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33 Criteri a for  sup er  singularit y 

Thee present chapter is preparation for the study of the following problem: 

DoDo there exist supersingular curves of any genus in a given characteristic? 

Wee recall that an affirmative answer to this question is given in [11] for the case of charac-
teristicc 2. The aim of the present chapter is to provide necessary and sufficient conditions 
forr supersingularity, some of which will be used later for constructing supersingular curves 
inn many genera. 

3.11 Supersingularity and cohomology wit h coefficients in Wit t 
vectors s 

Inn this section we will restate a criterion for the supersingularity of abelian varieties due to 
N.O.. Nygaard. In its original formulation, see [21], this criterion was stated in terms of the 
actionn of the Frobenius operator on the first crystalline cohomology group H^.ys(A/W) of 
ann abelian variety A defined over an algebraically closed field k, with W = W(k) the ring 
off  infinite Witt vectors over k. We will not discuss crystalline cohomology here, the reader 
mayy look to the book [3] for an introduction to this theory. We will just say that the 
cohomologyy group H^.ys(A/W), together with its Frobenius operator F, is an F-crystal 
inn the sense of [15], and also it can be identified with the Dieudonné module associated to 
thee p-divisible group J4[P°°], which we described briefly in the introduction to this thesis. 
Wee will indicate with NP(F) and HP(F) its Newton and Hodge polygons, respectively 
(cf.. [15] for the definitions.) Let us start with stating the result of N.O. Nygaard. 

Theoremm 3.1 (cf. [21]). An abelian variety A of dimension dim(.4) = g, defined over an 
algebraicallyalgebraically closed field k of char= p, is supersingular if and only if pn divides F2n~lJr9, 
asas operators on H^^A/W), for all 1 < n < f(g), with f(g) defined by 

ff((nn\\ _ ƒ ^ " (9 ~ !) if 9 is odd, 
J\9)J\9) — \ g2+l  3/ n\ r

[[  *-%- - f {g - 1) if g is even. 

Wee will reformulate this criterion in terms of the Serre Witt vectors cohomology groups 
HHll{A,W{A,WnnOA)>OA)> s ee [33]. Since these are computable on the Zariski site, we expect our 
reformulationn to be easier to handle in concrete situations. 
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Theoremm 3.2. With the same notations as above, A is supersingular iff Fa+n i = 0 on 
H\A,H\A, WnOA) for alll<n<  f(g). 

Forr the proof of this theorem we will need the following result of Nygaard, extracted 
fromm [20]. 

Propositionn 3.1. Let hj(r) be the abstract Hodge numbers of the F*-crystal (H^^A/W), Fr) 
andand i^'(r) = dimfc H^A, WjOA)/lm P-J. Then 

h°{r)h°{r)  = h°{l)-vl(r) 

h\r)h\r) = 2i/(r) - vi+l {r)  - i/'_1(r), 0 < i < n - 1 

hhnn-\r)-\r)  = 2un~\r) - un-2{r). 

Proof.Proof. See [20], theorem 3.6, p. 384. D 

ProofProof of theorem 3.2. If A is supersingular, then by theorem 3.1, jp\F*+2n-1 on H^A/W), 
forr all 1 < n < f(g) (indeed for all n > 1). Since VF = FV = p, it follows that Vn\F^+n~l 

onn Hlys(A/W). Hence V ^ F ^ " " 1 as operators on H\A,WOA) = \SmH\A,WnOA), 
sincee this space is a quotient of H^A/W), see [3]. Therefore F ^ " " 1 = 0 on HX(A, WnOA), 
forr all 1 < n < f(g). 

Noww let us suppose F ^ " " 1 = 0 on Hl(A,WnOA) for all 1 < n < f(g). Setting 
rr = g + 2n - 1, one has Fr_J' = 0 on Hl{A, WjOA) for all 1 < j < n, since r - j > 
gg + n-l>g + j — 1. Therefore t^(r) = dim*, H 1(A, WjOA). But for every j there is an 
exactt sequence 

00 > H\A,ÖA) - ^ H\A,WiOA) - 5 - H^W^OA)  0 

becausee of the vanishing of all the Bockstein operators on abelian varieties, see [33]. Hence 
itit  is easy to conclude by induction that i^(r) = jr  for all 1 < j < n. Moreover /i°(l) , the 
firstt Hodge number of F on H^.ys(A/W), is equal to g, as is well known. By applying 
propositionn 3.1, we find 

h°(h°(rr)) = -- = hn-l{r)=0. 

