. Finally, the age of the respondents is 

registeredd by means of a categorical variable categorized in the following manner: < 24, 

25-34,, 35-44, 45-54, 55-64 and >65. 

Thee data on these nine variables were recoded in the format of an indicator matrix 

ZZ . This indicator matrix was subjected to multiple and joint correspondence analysis. 

Ass rank of the approximation we chose for both approaches k = 2. Fig. 5.1 gives a 

plott of the principal coordinates for the variables obtained in the multiple correspondence 

analysiss and Fig. 5.2 gives a plot obtained using joint correspondence analysis where the 

coordinatess are scaled as in (5.41). Comparison of Fig. 5.1 and Fig. 5.2 shows that the 

differencess between the two displays are very small. Note, however, the difference in the 

proportionn of explained inertia: 24% for the multiple correspondence analysis versus 88% 

forr the joint correspondence analysis. 

Wee can interpret the results, as represented in Fig. 5.1 and Fig. 5.2, in the following 

way.. The younger, typically outside the home working respondents are separated from 

thee older, not outside the home working respondents with respect to their shopping for 

clothingg attitudes. The younger respondents indicate a strong agreement with items A 

andd D, i.e. they like to do their shopping without assistance of sales people and they 

feell that they usually spend more money than planned. This is contrasted with a strong 

disagreementt on all other items: They do not prefer to pay with cash, the price is not 

consideredd to be a good indicator for quality and, in accordance with this, clothes that 

aree sold at a reduced price are not necessarily flawed, customer service is not insufficient 

andd they do not prefer to shop at the same place as friends. For the older respondents 

exactlyy the opposite holds. 
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5.66 Concluding remarks 

Inn this chapter we have restricted ourselves to two approaches for the analysis of more than 

twoo categorical variables using correspondence analysis. There are, however, several alter

nativess to these approaches. For example, Gower and Hand (1996) propose alternatives 

thatt are based on different distance functions than the—for correspondence analysis of a 

contingencyy matrix typical, and justifiable—chi-squared distance. In addition, Greenacre 

(1993b)) defines multiple correspondence analysis as the correspondence analysis of Z'Z, 

whichh is usually referred to as the Burt matrix, rather than that of Z. This alterna

tivee definition is rather confusing as most texts on correspondence analysis, including 

Greenacree (1984), define multiple correspondence analysis as the correspondence analysis 

off Z. (The procedure also followed in this chapter). It is known, and in fact not difficult 

too show, e.g. Greenacre (1984), Lebart et al. (1984), that the analysis of Z'Z and Z are 

tightlyy connected. In fact, the standard coordinates for the columns of Z, i.e. for the 

categoriess of the variables, are equivalent to the standard coordinates for the rows (and 

columns,, as Z Z is symmetric) of Z'Z. As the singular values of Z'Z are the squares of 

thee singular values of Z the principal coordinates are standardized in a different fashion 

inn the two approaches. For a derivation of this relationship we refer the interested reader 

too Lebart et al. (1984). A more elaborate treatment of some interpretational aspects of 

thee use of Z and Z'Z can be found in Greenacre (1994). 

Ass alternative to the iterative joint correspondence analysis approach described in 

sectionn 5.4.3, Greenacre (1991) proposes a "compromise" between joint correspondence 

analysiss and multiple correspondence analysis. Gower and Hand (1996) refer to this 

"compromise"" as a non-iterative joint correspondence analysis approach. In this non-

iterativee approach the standard coordinate matrix Y is the same as the one obtained 

inn multiple correspondence analysis. However, these standard coordinates are rescaled 

suchh that the off-diagonal blocks of the Burt matrix are, in a least-squares sense, best 

approximated.. For a clear exposition of this approach we refer to Gower and Hand (1996). 

Thee one common feature of the approaches mentioned above, as well as some ad

ditionall alternatives given by Greenacre (1993c), is that they are all restricted to the 
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analysiss of pairwise associations in the multiway data. A completely different approach 

thatt is also concerned with higher-order interactions is described by Carlier and Kroo-

nenbergg (1996). Their approach is related to so-called three-mode principal component 

analysis,, e.g. Kroonenberg and de Leeuw (1980) and Kroonenberg (1983). Kapteyn 

ett al. (1986) showed that extensions for three-mode principal component analysis to 

n—modee component analysis are straightforward. These extensions can also be used to 

definee n—mode correspondence analysis in a similar fashion as proposed by Carlier and 

Kroonenbergg (1996). Finally, using so-called quantification matrices Kiers (1989) showed 

thatt multiple correspondence analysis can in fact be considered as a form of three-mode 

componentt analysis. Moreover, Kiers (1989) showed that rotation of the multiple corre

spondencee analysis approximation can simplify the interpretation. In the next chapter 

wee will consider rotation of correspondence analysis in a more general fashion. 
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Rotationn in correspondence analysis 

6.11 Introductio n 

Inn correspondence analysis as described in Chapter 2 the rows and columns of a contin

gencyy matrix, representing the different categories for the row and column variables, are 

depictedd as points in a, usually, two-dimensional plot. Although two-dimensional plots 

oftenn provide reasonable approximations, the situation can occur that an approximation 

off higher dimensionality is required. This is especially the case when the contingency ma

trixx is large. In such instances it may become difficult to interpret the solution. Similarly 

too what is done in principal component analysis and factor analysis the correspondence 

analysiss solution can be rotated to increase the interpretability. 

Inn factor analysis it is customary to rotate the matrix of factor loadings in such a 

wayy that it gets so-called simple structure. As we saw in Chapter 5 the factor loadings 

cann be seen as covariances or, when the correlation matrix is being analyzed, correlations 

betweenn the variables and the underlying factors. The purpose of rotating these factor 

loadingss to simple structure is then to obtain factors that have a clear interpretation in 

termss of subsets of variables. This simple structure is typically achieved by rotating the 

loadingss in such a way that there is a tendency towards both small and large (in absolute 

value)) loadings, see e.g. Kaiser (1958). 

Ass was indicated in Chapter 2, section 2.3.1, correspondence analysis can be seen as a 

biplot.. It is well known, and not difficult to see, that a biplot is not unique, e.g. Gabriel 
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(1971).. Hence, the correspondence analysis biplot is not unique. Especially in the case 

wheree the dimensionality of the approximation is greater than two, this non-uniqueness 

cann be exploited by rotating the coordinates to simple structure. Such a procedure may 

leadd to a significant increase in the interpretability of the solution. There are, however, 

somee important issues concerning rotation in correspondence analysis. 

Ass there are different options for the scaling of the coordinates, e.g. standard and 

principal,, we have to choose which particular standardization for the row and column 

coordinatess is most appropriate before rotation. With respect to this it is important 

too note that, in this chapter, we will only be concerned with solutions that satisfy the 

biplott relationship. Therefore, the choice of standardization boils down to the selection 

off a certain biplot. This implies that rotation of one set of coordinates leads to the 

simultaneouss rotation of the other set of coordinates. Consequently, there are several 

optionss for rotation to simple structure in correspondence analysis. For example, we can 

rotatee one set of coordinates, say the row coordinates, to simple structure and apply the 

samee rotation to the other set, i.e. the column coordinates. Alternatively, however, we 

cann try to rotate both row and column coordinates simultaneously such that the average 

off the two is of simple structure. 

Inn principal component and factor analysis, simple structure makes it possible to 

interprett the principal components or—in the case of factor analysis—the factors, in 

termss of subsets of variables. This interpretation does not immediately carry over to 

correspondencee analysis. However, using the relationship between factor analysis and 

jointt correspondence analysis as described in Chapter 5, we will provide a rationale for 

thee rotation of the symmetrical coordinates. 

Too compare the original and the rotated solutions it will prove useful to consider what 

Greenacree (1993b) calls diagnostics. Diagnostics is the numerical support concerning 

thee quality of the correspondence analysis approximation. Hitherto we only introduced 

thee overall quality of the approximation by considering the inertia of the A;—dimensional 

approximationn with respect to the total inertia, cf. (2.40). We can, however, further 

decomposee the inertia in such a way that we obtain so-called relative and absolute con-

tributionstributions for the row and column points. The inspection of these contributions allows 
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thee researcher to identify which points are particularly well (or particularly poor) rep

resented,, and which points play a major role in determining the positions of the axes. 

Forr an extensive treatment of the contributions we refer to Greenacre (1993b, Module 

11).. After rotation, absolute and relative contributions for the rotated points can be 

calculated.. However, as we will see, the procedure to do so is not trivial. 

Beforee proceeding, we will reiterate some important correspondence analysis results 

andd introduce some additional definitions particular to this chapter. Then, in section 6.3 

wee will show, using the biplot relationship, that the correspondence analysis biplots are 

nott unique. In section 6.3.1 we will formalize the concept of simple structure where, for 

convenience,, we have restricted ourselves to Kaiser's varimax criterion. In sections 6.4 

andd 6.5 we discuss the optimal rotation of either the rows or columns in principal and 

standardd coordinates respectively. The simultaneous rotation of both row and column 

coordinatess will be the subject of section 6.6. The relationship between factor analysis 

andd joint correspondence analysis will also be utilized in this section. Diagnostics, i.e. 

thee numerical support for the correspondence analysis solution, before and after rotation 

iss described in section 6.7. To illustrate the applicability of rotation in correspondence 

analysiss two examples are described in section 6.8. We conclude this chapter with some 

remarkss and suggestions for future research. 

6.22 Notation 

Recalll the singular value decomposition essential in correspondence analysis, i.e. 

FF = D ;* ^ F - i r c ' J Dr* = UA*V\ (6.1) 

where e 

xfvxfv = v'v = lK, 

andd K is the rank of F - j rc ' . The standard coordinate matrices were defined as 

XX =v^D;*U, (6.2) 
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YY =v^Dc"*V, (6.3) 

where e 

X D r XX = YD C Y =slK, 

Thee principal coordinates were defined as 

GG = v^Dr*UA*, (6.4) 

and d 

HH = y/sDë*VAK (6.5) 

soo that 

G D r GG = HD C H =sA. 

InIn addition to these standard and principal coordinates we introduce 'symmetrical' coor

dinatess as 

AA =>/il>r*UAi (6.6) 

and d 

BB =v/sDc"*VA*, (6.7) 

soo that 

A D r AA = BDCB = s A i 

Notee that these matrices of symmetrical coordinates are not the same as, and should not 

bee confused with the matrices of principal axes—also denoted by A and B—as introduced 

inn section 2.3. 

