
UvA-DARE is a service provided by the library of the University of Amsterdam (https://dare.uva.nl)

UvA-DARE (Digital Academic Repository)

The Foreground-Background Queue

Nuijens, M.F.M.

Publication date
2004

Link to publication

Citation for published version (APA):
Nuijens, M. F. M. (2004). The Foreground-Background Queue. [Thesis, fully internal,
Universiteit van Amsterdam].

General rights
It is not permitted to download or to forward/distribute the text or part of it without the consent of the author(s)
and/or copyright holder(s), other than for strictly personal, individual use, unless the work is under an open
content license (like Creative Commons).

Disclaimer/Complaints regulations
If you believe that digital publication of certain material infringes any of your rights or (privacy) interests, please
let the Library know, stating your reasons. In case of a legitimate complaint, the Library will make the material
inaccessible and/or remove it from the website. Please Ask the Library: https://uba.uva.nl/en/contact, or a letter
to: Library of the University of Amsterdam, Secretariat, Singel 425, 1012 WP Amsterdam, The Netherlands. You
will be contacted as soon as possible.

Download date:24 May 2023

https://dare.uva.nl/personal/pure/en/publications/the-foregroundbackground-queue(a65a605a-ae87-432d-90a7-f6407d7082a5).html


CHAPTER R 

Thee effect of service-time 

variabilityy I I 

Inn this chapter we examine the effect of more variability in the service-

timee distribution on the expected queue length in the stationary FB 

queue.. We show that in general a more variable service-time does not 

necessarilyy lead to a smaller expected queue length, but that for certain 

classess of service times it does. 

6.11 Introduction 

Inn this chapter we study the effect of a more variable service-time distribution on 

thee mean queue length in the stationary M/G/l FB queue. The queue length is 

understoodd as the total number of customers in the system. To measure the vari-

abilityy of a distribution we use the convex order. Recall from Definition 4.1 that a 

randomm variable X is convexly smaller than a random variable Y (notation <cx). 

iff  Eh\X) < Eh(Y) for all convex functions // for which the expectations exist. If 
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74 4 Chapterr 6 The effect of service-time variability II 

XX <rjr  Y. then we say that X is more variable than Y. 

Inn the stat ionary M / G / l FIFO queue the expected queue length increases in the 

variabil ityy of the service times. By the Pollaczek-Khinchin mean value formula, see 

e.g.. Kleinrock [31]. the stat ionary queue length has mean p + X2ED2/(2(l — p)). 

Forr EB and A fixed, by the arguments given after Definition 4.1. a more variable 

service-timee distr ibut ion has a larger variance, and hence the expected queue length 

inn the FIFO queue is larger. 

Thee distr ibution of the queue length in the stationary M / G / l PS queue depends 

onn the service-time distr ibution only through its first moment, see Theorem G.3 

below.. Hence the stat ionary queue length is insensitive to the variability of the 

servicee t imes. The1 PS discipline is in some sense in between FIFO and FB: it does not 

givee priority to any type of customer, whereas FIFO gives priority to old customers 

andd FB to young ones. Hence one might wonder whether the stat ionary queue length 

inn the FB queue decreases if the variability of the service-time distr ibution increases. 

Yashkovv [69] states that this is indeed the case, though without proof or explanation. 

AA conjecture of the same flavour is found on page 189 of Coffman and Denning [12]. 

Inn this chapter we show that the expected queue length does not necessarily 

increasee when the variability of the service times increases. However, if the service 

t imess are picked from certain classes of distr ibutions, then such a relation does 

hold,, in the following sense. Consider the classes DMRL and IMRL of random 

variabless with a decreasing and an increasing mean residual lif e respectively, see 

Definitionn 2.1. Examples of IMRL distr ibutions are Pareto distr ibutions, certain 

Gammaa distr ibutions, and certain Weibull distr ibutions. Certain other Gamma 

distr ibut ions,, uniform distr ibutions and deterministic distr ibutions are in the class 

DMRL .. For these classes the following theorem holds. 

T h e o r emm 6.1 Consider four stationary M/G/l FB queues with arrival rate X and 

thethe same expected service time. The service times hare an IMRL distribution, an 

exponentialexponential distribution, a DMRL distribution, and a deterministic distribution. Let 

QIMRL-QIMRL- Qexp- QDMRL and Qdvt denote the stationary queue lengths in the four 

queues.queues. Then 

EQIMBLEQIMBL < = EQ<xP < EQD.UKL < EQd<( — wr, T?-

Beloww we show that IMRL distributions are more variable than DMRL distributions. 