Thiss means that the first non-zero Hodge number for Ff f +2n_1 = FT is > n. By the 
definitionn of the abstract Hodge numbers, this means that p"|Ff f+2n_1, for all 1 < n < 
f(g).f(g). Hence theorem 3.1 is applied and so A is supersingular. O 

Withh a very similar technique one can prove the following sufficient condition for 
supersingularity. . 
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Theoremm 3.3. If F" = 0 on Hl{A, WnÖA) for some n > 1, then A is supersingular. 

Proof.Proof. We set r = 2n and apply proposition 3.1 to the Fr-crystal 
(H^A^F*).(H^A^F*). We find Fr"J - 0 on Hl{A, WjOA) for all 1 < j < n, and, with a similar 
argumentt as above, h°(r) —  = /in-1(r) = 0. Hence pn\F2n on # ^ ( . 4 ). Therefore 
1/nn times the Hodge polynomial of the crystal H^.ys(A) with Probenius operator F2 n, 
HP(F2n)/n,, has the first slope equal to 1/2. Now we recall from [15] that ^HP{Fr) < 
NP(F)NP(F) for all r > 1, and that indeed the Newton polygon is the limit of r) for 
rr  —» oo. By taking r = 2n as above, we see that the Newton polygon must have the first 
slopee > 1/2, and hence all its slopes are = 1/2, so A is supersingular. G 

InIn particular one may apply theorem 3.3 to see that F = 0 on HX(A, ÖA) implies that 
AA is supersingular. 

Indeed,, if F — 0 on Hl{A, O A), then the following stronger result holds: A is isomor-
phicc to a product of supersingular elliptic curves, see [20], theorem 4.1, p. 388. 

3.22 Supersingularity from group actions 

Inn this section, we extend some ideas contained in the article [6] of T. Ekedahl, to obtain a 
sufficientt condition for the supersingularity of curves with special group actions. In [6], T. 
Ekedahll  was interested in the case of superspecial curves, i.e. those curves whose jacobian 
varietyy is isomorphic to a product of supersingular elliptic curves as an unpolarized abelian 
variety.. Let us fix the following notations. 

 X a geometrically smooth and irreducible curve defined over a number field K. 

 HDR(XQ, Q) the first de Rham cohomology group of X with coefficients in Q. 

 Fixing a prime ir  of K over the prime p, and denoting by &(TT) the residue field at 
7T,, a finite extension of Fp, we will denote by X the reduction modulo TT of a model 
off  X over the ring of integers of K. 

 We will say that X has a good reduction in char= p if, for some n as above, the 
curvee X is smooth and irreducible over Fp. 

Wee will prove the following, cf. [6], p. 170, corollary 2.4.1. 
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Theoremm 3.4. Suppose that the curve X admits an action of a finite group G of exponent 
n,n, such that all irreducible representations of G occur at most once in H},R(XQ,Q). If 
pprr = — 1 mod n for some r, and X has a good reduction X in char = p, then X is 
supersingularsupersingular in char= p. 

Wee remark that Ekedahl's result is the case r — 1. For the proof of the theorem we 
needd some preliminary observations about the action of G on Hl,R(X^,Q), H})R(X/k), 
andd Hl,.ya{XfW), with X a reduction of X to characteristic p, k = Fp and W = W(k). 

Lett Kp be the maximal subfield of Q unramified at p and Rp its ring of integers. A 
choicee of a maximal ideal m in Rp gives an isomorphism Rp/m = Fp = k. Let Rm be the 
localizationn of Rp at m. Every irreducible representation p : G —* GL(r, Q) is conjugate to 
onee with coefficients in Rm, which is a basic fact of Brauer theory (see e.g. [34]). Reducing 
moduloo m allows one to define a map [p]  i—  [pp]  at the level of Grothendieck rings, see 
forr example [34], theorem 32. Since in our case the order of G is prime to p, the element 
[p[p pp]]  in the Grothendieck ring is associated to a representation pp : G — GL(r,Fp), well 
definedd up to isomorphisms. One has the following proposition. 

Propositionn 3.2. Under the hypothesis that ord(G) is prime to p, the map [p] p]  on 
isomorphismisomorphism classes of representations, as defined above, gives a bijective correspondence 
betweenbetween the set of isomorphism classes of G-irreducible representations over Q and the 
setset of isomorphism classes of irreducible representations of G over k = Fp. 

Proof.Proof. Use Brauer theory as in [34], after reducing the fields involved to suitable finite 
extensionss of Q and Fp; cf. also the discussion in [6], p. 167. D 

Noww let 5 be the set of the isomorphism classes of irreducible representations occurring 
inn H}jR(X,Q) and Sv the set of those occurring in H R̂(X,k). These two sets are in 
bijectivee correspondence by proposition 3.2. The following fact holds. 