Fromm these definitions it follows that 

sFF = D-£ AB'D I  = DIXH 'D ! = D$ GY'D I  . (6.8) 

Inn section 2.3.1 we introduced a biplot and described its relationship with correspondence 

analysis.. Using the scaling options described above it is clear that, upon selecting the A: 

largestt singular values of F and corresponding singular vectors, we obtain three different 

A>dimensionall biplots. 
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6.33 Rotation 

Itt is not difficult to see that the three biplots implied by (6.8) are not unique. Consider 

forr example the third biplot in (6.8), i.e. 

sFF = Dr *GYD| . 

Define e 

GG = GT, 

and d 

YY = YT, 

where e 

XT'' = T'T = IK. 

Then n 

sFF = D Ê G Y ' D ! = D | G Y D | . 

AA similar argument applies to the simultaneous post-multiplication of H and X, and A and 

BB by an orthogonal matrix. Hence, if rotation of G to simple structure is followed by the 

samee rotation of Y (or vice versa) the biplot interpretation is not violated. Alternatively, 

onee could, instead of rotating G (or Y) to simple structure, choose to rotate the matrix 

obtainedd by stacking the two, i.e. I , to simple structure. Another approach would 

bee to find a rotation such that GT and YT are of simple structure. Thus, for each of 

thee three biplots we have several options for rotation. Depending on the research issue 

ass well as on the interpretability of the rotated solutions, a choice of rotation should be 

made. . 

Beforee proceeding we first need to formalize the concept of simple structure. There 

aree several ways in which simple structure can be defined. In this chapter we will limit 

ourselvess to varimax rotation as introduced by Kaiser (1958). 
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6.3.11 Varimax rotation 

Kaiserr (1958) proposed a method for the rotation of factor loadings which is known as 

varimaxx rotation. To simplify the interpretations of the factor loadings the loadings are 

rotatedd in such a way that few loadings are large and as many as possible are close to 

zero. . 

Forr the varimax rotation of a p x k matrix X, we can formulate as objective 

s.t.s.t. T 'T = TT' = lk, 

wheree iij  denotes the ijth element of the rotated matrix X = XT. Alternatively (6.9) 

cann be expressed as 

maxx tp = trace C MC (6-11) 

s.t.s.t. T T = TT' = Ifc, 

wheree M is a p x p centering matrix, 

CC = XT © XT, 

andd 0 denotes the elementwise or Hadamard product. There is no closed-form solution 

too this problem. Kaiser (1958) proposed a procedure involving planar rotations. Horst 

(1965)) and Sherin (1966) independently suggested an iterative procedure based on matrix 

formulationss of the varimax criterion. (A more elaborative matrix formulation based on 

Sherin'ss approach has been given by Neudecker, 1981). Ten Berge (1984) and Ten Berge 

ett al. (1988) compared and evaluated the two procedures. It was found that the planar 

rotationn approach converges much faster. Nevertheless, we will, for ease of exposition and 

forr later purposes, derive first-order conditions that suggest the same iterative procedure 

ass the ones proposed by Horst and Sherin. The derivation we follow is similar to the one 

proposedd by Magnus and Neudecker (1999). Due to the increase in computer speed since 
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thee comparison of the two algorithms by Ten Berge et al. (1988) the relative slowness of 

thee algorithm is of negligible effect in practice. 

Forr the objective in (6.11) we obtain as Lagrangian function 

4>4> = - trace C M C - trace L(T'T - 1 ) . 

Consideringg variations in T and equating to zero yields 

dtpdtp = tracee C'MdC - 2 trace LT'rfT = 0. 

AsXX = XT 

dCdC = d(xQXJ = 2 X O d X = 2 X 0 X d T . 

Hence e 

d4>d4> - 2 trace C'M ( X 0 XCPT) - 2 trace LT'dT 

== 2 t r a c e ( c ' M 0 X J X r f r - 2 t r a c e L T ' d T = O (6.12) 

wheree we used the well-known relationship 

tracee P ' (Q © R) = trace ( p ' 0 Q') R. 

Thus,, as first-order conditions we have 

( C ' M 0 X ) XX = LT', (6.13) 

and d 

Let t 

thenn (6.13) can be written as 

T TT = Ifc. 

QQ = M C 0 X , (6.14) 

Q'XX = LT'. (6.15) 
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Then n 

LL = Q'XT = Q'X, 

and d 

traceLL = trace ( c ' M 0 X ) X = traceC'M ( X O X ) = traceC'MC = ip. 

Now, , 

LL'== Q X X Q , 

whence,, as L is symmetric, 

LL = (Q 'XX 'Q ) è . (6.16) 

Thuss L is positive (semi)definite. Assuming that L is nonsingular, it follows from (6.15) 

andd (6.16) that 

TT = X ' Q ( Q ' X X ' Q ) ~ * . (6.17) 

Startingg with an initial choice for T, say T0 we can calculate Q from (6.14). Inserting 

thiss in (6.17) we obtain an orthogonal matrix, say T.. Repeating this process yields, if 

convergencee occurs, i.e. Ti=Tj_i, a (local) extremum for ip. 

Notee that the solutions for different k are not nested. Hence, if instead of X we only 

wishh to rotate the first k - 1 columns of X, say Xfc_i, we have to calculate a rotation 

matrix,, say Tfc_i, following the outlined procedure with Xfc^i inserted for X. We cannot 

simplyy discard the last row and column of T obtained when rotating the k columns of X. 

6.44 Rotation of the principal coordinates 

Thee principal coordinates in correspondence analysis are of crucial importance. If the rank 

off the approximation is two, these coordinates can be plotted in a graph. The location of 

thee n row and p column points indicate the relative positions of the different categories 

withh respect to the average row and column profiles. As was shown in Chapter 2, the 
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distancess between the n row points are so-called chi-squared distances. The same holds 

forr the distances between the p column points. The distances between rows and columns, 

however,, are not defined. Interpretation of such distances in the plot is therefore not 

possible. . 

Byy rotating the principal coordinates to simple structure the points are rotated in 

suchh a way that they are close to the coordinate axes. Thus, rotation of the principal 

coordinatess yields a new set of coordinates close to the axes for which the chi-squared 

distancess are preserved. This procedure can be particularly useful when there are more 

thann 2, say A;, dimensions necessary to provide a satisfactory approximation of the data. 

Ass is clear from (6.8), rotation of, for example, the principal row coordinates must be 

followedd by rotation of the standard column coordinates in order to preserve the biplot 

relationship.. Hence, by rotating the principal coordinates to simple structure, and si

multaneouslyy rotating the appropriate set of standard coordinates over the same angle, 

wee obtain a rotated biplot that is, due to the simple structure of the rotated principal 

coordinates,, easier to interpret than the original one. 

6.55 Rotation of the standard coordinates 

Insteadd of rotating the principal coordinates to simple structure one could also choose to 

rotatee the standard coordinates to simple structure. That way, the points represented in 

standardd coordinates, are close to the axes. As the principal coordinates can be seen in 

relationn to these standard coordinates such a procedure can simplify the interpretation 

significantly. . 

Supposee that one is interested in the profiles of the row categories across the column 

categories.. In that case a plot with the columns in standard, and the rows in principal 

coordinatess seems appropriate. Thus, the column categories (representing the variables,/ 

aree in standard coordinates and the row categories (representing the samples) are in 

principall coordinates. The positions of the points representing the samples are relative 

too the points representing the variables. Rotation of the standard column coordinates to 

simplee structure, i.e. rotation of the points—or vertices as they are also often referred to 
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inn this context, see e.g. Greenacre (1991) and Gower and Hand (1996)—representing the 

variables,, may enable the researcher to interpret the dimensions in terms of subsets of the 

variables.. The rotated principal row coordinates are not necessarily of simple structure 

butt their positions are relative to the, simple structured, standard column coordinates. 

Hencee an interpretation is possible. 

6.66 Simultaneous rotation of the row and column co-

ordinates s 

Anotherr approach would be to achieve simple structure for both the columns and rows 

simultaneously.. This simultaneous rotation is most useful when the row and column coor

dinatess are scaled identically. Otherwise differences in scaling will influence the rotation. 

Thee separate varimax values of the two problems may differ significantly and hence the 

rotationn leading to a much larger varimax value will dominate the solution when a simul

taneouss rotation is carried out. To preserve the biplot interpretation of correspondence 

analysis,, a logical choice would be to rotate the symmetrical solution, i.e. the matrices 

AA and B as defined in (6.6) and (6.7). In Chapter 5 we showed that these matrices of 

symmetricall coordinates can be seen as matrices of factor loadings. Hence, we can inter

prett these coordinates as covariances between the original variables and the underlying 

factors. . 

Let t 

AA first approach would be to rotate the matrix W to simple structure. This can be 

achievedd by following the procedure outlined in section 6.3.1 with W substituted for X. 

However,, rotating the matrix W to simple structure does not guarantee that A and B 

aree of simple structure. 

Inn the context of factor analysis Hakstian (1976) proposed to find a rotation T such 

thatt both AT and BT are of simple structure. For this problem we can formulate as 
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objectivee function 

maxx rj) = trace ( -A 'MnA+ i e 'MpB J = trace W'M*W 

s.t.s.t. T 'T = TT ' = Ifc, 

wheree M* denotes a centering matrix of order z, 

(( iH, \ 

and d 

AA = AT©AT, B = B T © B T , W = W T © W T . 

Wee can solve this problem in a similar fashion as in the usual varimax case, i.e. following 

thee procedure given in section 6.3.1. Hence, as solution we obtain 

QQ = M * W 0 B , (6.18) 

and d 

i i 

TT = W'Q (QWWQj *. (6.19) 

Basedd on (6.18) and (6.19) we can construct an iteration procedure. 

Notee that the difference between the varimax solution of W and the varimax solution 

outlinedd here, is the centering matrix M*. Varimax of W uses an (n + p) x (n + p) 

centeringg matrix while the procedure in which both A and B are rotated to optimal 

simplicityy requires centering through the block diagonal matrix M ' . 

Hakstiann (1976) formulated and solved the problem for the case where we have two 

loadingg matrices (in a different fashion as described here). Kiers (1997), however, uses 

aa more general formulation that allows for the rotation of A: loading matrices at once. 

Usingg the formulation introduced above it is not difficult to see that the procedure for 

thee rotation of two loading matrices can easily be extended to the case where we have q 
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setss of loadings. To see this, replace W by 

W** = 

' A l \ \ 

wheree A* denotes the ith loading matrix of order n* x k (for i = 1 . . . q), and substitute 

((

MJ= = 

^ ^ \ \ 

—M M 

V V / / 

forr M*. 

