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44 Supersingular quotients of Fermat curves 

Inn this chapter we will give methods to construct many supersingular curves over alge-
braicallyy closed fields of odd characteristic. We know from the preceding chapter, corollary 
3.2,, that the following Fermat curves over Fp are supersingular: 

x „+ ii  + yq+l + zq+l = ^ ^ 

withh q — pn. We also know that any quotient of a supersingular curve will be supersingular 
ass well. Since the curve given in 6 has a big automorphism group, it will be possible 
too produce supersingular curves in many genera by taking quotients of this curve by 
subgroupss of the automorphism group. 

4.11 Automorphisms of Fermat curves 

Lett us consider the Fermat curve Fm over an algebraically closed field k, with equation 

XXmm + Ym + Zm = 0. 

Supposee that char(fc) = p > 0 and that m > 4 is not divisible by p. Let fim be the group 
off  m-th roots of 1 and S3 be the permutation group of three elements. Then fim acts on 
FFmm by 

{^,\):{X,Y,Z)^{iX,riY,\Z), {^,\):{X,Y,Z)^{iX,riY,\Z), 

andd its action factors through the quotient fxm obtained by dividing by the diagonal 
subgroupp Hm C /4,. Moreover S3 acts on Fm by permutations of X,Y,Z. It follows that 
thee automorphism group Aut(Fm) contains a subgroup isomorphic to a semidirect product 

AA *  s3. 
Forr q — pr, one can define a "conjugation" in ¥q2 by x — xq and introduce the group 

PGU(3,g2)) = {Ae GL(3,Ffl2) : AÏÏ = A/}/(F^)* . 

Iff  m = q + 1, i.e. in the case when Fm is the curve (6), then PGU(3,g2) acts on Fm. 
Indeed,, for any A e PGU(3, q2), one can define an automorphism pA of the curve (6) in 
thee following way: 

ppAA(X,Y,Z)(X,Y,Z) = (X,Y,Z)A. 

Wee can now state the classification theorem for the automorphism groups of Fermat 
curves. . 

36 6 



Theoremm 4.1 ([16]). The group Aut(Fm) has one of the following forms: 

1.1. Ifm^pr + 1 for any integer r then Autfc(Fm) = (nm x fj,m) » S3. 

2.2. Ifm=pr + l = q+l then Autfc(Fm) = PGU(3, q2). 

Thee group A =PGU(3,g2) has order qs(q2 - l)(g3 + 1). Its maximal subgroups have 
beenn classified by H.H. Mitchell in 1910, cf. [19]. We state the result of Mitchell as follows. 

Theoremm 4.2 ( Mitchell , 1910). The maximal subgroups of PGU(3,q2), have the fol-
lowinglowing orders, or are of the following types: 

l)(q+l)ql)(q+l)q 33(q-ll (q-ll 
2)(q+l)2)(q+l)22q(q-l), q(q-l), 
3)3) (Mm)2 x S3, as in theorem 4-i, of order 6(q + l)2, 
4)Ztf-4)Ztf-qq+l), +l), 
5)(q-l)q(q+l), 5)(q-l)q(q+l), 
6)6) PGU^^a?2), if q1 = pm, q = pn and n is an odd integer dividing m. 
7)7) Finally, there exist exceptional subgroups of orders 216, 168, 360, 720, 2520, or 3 

timestimes such orders, appearing in PGU(S,q2) for certain given values of q. 

Wee warn the reader that the list given on page 241 of [19] refers to subgroups of 
PSU(3,g2),, i.e. the set of A e PGU(3,g2) with determinant a cube in ¥*2. The list we 
statedd above can easily be deduced from Mitchell's list. 

Quotientss of the Fermat curve of degree q + 1 by many subgroups of A — Autk{Fq+ï) 
weree computed by Garcia, Stichtenoth and Xing in [8]. In this chapter we will extend and 
refinee some of their results. The motivation for the authors mentioned was to find many 
maximalmaximal curves over Wqi, as quotients of the hermitian curve H C P2 of equation: 

HH : YqZ + YZq = Xq+\ (7) 

whichh is indeed isomorphic to the Fermat curve (6) over Fg2. 
Wee will consider also the following two maps from H to P1. 

-- The projection n : H -» P1 defined by TT(X :Y : Z) = {X : Z). We will call P  ̂ the 
centerr (0 : 1 : 0) of ir. It is a point of H(Fq2) and it is also the only ramification point of 
thee map 7r. 

-- The projection n' : H -  P1 defined by TT'(X : Y : Z) = (Y : Z). We call Q  ̂ = 
(11 : 0 : 0) the center of 7r'. This point does not belong to H. Since PGU(3,F93) acts 
transitivelyy on P2(F92), the roles of Q  ̂ and the projection ir'  can be taken by any point 
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inn P2(Fgï) not belonging to H and the projection onto P1 with center this point, in the 
remainderr of this section. 

Forr the calculations in this chapter, we will not use every possible subgroup of A. For our 
purposess it will be enough to consider only some subgroups of the maximal subgroups of 
.AA as in 1), 2) and 3) of the list in theorem 4.2. We describe more precisely these three 
typess in the remainder of this section. 

I .. Let A(Poo) be the stabilizer in A of P  ̂ 6 H. It is a group of order 

ordd A(Poo) = q3(q2 ~ 1), 

andd indeed it is of the type 1) listed in theorem 4.2. A detailed description of this 
groupp can be found in [8]. The elements a € A{P<x) are those automorphisms which 
onn the affine model of H given by the equation yq 4- y — xq+l act in the following 
way: : 

<T(X)<T(X) = ax + b; o{y) = aq+ly + abqx + c, (8) 

withh given a € F*2, b G ¥q2, and c € Fg2 such that d> + c = bQ+1. 

A(Poo)A(Poo) has a unique p-Sylow subgroup, consisting of those elements a € A(Poo) 
withh a — 1, i.e. 

Ai{Pcc)Ai{Pcc) = {ff 6 A(Pao) | (j{x) = x + 6, a(y) = y + c, cq + c = b G F,2} . 

Onee can find in [12] an extensive treatment of the hermitian curves H and their 
automorphismm of the type described above. We recall also that the curve H has 
exactlyy q3 + 1 rational points over ¥g2, and these points form the orbit of P^, under 
thee action of Aut(H) =PGU(3,g2). Therefore the conjugates of A(Poo) are all the 
stabilizerss of the rational points over ¥q2. 

I I .. Let A{Qoo) C A be the stabilizer of the point Qoo € P2 \ H under the natural 
actionn of A =PGU(3, ¥qi) on P2. One observes also that A{Qoo) is the subgroup of 
Aut(H)Aut(H) which fixes the g*+1 cut on H by the lines through Qoo, which implies that 
thee action of A{QQO) descends to P1 through TT'. Of course, such gq+l depends on 
thee choice of Qoo, which can be an arbitrary point in P2(Fg2) \ H in what follows. 
Onee sees that .A(<3oo) is an extension 

( l ) ^ / i , + i - » ^ ( Q o o ) - » r - » ( ! ).. (9) 
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Heree fiq+\  is the automorphism group of the covering 7r', and V is the automorphism 
groupp of P1 which leaves invariant the set of the ramification points of n'. Since this 
sett admits a bijection to P 1 ^ ) induced by a suitable linear transformation over 
F,2,, one has 

r ^PGL(2 ,g ). . 

Thee order of A(Qoo) is therefore (q + l)2q{q - 1) and so A{Q0O) is an example of 
typee (2) in the list of theorem 4.2. 

I I I .. Let (/ifl+i)2 * S3 be the group of the automorphisms of the Fermat curve (6) which 
admitt a lifting to char= 0, as introduced in the discussion preceding theorem 4.1. 
Itt corresponds to case 3) in theorem 4.2. 

Inn the next sections, we will compute the genera of quotients of the Fermat curves by 
groupss of types I, II and HI. 

4.22 Groups of type I 

Lett G be a subgroup of A(Poo)- The fact that A =PGU(3, q2) acts transitively on the set 
H(¥H(¥qq2)2) yields immediately the following characterization of the conjugation class of G in 
A. A. 

Propositionn 4.1. A subgroup G C A fixes a point in H(¥q2) if and only if it is conjugate 
toto a subgroup of A{Poo)-

Noww let us assume G a subgroup of A(Poo). The elements a € G act on H by the 
formulass (8). Under those notations, one can define an homomorphism h: G —  Aut(Al) 
byy setting 

h{a)h{a) = (x H-> a(x) = ax + b). 

Wee introduce the following notations, similar to those adopted in [8]: 

 UQ = G n ^4.i(Pcw)) the only p—Sylow subgroup of G, with cardinality \UQ\ = pu-
Thee elements of UQ are those a GG such that a{x) = x + b. 

 VQ = h{liG), with cardinality \VG\ =pv-

 WG = ker(/i), with cardinality \V\?G\ = Pw-

 m is the positive integer, prime to p, such that |G| = mpu. We denote also d = 
(m,, q + 1) and q = pn. 
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Byy construction of the groups UQ, VQ and Wo, its is clear that u = v 4- w. A formula 
forr genus of the quotient curve H/G in terms of the parameters v, w, m and n has been 
provedd in [8], theorem (4.4), p. 152. The result is the following. 