Propositionn 3.3. Gal(Q/Q) acts on S and Gal(Fp/Fp) acts on Sp in a compatible way, 
inin the sense that if a € Gal(Q/Q) induces an element a £ Gal(Fp, Fp), then &(pp) = cr(p). 

Proof.Proof. See [6], p. 168. Here the main point is that the characters of 
GG  End{H R̂(X,Q)) and G -  End(HlR(X,¥p)) have values in Z and Fp, respectively. 

D D 

Finally,, we know that the reduction modulo p of H^.ys(X, W) is H R̂(X, k). The group 
GG also acts on H*(X, W) and we have the following facts. 
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Propositionn 3.4. Th: isotypical decomposition 

o€Sp p 

liftslifts to a decomposition in G-modules 

aeSp aeSp 

Furthermore,Furthermore, if F is the Frobenius operator on crystalline cohomology, then FVa — Va(a), 
wherewhere cr(a) is the representation obtained by transforming the coefficients of a by the 
FrobeniusFrobenius operator over ¥p. 

Proof.Proof. See [6], p. 169. O 

ProofProof of theorem 3.4- From the exact sequence 

00 - H°(Xf n y - HbR(X, k) - H\X, Oy) -> 0, 

wee see that the set Sp can be decomposed into a disjoint union Sp = S£ U S*, with 5° the 
isomorphismm classes of irreducible representations occurring in H°(X, J^-), and Sp the set 
off  those occurring in HX{X, O^). Let also S = S° U S1 the analogous decomposition for 
HQHQRR(X,(X, Q). The fact that the two sets 5°, S1 are disjoint is consequence of the assumption 
thatt every irreducible representation of G occurs in H}yR(X,Q) with multiplicity at most 
one.. Hence also S^C\Sp = 0, by proposition 3.2. We get the corresponding decomposition 

Hiv(x,w)) = 0 vae © va, 
a&S°a&S° a€Si 

byy proposition 3.4. 
Thee idea of the proof is now to consider the action of the Frobenius operator F on 

H^.H^.ysys(X,(X, W), and to prove that a suitable power of it permutes the two sets 5° and Sp. 
Sincee one knows that the action of F is divisible by p on any lif t of H°(X, f ^ ) ^° a SUD~ 
W-modulee of / /^ (X, W), one will be able to estimate the order of divisibility of F by 
p,p, and to apply the criteria of supersingularity of the preceding section. More precisely, 
fromm [6], proposition 2.2 p. 169, we know that F : Va —  VffQ is an isomorphism if a € Sp 

andd it is divisible by p if a € Sjj (we point out a misprint in the cited proposition, where 
thee roles of 3% and Sp are interchanged). Now let us use the hypothesis on the exponent 
mm of G. We know that any representation of G is actually defined over Q(C), with £ a 
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primitivee m-th root of unity. The assignment C —* Cp induces an element a € Gal(Q(£), Q) 
suchh that, for r as in the hypotheses of theorem 3.4, aT is the complex conjugation. We 
claim:: for a € Sp, one has ara € 5 ,̂ and vice versa. Indeed the complex conjugation 
interchangess the two sets 5° and S1. This can be seen via the Hodge decomposition of 
H\)R{X,H\)R{X, C) into holomorphic and anti-holomorphic 1-forms. Finally, one observes that a 
reducess to the Frobenius over Fp, hence the complex conjugation reduces to ar. By the 
bijectionss 5° «-  S° and S* «-> 51, it follows that F7" maps elements of 5^ to elements of 
5^,, and vice versa. Now let us consider the action of F2r on H^.ys(X, W) — ® a eS Va- If 
onee looks at the sequence 

{V{Vaa,, FVa,  , F2r~lVa) = (V„ , Vaa,  V^-i*), 

forr a given a € Sp = S? U SL one sees that at least r terms in the sequence belong to 
Sg.. This implies that pr divides F2r on H^y$(X, W). Hence Kr divides P", which implies 
FFrr — 0 on Hl(X, WrO-x). Hence X is supersingular by theorem 3.3. G 

Att this point, we are of course interested to know whether curves with an action of 
aa finite group satisfying the hypotheses of theorem 3.4 actually exist. A result in this 
directionn is the following. 

Theoremm 3.5. Let X —  P^  be a Galois covering covering ramified over three points, with 

abelianabelian Galois group G. Then every irreducible representation of G occurs in HQR(X, Q) 
withwith multiplicity < 1. 

