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55 Tables of supersingular genera 

5.11 Numerical results 

Ass an application of the formulas for the genera of quotients of curves of the type 6 
withh respect of groups of types I, II and III , we will give a result on the existence of 
supersingularr genera up to 100 in some odd characteristic. The implementations of these 
formulass were written in Maple. 

Theoremm 5.1. For any integer g with 0 < g < 100 and 

p€p€ {3,5,7,11,13,17,19,23} 

therethere exists a supersingular curve of genus g over Fp, except possibly in the following cases: 

 p = 3 and g — 59. 

 p = 7: and g € {49,59,87,97}. 

 p = 13 and g G {7,13,17,19,31,47,49,59,67,89,97}. 

Too illustrate the theorem above, we will indicate how to construct supersingular curves 
off  genera 20 < g < 30 in characteristic 5 by the methods developed in this chapter. Most 
off  the genera are obtainable by more than one method, although below we show just one 
inn every case. 

-- g = 20 can be obtained as follows. We can apply formula 10 with n = 10, v — w — 
uu = 0 and m = (510 - 1)(510 +1)/41. This is possible since 41|510 +1 (and indeed 10 
iss the minimum exponent n such that 41|5"+1) and one finds d — gcd(m, 510 + 1) = 
(5100 + 1)/41. The compatibility conditions for n,v,w,m of section 4.2 are trivially 
satisfiedd by proposition 4.3, since v = w — 0 means choosing V and W both equal 
too (0). 

-- g — 21 can be obtained by method II . One takes a suitable quotient of the Artin-
Schreierr curve ym — xq — x, with m = 3 and q = 55. The condition 3|<?+1 is satisfied. 
Wee apply formula 20, by taking A = (55 — l)/44 = 71, so that we are in the case 
whenn (55 — 1)/A is even, and we choose e = 2A. 

-- The genus g = 22 can be obtained similarly as the case g = 21, but choosing e = 0. 
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-- The genus g = 23 can be obtained by taking a quotient of the Fermat curve of 
degreee 47 by method III . More precisely we apply the formula in theorem 4.6 with 
e00 = t\ = h = m = 47, and d = 1. All the conditions of theorem are satisfied and 
m|5233 + 1, so we know that the Fermat curve of degree m is supersingular. 

-- Genus g = 24 is obtained by theorem 10, taking n = 3, v = 0, w = 1 and m = 56. 
Hencee d = gcd(m, 53 + 1) = 14 and m|56 — 1. The last condition to check is that 
ww > s = min{j : {mfd)\jp — 1}, which is verified because s = 1. 

-- g = 25 can be obtained by the formula in theorem 4.6, setting eo = e.\ = m = 27 
andd h = d = 9. One checks that the conditions of theorem 4.6 are all satisfied and 
thatt m|59 + 1. We remark that this case, contrarily to the other ones, is obtainable 
onlyy by method III . 

-- g = 26 is obtainable by method II , precisely by applying theorem 20 with m = 27, 
AA = (59 - l)/4 and e = 0. 

-- g = 27 is obtainable by the formula in theorem 4.12 for g(X/P) with X the Fermat 
curvee of degree m = 21. One checks that m|53 -f 1, so X is supersingular. 

-- g = 28 can be obtained by theorem 4.6, with m = e0 = e\ — 21, h = 7 and d = 1. 

-- g = 29 can be obtained by theorem 20, with m = 3 q = S29, A = (S29 - l)/59. We 
aree applying case m odd and (q - 1)/A odd of the cited theorem. 

.. g = 30 is obtained by theorem 4.6, with m — eo = ei = /i = 61 and d = 1. We are 
gettingg the genus of a supersingular curve, because m|515 + 1. 

5.22 Final remarks 

Thee methods used in this chapter to produce supersingular curves work quite well for 
inn low genera and characteristics, as it is evident from the tables above. However the 
resultss become worse in very high genera, because of the fact that we had to consider 
onlyy quotients of the Fermat curves of degree q + 1 (6), with q an arbitrary power of 
thee characteristic p. For example in order to produce supersingular curves using the re-
sultss of section 4.4, where the quotients of the Fermat curves Xm + Ym + Zm = 0 were 
systematicallyy studied, one has to restrict oneself to the condition 

pprr = — 1 (mod m), 
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forr some positive integer r. Similarly, in section 4.3 we used the Artin-Schreier coverings 
off  P1 (14) with m satisfying the same condition as above. Now, results from number 
theoryy assert that the set of such m has density 0 in N. This explain why our method 
iss not very good for high genera. The situation is very different if one is interested in 
thee larger class of the p-rank 0 curves. We remember that the existence of such curves in 
anyy genus has been proved by C. Faber and G. van der Geer in the article [7], where it 
iss even proved that the closed subset of Mg <8> ¥p of the p-rank 0 curves has codimension 
g.g. However, it might still be interesting to have explicit examples of such curves in any 
genera.. We do this in a very easy way in char= 3 and in char= 5. We use the following 
welll  known result, see for example [37]. 