Propositionn 4.2 (cf [8], Thm. (4.4)). The genus of H/G is given by: 

g(Hg(H,,G)G) = v-w-v-w m 
yvv ' ' 2mpu v ; 

Inn order to compute genera of quotient curves H/G from this formula, one needs to 
knoww for which values of the parameters u,v,w,m,d, a subgroup G C A{POQ) as above 
doess exist. This is the problem we are going to study in the remainder of this section, 
obtainingg some refinements of the results of [8], 

Firstt of all we observe that H/G is a quotient of H/lig, so we can exclude those values 
off  u,v,w for which g{H/Ua) = 0. In the case m — 1 the formula (10) gives 

9{H/UG)9{H/UG) = \P
n-v(pn-w ~ 1), 

hencee in order to g be a positive integer, we must have that 

vv < n and w < n — 1. 

Soo we will assume that these inequalities are satisfied in the remainder of this section. 
Lett us now investigate the relations between v, w and m. We will use the homomorphism 
hh from G to the group of affine transformations of A1(Fg2), defined above. In particular, 
wee want to describe the possible images h{G). It is well known that any finite group of 
affinee transformations with coefficients in a finite field k, is conjugate over k to a group 
off  the form T x Cm, where T is a group of translations x H-» X + b, and Cm is a cyclic 
groupp of order m generated by a transformation of the form x t-* ax. Applying this fact 
too h(G), and observing that a € F*2, it follows that 

ord(a)) — m\q2 — 1. 

Withh littl e calculation it is easy to see that, up to conjugation in ^4(Poo), one may assume 
thatt G contains a transformation a such that a(x) = ax and a(y) = aq+iy. Moreover 
TT = VG- If T(X) = x + b, then (a~1Ta)(x) — x + ab, hence VQ is invariant by multiplication 
byy a. So 

VQVQ is a Fp [a]-vector space . 
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Onee has Fp[a] = Fpr, with r = min{j : m\jp — 1}, hence r\v. 
Iff  r is an element of WG defined by r(x) = x, r(y) = y+c, then one sees that ara~1(x) = x 
andd aT<r"1(y) = y -f a, + !c. Hence 

WGWG is a Fp[a
,+1]-vector space. 

Wee observe that ord(a9+1) = m/d. Setting s = min{j : (m/d)\p> — 1}, we have that 
Fp[a«+l]]  ^Fp*,so s\w. 

Anotherr necessary condition can be found as follows . A simple calculation shows 
thatt if Ti, TI G G are such that TÏ(X) = x + 61 and r2(x) = x + 62, then the commutator 
TraTf1"^11 is in WG, and it is defined by x i-> x, y *-  y 4- c, with c = öffe - &i& 2- for the 
sakee of clarity, will also use the notation 

bVh-hbl^ihMl bVh-hbl^ihMl 

andd we will write [VG, VG] fc>r the Fp-vector space generated by the [61,62], with 61,62 £ 
VG-- Therefore, identifying WG = {er e G : a(y) = y + c} with the related subset of 
{ cGF ,2 : c'' + c = 0} , the desired condition of compatibility between VG and WG is the 
following: : 

[ V G , V G ] C W G.. (11) 

Conversely,, one can prove the following. 

Propositionn 4.3. Let a be any element of (F^)*. Let us assume that V C F,2 is a Fp[a]-
vectorvector spaa, and W C {.r G ¥q2 : r'! -\-x — 0}  /> <.' ?, " : - <>,<,>/ .,,,.,, ,,ni'nining 
[V,, V]. Then there exists a subgroup G C A(Poo) with order oj a equal to m. V,, " V and 
WWGG = W. 

Proof.Proof. Let us fix a constant 7 G Fg2 such that 7 ^ +7 = 1. For any b G V we define the 
elementt b G *4(Poo) by setting b(x) = x+b and b(y) = y+bqx+,ybq+l. For c G W we define 
cc G -4(Poo) by c(x) = x and c(y) = y + c. Then we consider the subgroup U generated by 
thee set {b : b € V}  U {c : c G W} . 
Wee know that 6261 = C61&2 with c G [V, V] C W, for any 61 and b? in V. Moreover the 
elementss c belong to the center of U. It follows that the elements of U can be uniquely 
writtenn in the form be, with b G V and c G W. In particular, given the homomorphism 
hh : -4(Poo) — AutfA1) such that h(a) = ( I H <T(X)), one finds: 

Wnker(fc)) = W and h{U)^V. 
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Noww let us consider also a 6 A(Poo) such that a(x) — ax and a(y) — aq+1y. For any 
elementt r = bc€.U the conjugate ara'1 acts in the following way; 

<TT(T-<TT(T-11(X)(X) = x + ab, OTa-l{y) = y + {ab)qx + ^{ab)q+l + aq+1c. 

Sincee V and W are closed under multiplication by a and aq+1, respectively, U is normal in 
thee group G generated by a and U. Hence G is a semi-direct product of li  and the cyclic 
groupp of order m generated by a, and it is the subgroup of A(Pco) we are looking for. D 

Thee algebraic conditions given above allow us to find some sufficient conditions on 
thee parameters m, v and w for the existence of such subgroups G. Let a G (F^)*  be an 
elementt of order m, and let V, W, v, w, d as above. We fix the following notations. 

 r' = degree of Fp[a] over Fp = min{j : m\p?' — 1}. 

 r - degree of ¥p[a]  Pi F„  over Fp. If ¥p[a]  C F„  then r' = r. If ¥p[a) % Fq, that is, if 
r'r'  does not divide n, then r' = 2r. 

 Since V is a Fp[a]-vector space, we can write v — r't. We see that t < n/r. 

 t' = min{,7 : j >t and rj\n}. 

 s = degree of Fp[a
9+1] over Fp = min{ j : {m/d}  ̂ - 1}. Note that s\r, since Fp[a

9+1] 
iss contained in ¥pr — ¥p[a]  C\ ¥q. 

Thee following result is an improvement on the results in [8], pp. 153-154. 

Theoremm 4.3. Under the notations above, there exists a group G with parameters m, v 
andand w if one of the following two conditions is satisfied: 

1)1) m\q — 1, r = r', v = rt < n, w = is, 0 < i < njs, 

2)2) m lq — 1, r — r'/2, v = 2rt, w — r min(2i - l,i' ) + is, w < n, i > 0. 

Proof.Proof. Case 1). Since m\q — 1, we have Fp[a] C Fq. In this case we can take V any 
Fp[a]-vectorr space of dimension t < n/r contained in ¥q. Since [F^FJ = (0), one has 
[V,, V] C W, for any Fp[a

9+1]-vector space W C {c : cq + c = 0}  of dimension over Wp[a
q+1] 

equall  to i < njs. Therefore, by proposition 4.3, we can find a group G for any choice of 
thee parameters as in case 1. 

Casee 2). Since m j{q — 1, we have Fp[a] = F^r and we may write Fp[a] — Fpr © cFpr, 
withh c an element, not belonging to ¥g, such that c2 is not a square in Fpr. Then c2 is not 
aa square in F, either, since Fpr = Fp[a] D ¥q. One then immediately sees that ^ + 0 = 0. 
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Noww let us take a field Fp('r C F„  which we write Fpt> r = ¥pr[(3]  = Fpr © ¥prp e 
-1.. Let us consider the vector space V over Fp2r generated by  ,/?t _1. 

Thee dimension of V over Fp2r is exactly t. Indeed 1,/?,  , /?t _1 belong to ¥q and they 
aree independent over Fpr, whence it is easy to see that they are independent also over 
Fp2rr = Fpr e cFpr. Now we observe that [Fpr,Fpr] = [cFpr,cFpr] = (0), and that if 7 € Fpr 
andd erf € cFpr, then [7, erf] = 2cryS = —[erf,7]. Prom this fact it follows that [V, V] = 
cFprr + cpWpr H h c/3a-2Fpr, hence it has dimension over Fpr equal to min(2£ - l,f). 
Finally,, we take any Fp* — Fp[a

9+^-vector space W contained in c¥q = {x : xq + x = 0} , 
suchh that W contains [V, V]. We observe that the dimension over Fp of such a space W 
cann assume any value w = rmin(2i — l,t') + is < n, with i > 0. By proposition 4.3, we 
deducee the existence of a group G with the requested properties. D 

Remark.. We do not know if the sufficient conditions given in the theorem above are also 
necessary,, under the assumption v < n. Looking at the construction in proposition 4.3, 
onee sees that the necessity would follow if one could prove that 

dimFprr [V, V] > min(2*  - 1, t') 

forr V an arbitrary Fp[o]-vector space. We suspect this to be true, but we do not have a 
prooff  for it. 