Thiss procedure can be applied in joint correspondence analysis where we obtain a 

loadingg matrix W* as described above. The loadings can be interpreted as the covariances 

betweenn the variables and the underlying unobservable factors. 

6.77 Decomposition of inerti a 

InIn correspondence analysis a measure for the quality of the fc-dimensional solution is 

obtainedd by dividing the inertia of the fc-dimensional approximation through the total 

inertia,, i.e. by calculating 

Inn addition to this measure of fit, we can assess the quality of the row and column 

coordinatess by further decomposing the inertia. 

Lett G denote the complete matrix of principal row coordinates and let G^ be the 

nn x k matrix of approximated principal row coordinates, i.e. G* is the matrix obtained 

byy removing the last K — k columns of G. In a similar fashion, we let A | denote the k x k 

diagonall matrix of (largest) singular values of F. 
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AA decomposition of inertia similar to a decomposition of variance can be obtained by 

consideringg a matrix of squared principal coordinates weighted by the row totals, i.e. 

S rr = D r ( G © G ) . (6.20) 

Furthermore,, define 

K K 

ssnn =Ti^9l, « = l , - . ,n , (6.21) 

or,, in matrix form, 

s rr = S rlK . 

Ass U'U = lK, i.e. £,n=i u% - 1, for j = 1. . .p, it follows that (u '©U ' ) l n = 1K, whence 

S;i„„ = ( G ' © G ' ) D r l „ = (ys^lfD^Qy/sA^lfD; ̂ D r l n = sA (u '©U' ) l n = sAl«, 

i.e.. the column sums of S r are equal to the inertias times s. 

Byy considering the elements of S r in relation to the column sums, i.e. relative to 

thee inertias, we obtain so-called absolute contributions for the row coordinates. The term 

absolutee refers to the weights r» which play a role. These contributions indicate how much 

aa coordinate 'contributed' to the inertia described along the corresponding axis. We can 

expresss the absolute contributions for the rows as the elements of 

5 5 

Inn addition, by considering the elements of S r relative to the row sums, i.e. the 

weightedd sum of squared coordinates over the K dimensions; the elements of s r, we obtain 

thee relative contributions for the rows. In this case, the weights are of no influence as 

theyy are divided out. These relative contributions indicate how well a certain point is 

representedd by a particular axis. The sum of the first k relative contributions give an 

indicationn of the quality of the representation of the point in the k dimensions. The 

relativee contributions for the rows are the elements of 

Err = DJ/S, , 
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wheree D , is a diagonal matrix satisfying 

D , r l nn = s r 

soo that 

Forr a more elaborate treatment as well as a geometrical interpretation of the contributions 

seee Greenacre (1984, 1993b). 

Notee that we have based the relative and absolute contributions on the complete 

decomposition.. To assess the quality of the fc-dimensional solution we simply consider the 

firstt k columns of £lr and S r . 

Similarr to the procedure outlined above we derive the following matrices of relative 

andd absolute contributions for the column coordinates: 

ftft cc = iscA" \ 
s s 

and d 

Scc = D"1Sc 

where e 

Scc = D c ( H 0 H ) , 

DScc =diag{Sclp}, 

andd H is the matrix of principal column coordinates. 

Ass the principal coordinates and standard coordinates are related through simple 

rescalings,, i.e. 

GG = XA3 and H = YA*, (6.22) 

wee can calculate the contributions using the standard coordinate matrices X and Y. 

Moreover,, as 

GG = AA* and H = BA*, (6.23) 
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wee can also calculate contributions using the symmetrical coordinate matrices A and B. 

Thee absolute contributions are often used to assign appropriate labels to the k axes. (A 

proceduree common in correspondence analysis, see e.g. Greenacre, 1993b). A relatively 

highh absolute contribution for a certain row indicates that the row had an important 

influencee on determining the position of the axis. Hence, the axes can be labeled in terms 

off subsets of variables that have a high contribution. On the other hand, the relative 

contributionss indicate how well a certain point is represented by a certain axis. 

6.7.11 Decomposition of inerti a after  rotation 

Afterr rotation it is possible to obtain a similar decomposition of inertia as described 

above.. Let us, for convenience, first consider the calculation of the contributions after 

rotationn of G* and Y*. It is important to note that S r in (6.20) depends on the complete 

matrixx of principal coordinates—i.e. the rank K solution—whereas only the A;-dimensional 

approximationn is rotated. Therefore, we define 

TT = f  T ) | 
\\ 0(*-k)xf c I(K-fc)x(«;-fc ) J 

soo that postmultiplication of G by Tc rotates the first k columns of G while leaving the 

remainingg K — k columns unaltered. 

Furthermore,, from 

G ^ G ** = sT'AjfcT 

itt is clear that rotation changes the distribution of inertia along the axes. The weighted 

distancess from the rotated principal coordinates to the origin are no longer equal to the 

squaredd singular values. Moreover, the sums of squared cross-products for the different 

axess are not zero. The total inertia of the approximation, i.e. the sum of the k inertias, 

remainss the same as 

k k 

tracee G^DrG* = trace sA* = s YJ A*. 

Typically,, the inertia of the rotated solution appears to be distributed more evenly. 
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Let t 

A s ^ A T ^ O l » ,, (6.24) 

i.e.. A is a diagonal matrix with as its first k elements the inertias for each axis after 

rotationn whereas the remaining K — k elements are the original inertia's for the remaining, 

unrotated,, axes. Then, upon defining 

S rr = D r (GTC 0 GTC), 

and d 

D5rr = diag {sr} 

wee can define absolute and relative contributions for the row coordinates as 

OrOr = -SrA"1 l (6.25) 
s s 

and d 

S rr = DsVSr (6.26) 

respectively. . 

Too obtain a decomposition of inertia for the rotated standard column coordinate matrix 

YfcT,, we first need to introduce an expression for the corresponding rotated principal 

columnn coordinates. In accordance with the usual relationship between standard and 

principall coordinates, cf. (6.22), we define 

HH = Y T c A i 

Soo that the decomposition of inertia can be obtained from 

S C E D C ( H 0 H ) . . 

Then,, the matrices of absolute and relative contributions for the rotated standard column 

coordinatess become, respectively, 

nncc = hcA-1=Dc(YTQYT) 
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and d 

Scc = Bl% 

where e 

Dicc = diag {SC1K} . 

Inn a symmetrical fashion we can calculate the contributions if the standard row and 

thee principal column coordinates are rotated, i.e. if we rotated Xjt and H*. 

Too obtain contributions for the rotated symmetrical row coordinate matrix we define, 

inn accordance with (6.23), 

GG = ATCA* 

where e 

A** = Ql^A'DrATc) 0IK = ( T ' A * T ) © IK. 

Then,, as expressions for the matrices of absolute and relative contributions for the rotated 

symmetricall row coordinates, we obtain 

a,, = fflA-\ 
s s 

and d 

where e 

Saa = Dr (O © G) , 

and d 

DDiaia = diag{salK}. 

Thee contributions for the symmetrical column coordinate matrix B can be calculated in 

aa similar fashion. Simply replace Dr by Dc and A by 3 in the equations above. 
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Remarkk 2 As an alternative to the approach described above we can, in the case of  of 

rotationrotation of G and Y, define the matrix of rotated principal column coordinates, as 

HH = YTC ( T > T C ) 2 = YA5TC= HTC, 

i.e.i.e. H is the matrix of rotated principal column coordinates. Similar to the usual proce-

duredure we then obtain absolute and relative contributions for the rotated coordinates. Note, 

however,however, that these contributions are in fact the contributions for the rotated principal 

ratherrather than the rotated standard coordinates. A similar approach can be formulated for 

thethe rotation of X and H7 and A and B. 

6.88 Examples 

Too illustrate the usefulness of rotation in correspondence analysis we will consider two 

examples.. The first example treats data concerning product perception of telephones. The 

rotationn that will be considered is a rotation of the principal coordinates as described in 

sectionn 6.4. In the second example, the simultaneous rotation of the symmetrical solution, 

ass described in section 6.6, will be applied to citation data. As this data set is quite small 

theree is in fact no real need for rotation (all points can easily be inspected one by one 

inn the three dimensional approximation). Still, as we will see, rotating the solution does 

simplifyy the interpretation thus providing a nice and manageable example that illustrates 

thee usefulness of the method. 

6.8.11 The design of telephones 

Wee consider data from Snelders and Stokmans (1994). Members of a consumer panel 

weree asked to perform a natural grouping task. The respondents had to split a group 

off 7 telephones and denominate each group until no more splits could be made. This 

taskk resulted in 516 denominated groups generated by the 43 respondents. These 516 

groupss were categorized into 50 distinct attribute categories by three independent judges. 

AA frequency matrix was constructed denoting the number of times a certain telephone 

correspondedd to a certain attribute category. For a complete description of the data 



Tablee 6.1: Frequency table 

Coarse e 
Elegant t 
Smooth h 
Big g 
Kitsch h 
Uglyy Color 
Roundd Receiver 
Rectangularr  Receiver 
Awkwar dd Receiver 
Convenientt  Receiver 
Lightweight t 
Lightt  Color 
Darkk Grey 
Practical l 
Impractica l l 
Eyee Catching 
Ordinar y y 
Keyss in Receiver 
Keyss next to Receiver 
Smalll  Keys 
Largee Keys 
Colorful l 
Square e 
Round d 
Chic c 
Modern n 
Classic c 
Playful l 
Sombre e 
Flat t 
Cheap p 
Attractiv e e 
Ugly y 
Businesslike e 
Livin gg room 
Complicated d 
Uncomplicated d 
Bigg Receiver 
Easilyy soiled 
Easilyy cleaned 
Unreliable e 
Reliable e 
Obliquee angles 
Stylized d 
Unusual l 
Horizontall  Receiver 
Verticall  Receiver 
Fit ss in Everywhere 
Richh in contrast 
Small l 

T l l 

0 0 
8 8 
0 0 
0 0 
0 0 
1 1 
0 0 
1 1 
3 3 
0 0 
3 3 
2 2 
1 1 
5 5 
5 5 
7 7 
5 5 
0 0 
3 3 
4 4 
0 0 
0 0 
2 2 
1 1 
1 1 

15 5 
0 0 
2 2 
0 0 
2 2 
0 0 
7 7 
3 3 
3 3 
8 8 
1 1 
7 7 
0 0 
3 3 
0 0 
2 2 
3 3 
2 2 
4 4 
2 2 
0 0 
3 3 
2 2 
0 0 