Hencee in this situation the more variable service-time distribution yields the smaller 

expectedd stat ionary queue length. 

Thee chapter is organised as follows. Section 6.2 contains the proof of Theorem 6.1. 

I nn Section 6.3 we examine the effect of making an arbitrary service-time distr ibution 
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FF (with a density ƒ) more variable (in the sense of the convex order). The conclusion 

iss that the mean queue length can both increase or decrease, depending on the shape 

off  the distribution. 

6.22 Comparing queue lengths: two classes 

Inn this section we compare the value of EQ for two classes of service-time distribu-

tions,, namely the classes DMRL and IMRL described above. Assume A and EB are 

fixed.fixed. For proving the main theorem of this section, we first cite two well-known 

theorems.. The first theorem may be found on page 11 in Kelly [29]. Note that there 

thee service discipline is not mentioned. 

T h e o r emm 6.2 Consider an M/M/l queue, empty at time 0 - , with service discipline 

TT.TT. Let Q(t) be the queue length at time t. If TT € V, then the distribution of Q(t) 

doesdoes not depend on TT. 

P r o off  Since TT 6 T>, the remaining service t ime of a customers is unknown. Since the 

servicee times are exponential, the residual lifes of all customers present in the queue 

aree exponentially distr ibuted as well. Hence the queue length Q(t) is a birth and 

deathh process with transit ion rates that do not depend on the service discipline. D 

Thee following theorem states that the distribution of the number of customers in the 

stat ionaryy M / G / l PS queue only depends on the distr ibution of the generic service 

timee B through its first moment. 

T h e o r emm 6.3 In a stationary M/G/l queue with the PS service discipline, the 

stationarystationary number of customers Q has the distribution 

P{QP{Q = k) = {l-p)pk, k = 0A 

wherewhere p — XEB. 

Forr the proof of this theorem see e.g. Cohen [15], Kelly [29] or Yashkov [66], 

Theoremm 6.3 yields that in two M / G / l PS queues with the same arrival rate and 

expectedd service time, the distributions of the stat ionary queue length are equal. By 

combiningg this idea with Theorem 2.2, we prove Theorem 6.1. 

P r o off  of T h e o r em 6.1 Let QPJ\IFH- Q^XP
 a nd QrfhiHL * ,e t n e queue lengths in 

queuess with the same IMRL . exponential and DMRL service-time distribution as 
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thee queues in the statement of the theorem, but with the PS discipline instead of 

thee FB discipline. Then Theorems 2.2. ! 6.3 and 6.2 yield 

EQIMRLEQIMRL < EQp
{lRL = EQ% = ^ ~ = EQ(XP. 

Further,, Theorem 6.3. Theorem 2.2 and Corollary 9.8 below yield 

EQrxpEQrxp =  EQDMRL < EQDMRL <  2 ( l _ y 2 -

whichh finishes the proof.

Too interpret Theorem 6.1. we show that a IMRL distr ibution is more variable than 

ann DMRL distr ibut ion in the sense of the convex order, given by Definition (4.1). If 

aa random variable X e DMRL . then certainly EX > E[X -t\X > t]  for all t > 0. 

Proposit ionn 6.1.2 in S toy an [63] yields that there exists an exponentially distr ibuted 

randomm variable Z with mean EX. such that X <cr (>,.c) Z. Since the relation <,,,. 

iss transit ive, which readily follows from Definition 4.1. the following lemma holds. 

L e m m aa 6.4 If X e DMRL, Y e IMRL and EX = EY. then X <rj. Y. 

Hencee Theorem 6.1 states that if the service-time distr ibutions in two queues are from 

thee classes IMRL and DMRL . then the more variable service times yield a smaller 

expectedd queue length. Furthermore, many heavy-tailed distributions belong to the 

classs IMRL . and many light-tailed distributions belong to the class DMRL. Hence 

Theoremm 6.1 is another si tuat ion where the FB queue behaves better when the tail 

off  the service-time distr ibut ion is heavier. 

Nextt we show that Theorem 6.1 is a refinement of a conjecture by Coffman and 

Denningg [12] that was proven to be false. Let X be a random variable with EX ƒ 0. 