Theoremm 5.2. Let IT :Y —  X be Galois covering of curves defined over an algebraically 
closedclosed field in characteristic p, with Galois group a p-group G. Let fY and fx the p-ranks 
ofof Y and X respectively. For any x € X let also rx be the ramification order at any y EY 
withwith n(y) — x. Then the following formula holds: 

f Y - ll = o(G) (fx-l + J2(l ~ !Ax) J

Proof.Proof. This is a generalization of the Deuring-Shafarevitch formula, proved in [37], theo-
remm 4.2. D 

Inn particular it follows that if X has p-rank 0 and IT : Y —  X is an Artin-Schreier 
coveringg yp — y = ƒ with ƒ G k(X) having a single pole on X of order prime to p, then 
alsoo Y has p-rank 0. This is the case, for example, of X = P1 and f(x) a polynomial. 

Thee property of having p-rank 0 is isogeny invariant. Hence similarly as in the case of 
supersingularr curves, one can prove that if a curve X has p-rank 0 and it covers another 
curvee X', then also X' has p-rank 0. 

Lett X be the Artin-Schreier covering of P1 

XX : ym = xq - x, 

withh m prime to p. Given any a £ F*  with ord(a) = A, one can define an automorphism 
aa of X by setting a(x) — ax and a{y) = by, with b such that bm — a. If in particular 
(m,, A) = 1, then the element b above is uniquely determined as an element of (a). Let G 
bee the group of automorphisms of X generated by such a, so in particular if (m, A) = 1 
onee has ord(G) = A. Then we have the following result. 
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Propositionn 5.1. Let us assume (m, A) = 1, then the genus of X/G is given by: 

g(X/G)g(X/G) = l ( m - l ) ( ^ y (33) 

SketchSketch of proof. One considers the natural diagram 

XX —2— X/G 

44 *"1 
pii  _ ? _̂  p i /G, 

wheree the maps p and q are cyclic Galois coverings of degree A and 7r', IT" are cyclic Galois 
coveringss of order m. Carrying out an analysis of the ramification orders at points of X 
andd their images through the maps in the diagram above, one can prove that n" is ramified 
onlyy over Pl(¥q)/G and the ramification is total over these points. These calculations 
aree similar to those carried on in section 4.3, and indeed much simpler. One sees easily 
thatt \Pl(¥q)/G\ = 2 + (q - 1)/A, so from the Riemann-Hurwitz formula applied to the 
coveringg 7r" one can deduce the genus of X/G. G 

Curvess of p-rank 0 in char= 3. 

Wee take q = p = 3 and therefore A = 1 or 2. We use formula (33). 
Forr A = 1 and arbitrary m prime to 3, we get the set of genera: 

g(X)g(X) = m - 1 £ - 1 (mod 3). 

Forr A = 2, and m = 2s + 1 prime to 3 we get: 

g{X/G)g{X/G) = s£l (mod 3). 

Soo in char= 3 our result is the following. 

Propositionn 5.2. For any integer g > 0 there exists a curve ofp-rankO overF  ̂ of genus 
gg which is covered by some Artin-Schreier curve of the form 

vvmm = x3 - x. 
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Curvess of p-rank 0 in char= 5. 

Inn this case we apply theorem 5.2 to two different situations. 

1)) Let 7T : Y —> E be an Artin-Schreier covering given by an equation of the form 
yy55 — y — ƒ, with E a supersingular elliptic curve and ƒ a rational function on E having 
aa single pole xQ € E of order m > 2 prime to 5. One finds that the different degree of 7r 
overr x0 is (p - l)(m + 1) = 4(m -t- 1), see the calculations in [37], pages 175-176. Prom 
thee Riemann-Hurwitz formula we get 

g{Y)g{Y) = 2m + 3 ?É3 (mod 5), 

withh m > 2. 

2)) Let X —> P1 be the Artin-Schreier covering defined by the equation y5 - y = xm, 
withh m prime to 5. Let us consider quotients of type X/G as in proposition 5.1. We get 
thee following genera. 

-- For A = 1 and any m prime to 5 : 

g{X/G)g{X/G) = 2m - 2 =É 3 (mod 5). 

-- For A = 4 and m — 2s + 1, prime to 5 : 

g(X/G)g(X/G) = s£2 (mod5). 

Takingg the union of the set of genera obtained with the methods above, we find any 
possiblee g except <? = 2, but this case is filled up immediately, since supersingular curves 
inn genus 2 are well known to exist in any characteristic, alternatively look at the table for 
pp — 5 in the preceding section. So we have indicated how to construct p-rank 0 curves 
overr F5 in any genus. 

Thee construction of concrete examples of curves with p-rank 0 in any genus for char 
>> 5 seems to require a more refined analysis. However we believe it is achievable with 
methodss similar to the ones adopted in this section. 
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