4.33 Groups of type I I 

Noww we want to study the quotients H/G with G a subgroup of A(Qoo). Instead of 
consideringg the curve H, it is more convenient to consider the following curve: 

HH xx : Yq+1 = XqZ - XZq. (12) 

Itt is isomorphic over F92 to the curve (7) by the linear transformation (X, V, Z) —> 
(Y,(Y,,,yX,'yZ),yX,'yZ), with 7 € F,2 such that 79 -1 = —1. We keep the notations of the preceding 
section,, namely, IT' is the projection from Hi onto P1 given by i^{X : Y : Z) = (X : Z), 
Q<x>Q<x>  = (0 : 1 : 0) is the center of the projection n', and A(Qoo) is the group of auto-
morphismss of Hi whose linear action on P2 fixes Q^,. We are interested in the case G a 
subgroupp of A{Qoo). This latter lies in an extension as (9), where now the term PGL(2, ¥q) 
hass the clear geometrical interpretation of being the subgroup of AutfP1) which fixes the 
sett of ramification points P! (Fg). Then G is an extension 

00 — G' ^ G ^ G — 0, (13) 
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withh G' = G n txq+1 and G the image of G in PGL(2,F<7). 
Inn principle, for any subgroup G C PGL(2,FJ, one could study the possible G C 

A(Qoo)A(Qoo) covering it, and determine the curves Hi/G. For simplicity, we will report only 
ourr analysis of the following list of subgroups of G c PGL(2,Fq). On the basis of our 
calculations,, the cases left out do not seem to add new genera to our list of genera of 
supersingularr curves. 

1.. G conjugate to a group of affine transformations a(x) — ax + b, for x the affine 
coordinatee x — X/Z, a G F*  and 6 G F9. 

2.. G cyclic of order (i any divisor of q + 1. This type of subgroup of PGL(2,Fg) can 
bee realized as follows. There is an action of the cyclic group F*2/F*, of order q + 1, 
permutingg cyclically the q 4- 1 points of P ^ F J. This action can be obtained by 
representingg PlQFfl) as F*2/F*  and letting this latter act on itself by multiplication. 
Anyy non-trivial subgroup G of F*2/F*  is cyclic of order /x, with /i a divisor of q + 1, 
andd it acts freely on P1(F9). 

3.. G dihedral of order 2A, with A any divisor of q — 1. More precisely, we assume G 
generatedd by an affine transformation c{x) = ax, with a G F*  and ord (a) = A, and 
ann involution r(x) — c/x, with c G F*. 

4.. G dihedral of order 2/i, with fi any divisor of q + 1. We will restrict our attention to 
thosee G which contain as normal subgroup of index 2 a cyclic group of order /i as 
inn case 2. More precisely, these dihedral groups are generated by an element a of 
orderr /J, with /i a divisor of q + 1 as in case 2, and an involution r which permutes 
thee fixed points of a, which are two distinct points lying in P1(Fg2) \ P^F, ). 

CaseCase 1. A group of affine transformations x >->  ax + (3 fixes the point at infinity (1 : 0) G 
P1.. So any lif t G C .4(Qoo) of G fixes the point 
(11 : 0 : 0) G .ffi, the unique point of Hi over (1 : 0). Since this point is rational over F92, 
wee see that G is conjugate to a subgroup of type I, by proposition 4.1. For our purpose 
off  computing a table of supersingular genera, we will not need to compute the genus of 
Hi/G,Hi/G, since these genera are already obtained by method I. 

CasesCases 2 and 4- We notice that there exist isomorphisms between the curve Hi : 
YYq+lq+l  = XqZ - XZq and the curve (6): Yq+l  = ~Xq+l - Zq+\ Moreover one can obtain 
suchh an isomorphism by a suitable linear transformation of X, Z, defined over Fg2. Let 
aa G PGL(2,Fq) be an element of order y\q + 1 as in case 2, and r G PGL(2,Fg) an 
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involutionn permuting the two fixed points of a, as discussed about in Case 4. It is not 
difficultt to prove that, via a suitable choice of such an isomorphism, any lif t of a to an 
automorphismm of H\ can be read off from (6) as the automorphism Y *-*  Y, X H-> t}X, 
ZZ i—  Z, with r]  a primitive m-th root of 1. Moreover, the involution r can b lifted to an 
automorphismm of 6 of the form: Y *  y, X >-  £Z, Z  X, with £ any (q + l)-th root of 
1.. Therefore we see that a group G with G equal to (<r) or (<X,T) is isomorphic to a group 
off  automorphisms of (6) extendable to char= 0, see theorem 4.1, hence of type III , which 
casecase will be completely worked out in the next section. 

CaseCase 3. G is generated by an affine transformation a(x) = ax, with o € F*  and ord 
(a)) = A, and an involution T(X) = c/x, with c G F*. The group G is the extension of G 
withh a subgroup G' C ^,+i, as in (13). Therefore, the quotient map Hx —  Hi/G is the 
compositionn of the quotient map H\ —* Y = H\/G', followed by a quotient Y —* Y/G", 
withh G" = G. The curve Y has an equation of the form: 

YY : ym = xq-x, (14) 

withh m a divisor of q + 1. The map TT : V — P1 given by 7r(ar, y) = ar is a Galois covering 
withh Galois group equal to /im, and Y has a group of automorphisms Ay equal to an 
extension: : 

00 -> \im -*  .4y -> PGL(2,9) -^ 0. 

Soo we will analyze all the possible quotients of such a curve V with a subgroup G" of .Ay 
suchh that G" = G = Ö2\ Q PGL(2,q). The general lift s of a and r to elements cr and f 
off  ^4y are defined by: 

a(x)a(x) = ax, a(y) = (3yt with /?"*  — a, 
f(a;)) = c/x, f(j/ ) = ~fy/x(q+l)/m, with 7m - - c. 

Thee relations defining G are ordfcr) = A, ord(r) = 2 and T<TT = a- 1. Therefore, in order 
too ensure that G" = G, we have to impose that the group G" is generated by a and f and 
thatt these elements satisfy the same relations as a and r. A littl e calculation shows that 
thee stated relations are equivalent to: 

bbmm=a,=a, (m,A) = l, 62 = a ^, 
mm 2 ! do) 

7mm = —c, 7̂  = c m . 

Itt is also easy to prove that the every element in G" commutes with every element in 
HHmm = GalfVyP1). Hence the composition of Galois coverings Y —*  P1 — PVC? is Galois, 
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withh Galois group equal to /im  G". We have a diagram of Galois coverings: 

YY —?-> Y/G" 

11 4 ^ 
P11 -*u pyc, 

wheree TT and ir'  have Galois group equal to nm and p, q have Galois group isomorphic to 
DD2n2n.. For a point P e Y let us denote P' = TT(F), Q = g(P) and Q' = p{P') = TT'(Q). We 
wil ll  also denote by rp/Q, rp/pt, TQJQI and rpijQ>  the ramification orders of the maps q, n, 
7r'' and p respectively, at the indicated points. We represent all this in the diagram: 

pp -*-> g 

**  rf/P' ir' I rQ/Q' (17) 

P'' ^ — Q', 
rrP'/Q' P'/Q' 

Thenn the following relation holds: 

rrP/QP/Q *  rQ/Q' = rP/P' '  r P'/Q' - ( 1 8) 

Now,, the isomorphism h*-^h between the Galois groups of q and p induces an injection 
betweenn the inertia groups of P and P', since, for any h € G" such that h(P) = P it 
holdss P' = TT(P) = TT(/I(P)) - MTT(P)) - P'. So we find that 

rp/q\rp/q\ rP>/Q>\  2A. 

Hence,, by (17) we also have: 
rp/p'\rp/p'\ rQ/Q>\ m. 

Thiss means that Q is a ramification point for TT' if P is a ramification point for n. Since 
wee know that -K is ramified above the set P^F )̂ only and, over this set, the ramification 
iss total, we find that: 

7r'' is ramified over P1(Wq)/G, with total ramification, and maybe over some other point of 
PVÜ. . 

Wee now consider separately the two cases according whether m is odd or even. 

i)i)  m odd. First of all, we need to observe that, for m odd, the equations (15) have a 
uniquee solution (6,7) 6 {Wq2*)2 for any choice of (a,c) e (F3*)

2, with ord(a) = A. By (15) 

46 6 



wee know that  m;nce also (m,2A) = 1. So, from (18) and the observation that 
rp/Qrp/Q and rp- IX and TQ/QI, rp/p> divide m, we can deduce 

rrP/QP/Q = rP'/Q'  a n <i fp/P' = rQ/Q'-

Hci:: . :n> case m odd, the Galois covering ir'  is ramified only over P1(F,)/G, with 
totall  raindication. Therefore we will be able to compute the genus of Y/G" if we know 
thee cardinality of P1{¥q)/G. 

Lemmaa 4.1. Under the notations above, for m odd and prime to A, the cardinality of 
Pl (F„)/GG is equal to: 

( 22 or 1 if (q — 1)/A is even 

\P\Pll(^)/G\(^)/G\ =  q-~+{  (19) 
(( 3/2 if {q - 1)/A is odd 

ProofProof One orbit for the action of G on P^F,) is {0,oo}. A point x € F*  ^ P1 \ {0,oo} 
belongss to an orbit of A, or 2A, elements according whether it is stabilized by one element 
off  G of the form cr'r, or not. If air{x) = x then x2 = a%c. If a is a square in F9, which 
happenss if and only if (q — 1)/A is even, then there are 2A such points x, or no such x, 
accordingg whether c is a square, or not. If there are 2A such points, then they are divided 
intoo two orbits with respect to the action of G. Therefore the total number of orbits for 
(q(q - 1)/A even and c a square is 1 + (q - 1 - 2A)/2A + 2 = 2 + (q - 1)/2A. Similarly, 
forr (q — 1)/A even and c not a square, one has 1 + (q — 1)/2A orbits. This proves the 
partt of the stated formula when (q — 1)/A is even. Now let us suppose that a is not a 
squaree in F,. This is equivalent to (q — 1)/A odd, so in particular A is even. In this case 
justt half of the A elements axc are squares, precisely the ones with i even if c is a square, 
orr the ones with i odd, if c is not a square. Since A is even, the elements axr form two 
conjugationn classes in G, according to the parity of i. So we see that the A elements x 
suchh that x2 = a*c form just one orbit in this case. Therefore one has a number of orbits 
equall  to 1 + (q - 1 - A)/2A + 1 = 3/2 + (? - 1)/2A for (q - 1)/A odd. G 

Fromm the preceding lemma the following result follows: 

Theoremm 4.4. The genus of the quotient curve Y/G", for m odd, is the following: 

g(Yg(Y,G»),G») = ( m - 1 ) (
4 \ - 1 - f ) , (20) 

with with 

{ { 
__ 0 or 2A if (q- 1)/A is even 

AA  if (q - 1)/A is odd 
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Proof.Proof. We apply the Riemann-Hurwitz formula to the covering n' : Y/G" —> P1/G. As we 
observedd before, for m odd this covering is a cyclic covering of order m with ramification 
onlyy over P1(¥q)/G, and total ramification over this set. Therefore we see: 

2g(Y/G")2g(Y/G") - 2 = -2m + (m - l)\P\¥q)/G\. 