Forr the proof of this theorem, we will need a description, due to C. Chevalley and A. 
Weil,, of the G-module structure of H°(Ql

x), for X a curve over an algebraically closed 
fieldfield K of char= 0, endowed with an action of a finite group G. A modern treatment of 
Chevalleyy and Weil's result can be found in [13]. For any x € X let Gx be the isotropy 
groupp of x in G, i.e. Gx = {g € G : g(x) — x}. If t is a local parameter at x, then, for all 
gg € Gx, one has g*t = x̂(g)t mod (t2), with tpx : Gx —* K* a character independent of 
thee choice of t. 
Forr any power ip%

x, let us denote RG,X,% ~ Ind^L^x) ^ne induced representation. We will 
put t 

IG.I- l l 

^^  = 0 *§!*,<

Thenn one defines the "ramification G-module" as the direct sum representation 

XGX XGX 
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Wee set Y = X/G and ir  : X —+ Y the canonical map. We observe that Rc,x — RG,X> as 
G-moduless if 7r(ai) = TT(X'). Therefore one can write 

#33 = ©*<?.» wit h *e*  = 0 «ĉ  = ^ -
yeYyeY x6ir-l(») 

AA basic lemma is the following: 

Lemmaa 3.1. Let n be the order of the group G. Then there exists a G-module Re such 
that that 

RGRG ~ RG ' 

withwith n the order of G. 

Proof.Proof. See [13], proposition 1, p. 192. D 

Finally,, we will denote by k the trivial representation, by kG the regular representation 
off  G, and by V* the conjugate representation of a representation of G. With all the above 
notations,, we state now the theorem of Chevalley and Weil. 

Theoremm 3.6 (Chevalley-Weil). The following relation in the the K-group of finite-dimensional 
representationsrepresentations ofG holds: 

[H°(n[H°(n 11
xx)})}  = {k} + (gY-l)[kG]  + [R*G}, 

withwith gy the genus of Y, and [U]  denotes the class of a representation U in the K-group. 

Proof.Proof. See [13]. D 

ProofProof of theorem 3.5. Since ix : X —* P1 is abelian, the ramification groups Gx are con-
stantt in a fiber. Let us denote by G\, Gi, G$ the non-trivial ones, by ei, e2, e3 their 
orders,, and by ^ i , ^2, ̂ 3 the respective associated characters. We will use the notation 
(U,(U, V) for the multiplicity of an irreducible representation U in a representation V. As it 
iss well known, it is equal to the hermitian product {ipu, ipv) of their characters. By Hodge 
theory,, the representation of G in HQR(X,Q) is isomorphic to if°(Q^) ® H°(Qx)*, and 
thee theorem follows immediately if one can prove for any irreducible U the inequality 

<C/,/f°(^))) + { C / * , ^ ( ^ ) ) < l . 

Wee will compute (U, H°(Cllx)) by the Chevalley-Weil theorem. In our case, we have 
YY — X/G = P1, so gy — 0. Moreover {£/, kG) — 1 for all irreducible U, since G is abelian. 
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Thee next term to compute is (C/, RG) . Using the description of RQ given above, one finds 
thee following: 

fc=lfc=l t=l 
33 ^ ek-l 

fc=ifc=iefcefc t=i 

withh Res(^t/) the restriction of ipu to £?&. 
Similarly,, we obtain: 

33 j efc-l 

{U*,R*{U*,R* GG)) = E - E ^ w ^ v r t 
fc=lfc=lee**  i= l 

== E-Ë^-*)^^)* ^ 
wheree we used the obvious equalities 

{EMM,{EMM, V > = <Res(^ ) , tó = <Res(^),^(e fc"°>-

Summingg up, we get: 
33 ek-\ 

fc=ifc=i i=i 

Iff  U is trivial, then the inner sum at the right hand side of the equality above is 0. If 
UU is not trivial, then (Res^t/) ,^*) ^ 0 for at most one 1 < i < ek — 1, in which case 
(Res^t / ) ,^1)) = 1. Hence, for U non-trivial, 

6={U,R6={U,RGG)) + (U%R*G)<Z. 

Now,, from the Chevalley-Weil theorem it follows: 

(U,(U, H°(nl
x)) + (U\ H°(QX)) = {U, k) + {U\ k)-2 + 6, 

whichh is 0 if U trivial, otherwise it is < 1.
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Corollar yy 3.1. Let n : XQ —  P^  be an abelian covering as in theorem 3.5, G = 
Gal(X,Gal(X, P1), and let m be the exponent of G. Then X has supersingular reduction at any 
primeprime p such that 

1.1. X has good reduction in char= p, 
2.2. pr = — 1 mod m, for some r G N. 

Proof.Proof. It is a consequence of theorems 3.4 and 3.5. D 

Corollar yy 3.2 (cf. [14]). The Fermat curves of degree m over¥p are supersingular if 
pprr = - 1 mod m, for some r e N. 