10 0 

T2 2 
2 2 
1 1 
1 1 
8 8 
0 0 
0 0 
3 3 
1 1 
0 0 
2 2 
1 1 
2 2 
0 0 

11 1 
5 5 
5 5 
8 8 
1 1 
2 2 
0 0 
1 1 
1 1 
0 0 
1 1 
0 0 
3 3 
6 6 
0 0 
0 0 
1 1 
0 0 
3 3 
3 3 

12 2 
0 0 

22 2 
1 1 
3 3 
1 1 
0 0 
1 1 
7 7 
0 0 
1 1 
1 1 
0 0 
4 4 
0 0 
0 0 
2 2 

T3 3 
1 1 
4 4 
2 2 
2 2 
0 0 
0 0 
1 1 
2 2 
1 1 
1 1 
1 1 
1 1 
4 4 

11 1 
2 2 
1 1 

13 3 
1 1 
0 0 
0 0 
7 7 
3 3 
0 0 
1 1 
3 3 
5 5 
4 4 
3 3 
3 3 
3 3 
4 4 
5 5 
4 4 
4 4 
8 8 
2 2 
7 7 
0 0 
0 0 
1 1 
0 0 
3 3 
0 0 
0 0 
2 2 
4 4 
0 0 
1 1 
0 0 
2 2 

T4 4 
1 1 
7 7 
1 1 
3 3 
7 7 
2 2 
1 1 
0 0 
0 0 
2 2 
0 0 
0 0 
0 0 
2 2 
8 8 

13 3 
0 0 
0 0 
0 0 
2 2 
0 0 
5 5 
0 0 
2 2 
5 5 
5 5 
6 6 
2 2 
0 0 
0 0 
0 0 
6 6 

12 2 
0 0 
7 7 
2 2 
1 1 
0 0 
0 0 
0 0 
1 1 
0 0 
0 0 
1 1 
4 4 
3 3 
0 0 
2 2 
0 0 
2 2 

T5 5 
1 1 
5 5 
1 1 
0 0 
2 2 
4 4 
1 1 
0 0 
0 0 
2 2 
0 0 
0 0 
0 0 
7 7 
6 6 
6 6 
6 6 
5 5 
0 0 
2 2 
0 0 
9 9 
1 1 
2 2 
1 1 

10 0 
0 0 
1 1 
0 0 
2 2 
2 2 
5 5 
5 5 
2 2 
8 8 
1 1 
4 4 
0 0 
1 1 
2 2 
0 0 
0 0 
0 0 
1 1 
1 1 
0 0 
3 3 
1 1 
0 0 

11 1 

T6 6 
1 1 
3 3 
2 2 

13 3 
0 0 
0 0 
1 1 
2 2 
1 1 
0 0 
2 2 
0 0 
1 1 

10 0 
7 7 
3 3 
9 9 
0 0 
4 4 
2 2 
2 2 
1 1 
3 3 
1 1 
1 1 

13 3 
1 1 
0 0 
0 0 
1 1 
0 0 
2 2 
1 1 

10 0 
3 3 

11 1 
4 4 
1 1 
0 0 
0 0 
3 3 
4 4 
0 0 
2 2 
1 1 
0 0 
4 4 
0 0 
0 0 
0 0 

T7 7 
2 2 
2 2 
1 1 
5 5 
0 0 
1 1 
0 0 
3 3 
0 0 
3 3 
1 1 
6 6 
1 1 

15 5 
2 2 
0 0 

15 5 
1 1 
0 0 
2 2 
3 3 
1 1 
0 0 
3 3 
2 2 
7 7 
4 4 
0 0 
0 0 
0 0 
0 0 
1 1 
6 6 
8 8 
4 4 
3 3 

15 5 
1 1 
1 1 
0 0 
0 0 
6 6 
0 0 
0 0 
0 0 
4 4 
0 0 
0 0 
2 2 
0 0 
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gatheringg procedure as well as pictures of the 7 telephones we refer to Snelders and 

Stokmanss (1994). Table 6.1 gives the frequency matrix. 

Snelderss and Stokmans considered a three-dimensional correspondence analysis of the 

data.. Using the contributions and positions of the several points they derived three in-

terpretablee dimensions. Their interpretation of these dimensions can be summarized as 

follows:: The first dimension has to do with the most likely environment of the telephones; 

officee or living room. The second dimension makes a distinction between plain and cheap 

versuss more complicated and eye-catching qualities of the design. The third dimension 

distinguishess telephones that are more avant-garde and modern from ones that are strik

inglyy classic. 

Byy rotating the solution the interpretation can be greatly simplified. First, however, 

wee must decide which biplot we rotate and which set of coordinates, i.e. telephones or 

attributes.. For this purpose we note that the 7 telephones can be regarded as samples 

whereass the attribute categories can be regarded as variables. Therefore, a biplot with the 

telephoness in principal, and the attribute categories in standard coordinates is a logical 

choice. . 

Rotatingg the standard coordinates involves the rotation of 50 attributes, whereas rota

tionn of the principal coordinates only involves the rotation of the 7 telephones. We found 

thatt varimax rotation of the attributes only resulted in minor changes in the coordinates. 

AA look at Table 6.2, however, immediately shows that optimal rotation of the telephones, 

inn principal coordinates, resulted in a substantial change. After rotation, the points rep

resentingg the 7 telephones are much better separated and he close to the axes. A point 

thatt becomes immediately apparent upon inspection of the relative contributions before 

andd after rotation, given in Table 6.4. 

Simultaneouss rotation of the standard coordinates over the same angle allows an in

terpretationn in terms of attribute categories. For this purpose we will, in a similar fashion 

ass described by Snelders and Stokmans (1994) inspect the absolute contributions for the 

attributee categories. Relatively large absolute contributions indicate a large role in the 

determinationn of the direction of the axes. This procedure makes it possible to interpret 

thee axes. Similar to the procedure described by Snelders and Stokmans, we will only 
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Tablee 6.2: 

Tl l 

T2 2 

T3 3 

T4 4 

T5 5 

T6 6 

T7 7 

Principal l coordinatess for the telephones 
BeforeBefore rotation 

0.3317 7 

-0.6776 6 

-0.0064 4 

0.7525 5 

0.6076 6 

-0.4817 7 

-0.4123 3 

-0.2729 9 

-0.4077 7 

0.7029 9 

-0.1723 3 

-0.0288 8 

-0.3607 7 

0.5225 5 

0.6496 6 

-0.3146 6 

0.0279 9 

-0.6687 7 

0.1249 9 

0.1325 5 

-0.0315 5 

AfterAfter rotation 

-0.1701 1 

-0.1475 5 

-0.1805 5 

1.0169 9 

0.3303 3 

-0.3388 8 

-0.3735 5 

0.2938 8 

-0.8259 9 

0.4698 8 

0.0941 1 

0.4175 5 

-0.4897 7 

0.0692 2 

0.7009 9 

-0.1431 1 

-0.4916 6 

0.0108 8 

0.3197 7 

0.1583 3 

-0.5474 4 

Tl l 

T2 2 

T3 3 

T4 4 

T5 5 

T6 6 

T7 7 

Tablee 6.3: . Absolutee contributions 
BeforeBefore rotation 

0.0613 3 

0.2482 2 

0.000 0 

0.2772 2 

0.1901 1 

0.1284 4 

0.0948 8 

0.0651 1 

0.1409 9 

0.4189 9 

0.0228 8 

0.0007 7 

0.1129 9 

0.2387 7 

0.4470 0 

0.1016 6 

0.0008 8 

0.4158 8 

0.0153 3 

0.0184 4 

0.0011 1 

AfterAfter rotation 

0.0215 5 

0.0157 7 

0.0235 5 

0.6757 7 

0.0750 0 

0.0848 8 

0.1038 8 

0.0629 9 

0.4816 6 

0.1558 8 

0-0057 7 

0.1172 2 

0.1733 3 

0.0035 5 

0.4219 9 

0.0170 0 

0.2012 2 

0.0001 1 

0.0811 1 

0.0214 4 

0.2574 4 

Tl l 

T2 2 

T3 3 

T4 4 

T5 5 

T6 6 

T7 7 

Tablee 6.4: Relativee contributions _ 
BeforeBefore rotation 

0.1521 1 

0.5384 4 

0.0001 1 

0.4956 6 

0.4764 4 

0.4149 9 

0.2370 0 

0.1030 0 

0.1950 0 

0.6803 3 

0.0260 0 

0.0011 1 

0.2326 6 

0.3807 7 

0.5835 5 

0.1161 1 

0.0011 1 

0.3914 4 

0.0201 1 

0.0314 4 

0.0014 4 

AfterAfter rotation 

0.0400 0 

0.0255 5 

0.0448 8 

0.9051 1 

0.1408 8 

0.2053 3 

0.1945 5 

0.1194 4 

0.7999 9 

0.3038 8 

0.0078 8 

0.2249 9 

0.4288 8 

0.0067 7 

0.6792 2 

0.0240 0 

0.3327 7 

0.0001 1 

0.1319 9 

0.0448 8 

0.4179 9 
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considerr attribute categories that have an absolute contribution greater than 3% for the 

interpretationn of the dimensions. Table 6.6 gives the absolute contributions for the at

tributee categories before and after rotation. The absolute contributions after rotation are 

calculatedd as described in section 6.7.1, i.e. based on the rotated standard coordinates. 

Thee differences with the absolute contributions calculated using the method described in 

remarkk 2, however, are very small. In Table 6.7 we have the relative contributions for the 

attributee categories. These relative contributions indicate how well a point is represented 

byy a certain axes. 

Figuress 6.1 through 6.3 give two-dimensional representations of the biplots for the 

rotatedd approximation. 

Interpretatio nn after  rotation of the telephones in principa l coordinates 

Inspectingg the principal coordinates and the absolute contributions after rotation, shows 

thatt along the first dimension telephone 4 (T4) is separated from the other phones. Only 

T55 is on the same side of the axes. All other phones have opposing signs. T6 and T7 are 

furthestt from T4. The absolute contributions given in Table 6.3 indicate that T4 accounts 

forr nearly 70% of the inertia described along the first axis. Looking at the attributes we 

findd that kitsch, eye-catching, colorful and ugly are on the positive side and contributed 

significantlyy to the inertia along the axis. Projection of T4 onto these vertices shows that 

T44 is relatively often associated with these attribute categories. On the other side we find 

uncomplicateduncomplicated and ordinary. This dimension is clearly dominated by the separation of T4 

fromm the other phones. The attribute that is most strongly associated with this phone is 

kitsch. kitsch. 