Byy applying the formulas (19) for |P1(F,)/G|, one can find the stated formulas for 
g{Y/G").g{Y/G"). D 

ii)ii)  m even. By (15), in this case A is odd. We already know that n' is ramified over 
PP11(F(Fqq)/G)/G with total ramification. However, in the present case, there might be also other 
ramificationn points for ir'. The relations (15), for m = 25, are easily seen to be compatible 
iff  and only a is a square in ¥q and c is not a square, i.e éq~l)/2 — — 1. In this case one sees 
thatt b is uniquely determined, while 7 is determined up to the sign. To get all the other 
possiblee ramification points for -K', we have to look at points P' € P1\P1(Fg) . For any such 
pointt one has rp/p> — 1. Since we want to impose TQ/QI > 1 and P' is not a ramification 
pointt for 7r, by 18 we have to impose that rp>/Qi > 1, and therefore the inertia group 
off  P' in G must necessarily be generated by an element of the form erlr, which means 
fp'/Q'fp'/Q' — 2. So, by (18), we have TPJQTQIQ1 — 2, and finally we impose rp/q — 1 to get 
rrQ/Q'Q/Q' = 2 > 1. Points P' 6 P1 with these properties correspond to x £ F*2 such that 
xx22 = axc, for some i, but 7&'/x^+1^m = —1. These conditions ensure that <TV(P') = P', 
butt axf{P) 7̂  P. Since the order of a is odd, and hence a — &2k, for suitable k, one can 
provee that the set of the x as above, is in bijection with the set of the z such that z2 — c 
andd 7/2(9+1)/"» = _ i }  by setting z = d~lk{x). Now let us consider the two square roots 

 of c. If (q 4- l)/m is even, then none or both of  satisfy the above requirements, 
accordingg to the choice of the sign of 7. Moreover, one can check that z and — z are not 
inn the same orbit of G, which is consequence of the fact that A is odd. So, if {q + l)/m 
iss even, we find 2 or 0 points in Q' G ~Pl/G, outside ~Pl(Fq)/G, over which n' is ramified, 
withh ramification orders equal to 2. In particular there are exactly m/2 points Q e Y/G" 
overr each such Q'. 

Onn the other hand, if (q + l ) /m is odd, for any possible choice of 7, just one among 
zz gives an extra ramification. In conclusion we have: 

Lemmaa 4.2. Form even the ramification divisor R ofn' has degree: 

deg(fl)) = (m - l)(q - 1)/2A + (m - 1) + 6  m/2 

withwith 6 = 0 or 5 — 2 if (q + l)/m is even, and ö — 1 if (q + l ) /m is odd. 

48 8 



Proof.Proof. From the discussion above it follows: 

deg(#)) = (m - l)\P\Wq)/G\ + 6  m/2. 

But,, in our case, no non-trivial element in G fixes any point in F* = P1 \ {0, oo}. So we 
have:: _ 1 

|P1(Fg)/G|| = l + ^ = r , 

andd the result follows immediately. D 

AA straightforward application of the Riemann-Hurwitz formula to the covering TT' : 
Y/G"Y/G" —  P1/G gives us the following result. 

Theoremm 4.5. If m is even, the genus of Y/G" is: 

»P700 = i( ( r o- f f ' - 1 )+i)-/ , (2D 
withwith ƒ = m/2 or f = 0 if (q + l)/m is even, and f = m/4 if (q + l) /m is odd. 

4.44 Groups of type II I 

Wee consider now subgroups G C (fj.q+i)2 * 53. Therefore G sits in an exact sequence 

(ïj-tf-c-s-a), , 
withh G' = GO (fiq+1)2 and G the image of G in 53. We will consider the Fermat curve F 
withh equation 6, and compute the genera of the quotients F/G. To do this, we will adopt 
thee following strategy: we will compute first the possible genera of the curves F/G', with 
G'G' any possible subgroup of (/xq+i)

2, and after this we will find out which curves of the 
typee X = F/G' admit some automorphism group isomorphic to a subgroup G of S3. 
Next,, we study the extra quotients X/G and add their genera to the set of genera already 
obtained. . 

Inn proposition 3.5 of Ch. 3 we saw that a curve X is a Galois covering P1 ramified 
overr three points with abelian Galois group of exponent m if and only if it is a quotient 
off  the Fermat curve 

FFmm : Xm + Ym + Zm = 0, (22) 

byy a subgroup of (^m)2. If m\q+1 then X is also a quotient of the Fermat curve of degree 
qq + 1 given by (6). In order to find the possible genera of the quotients of (6) by a group 
G'G' C (nq+i)2, we can therefore restrict to the abelian coverings of P1 ramified over three 
points,, with Galois group of exponent m\q + 1. 
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4.55 Abelian coverings of P1 ramified over three points 

Inn this section we give a formula for the genera of the abelian coverings of P1 ramified 
overr three points. Although we will be interested mainly in the case when the exponent of 
thee Galois group of such coverings divides q +1, in this section we will deal with arbitrary 
exponentt of the Galois group not divisible by the characteristic of the base field. 
Notations s 

-- [a, b] =gcd(a,b), the greatest common divisor of the integers a and b. 
-- (a, b) =lcm(a, 6) the least common multiple of a, b. 
-- k an algebraically closed field of char (A;) Jdfc(A). 
-- IT : X —*  P1 an abelian covering ramified over 0, 1, oo, defined over k. 
-- A the Galois group of n. 
-- m the exponent of A. 
-- For any i £ {0,1, oo}  C P1 and for x G X such that 7r(x) = i, we set 

AiAi = {a e A : a{x) = x}. 

Thiss is a cyclic group and a generator of A» will be often denoted by a*. 
-- a =#(i4i); h =#{AQn Ax)] h' =# (A0n^n A*,); d = h/h'. 
Thee main result of the section is the following theorem. 
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Theoremm 4.6. The following facts hold: 

1.1. The genus g{X) of X is given by : 

eoeii  - e0 — ei - [eo, e\]d 
g(X)g(X) = 1 + 

2/i i 

2.2. An abelian covering X —  P1 as above exists if and only if the following conditions 
areare satisfied: 

 (eo,ei) = m; 

 ft|[eo,ei], d\h; 

 d is prime to e0ei/[eo, e^2 and it is even if h is even and e0ei/[e0, ei]2 is odd. 

Too prove this theorem, we will make extensive use of the Riemann Existence Theorem 
3.7,, which is allowed since the characteristic of k does not divide #(^4)- Let Oi be a 
generatorr of A» f° r * = 0, l,oo. By theorem 3.7 we can assume that a  ̂ — (To + o"i, 
inn the additive notation for A. We set H = AQ D J4I, and ô  the image of Oi in A/H. 
Thenn A/H is the direct sum (a0) ® (<j\),  and the image of A  ̂ in A/H is generated by 
(öo,, <TI), so it has order (eo//i, e\/h) = (eo, e\)fh. On the other hand this image has order 
#(^4oo)/#(A)) H Ax n v4oo) = eoo/h', hence we find the formula 

eooo = (eo, ejh'/h = (eo, ex)/d. (23) 

Wee observe that A is isomorphic to the quotient {AQ ® Ai)/H, hence 

#(v4)) = M/h. (24) 

Withinn this setup we can prove the statement 1. in theorem 4.6. 

ProofProof of statement 1). The fibre over i 6 {0,1, co}  contains #(A)/#(Ai) points, each 
appearingg in the ramification divisor with multiplicity #(Aj) — 1, since char(fc) J(#{A). 
Hencee the Riemann-Hurwitz formula for the covering ?r gives: 

2g(X)2g(X) - 2 = {eo€i/h){-2 + e0 + el + e<x>- l /e0 - l/ex - l /e»). 