Proof.Proof. Indeed, the Fermat curve, with affine model xm + ym — 1, can be viewed as the 
abeliann covering of P1 given by t = xm, for t an affine coordinate of P1. It is easy to see 
thatt the Galois group of the covering is (/^„)2 and that the covering is ramified only over 
tt = 0, t = 1 and t = oo.

Wee want to point out that the preceding corollary is not new: indeed the result is 
aa consequence of [14], proposition 3.10, p. I l l , where the authors use estimates on the 
eigenvaluess of Frobenius acting on J-fipf, Qj), to obtain their result. Moreover, theorem 
3.11 can be deduced from the supersingularity of the Fermat curves, since one has the well 
knownn following results. 

Propositionn 3.5. Any abelian covering ofP1 ramified over three points and with exponent 
ofof the Galois group equal to m, is a quotient of the Fermat curve of degree m by a subgroup 
ofifim)ofifim)22. . 

Proof.Proof. See e.g. [6]. D 

Propositionn 3.6. Any curve Y covered by a supersingular curve is also supersingular. 

Proof.Proof. Suppose that ƒ : X —* Y is a surjective morphism, with X supersingular. The 
pull-backk map ƒ*  : Jy —  Jx between the associated jacobian varieties has always a 
finitee kernel. Indeed, ker ƒ*  is annihilated by the degree of the map ƒ, since, denoting 
byy N the norm map N : Jx -+ Jy one has N  f * = deg ƒ. Therefore Jy is isogenous 
too a sub-abelian variety of Jx, and since Jx is isogenous to a product of supersingular 
ellipticc curves, the same holds also for Jy, as one can see by applying Poincaré complete 
irreducibilityy theorem. Ü 
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Thee advantage of our method for proving the supersingularity of Fermat curves as 
aa particular case of abelian coverings of P1 ramified over three points, and by using 
theoremm 3.4, is that we feel it explains the supersingularity of these curves in a geometrical 
way.. Moreover, our method could in principle provide other examples of supersingular 
curves,, not covered by Fermat curves. An example of non-abelian group action on a curve 
satisfyingg the conditions of theorem 3.4 is the following. 

Propositionn 3.7. There exists a Galois covering ir  : X —» P1, defined over Q, ramified 
overover three points, with Galois group the quaternion group G = , , and 
ramificationramification groups G\ — (i), G% = (J), G% = (k). Moreover it holds that g(X) = 2 and 
#°(f2^)) is irreducible as G-module. Hence {X,G) satisfies the conditions of theorem 3.4, 
forfor any prime p such that 4|pr 4- 1 for some r. 

Proof.Proof. Since ijk = 1 in C7, there exists a Galois covering of P1 with Galois group G and 
ramifiedd over three points with the given ramification subgroups, by Riemann's Existence 
Theoremm (see below). Then the covering is also defined over Q, by Belyi's theorem, see 
[2].. The remaining facts are left as an exercise to the reader. D 

Wee conclude this chapter with the statement of Riemann's Existence Theorem , which 
wil ll  be used also in chapter 4. Let us suppose that k = k is an algebraically closed field 
inn char= p > 0, and let G be a finite group with order prime to p, if p > 0, arbitrary 
otherwise.. Riemann's Existence Theorem gives necessary and sufficient conditions for 
thee existence of a Galois covering X -* P1, defined over k, with Galois group G, with 
prescribedd ramification points Pi,--- , Pr € P1 and ramification orders ei,--- ,er over 
thosee points, respectively. 

Theoremm 3.7 (Riemann). There exists a Galois covering as above iff there are elements 
ai,,  ,<7r G G of orders ex,  , er, respectively, such that 

i)i)  G is generated by o\,  ,oy, 
ii)ii)  o\---oT = \G-

TheThe set of the ramification groups over the point P*  is the conjugation class of the cyclic 
groupgroup generated by a  ̂ for any i = 1,  , r. Moreover, the covering X —* P1 is uniquely 
determineddetermined up to isomorphism by the data Pi,  , Pr, <7i,  , oy. 

ProofProof The theorem is classical over the complex numbers, using only the theory of the 
firstfirst fundamental group of homotopy, and the lifting of complex structures to coverings of 
Riemannn surfaces, see for example [39]. The reduction to char= p, under the hypothesis 
thatt o(G) is prime to p, is possible thanks to the Grothendieck theory of the fundamental 
groupp of algebraic varieties. D 
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