Iff we look at the position of the phones in the second dimension, as well as their 

absolutee and relative contributions, we see that on one side (the negative side) we find T2 

andd T6 whereas on the other side we have T3 and T5. Corresponding to this we see that 

T22 and T6 are more associated with attribute categories big, business, and complicated 

whereass T3 and T5 are more related to attributes cheap, small and living room. We 

couldd denote this dimension as one separating phones associated with a business-like 

environmentt from phones associated with the living room. Or, in other words, it separates 



Standardd coordinates for 
BeforeBefore rotation 

thee attributes 
AfterAfter rotation 

6.8.6.8. Examples 

üabkjg^. . 

Coarse e 
Elegant t 
Smooth h 
Big g 
Kitsch h 
Uglyy Color 
Roundd Receiver 
Rectangularr Receiver 
Awkwardd Receiver 
Convenientt Receiver 
Lightweight t 
Lightt Color 
Darkk Grey 
Practical l 
Impractical l 
Eyee Catching 
Ordinary y 
Keyss in Receiver 
Keyss next to Receiver 
Smalll Keys 
Largee Keys 
Colorful l 
Square e 
Round d 
Chic c 
Modern n 
Classic c 
Playful l 
Sombre e 
Flat t 
Cheap p 
Attractive e 
Ugly y 
Businesslike e 
Livingg room 
Complicated d 
Uncomplicated d 
Bigg Receiver 
Easilyy soiled 
Easilyy cleaned 
Unreliable e 
Reliable e 
Obliquee angles 
Stylized d 
Unusual l 
Horizontall Receiver 
Verticall Receiver 
Fitss in Everywhere 
Richh in contrast 
Small l 

-0.61377 0.2728 -0.9588 
0.99933 -0.2289 0.3024 

-0.33133 0.4402 -0.5073 
-1.39266 -0.8450 -0.6677 
2.70400 -0.8266 -3.5110 
1.80888 -0.1547 -0.1957 

-0.62266 -0.9101 -1.3521 
-1.06744 1.0279 0.4447 
0.38066 -0.5610 3.0084 
0.04577 0.6198 -1.2718 

-0.49966 -0.5316 1.6898 
-1.08255 1.3255 0.3298 
-0.31533 2.2715 0.8784 
-0.68377 0.5373 0.0565 
0.39977 -0.8458 -0.4085 
1.17022 -1.1339 -0.9258 

-0.71866 0.9389 0.3264 
0.91100 0.4957 0.2732 

-0.95400 -2.0128 1.4656 
0.70666 -0.5741 1.0179 

-0.84400 2.4270 0.0280 
1.43400 0.2185 -0.8376 

-0.10900 -1.6256 2.1651 
0.22166 0.4426 -0.4452 
0.97499 0.7382 -1.3253 
0.23300 -0.4043 1.0264 

-0.30522 0.2974 -1.9635 
1.29366 0.8755 0.1520 

-0.02411 4.1386 0.1990 
0.29199 0.4821 1.1495 
0.74422 2.7025 0.4297 
0.83299 -0.2021 0.1449 
0.88877 0.2308 -1.3297 
-1.35366 -0.3600 -0.0717 
0.95199 0.4666 0.3772 
-1.69933 -1.4874 -1.0299 
-0.32044 1.3148 0.7892 
-2.19744 -1.2499 -1.2021 
0.32088 -0.7190 2.0535 
1.51255 1.2664 0.6603 
-0.37911 -1.8570 0.7268 
-1.33311 0.0328 0.0531 
1.24522 -1.6067 4.6328 
0.43622 -1.5843 1.5888 
1.06099 -0.3352 -0.8927 
0.19899 2.3469 -1.3100 
-0.48799 -1.6733 0.8126 
1.73288 -0.2122 0.1363 
-1.54777 3.0762 -0.2249 
1.40944 -0.6106 1.5742 

0.1960 0 
0.5157 7 
0.0333 3 

-0.2868 8 
4.4774 4 
1.3967 7 
0.7291 1 

-1.2637 7 
-1.7269 9 
0.7847 7 

-1.4049 9 
-1.2596 6 
-1.3353 3 
-0.6223 3 
0.7455 5 
1.6942 2 

-0.9247 7 
0.3150 0 

-1.2255 5 
-0.1074 4 
-1.1318 8 
1.5098 8 

-1.2301 1 
0.3637 7 
1.4252 2 

-0.4719 9 
1.1039 9 
0.5745 5 

-1.0775 5 
-0.7157 7 
-0.3991 1 
0.5075 5 
1.4829 9 

-0.7863 3 
0.2762 2 

-0.0974 4 
-1.0633 3 
-0.3670 0 
-1.0625 5 
0.2793 3 

-0.3529 9 
-0.9474 4 
-2.0475 5 
-0.4659 9 
1.4192 2 
0.5306 6 

-0.5276 6 
1.1252 2 

-1.5756 6 
-0.0133 3 

-0.5981 1 
0.6064 4 

-0.1259 9 
-1.7106 6 
-0.2466 6 
0.9679 9 

-1.5411 1 
0.1783 3 
1.0893 3 

-0.0775 5 
0.0163 3 
0.3182 2 
1.6497 7 

-0.0578 8 
-0.4679 9 
-0.3774 4 
0.2934 4 
1.0153 3 

-1.3377 7 
0.4827 7 
1.0724 4 
0.7158 8 

-0.2633 3 
0.2519 9 
0.5690 0 
0.2971 1 

-0.7922 2 
1.4592 2 
2.7886 6 
0.9676 6 
2.4248 8 
0.4546 6 
0.1785 5 

-1.1256 6 
1.0642 2 

-2.4746 6 
0.9809 9 

-2.7043 3 
0.5611 1 
2.0611 1 

-1.1688 8 
-0.8037 7 
1.6072 2 

-0.1229 9 
0.0922 2 
1.1409 9 

-1.0823 3 
1.0161 1 
0.9503 3 
1.1300 0 

-0.9871 1 
0.7133 3 

-0.7376 6 
-0.3014 4 
-0.4627 7 
0.6681 1 

-0.3704 4 
-0.8747 7 
2.3112 2 

-1.1756 6 
1.1890 0 

-1.1618 8 
-1.2352 2 
-0.6072 2 
0.5170 0 
0.7066 6 

-0.7506 6 
0.1422 2 
1.9540 0 
1.2730 0 

-2.0427 7 
-0.1164 4 
2.4000 0 

-0.4975 5 
-0.9470 0 
0.9799 9 

-1.4800 0 
-0.0601 1 
-2.8689 9 
0.4366 6 

-1.4152 2 
0.5397 7 

-0.6167 7 
-0.2859 9 
0.2394 4 

-0.1658 8 
-0.6014 4 
-0.6228 8 
1.8420 0 
0.0385 5 
1.6216 6 

-0.4875 5 
4.3381 1 
2.2344 4 
0.1110 0 

-2.3834 4 
1.4995 5 
0.8762 2 

-2.9195 5 
1.8868 8 
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lee 6.6: Absolute contributions 
BeforeBefore rotation AfterAfter rotation 

Jj&h] ] 

Coarse e 
Elegant t 
Smooth h 
Big g 
Kitsch h 
Uglyy Color 
Roundd Receiver 
Rectangularr Receiver 
Awkwardd Receiver 
Convenientt Receiver 
Lightweight t 
Lightt Color 
Darkk Grey 
Practical l 
Impractical l 
Eyee Catching 
Ordinary y 
Keyss in Receiver 
Keyss next to Receiver 
Smalll Keys 
Largee Keys 
Colorful l 
Square e 
Round d 
Chic c 
Modern n 
Classic c 
Playful l 
Sombre e 
Flat t 
Cheap p 
Attractive e 
Ugly y 
Businesslike e 
Livingg room 
Complicated d 
Uncomplicated d 
Bigg Receiver 
Easilyy soiled 
Easilyy cleaned 
Unreliable e 
Reliable e 
ObUquee angles 
Stylized d 
Unusual l 
Horizontall Receiver 
Verticall Receiver 
Fitss in Everywhere 
Richh in contrast 
Small l 

0.00344 0.0007 0.0083 
0.03400 0.0018 0.0031 
0.00100 0.0018 0.0023 
0.06822 0.0251 0.0157 
0.07466 0.0070 0.1258 
0.02977 0.0002 0.0003 
0.00311 0.0066 0.0145 
0.01166 0.0108 0.0020 
0.00088 0.0018 0.0513 
0.00000 0.0044 0.0183 
0.00233 0.0026 0.0259 
0.01466 0.0219 0.0014 
0.00088 0.0409 0.0061 
0.03233 0.0200 0.0002 
0.00633 0.0284 0.0066 
0.05433 0.0510 0.0340 
0.03288 0.0560 0.0068 
0.00755 0.0022 0.0007 
0.00933 0.0413 0.0219 
0.00688 0.0045 0.0141 
0.01055 0.0868 0.0000 
0.04666 0.0011 0.0159 
0.00011 0.0180 0.0319 
0.00066 0.0024 0.0025 
0.01400 0.0080 0.0259 
0.00366 0.0107 0.0693 
0.00222 0.0021 0.0918 
0.01522 0.0070 0.0002 
0.00000 0.0583 0.0001 
0.00099 0.0024 0.0135 
0.00388 0.0497 0.0013 
0.02288 0.0013 0.0007 
0.03044 0.0021 0.0682 
0.08100 0.0057 0.0002 
0.03900 0.0094 0.0061 
0.13755 0.1054 0.0505 
0.00455 0.0764 0.0275 
0.02744 0.0089 0.0082 
0.00077 0.0035 0.0287 
0.00788 0.0055 0.0015 
0.00111 0.0274 0.0042 
0.04633 0.0000 0.0001 
0.00355 0.0059 0.0487 
0.00199 0.0256 0.0258 
0.01400 0.0014 0.0099 
0.00055 0.0687 0.0214 
0.00388 0.0444 0.0105 
0.02044 0.0003 0.0001 
0.00544 0.0215 0.0001 
0.06088 0.0114 0.0759 