Statementt (1) of the theorem follows easily after substitution of the expression (23) for 
e,»» into the equation above. D 
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Forr the proof of statement (2) we observe that, by theorem 3.7, all the coverings X are 
determinedd uniquely up to isomorphisms by the choice of generators <7o and &i  for AQ and 
A\A\ respectively. A generator for A  ̂ is indeed immediately given by (To + <J\. If we write 
AA = (AQ © A\)fH, we will produce all X, with GalfX/P1) = A and fixed ramification 
degreess eo and e\ over 0,1 G P\ by letting H vary among the subgroups of AQ © A\ 
isomorphicc to the intersection A0 D A\ C A It easy to see that H can be generated by any 
elementt of the form ((e0/h)a0, (ei£//i)ai), with t prime to /i. Moreover A  ̂ is the image 
inn (Ao ®Ai)/H of the subgroup generated by (oo, fi) . Once one has fixed the parameters 
eo,, ei, /i and i, one gets the following. 

Lemmaa 4.3. We denote a = e0/[e0, ei] and 0 = ei/[eo,ei]. Then the integer d in theorem 
4-64-6 is given by: 

d=[h,a-t0].d=[h,a-t0]. (25) 

Proof.Proof. Looking at the expression e^ = (e0,ei)/d one observes that d is equal to the 
orderr of the intersection in A0 © Ai of if and the subgroup {(<7O,0-i)}, generated by 
(<70,<Ti).. Indeed it is the order of the kernel of the surjection {(<70,cri)) —*  A^, induced 
byy the projection A0 © Ax —> A. This means also that d is the order of the kernel of 
thee map 0 : H —> (AQ © J4I)/((<7O,<7I)) defined as the restriction to H of the projection 
AAQQ®Ai®Ai -> (A0©Ai)/(((To,cr1)). The group [Ao®Ai)/{(a0tai)) is isomorphic to Z/[eo, ei]Z 
andd the projection onto it can be defined by ao >-*  1, o~\  —1. Therefore 0(i/) is the 
subgroupp of Z/[e0, ei]Z generated by e0/h-eit/h. Setting r = [e0, ex] and s = eo/h-erf/h, 
onee has #(0(H)) = r/[r,s]. Since d - h/#{<j>(H)),  we find d - /i[r,s]/r = [r/i,s/i]/r -
[/i,s/i/r]]  = [h,a-tb].

Itt is useful to observe that the integer t can indeed be taken prime to e0. We can do so 
becausee only the congruence class of t mod h matters and one knows that the canonical 
mapp (Z/e0Z)*  —  (Z/hZ)* is surjective. Furthermore, setting as above a = e0/[eo,ei] and 
(3(3 = ei/[e0, ei], we observe that the set 

{[/i ,, a — t0\ : t prime to e0} 

iss equal to the set 

{[h,{[h,  xa + y/3] : x prime to ei and y prime to e0} . 

Sincee h\[e0, ei], this latter is also equal to the set of numbers of the form [h,D], with 
DD — [[eo, ei],xa + y0], with x prime to ex and y prime to eo-
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ProofProof of statement (2) in theorem 4-6. We start with the necessity of the given numerical 
conditions.. Under the notations introduced above, the exponent m of the Galois group 
AA =Gal(X/P1) is clearly (eo,ei), and h is a divisor of [eo, ei], since it is the order of 
AQHAIAQHAI C A. Moreover by the formula in lemma 4.3, the fact that t can be chosen prime 
too eo and the fact that eo/[eo,ei] is prime to ei/[eo,ei], it follows that d is prime to both 
eo/[eo,, ̂ i] and ei/[eo, e^]. Finally if h is even then t is odd and if eo and e\ have the same 
2-adicc valuation it follows that eo/[eo, e\] — eit/[eo,ei] is even. Hence d is even. This 
provess the necessity of the conditions on the parameters e0, ei, h, d. 

Noww the sufficiency. By the discussion before lemma 4.3 we know that a Galois covering 
XX of P1 ramified over {0,1, oo}, with abelian Galois group A of exponent m and prescribed 
ramificationn groups AQ, AX and A  ̂ is determined up to isomorphisms by a choice of 
generatorss o-0,ai of A such that o~i generates Ai for i = 0,1. The orders eo = #(A)) and 
e\e\ — #(Ai ) can be arbitrary positive integers such that {eo, ei) = m, and A is isomorphic 
too Z/eoZ © Z/eiZ/if with H generated by an element of the form (e0//i , tei/h) with 
/i|[e0,ei]]  with arbitrary t prime to eo- The integer d = #(^4o H AI)/#{AQ n A\ n A^) 
iss determined from t by formula (25). When t varies we have already observed that d 
cann assume any value of the form [h, D]  where D = [[eo, ei], xeo/[eo, ei] + J/ei/[e0, ei]], for 
xx and y varying in the units modulo e\ and e0 respectively. The conclusion is then an 
immediatee consequence of the next lemma. D 

Lemmaa 4.4. Let a, b be positive integers. We set a = a /[a, b] and (3 = b/[a, b]. Let D be 
aa divisor of [a, b] such that 

1.1. D is prime to a and /?; 
2.2. if a and b are even and they have the same 2-adic valuation, then D is even. 

ThenThen D — [[a, b], x0 + ya] for some x, y such that [x,a] — 1, [y,b] = 1. 

Proof.Proof. We start choosing x' and y' such that x'(3 + y'a = 1. If we pose x = Dx' — va and 
yy — Dy' + v(3 for an arbitrary i>, then 

DD = x/3 + ya= [[a, 6], xp + ya]. 

Ourr goal is now to find v such that simultaneously x is prime to a and y is prime to b. 
Whatt we can certainly find is vx such that 

x\x\ = Dx' — v\a 

iss prime to a, because Dx' is invertible in Z/aZ, and v2 such that 

yy22 = Dy' + v2j3 
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iss prime to 6, for a similar reason. We put 

yii  = Dy' + viP 

and d 
X2X2 = Dx' — V2OC. 

Thenn we look for a couple of integer numbers (A, (x) such that 

 x = A:ri + [MX2 is prime to a, 

 y = Xyi + fiy2 is prime to b, 

 A + /J. is prime to [a,b\. 

Thiss last condition ensures that D = [[a, ft], x/3 + ya]. 

Lett p b ea prime dividing a or 6. Let us consider the points AP,BP,CP € Pjp whose 
homogeneouss coordinates (u : v) satisfy the equations: 

AApp : ux\ + VX2 — 0, 
BBpp : uyi + vy2 = 0, 
CCpp::  u + v = 0, 

respectively.. Then the Chinese remainder theorem assures us that there is a couple (A,^) 
satisfyingg our requests if and only if, for any p\ab, there exists Rp G Pp satisfying the 
inequalities: : 

RRpp  ̂ Ap, Cp, if p\a and p J(b, (26) 

i?pp ^ AP,BP)CP, ifp|[a,6], (27) 

i?pp  ̂ BP,CP, if p\b and p )(a. (28) 

Theree always exists Rp satisfying (26), (28) and also (27) if p > 3, since | P| | — p + 1. 
Soo we are left with condition (27) for p = 2. If 2|[a, b] but 2 /a&/[a, 6]2 then D is even by 
hypothesis.. Since [Xi, a] = 1 then Xi = Da:' - v\a/[a, b] is odd. It follows that v  ̂ is odd 
too.. Then also Y\ = Dy' 4- v\b/[a, b] is odd. So in the case under consideration, we can 
seee immediately that the point R2 = (1 : 0) satisfies condition (27). 
Anotherr case is 2|a/[a,6] , 2|[a, b], but 2 J(b/[a,b]. Here D is necessarily odd and x' is also 
odd.. Therefore X2 = Dx'—V2a/[a, b] is odd and the same also holds for Y2 by construction. 
Thenn we can choose Rp = (0 : 1) as a point satisying (27). The case 2|6/[a, b] , 2|[a, 6], 
butt 2 J(a/[a,b] is treated similarly. D 
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4.66 Abelian coverings of P1 ramified over  0, l,oo wit h extra au-
tomorphisms. . 

Lett p : X ~* P1 be a Galois covering ramified over 0, l,oo, with abelian Galois group A 
andd ramification groups Ao, Ai and A». We are interested to know under which conditions 
thee curve X has other automorphisms than the ones already in A. This will enable us 
too get more quotients of Fermat curves. We will restrict to the following situation. We 
wil ll  assume that there exists a subgroup P cAut(X) whose elements map fibres of p into 
fibresfibres of p. This fact implies that the action of P on X descends to an action on P1 via p. 
Itt is easy to prove that such a group P normalizes A in Aut(X). Let us call P the groups 
off  automorphisms of P1 induced by P. It permutes 0, l,oo, and its action on P1 is of 
coursee uniquely determined by this permutation action. We have a commutative diagram 
off  Galois coverings: 

XX  X/P 

P ll —2— P 7 P. 
Wee denote by -K : X —  P1 the composition IT = q -p. One sees that TT is a Galois 

coveringg with Galois group G isomorphic to a semidirect product A~x P. For any r € P, 
thee conjugation map g >-  rgr-1 in Aut(X) induces isomorphisms among the ramification 
groupss Ai, compatibly with the induced permutation f of {0,1, oo}. Finally, we can assume 
thatt P = P, which in turn is isomorphic to a subgroup of 53. We can do so without loss 
off  generality, because it is not difficult to prove that one can always reduce oneself to such 
case,, after substituting X with a suitable quotient X' — XjB with B = A C\ P. 

Wee will classify the curves X admitting a group P of extra isomorphisms as discussed 
above,, starting with the characteristic zero case. Since all the curves and the automor-
phismm we will consider will be defined over cyclotomic fields, we will obtain interesting 
neww curves by reducing the quotients X/P modulo a prime. This will be done in section 
4.7. . 

Upp to changes of coordinates in P1, the possibilities for P are the following. 

Casee 4.1. P is generated by an order two automorphism r which descends to the involu-
tiontion f of P1 which interchanges 0 and 1, and fixes 00. 

Itt follows that AQ and A\ are conjugated by r, so e0 = e\ — m. For the results and 
underr the notations of the preceding section, A ~ (Z/mZ)2//f , with H = AQ n Ax and 
HH generated by an element of the form (m/h, mt/h). The fixed points of f in P1 are 00 
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andd 1/2. It follows that -K : X —» P1 is ramified over the three points P = g(0) = g(l), 
QQ = ?(oo) and R = <?(l/2). Hence the degenerate fibres of 7r are 7r_1(P) = p_1(0)Up_1(l) , 
^^ (Q)) — P~1(°°)j and7r_1(i?) =p_ 1( l /2) . We can find ramification points of the covering 
XX — X / P only in the last two fibres. 

Casee 4.2. P ÏS generated by an order three automorphism r such that f acts on {0,1,00} 
asas the 3-cycle (0, l,oo). 

Wee find eo — ei — eoo = m and A = (Z/mZ)2/#, similarly as in the previous example. 
Thee two fixed points of f are the —77 and -r;2, with 77 a primitive third root of 1. The 
degeneratee fibres of it are respectively p~l(0) Up_1( l ) Up_1(oo), p_1(—77) and p~l{-rj 2). 
Wee can find ramification points for X —> X/P only in the last two ones. 

Casee 4.3. P descends to the permutation group S3 of {0,1,00}  C P1. 

Ass before eo = ex = e^ = m. There are no points in P1 fixed by every element of P, so 
thee ramification points for P11 —> P: / P are all the points of the form r(5), for any T e P 
andd S € P1 one of the points fixed by the transposition (0,1) or the 3-cycle (0, l,oo), 
knownn from the previous examples. 

Wee will now study separately the necessary and sufficient conditions for the existence 
off  a Galois covering p : X —* P1 with abelian Galois group A = (Z/mX)2/H, with H 
generatedd by an element of the form (m/h, tm/h), such that X admits a group P of extra 
automorphismss as in cases 4.1, 4.2 and 4.3. Moreover we will compute the genera of the 
quotientt curves X/P. 

Actionn of P cyclic of order 2 

Wee study the curves X with P as in Case 4.1. The following characterization holds. 

Theoremm 4.7. Let us assume that char(k) = 0. Then there exists a Galois covering 
pp : X —* P1 with abelian Galois group A ^ (Z/mZ)2/# such that X admits a group P of 
extraextra automorphisms as in Case 4-1 if and only if H — {(m/h,mt/h)}, with t2 = 1 (mod 
h). h). 

Proof.Proof. We start with the necessity of the condition. From the discussion of Case (4.1) 
itt is clear that we can find generators a for AQ and (3 for A\ such that j3 — rar~x. The 
stabilizerr Gx of a point x € 7r_1(P) is AQ or A\. The stabilizer Gx of a point x € ir~l(Q) 
iss cyclic of order 2eoo and so the subgroup of the squares of elements in Gx is Ax>- Finally 
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thee stabilizer of a point x over R is generated by an element of order two, which we may 
assumee to be a conjugate of r. By theorem 3.7 we know that there are three elements 
<Ti<Ti  G G, i — 1,2,3, generating ramification groups over the points P, Q, R respectively, 
suchh that 01O2O-3 = 1. Up to conjugation we may assume that <7i = a, 02 = a_1T, and 
CTCT33 = T. A generator of 4» is then the square of <r2 = a~lT, that is a- 1/?- 1. If we identify 
AA with the quotient of (Z/mZ)2/ i / given by (0,1) *~*  a, (1,0) 1-» 0, we see that the 
elementt (1,1) G (Z/mZ)2 goes over a generator of A». The conjugation by r lift s to the 
automorphismm of (Z/mZ)2 given by f(u, v) = (v, u). The kernel H = ((m/h, mt/h)) must 
bee invariant by ƒ and this immediately implies t2 = 1 (mod h). 

Noww we sketch a proof of the sufficiency. We take X = Fm/H, a quotient of the 
Fermatt curve of degree m given by equation (22), and H C (Z/mZ)2 as in the statement. 
HH is invariant by conjugation with respect to a subgroup P C S3 of order 2 in the 
automorphismm group (Z/mZ)2 xi .S3 of Fm. Then one immediately sees that P descends 
too a group of automorphisms of X of order 2. D 

Ourr next task is to compute the genus of X/P. We need to know the fixed points 
forr the action of P. We call G the group of automorphisms of X given by the semidirect 
productt of A and P : 

GG = A xi F. 

Thee order two element r generating P has the general form r = aa(pTo, under the 
notationss of the proof of theorem 4.7, with TQ a fixed order two automorphism inducing 
thee transposition of 0,1 G P1, and a, b determined in order to impose the condition of 
rr having order two. Remembering that the conjugation by r0 transposes a and /3, we 
findd that the condition r2 =id is equivalent to aa+bpa+b = 0 G A = (Z/mZ)2/H, that is: 
aa + b = rm/h and a + b = rtm/h. Equivalently: 

aa + b = sm/[h,t-l}. (30) 

Wee know that the possible fixed points for r are in the fibres p_1(oo) and p- I ( l /2 ) . From 
thee proof of theorem 4.7, we can assume that there is a point in p-1(cc) fixed by orVo, 
andd a point in p_ 1( l /2) fixed by r0. Let xo G p-1(oo) Up- 1( l /2) be one of these points. 
Thee points x such that p(x) = p(xo) can be written x = gxo, with g G A, and they are in 
one-to-onee correspondence with the classes of g in v4//4Xo. One observes that 

xx is fixed by r if and only if g~lrg G G^. 
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Iff  xo lies over oo, we know that AXo = A  ̂ = {aft), while if XQ lies over 1/2, then AXo = (1). 
Inn any case AX0 commutes with every element in G. Writing g = au/^, the condition above 
iss equivalent to 

aVaV-u-u++ apu-apu-VV+b+bTQTQ e Gxo 

Byy construction of r0 and XQ, we see that GXo = (QTO) C G/AXQ = A/A0 xi {r 0), if 
2:00 € p_1(oo), or GXo = (r0), if :r0 € p~1(l/2). So the following properties hold. 

1)) If z <= p_1(oo), then it is fixed by r if and only if ^-u+a-ipu-v+b = x i n A/A^. 

2)) If x e P_1(l/2), then it is fixed by r if and only if  av-u+a pa-v+b = L 

Moreover,, the number of the fixed points x for r, in cases 1) and 2) is given by the number 
off  solutions of the equations above auJ3v £ A/A  ̂ and au(3v € A, respectively. 

Inn case 1) we have A/A  ̂ ~ (Z/mlf/H', with H' = H + {(1,1)). Then one finds with 
easyy calculations that (Z/mZ)2//T = Z//Z, with / = m[h, t - l]//i , and the quotient map 
AA —* A/Ax = Z/IZ is represented by az(3w i-> z — w. So the condition in 1) is equivalent 
too 2(v - u) + a - b - 1 = 0 (mod I). 

Iff  / is odd, the equation above has a unique solution v — u modulo /. That is, there is 
onlyy one point x as in case 1) fixed by T. We observe that / odd is equivalent to m odd: 
thiss follows from the observation that ^(m) > v2(h) > ^ ( [^ , t - 1]), and from the fact 
thatt [m, t]  = 1. 

Iff  / is even, or equivalently m even, then the equation above has two solutions modulo / 
iff  a — b — 1 is even and no solutions if a — b — 1 is odd. We recall that a + b — sm/[h, t — 1], 
hencee if m/[h,t — 1] is even, one has a — b — 1 odd and hence no solutions. Else, if 
m/[h,tm/[h,t — 1] is odd, one can have either no solutions or two solutions according whether 
thee number s in (30) is even or not. 

Inn case 2) the equation in (u, v) to solve is (v — u + a, u — v + b) = 0 mod H. This is 
equivalentt to v — u + a = rm/h and a + b = r(t + l)m/h (mod m). We have solutions if 
andd only if the second equation is satisfied for some r. 

Iff  m is odd, then h is odd and since t2 = 1 (mod /i), it follows that h — [h, t — l][h,  t + 1]. 
Thereforee a + b = sm/[h, t - 1] = sm[h, t + \}fh = rm(t + \)/h (mod m) for a suitable 
r.. Moreover there are [h, t + 1] classes of such r's (mod h). Hence there are m[/i, t + l\/h 
classess of (u, v) modulo H satisfying the conditions of case 2. This means that there are 
m[/i,, t + l]/h in p~1(l/2) when m is odd. 

Iff  m is even, we need to study the existence of integers r such that 
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sm/[h,tsm/[h,t — 1] = rm(t + \)fh (mod m). This is equivalent to 
shf[h,shf[h, t-l]  = r ( i+ l ) (mod/i), which is possible if and only if [h, t+1]  divides shf [h,t—l], 
thatt is, if [h,t + l][h,t  - 1] divides sh. This is always the case if h = [h,t — l][h,t  + 1], 
otherwisee one observes that [/i, t — l][/i , t + 1] = 2h and therefore there exists a solution r 
orr not according whether s is even or not. In the case when solutions do exist, the number 
off  fixed points in p~l{l/2) is m[h, t + l]/h, as in the case m odd. 