0.00033 0.0032 0.0088 
0.00900 0.0125 0.0173 
0.00000 0.0001 0.0049 
0.00299 0.1028 0.0032 
0.20466 0.0006 0.0022 
0.01777 0.0085 0.0040 
0.00422 0.0189 0.0011 
0.01633 0.0003 0.0078 
0.01699 0.0067 0.0303 
0.00700 0.0001 0.0157 
0.01799 0.0000 0.0128 
0.01988 0.0013 0.0168 
0.01422 0.0216 0.0121 
0.02688 0.0002 0.0255 
0.02211 0.0087 0.0106 
0.11399 0.0057 0.0198 
0.05433 0.0055 0.0358 
0.00099 0.0094 0.0002 
0.01533 0.0183 0.0390 
0.00022 0.0032 0.0220 
0.01899 0.0169 0.0615 
0.05177 0.0116 0.0003 
0.01033 0.0005 0.0392 
0.00166 0.0008 0.0031 
0.02999 0.0048 0.0132 
0.01466 0.0058 0.0631 
0.02900 0.0149 0.0522 
0.00300 0.0193 0.0000 
0.00399 0.0264 0.0280 
0.00522 0.0096 0.0019 
0.00111 0.0400 0.0136 
0.00855 0.0068 0.0096 
0.08488 0.0012 0.0147 
0.02733 0.0560 0.0036 
0.00333 0.0488 0.0025 
0.00055 0.2916 0.0013 
0.05000 0.0425 0.0160 
0.00088 0.0415 0.0022 
0.00777 0.0021 0.0231 
0.00033 0.0144 0.0000 
0.00100 0.0108 0.0209 
0.02344 0.0168 0.0062 
0.00955 0.0059 0.0427 
0.00222 0.0002 0.0509 
0.02511 0.0001 0.0002 
0.00355 0.0162 0.0708 
0.00444 0.0186 0.0357 
0.00866 0.0070 0.0052 
0.00566 0.0020 0.0193 
0.00000 0.0391 0.1090 
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Tablee 6.7: Relative 

Coarse e 
Elegant t 
Smooth h 
Big g 
Kitsch h 
Uglyy Color 
Roundd Receiver 
Rectangularr Receiver 
Awkwardd Receiver 
Convenientt Receiver 
Lightweight t 
Lightt Color 
Darkk Grey 
Practical l 
Impractical l 
Eyee Catching 
Ordinary y 
Keyss in Receiver 
Keyss next to Receiver 
Smalll Keys 
Largee Keys 
Colorful l 
Square e 
Round d 
Chic c 
Modern n 
Classic c 
Playful l 
Sombre e 
Flat t 
Cheap p 
Attractive e 
Ugly y 
Businesslike e 
Livingg room 
Complicated d 
Uncomplicated d 
Bigg Receiver 
Easilyy soiled 
Easilyy cleaned 
Unreliable e 
Reliable e 
Obliquee angles 
Stylized d 
Unusual l 
Horizontall Receiver 
Verticall Receiver 
Fitss in Everywhere 
Richh in contrast 
Small l 

contributions s 
BeforeBefore rotation 

0.3310 0 
0.8116 6 
0.0957 7 
0.5546 6 
0.4870 0 
0.5764 4 
0.1199 9 
0.5101 1 
0.0196 6 
0.0010 0 
0.0959 9 
0.2063 3 
0.0158 8 
0.6533 3 
0.2025 5 
0.4937 7 
0.4414 4 
0.1019 9 
0.1694 4 
0.2467 7 
0.1206 6 
0.4710 0 
0.0019 9 
0.0590 0 
0.3218 8 
0.0620 0 
0.0352 2 
0.4500 0 
0.0000 0 
0.0358 8 
0.0509 9 
0.7154 4 
0.3961 1 
0.9405 5 
0.7877 7 
0.5318 8 
0.0460 0 
0.6303 3 
0.0217 7 
0.2024 4 
0.0350 0 
0.8777 7 
0.0720 0 
0.0542 2 
0.4685 5 
0.0076 6 
0.0829 9 
0.8033 3 
0.1113 3 
0.4227 7 

0.0417 7 
0.0271 1 
0.1077 7 
0.1302 2 
0.0290 0 
0.0027 7 
0.1634 4 
0.3017 7 
0.0271 1 
0.1183 3 
0.0693 3 
0.1973 3 
0.5213 3 
0.2573 3 
0.5784 4 
0.2955 5 
0.4804 4 
0.0192 2 
0.4808 8 
0.1038 8 
0.6357 7 
0.0070 0 
0.2725 5 
0.1500 0 
0.1176 6 
0.1191 1 
0.0213 3 
0.1314 4 
0.4893 3 
0.0623 3 
0.4283 3 
0.0269 9 
0.0170 0 
0.0424 4 
0.1207 7 
0.2598 8 
0.4941 1 
0.1300 0 
0.0694 4 
0.0905 5 
0.5353 3 
0.0003 3 
0.0765 5 
0.4557 7 
0.0298 8 
0.6784 4 
0.6219 9 
0.0077 7 
0.2804 4 
0.0506 6 

0.4253 3 
0.0391 1 
0.1181 1 
0.0671 1 
0.4322 2 
0.0036 6 
0.2977 7 
0.0466 6 
0.6432 2 
0.4112 2 
0.5777 7 
0.0101 1 
0.0644 4 
0.0024 4 
0.1114 4 
0.1627 7 
0.0479 9 
0.0048 8 
0.2105 5 
0.2695 5 
0.0001 1 
0.0846 6 
0.3992 2 
0.1253 3 
0.3130 0 
0.6337 7 
0.7672 2 
0.0033 3 
0.0009 9 
0.2925 5 
0.0089 9 
0.0114 4 
0.4668 8 
0.0014 4 
0.0651 1 
0.1028 8 
0.1470 0 
0.0993 3 
0.4672 2 
0.0203 3 
0.0677 7 
0.0007 7 
0.5250 0 
0.3784 4 
0.1746 6 
0.1745 5 
0.1211 1 
0.0026 6 
0.0012 2 
0.2776 6 

AfterAfter rotation 
0.0247 7 
0.2072 2 
0.0007 7 
0.0191 1 
0.9397 7 
0.3021 1 
0.1088 8 
0.5882 2 
0.2508 8 
0.1976 6 
0.4824 4 
0.2172 2 
0.1929 9 
0.4882 2 
0.4942 2 
0.7915 5 
0.5783 3 
0.0093 3 
0.1966 6 
0.0043 3 
0.1602 2 
0.4250 0 
0.1633 3 
0.1149 9 
0.4935 5 
0.1636 6 
0.2782 2 
0.0722 2 
0.0369 9 
0.1435 5 
0.0104 4 
0.2476 6 
0.7634 4 
0.3054 4 
0.0576 6 
0.0013 3 
0.3366 6 
0.0144 4 
0.1570 0 
0.0053 3 
0.0215 5 
0.4292 2 
0.1289 9 
0.0427 7 
0.6534 4 
0.0375 5 
0.0680 0 
0.3233 3 
0.0879 9 
0.0000 0 

0.2351 1 
0.2928 8 
0.0106 6 
0.6939 9 
0.0029 9 
0.1483 3 
0.4968 8 
0.0120 0 
0.1020 0 
0.0020 0 
0.0001 1 
0.0142 2 
0.3009 9 
0.0043 3 
0.1990 0 
0.0401 1 
0.0595 5 
0.0987 7 
0.2394 4 
0.0888 8 
0.1470 0 
0.0976 6 
0.0076 6 
0.0563 3 
0.0804 4 
0.0662 2 
0.1464 4 
0.4760 0 
0.2529 9 
0.2681 1 
0.3919 9 
0.2030 0 
0.0113 3 
0.6395 5 
0.8742 2 
0.8869 9 
0.2927 7 
0.7967 7 
0.0447 7 
0.2936 6 
0.2414 4 
0.3157 7 
0.0812 2 
0.0030 0 
0.0028 8 
0.1774 4 
0.2926 6 
0.2694 4 
0.0327 7 
0.2192 2 

0.5430 0 
0.3436 6 
0.3087 7 
0.0183 3 
0.0087 7 
0.0599 9 
0.0243 3 
0.2443 3 
0.3893 3 
0.3842 2 
0.2994 4 
0.1602 2 
0.1430 0 
0.4027 7 
0.2060 0 
0.1193 3 
0.3302 2 
0.0016 6 
0.4332 2 
0.5240 0 
0.4524 4 
0.0022 2 
0.5386 6 
0.1862 2 
0.1889 9 
0.6113 3 
0.4333 3 
0.0007 7 
0.2270 0 
0.0463 3 
0.1132 2 
0.2427 7 
0.1144 4 
0.0350 0 
0.0375 5 
0.0034 4 
0.0933 3 
0.0358 8 
0.4088 8 
0.0001 1 
0.3940 0 
0.0985 5 
0.5015 5 
0.8513 3 
0.0035 5 
0.6565 5 
0.4763 3 
0.1699 9 
0.2616 6 
0.5183 3 
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thee complicated, big, business-type phones from the cheap, small and uncomplicated 

phoness associated with the living room. This interpretation is similar to that of the first 

axess in the original analysis. Note, however, that T4 appears to be in a different dimension. 

Itt is neither particularly associated with business nor with living room. Instead, T4 

particularlyy stands out as an eye-catching and kitsch phone. 

Finally,, in the third dimension phones T3 and T7 are separated from Tl . As dis

tinguishingg attributes we have large keys, classic and horizontal receiver on one side 

(attributess relatively often associated with T3 and T7) versus oblique angles, modern, 

stylizedstylized and vertical receiver on the other side. These latter attributes are relatively often 

associatedd with Tl . This dimension separates the modern, stylized Tl from the other— 

especiallyy the more conventional (classic) and ordinary T3 and T7—phones. Note that, 

withh respect to the third dimension in their analysis, Snelders and Stokmans (1994, p. 

340)) found that "for our group of respondents the classic end of this dimension is regarded 

ass more vulgar than the modern end. Although a classic telephone can also be considered 

moree 'chic', here it is mainly associated with the category attribute 'kitsch'." As is clear 

fromfrom the analysis after rotation the reason for this, however, lies in the position of T4 

whichh is mainly associated with the category attribute kitsch. As T4 after rotation plays 

noo role in the second and third dimension, it appears that the respondents are able to 

distinguishh between the attributes classic and modern explicitly. 

Thee main differences with the analysis before rotation lie in the separation of T4 from 

thee other phones in the first dimension; the distinction between business and home phones 

(i.e.. T2, T6 versus T3 and T5) in the second; and the perceived differences between the 

modernn and stylized Tl with the ordinary and classic T3 and T7 which determines the 

thirdd dimension. In addition, it is particularly clear after rotation that Tl and T4 are, with 

respectt to their design, perceived as "distinctive" phones. As these phones **xe distinctive 

andd the rotation emphasizes this, we are able to look at the other, less outspoken designs 

inn relation to these two. We see that the kitschy, eye-catching T4 separates from all other 

phoness with respect to the attribute categories, and we see that the modern, stylized Tl 

separatess from the more ordinary, classic types T3 and T7. 