Wee will resume the results of the discussion above in the following proposition. 

Propositionn 4.4. Let P = (T) be as in Case 4-1 o,nd let us denote fm,h,t = fn[h, t + l]/h. 
ThenThen the number N of fixed points for P is given by the following formulas: 

NN = 1 + fm,h,t ifmis odd; 
NN = fm,h,t ifmis even and h = [h,t — l][/i , £ + 1]; 
NN = 0 or N = fm,h,t if m is even, h ^[h,t — l][h,  t+1]  and 
vv22(m)(m) V̂2([h,t- 1]); 
NN = fm,k,t or N = 2 if m is even and V2(m) = v2([h, t — 1]). 

Proof.Proof. The case m odd is clear from the discussion above. 
Iff  m is even and h — [h, t — l][h,  t + 1], then t is odd and hence t^CO > ^ ( [ / Ï , t — 1]), 

so,, a fortiori, ^ (m) > V2{[h,t — 1]). Prom the discussion above it follows that there are 
noo fixed points in p_1(oo) and m[h,t + \\/h fixed points in p_1( l /2), whence the formula 
forr N in this case. 

Iff  m is even, h^[h,t- l][h,t+l]  and v2(m) ^ V2([h,t — 1]), then m/[h,t — 1] is even 
andd therefore there are no fixed points in p-1(oo) On the other hand, there are either 
m[h)t+m[h)t+ l]/h fixed points in p~l(l/2) or no points, according whether s is even or not. 

Iff  m is even and ^(m) = v2{\hyt — 1]), then m/[h,t — 1] is odd. Therefore there 
aree no fixed points in p_1(oo), or two fixed points, according whether s is even or odd, 
respectively.. Since in the present case it also holds that h^{h,t — l][/i , t + 1], we see that 
inn p- 1( l /2) there are m[h, t + l]// i fixed points, or no fixed points, if s is even or odd, 
respectively.. The formula for N follows immediately. 

Finally,, it is clear that the cases above are the only possible ones. 
D D 

Wee can now compute the genus of X/P, with F as in Case 4.1. 
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£m,h,t£m,h,t — < 

Theoremm 4.8. For X and P = (r) of order two, as in Case 4-h one has 

g(X/P)g(X/P) = g(X)/2 + £mXt, 

withwith em,h,t defined as follows. We set fm<h,t ~ m[h,t + l]//i , as in theorem 4-4- Then: 

1/44 - fmji,t/4 */ m is odd> 
1/22 - /m,h,(/4 if m is even and h~[h,t- l\[h,t+  1], 
1/22 or 1/2 - /m,hlt/4 m is even, h  ̂ [h,t-l][h,t+l] 

andand V2(m) ^ V2([h,t — 1]), 

00 or 1/2 - fm>h,t/4 if m is even 
andand V2(m) — V2([h, t— 1]). 

Proof.Proof. One applies the Riemann-Hurwitz formula to the canonical projection X  X/P, 
gettingg 2g{X) - 2 = 2{2g(X/P) -2) + N. It follows g{X/P) = g{X)/2 + (2 - N)/4, then 
onee uses the formulas for N from proposition 4.4.

Actionn of P cyclic of order 3 

Noww we will characterize the curves X with F as in Case 4.2. 

Theoremm 4.9. Let its assume that char[k) = 0. Then there exists a Galois covering 
pp : X -* P1 with abelian Galois group A = (Z/mZ)2/H such that X admits a group P of 
extraextra automorphisms as in Case 4-2 if and only if H — ({m/h, mt/h)), with t2 — t + 1 = 0 
(mod(mod h). 

Proof.Proof. We prove only the necessity part of the statement. The sufficiency can be proved 
similarlyy as in theorem 4.7. From the discussion of Case (4.2) it follows that one can 
findd generators c*,/3,7 of J40, J4I, J4OO, respectively, which are permuted cyclically by the 
conjugationn by r. 

Takingg <7i, o-2,cr3 € G, with product equal to 1, as before, we may assume U\ = a, 
aa22 — gT

2 and as = r. So we find g = a- 1. Moreover CT2 must have order three. This 
impliess that 1 = a~lr2a~xT2a~lT2 — a r ^- 1 / ? "1 . This means that A  ̂ is generated by 
77 = a- 1/?- 1. We see then that A = (Z/mZ)2/# with H invariant by the automorphism of 
(Z/mZ)22 such that (0,1) i-> (0,1) i-> ( -1, -1). From this it is easy to see that t2-t+l  = 1 
(modd h). O 

Wee now proceed to compute the genus of X/P. Again, we have to count the fixed 
pointss of the action of P on the curve X. The group P is generated by r = gr0, with r0 

60 0 



anyy fixed order three automorphism descending to the cycle (0,1, oo), and g = a0 ^ G A, 
withh arbitrary a, b G Z. Indeed it is easy to see that for any choice of a and b, the 
automorphismm r as above has order three. 

Wee know that the fixed points of r can be found only in the fibres p~l{{—r}})  and 
p_1({~ V2}) -- From the proof of theorem 4.9, we can assume that there is a point x0 6 
p_1({—77} )) fixed by CC~XTQ, and therefore also by {CX~XTQ)2 — /?r0. Similarly, there exists 
aa point yo £ p~l({ — V2}) fixed by To. We start with the study of the fixed points in 
p_1({—7/2}) .. By computations similar to the ones done for theorem 4.8, this is the same 
ass counting how many elements 0 G A satisfy the relation 9rd~l — 9gTo6~l = r0. We 
writee 8 = a1^. Remembering the effect of the conjugation by r from the proof of theorem 
4.9,, that is TCXT~X = {3, T&T~X — a~l(3~y, TOL~1J3~XT~1 = a, the relation above becomes 
thee system 

xx + y + a = rm/h and — x + 2y + b = rmt/h. (31) 

Similarlyy the points in p~l({—rj})  having r in their ramification group are in bijective 
correspondencee with the set of elements 6 G A such that 9grod~l = 0TQ. In this case the 
systemm to solve is: 

xx + y + a = rm/h and — x + 2y + b— 1 = rmt/h. (32) 

Lett us consider $ £ End((Z/mZ)2), defined by <b(x, y) = (x + y> —x + 2y), with det $ = 3 
andd Im$ generated by (1,-1) and (0,3). The solutions of the homogeneous system 
xx + y = rm/h and -x + 2y = rmt/h (mod m), are given by the (x,y) G $- 1( / f ) . We 
observee that H C Im$. This can be seen by tensoring with Z/pZ for any prime p\m: 
itt is obvious if p  ̂ 3 and if p = 3 then H (g> Z/3Z = (m/h{l,t)} = (m/h(l, -1)) c 
Im<i>(p)) since —1 is the only solution of t2 — t + 1 mod 3. Therefore <£>_1(H) will have h 
elementss if 3 /m and 3h elements if 3|m. Furthermore it is easy to see that H c $~1{H) 
andd therefore our solutions descend to one element in A, or to three elements according 
whetherr 3 /fm or 3|m, respectively. To establish the existence of solutions for the non 
homogeneouss systems, we need only to look whether (a, b) or (a, 6+1) belong to Im$ or 
not.. In the case 3 /fm we know that $ is surjective and therefore the two systems are 
bothh solvable and have a unique solution mod H. In the case 3|m we observe that since 
(0,1)) £ Im$ the only possible cases are the following: (a, b) G Im$ and (a, b+ 1) £ Im$, 
orr (a, b) £ Im$ and (a, b + 1) € Im<I>, or (a, b) <£ Im$ and (a,b+l) & Im$. 

Inn conclusion, there are two fixed points for P if 3 /m, three fixed points or none, if 
3|m. . 

Wee collect these results in the following. 
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Theoremm 4.10. For X and P = (T) cyclic of order three, as in Case 4-2, one has 

g(X/P)=g(X)/3g(X/P)=g(X)/3 + em, 

with with 
ff  0 if 3 /m 

mm \ 2/3 or - 1/3 if 3jm 

Proof.Proof. From the Riemann-Hurwitz formula for the quotient map X —  X/P, we get: 
2^(X)) - 2 = 3(2g(X/P) - 2) + 2AT, with AT the number of fixed points for P, computed 
above.. The stated formula for g(X/P) follows easily. D 

Actionn of P isomorphic to S3 

Finallyy we deal with the case when X admits a group of automorphisms P as in Case 4.3. 

Theoremm 4.11. Let us assume that char[k) — 0. Then there exists a Galois covering 
pp : X —> P1 with abelian Galois group A = (Z/mZ)2/H such that X admits a group P of 
extraextra automorphisms as in Case \.S if and only if either X is the Fermat curve of degree 
m,m, or 3|m and H — ((m/3,2m/3)). 

Proof.Proof. Again, we give a proof of the necessity part of the characterization above.The 
sufficiencyy follows easily as in the proof of theorem 4.7. 

InIn Case (4.3) the curve X has automorphisms of both the types appearing in Cases 
4.11 and 4.2. A consequence of the discussion of those cases is that H is invariant with 
respectt to the conjugations induced by the transposition (0,1) and the cycle (0, l,oo). 
Thereforee the class of t mod h satisfies both the conditions appearing in theorems 4.7 and 
4.9.. Hence t = 2 and t2 ~ 1 (mod h). So, either h — 1 or h = 3. In the first case X is the 
Fermatt curve of degree m, in the second one H is the subgroup of (Z/mZ)2 generated by 
thee couple (m/3,2m/3).