Inn conclusion we can say that the process of interpreting the results was greatly sim-
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Figuree 6.1: Correspondence analysis biplot for the telephone data after rotation. Tele

phoness in principal, attributes in standard coordinates. Dimensions 1&2. 

plifiedd after rotation. Moreover, the analysis provided some new insights suggesting a 

complimentaryy use of rotation. 

6.8.22 The analysis of citations 

Tablee 6.8, taken from Wansbeek and Wedel (1999), presents figures from the Social Sci

encess Citation index, 1990-1996, for seven selected journals: Econometrica (ECTR), the 

Journall of Econometrics (JE), the Journal of Applied Econometrics (JAE), the Journal 

off Finance {JF), the Journal of Marketing Research (JMR), Marketing Science (MKS), 
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phoness in principal, attributes in standard coordinates. Dimensions 1&3. 
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Tablee 6.8: Frequency table citation data 

Citationss FROM: 

ECTR R 

JE E 

JAE E 

JF F 

JMR R 

MKS S 

PM M 

Citationss TO: 

ectr r 

1777 7 

1789 9 

636 6 

625 5 

68 8 

118 8 

7 7 

je e 

228 8 

1283 3 

317 7 

108 8 

14 4 

16 6 

0 0 

jae e 

12 2 

126 6 

104 4 

3 3 

0 0 

0 0 

0 0 

jf f 

53 3 

172 2 

37 7 

2723 3 

0 0 

0 0 

0 0 

jmr r 

0 0 

0 0 

0 0 

0 0 

1439 9 

642 2 

48 8 

mks s 

0 0 

0 0 

0 0 

0 0 

451 1 

606 6 

10 0 

pm m 

0 0 

0 0 

0 0 

0 0 

136 6 

30 0 

1310 0 

Psychometrikaa (PM). The ijth element in Table 6.8 gives the number of citations from 

articless in journal i to articles in journal j . The specific order in which the rows and 

columnss are presented immediately exposes some features of the data. For example, 

Wansbeekk and Wedel (1999) note that there are citations from the marketing journals to 

thee econometric journals, however, there are no citations from the econometric journals 

toto the marketing journals. Besides this asymmetry, Table 6.8 suggests that there are two 

clusterss of journals concerning their cross-reference patterns: an econometrics and finance 

clusterr (ECTR, JE, JAE, JF) and a marketing and psychometrics cluster (JMR, MKS, 

PM).PM). In order to get a better understanding of the citation patterns we will analyze the 

dataa using correspondence analysis. Given the symmetry between the row and column 

categoriess we will use the symmetrical scaling option. 

AA two-dimensional approximation of the data accounts for approximately 69% of 

thee inertia whereas a three-dimensional approximation accounts for approximately 94%. 

Therefore,, we will use the three-dimensional approximation. Given the relative small 

numberr of points, we could construct an interpretable three-dimensional plot, however, to 

illustratee the usefulness of rotation we will study the numerical data instead. We rotate 

thee matrices of symmetrical coordinates using the second approach presented in section 

6.6,, i.e. A and B are rotated such that both are of simple structure. 

Inn Table 6.9 we find the symmetrical coordinates before and after rotation. Tables 
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Tablee 6.9: Symmetrical coordinates 
|| Before rotation AfterAfter rotation 

FROMM articles in: 
ECTR R 
JE E 
JAE E 
JF F 
JMR R 
MKS S 
PM M 

0.6250 0 
0.6427 7 
0.6397 7 
0.7547 7 

-1.2516 6 
-1.1073 3 
-1.8676 6 

-0.0489 9 
-0.0623 3 
-0.0586 6 
-0.2209 9 
1.1915 5 
1.3002 2 

-2.3334 4 

-0.7877 7 
-0.8144 4 
-0.8658 8 
1.4363 3 
0.1494 4 
0.0988 8 

-0.0731 1 

0.6227 7 
0.6487 7 
0.6521 1 
0.4848 8 

-1.7279 9 
-1.6816 6 
0.1100 0 

0.3633 3 
0.3645 5 
0.3649 9 
0.3368 8 
0.0895 5 
0.2655 5 

-2.9875 5 

-0.7026 6 
-0.7256 6 
-0.7771 1 
1.5274 4 

-0.1215 5 
-0.1670 0 
-0.0304 4 

TOO articles in: 
ectr r 
je e 
jae e 
jf f 
jmr r 
mks s 
pm m 

0.5974 4 
0.6374 4 
0.6615 5 
0.7672 2 

-1.2592 2 
-1.2112 2 
-1.8501 1 

-0.0353 3 
-0.0557 7 
-0.0707 7 
-0.2356 6 
1.3054 4 
1.3913 3 

-2.2061 1 

-0.6393 3 
-0.8791 1 
-1.0412 2 
1.5975 5 
0.1665 5 
0.1529 9 

-0.0634 4 

0.5702 2 
0.6506 6 
0.7035 5 
0.4787 7 

-1.8095 5 
-1.8266 6 
0.0398 8 

0.3569 9 
0.3655 5 
0.3684 4 
0.3351 1 
0.1710 0 
0.2674 4 

-2.8795 5 

-0.5606 6 
-0.7908 8 
-0.9466 6 
1.6896 6 

-0.1177 7 
-0.1350 0 
-0.0325 5 

6.100 and 6.11 respectively give the absolute and relative contributions1 before and after 

rotation.. We see that in the rotated approximation the points representing the Marketing 

Journalss (i.e. JMR and MKS) are still separated from the econometric journals (i.e. 

ECTR,ECTR, JE and JAE) along the first axes. However, unlike in the nonrotated case, we 

immediatelyy see that Psychometrika (PM), with respect to its cross reference pattern, 

iss separated from both the marketing and the econometric journals. In the nonrotated 

approximationn as well as in the rotated approximation we find that the points representing 

thee citations to and citations from the Journal of Finance (JF) is best represented by 

thee third axes. Hence, due to the simple structure of the third dimension even before 

rotation,, the third axis remained practically unaltered after rotation. 

Figuress 6.4 and 6.5 illustrate the rotation in this particular case. Note that, in this 

case,, figure 6.5 can, approximately, be obtained manually by simply rotating figure 6.4 

overr approximately 45 degrees. 

6.99 Concluding remarks 

Inn this chapter we introduced rotation in correspondence analysis. As illustrated by the 

twoo examples given in the previous section, rotation can serve as an important tool in 
1Thee contributions were calculated using the procedure described in section 6.7.1. 
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Tablee 6.10: Absolute contribution s 
Bej Bej 'ore'ore rotation AfterAfter rotation 

FROMM  articles in: 
ECTR R 
JE E 
JAE E 
JF F 
JMR R 
MK S S 
PM M 
TOart i i 
ectr r 
j e e 
jae e 
j f f 
jmr r 
mks s 
pm m 

0.0560 0 
0.0963 3 
0.0310 0 
0.1364 4 
0.2286 6 
0.1198 8 
0.3320 0 

cless in: 
0.1240 0 
0.0553 3 
0.0074 4 
0.1216 6 
0.2337 0.2337 
0.1083 3 
0.3497 0.3497 

0.0004 4 
0.0010 0 
0.0003 3 
0.0129 9 
0.2292 2 
0.1828 8 
0.5734 4 

0.0005 5 
0.0005 5 
0.0001 1 
0.0127 7 
0.2779 9 
0.1582 2 
0.5502 2 

0.1113 3 
0.1936 6 
0.0710 0 
0.6182 2 
0.0041 1 
0.0012 2 
0.0006 6 

0.1777 7 
0.1316 6 
0.0230 0 
0.6599 9 
0.0051 1 
0.0022 2 
0.0005 5 

0.0581 1 
0.1026 6 
0.0337 7 
0.0588 8 
0.4553 3 
0.2888 8 
0.0012 2 

0.1181 1 
0.0602 2 
0.0088 8 
0.0495 5 
0.5043 3 
0.2575 5 
0.0002 2 

0.0200 0 
0.0328 8 
0.0107 7 
0.0287 7 
0.0012 2 
0.0073 3 
0.8981 1 

0.0468 8 
0.0192 2 
0.0024 4 
0.0245 5 
0.0046 6 
0.0056 6 
0.8956 6 

0.0881 1 
0.1529 9 
0.0569 9 
0.6954 4 
0.0027 7 
0.0034 4 
0.0001 1 

0.1360 0 
0.1060 0 
0.0189 9 
0.7343 3 
0.0025 5 
0.0017 7 
0.0001 1 

Tablee 6.11: Relat ive contribution s 
Bej Bej 'ore'ore rotation AfterAfter rotation 

FROMM  articles in: 
ECTR R 
JE E 
JAE E 
JF F 
JMR R 
MK S S 
PM M 
TOart i i 
ectr r 
j e e 
jae e 
j f f 
jmr r 
mks s 
pm m 

0.2955 5 
0.3887 0.3887 
0.3329 9 
0.2518 8 
0.5166 6 
0.3911 1 
0.4146 6 

cless in: 
0.4589 9 
0.2929 9 
0.1609 9 
0.2196 6 
0.4822 2 
0.3886 6 
0.4375 5 

0.0016 6 
0.0033 3 
0.0025 5 
0.0195 5 
0.4231 1 
0.4873 3 
0.5848 8 

0.0015 5 
0.0020 0 
0.0017 0.0017 
0.0187 0.0187 
0.4684 4 
0.4634 4 
0.5621 1 

0.3750 0 
0.4986 6 
0.4872 2 
0.7287 7 
0.0059 9 
0.0025 5 
0.0005 5 

0.4199 9 
0.4452 2 
0.3186 6 
0.7608 8 
0.0067 7 
0.0049 9 
0.0004 4 

0.2799 9 
0.3773 3 
0.3292 2 
0.1020 0 
0.9393 3 
0.8541 1 
0.0014 4 

0.4003 3 
0.2905 5 
0.1733 3 
0.0837 7 
0.9459 9 
0.8368 8 
0.0002 2 

0.0942 2 
0.1177 7 
0.1019 9 
0.0486 6 
0.0025 5 
0.0210 0 
0.9984 4 

0.1550 0 
0.0906 6 
0.0470 0 
0.0405 5 
0.0084 4 
0.0177 0.0177 
0.9997 7 

0.2991 1 
0.3961 1 
0.3924 4 
0.8494 4 
0.0039 9 
0.0071 1 
0.0001 1 

0.3248 8 
0.3603 3 
0.2634 4 
0.8749 9 
0.0034 4 
0.0038 8 
0.0001 1 
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-1.55 -1 -0.5 0 
Inertiaa 38.15% 

Figuree 6.4: Correspondence analysis symmetrical scaling biplot for the citation data before 

rotation.. Dimensions 1&2. 
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Figuree 6.5: Correspondence analysis symmetrical scaling biplot for the citation data after 

rotation.. Dimensions 1&2. 
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interpretingg the correspondence analysis solution. As distances between the principal 

coordinatess are approximated chi-squared distances, the rotation of these coordinates to 

simplee structure appears to be the most obvious, and perhaps even the most appropriate 

choicee for rotation. In section 6.6, however, we observed, using the analogy between factor 

analysiss and joint correspondence analysis, that one can also justify the rotation of the 

so-calledd symmetrical coordinates. If one assumes that the factor model as described in 

sectionn 5.4.2 of Chapter 5 is appropriate, the symmetrical coordinates can be seen as factor 

loadings.. Hence, they represent the covariances between the variables and the underlying 

factors.. In a similar fashion it may be possible to obtain an alternative justification for the 

rotationn of the principal coordinates based on the relationship between correspondence 

analysiss and principal component analysis as described in section 5.3.2 of Chapter 5. 

Whenn there are many categories involved in the analysis—the situation in which ro

tationn is typically most useful—the numerical support of the correspondence analysis, i.e. 

thee diagnostics as described in section 6.7, is of crucial importance. To calculate diagnos

ticss after rotation we introduced definitions and expressions that, although mathemati

callyy satisfactory, are difficult to justify theoretically. In particular, the interpretation of 

thee relative contributions for the rotated standard and symmetrical coordinates becomes 

cumbersome. . 

Finally,, it should be noted that in this chapter we only considered varimax rotation. 

Otherr types of rotation exist however, and, with respect to applications in correspondence 

analysis,, it would be interesting to study their feasibility. 
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Samenvatting g 

InIn dit proefschrift komen verscheidene onderwerpen in correspondentie analyse (CA) aan 

dee orde. CA is een statistische methode voor de analyse van categoriale gegevens; in 

hett bijzonder, de analyse van een zogenaamde kruistabel. De nadruk bij CA ligt op 

hett beschrijven van de data. Dit gebeurt door middel van tweedimensionale grafische 

weergaven. . 

Err zijn vele manieren waarop CA beschreven kan worden. Dit is een direct gevolg 

vann het feit dat de methode door de jaren heen onder verschillende namen is afgeleid en 

beschreven.. CA is bovendien nauw verwant aan andere multivariate analyse methoden, 

zoalss bijvoorbeeld canonieke correlaties en principale componenten analyse. 

Daarr er reeds goede beschrijvingen van CA bestaan wordt in dit proefschrift slechts een 

kortee uiteenzetting van de methode gegeven. Dit gebeurt in Hoofdstuk 2 door gebruik 

tee maken van de relatie tussen componenten analyse en CA. Om niet geheel voorbij 

tee gaan aan de geometrische aspecten van de methode wordt CA ook beschreven als 

eenn methode waarbij categorieën van een variabele beschouwd worden als punten in een 

meerdimensionalee ruimte. Deze categorie punten worden vervolgens afgebeeld in een 

tweedimensionalee ruimte. Dit gebeurt zodanig dat de zogenaamde Mahalanobis afstanden 

tussenn de originele categorie punten en haar afbeeldingen zo klein mogeÜjk zijn. Het 

hoofdstukk eindigt met een voorbeeld over de rol van emoties bij economische beslissingen. 

Eenn belangrijke eigenschap betreffende de singuliere waarden die men aantreft in CA 

iss het feit dat al deze singuliere waarden kleiner zijn dan één. In Hoofdstuk 3 wordt verder 

ingegaann op deze eigenschap. Verscheidene bekende bewijzen komen aan de orde. Het valt 

daarbijj direct op dat voor een goed begrip van deze bewijzen kennis van CA noodzakelijk 

is.. Als alternatief wordt er vervolgens een nieuw bewijs gegeven dat geen enkele kennis 
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vann CA of aanverwante methoden vereist. Het bewijs is gebaseerd op elementaire matrix 

algebra. . 

CAA kan ook gebruikt worden om preferenties te analyseren. Dit kan met name interes

santt zijn bij marketing onderzoek. (Denk bijvoorbeeld aan het onderzoeken van preferen

tiess van consumenten voor een bepaald produkt). De toepassing van CA voor de analyse 

vann preferentie gegevens kent echter een aantal problemen. Ten eerste is het gebruik van 

dee zogenaamde chi-kwadraat afstand, die essentieel is in CA, problematisch wanneer het 

niett mogelijk is de gegevens in een kruistabel weer te geven. Hoewel dit probleem bekend 

iss wordt er in de literatuur weinig aandacht aan besteed. Een tweede probleem betreft 

dee relatie met duaal schalen (DS). Het is bekend dat CA en DS mathematisch equiva

lentee methoden zijn. Echter, wat betreft de analyse van preferentie gegevens lijken de 

methodenn te verschillen. In Hoofdstuk 4 wordt daarom nader ingegaan op de analyse van 

preferentiee gegevens en de verschillen tussen CA en DS. Een nieuwe formulering voor de 

CAA aanpak van preferentie gegevens wordt geïntroduceerd. Deze nieuwe formulering geeft 

directt inzicht in de verschillen tussen de twee aanpakken (DS en CA). Tenslotte wordt er 

inn dit hoofdstuk, aan de hand van Guttman's optimale schaling aanpak, ingegaan op de 

implicatiess van de verschillen. 

Dee analyse van gegevens van meer dan twee categoriale variabelen wordt beschreven in 

Hoofdstukk 5. Een beschrijving van multipele correspondentie analyse (MCA) en gezamen

lijkee ('joint') correspondentie analyse (JCA) wordt gegeven alsmede de relatie van deze 

methodenn tot, respectievelijk, principale componenten analyse (PCA) en factor analyse 

(FA).. De methoden worden geïllustreerd aan de hand van een voorbeeld over het winkelge-

dragg van bezoekers van een winkelcentrum in Amerika. 

Hoewell het vaak zo is dat de tweedimensionale CA oplossing reeds een goede weergave 

vann de gegevens verschaft, kan het ook voorkomen dat meer dimensies nodig zijn om 

eenn bevredigende weergave van de gegevens te verkrijgen. Omdat grafische weergaven 

inn meer dan twee dimensies moeilijk te interpreteren zijn moet er dan gekeken worden 

naarr de numerieke uitkomsten. Op een zelfde wijze als gebruikelijk is in PCA en FA 

kann er vervolgens tot rotatie van de coördinaten overgegaan worden. Het doel van de 

rotatiee is het vereenvoudigen van de interpretatie van de numerieke uitkomsten. Gezien 
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dee verschillende schalingsopties in CA, zijn er echter verschillende rotatie mogelijkheden. 

Inn Hoofdstuk 6 wordt ingegaan op rotatie in CA. De relatie met PCA en FA speelt hierbij 

eenn rol. Aan de hand van een aantal voorbeelden wordt duidelijk gemaakt dat rotatie de 

interpretatiee van een CA oplossing aanzienlijk kan vereenvoudigen. 
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Stellingenn behorende bij het proefschrift 

Topicss in Correspondence Analysis 

Michell van de Velden 

1.. Correspondentie analyse heeft niets te maken met het schrijven van brieven. 

2.. Het is niet triviaal dat de grootste singuliere waarde verkregen bij correspon

dentiee analyse kleiner of gelijk is aan eén. (Dit proefschrift.) 

3.. Het is niet mogelijk om in de analyse van paarsgewijze vergelijkingen de opti

malee schaling oplossingen voor zowel de individuen als de objecten door middel 

vann één singuliere waarden ontbinding te verkrijgen. (Dit proefschrift.) 

4.. De naam multipele correspondentie analyse is misleidend. (Dit proefschrift.) 

5.. Hoewel de oplossingen van de iteratie procedure voor gezamenlijke correspon

dentiee analyse—zoals beschreven in Hoofdstuk 5 van dit proefschrift—niet ge-

nestt zijn, is het niet nodig de indicator matrix in afwijking van het gemiddelde 

tee beschouwen. Men kan, in plaats van het benaderen van de buitendiagonaal 

elementenn van S r de buitendiagonaal elementen van Z Z benaderen en vervol

gens,, zoals ook met "gewone" correspondentie analyse het geval is, de eerste 

"oplossing"" buiten beschouwing laten. 

6.. Rotatie kan de interpretatie bij correspondentie analyse aanzienlijk vereen

voudigen.. (Dit proefschrift.) 

7.. Veel Nederlanders denken ten onrechte dat ze de Engelse taal machtig zijn. 

(Ditt proefschrift.) 

8.. Met name personen die niet boven het maaiveld uitkomen klagen dat je in 

Nederlandd wordt neergemaaid zodra je boven het maaiveld uitkomt. 

9.. Vriendjespolitiek is een pleonasme. 

10.. Als we het niveau van stellingen bij proefschriften als indicatie van het weten

schappelijkk niveau in Nederland nemen dan geeft dit een somber beeld. 





Inn this book several topics in correspondence analysis, both 
theoreticall and applied, are described. Correspondence analysis is 
primarilyy a graphical method for inspecting multivariate count data. 
Typicallyy correspondence analysis is applied to a so-called 
contingencyy matrix: a matrix of frequencies of co-occurrences 
betweenn two categorical variables. However, extensions and 
adaptationss of the method exist that make it possible to apply 
correspondencee analysis to other types of data; for instance, 
multiple-choicee and preference data. These latter two types of data 
aree especially of interest in, for example, marketing research. 
Usingg correspondence analysis, relationships between categorical 
variabless can be exposed and identified simply by looking at 
correspondencee analysis plots. Moreover, correspondence analysis 
cann serve as a tool to analyze consumer preferences using a specific 
optimall scaling strategy. -

Michell  van de Velden studied econometrics at the University of 
Amsterdam.. In 1996 he started working as a research assistant on 
economicc applications of correspondence analysis at the department 
off Quantitative Economics at the University of Amsterdam. 
Currentlyy he is working as a postdoctoral researcher at the research 
institutee Systems, Organisation and Management (SOM) at the Faculty 
off Economic Sciences of the University of Groningen. His research 
interestss include correspondence analysis and other multivariate 
methodss applied to market research. 
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