Wee conclude the study of quotients of the quotients of the Fermat curves in char= 0 
withh the computation of g(X/P) for the case 4.3, i.e. for P = S3. 

Theoremm 4.12. Suppose X and P = 53, as in theorem 4-H-
IfIf  X is the Fermat curve (22), then 

g(X/P)g(X/P) = {m2-Qm)/12 + 6m, 
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with with 

OOmm = 

ifif  m = 1,5 (mod 6), 
ifif  m = 2,4 (mod 6), 

ifif  m = 3 (mod 6), 
ifif  m = 0 (mod 6). 

IfhIfh = Z, t = 2, then 

g(X/P)g(X/P) = (m2 - 12m)/36 + 0n 

with with 

{J J 
ifif  m = 0 (mod 2), 

3/44 ifm = l (mod 2). 

Proof.Proof. The curve X is covered by the Fermat curve Fm of equation (22). The group P 
iss generated by an element r of order two, and an element a of order three. From the 
prooff  of theorem 4.11, we know that r and a lif t to Fm, hence may assume r = ur0, 
aa — VO-Q, with u,v 6 A and r0, CTO induced by the Fermat curve automorphisms T0(X : 
YY : Z) = (Y : X : Z) and a0(X : y : Z) = {Z : X : Y). We need to find condition 
onn u,v such that P = S3. One condition is that r has order 2: writing u = ax^y, this 
amountss to x + y = sm/[h,t - 1], as seen in the discussion before proposition 4.4. From 
theoremm 4.11 we know that h = 1 or h = 3 and £ = 2, hence the condition above is simply 
xx + y = 0 (mod m). It follows that r is a conjugate of To, precisely r = cnxroa_x. This 
meanss that up to conjugation we can assume that T = TQ and a = ac/3da0. We can further 
conjugatee by an element in A which commutes with r0, for example by a^p0. We get 

aa-dp-d-dp-daaaadpddpd = a-*p-dacpi0da-*p-* (ro = a
c-M ob. So we assume r = r0 and a = aaa0. 

Anotherr condition is that TO must have order two. We have TO — {3aT0o0 = j3aTi, where 
Tii  descends from the Fermat curve automorphism (X : Y : Z) \-  (X : Z : y ). One finds 
thatt (TO-)2 = (/?°Ti)2 = fiaora(3~a = aTa, so ro- has order two if and only if a = 0 (mod 
m).. Hence P is a conjugate of (ro,o-0). So we can reduce ourselves to P = (r0,cro}. To 
completee the proof, we will examine separately the two cases coming from theorem 4.11. 

Thee first possibility is that X is the Fermat curve Fm. The number of fixed points 
forr r0 is m + 1 if m odd, and m if m is even. Precisely, they are the points {(1 : —1 : 
0)}}  U{(x:x:l)  : 2xm + 1 = 0} , when m is odd, and {{x : x : 1) : 2xm + 1 - 0 } , when 
mm is even. 
Thee fixed points for OQ are the two points (1 : p : p2), where p is a primitive 3rd root of 1 
iff  m is not divisible by 3, and there are no fixed points if m is divisible by 3. We see that 
theree are no points in X fixed by the whole P. So the points fixed by any two distinct 
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transpositionss in P form two disjoint sets, and the total number of points fixed by order 
twoo elements in P is 3(m +1) if m odd, and 3m if m even. 
Byy applying the Riemann-Hurwitz formula to X —> X/P, and taking into account that 
2g{X)-22g{X)-2 = m2-3m, we obtain m2-3m = Q(2g(X/P)-2) + N+2M. Here N = 3(m+l) 
iff  m odd, AT = 3m if m even, and M = 2 if 3 /fm, M = 0 if 3|m. The stated formula 
g{X/P)g{X/P) = (m2 - 6m)/12 + 0(m) follows easily. 

Thee other possibility given by theorem 4.11 is h — 3 and t — 2, hence X = C /#, 
withh H = ((T?,J72)) C (/^m)2, with r/ a primitive third root of the unity. Prom proposition 
4.44 we know that r0 has m + 1 fixed points if m is odd, and m fixed point if m is even. A 
pointt is (X : Y : Z) is fixed under <x0 if and only if there exist i 6 Z and X E k* such that 
(r^ZZ : r] 2iX : Y) = \{X : Y : Z), that is, taking Z = \, rf = \X = \2rfY = AV- Thus 
A33 = l, 
(X(X : Y : 1) = (A2 : A : 1) ^ C, because 3|m. So we have no fixed points for a0 in 
X.X. So the fixed points for the action of P come only from the order two elements, and 
thee total number is 3m, if 2jm, and 3(m + 1), if 2 /|m. Prom theorem 4.6, one finds 
2g(X)2g(X) — 2 — m(m — 3)/3. So the Riemann-Hurwitz formula for X —  X/P gives m(m -
3)/33 = 6{2g{X/P) - 2) + 3m if 2jm or m(m - 3)/3 = %{2g(X/P) - 2) + 3(m + 1) if 2 J(m. 
Thee stated formula for g(X/P) follows immediately. D 

4.77 Reduction to characteristic p 

Finally,, we study the reduction of the curves X/P over a prime p ^ 2. The formula for 
g{X/P)g{X/P) given in theorem 4.8 still hold, because in that case P has order 2, hence it is 
nott divisible by p. For the same reason, the formulas in theorems 4.10 and 4.12 still hold 
iff  p  ̂ 3. So let us suppose p = 3, hence m  ̂ 0 (mod 3). 

Wee recall that X is a curve admitting a Galois covering X —> P1 with Galois abelian 
groupp A of exponent m not divisible by p —char(A;). As discussed at the beginning of 
sectionn 4.4, there exists a covering map Fm —> X, with Fm the Fermat curve of degree m. 
Thiss map is obtained by identifying X = Fm/H with H a subgroup of the automorphism 
groupp (nm)2 = (fJ-m)3/Hm, which acts on Fm as described in section 4.1. The covering 
mapp Fm -» P1 defined by (X : Y : Z) i-> (Xm : Fm : Zm) identifies the projective line 
XX + Y + Z = 0 with the quotient curve Fm/(/j,m)2, so this covering map factorizes as the 
compositionn of Galois coverings Fm —* X —> Pl . 

Iff  P is a group of isomorphisms as described in Case 4.2, then a generator a is always 
off  the form gao with g £ A in the Galois group of X over P1, and a$ induced by the 
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automorphismm (X : Y : Z) *->  (Z : X : Y). Therefore a induces onX + V + Z = 0 exactly 
thee automorphism 

aa : {X : Y : Z) -+ (Z : X : Y). 

Noww let x € X be a ramification point for a. Let y be its image in P1. We already 
knoww that x is not a ramification point for X —* P1, hence it is easy to see that the 
contributionn of x to the ramification divisor's degree of the covering X —  X/{cr) is the 
samee as the contribution of y with respect to the covering P1 —*  P1/(a). So it is sufficient 
too calculate the latter, and multiply the result by the number of rr's lying over y, which 
iss independent of the characteristic. We have y = (1 : 1 : 1) and a parametrization of a 
neighborhoodd of y is (X : Y : Z) = (1 - A : 1 4- A : 1). One sees that the rational function 
ƒƒ = A3/(l - A)(l + A) is invariant under the action of a, which is indeed described by 
AA  A/(l 4- A). Moreover the order of this function at A = 0 is exactly three, so to 
computee the order of the ramification divisor at y, we can take the order at A = 0 of the 
differentiall  df. With a straightforward calculation one sees this order is 4. So the degree 
off  the ramification divisor in characteristic three is the same as in characteristic 0. 

Noww let P be as in Case 4.3. By theorem, X is the Fermat curve of degree m, since 
33 /fm, so the case h = 3 cannot appear here. The point x — (1 : 1 : 1) is the only total 
ramificationn point for X —» P1. As before, the order of the ramification divisor at a: is 
thee same as for the point y = (1 : 1 : 1) 6 Pl with respect to the covering P1 —*  V1 jP. 
Choosingg the same parametrization as before we see that an invariant function of order 
66 at A = 0 is f2. Then it is immediate that the order of the ramification divisor at 
(11 : 1 : 1) is 7. Observe that this value is exactly the contribution of three points fixed by 
aa transposition plus two points fixed by a 3-cycle in the case m = 1 and for characteristic 
0.. So, at the end we find the same formulas for g(X/P) as in theorem 4.12, for the cases 
whenn m ^ 0 (mod 3). In conclusion, we have the following. 

Theoremm 4.13. The formulas in theorems 4-8, 4-10 <*n^ 4-1& s  ̂ hold if X is defined 
overover a field of characteristic p  ̂ 2, and the subgroup of automorphisms P descends iso-
morphicallymorphically to a subgroup of automorphisms of P1 permuting 0,1, oo. 

Remarkk 4.1. The geometrical meaning of the discussion above is the following: the curve 
X/PX/P over Spec(Z) has good reduction over p = 3, provided that 3 /fm. This fact might 
bee proven with some direct but lengthy calculations, but it is also an consequence of the 
invariancee of the genus of the normalization of any reduction of X, which we have just 
obtained. . 
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