Thenn C\ — \/Xai{X)/EX is called the coefficient of variation of X. 

Coro l la r yy 6.5 If X G DMRL, Y e IMRL and EX = EY. then Cx < CY. 

Coffmann and Denning [12] conjectured that a service-time distr ibution whose co-

efficientt of variation is larger than 1, yields a smaller expected sojourn t ime than 

distr ibut ionss with the same mean and coefficient of variation smaller than 1. Wier-

mann et al, [65] showed that this conjecture does not hold. From Corollary 6.5 and 

Theoremm 6.1 it follows that the queue with the larger coefficient of variation has 

thee smaller expected queue length. By using Litt le's law EQ = XEV. this may be 

consideredd as a refinement of the conjecture. 
1Thoo proof of Theorem 2.2 seems to contain an error, see Aalt.o et al. [1]. 
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6.33 Convexly disturbed service times 

Lett Q be the stationary queue length in the M/G/l FB queue with service-time 

distributionn F. In this section we examine the effect on EQ of making the service-

timee distribution F more variable. Assume F has a density ƒ. To make F more 

variablee we add to the density ƒ a disturbance function r/ around a given point y > 0 

att which the density is positive. The disturbance function has the form 

r/{x)r/{x)  = 7)y,5,e(x) = £l(y-2S,y-6) ~ ^(y-S,y+S) + £^(y+ö,y+2ó)> (6.1) 

forr some 0 < 5 < y/2 such that ƒ is strictly positive on [y — 5. y -t- 5]. Here e > 0 

iss so small that ƒ + rj  > 0. Quantities with a tilde ("~") refer to the queue with 

service-timee density ƒ + r). It follows immediately that ƒ — ƒ = T; changes sign twice. 

Byy Theorem 2.A.17 in Shaked and Shanthikumar [60]. the distribution F is more 

variablee (in the convex order) than the distribution F. The disturbance function 7/ 

iss chosen to be as in (6.1) because of its simple shape. 

InIn the remainder of this chapter we prove the following proposition, which de-

scribess the effect of the disturbance on the stationary queue length. 

Propositionn 6.6 For every v e {  — 1.1} there is a service-time distribution F such 

that that 

limm s\gn(EQ — EQ) — v. 

Hencee the queue with the more variable service-time distribution does not necessarily 

havee a larger expected queue length. 

6.3.11 Calculus 

Forr proving Proposition 6.6 the following technicalities are needed. We examine the 

integralss in the expressions for EV(x) and EV(x) given by (2.11). Note that F and 

FF coincide on E - (y - 26, y + 25) and that F(y) = F(y). The O-symbols in this 

sectionn hold for  e, 6 [ 0. Let pk{x) = \E(B A x)k and p\{x) = p(x). 

Lemmaa 6.7 For x £ (y—25.y+25) we have p(x) = p{x). Further p(y) — p(y) = Xe52 

and and 

1100 x <y-25 

2\e52\e522{y-6){y-6) x = y 

-4Ac<533 x >y + 25. 
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P r o off  Since F{y) = F(y). k > 1 we write out 

\-\-ll(p(pkk(y)-p(y)-pkk(y))(y)) = 

II  tkf(t)dt + yk(l-F(y))~ fytk(f(t) + ii{t))dt-uk(l-F(y)) 
JoJo Jo 

ryry ry-* ry 
jj  tki){t)dt =-E I tkdt + s tkdt. 

JOJO Jv-26 Ju-8 

-y-y ry-d ry 
ttkktl{t)dt=tl{t)dt=  -E / tkdt + s I 

JOJO Jy-26 Jy-8 

Thee equalities p(y) - p(y) — Xs82 and p2(y) - fhiy) — 2\zö2(y - 8) then follow from 

easyy calculations. 

Noww let x > y + 26. Then F(x) = F(x) and 

 ry—8 fu+8 ry+2S 
e-^-'ipkW-fMx))e-^-'ipkW-fMx)) = -E~1 / tk,/(t)dt = - / tkdt+ / tkdt- / tkdt. 

JOJO Jy-2Ö Jy-8 Jy+ö 

Thee equality p2(-i') — /M-O = — 4Afrf3 follows from computing the integrals. The 

prooff  is concluded by noting that p(x) - p(x.) = 0 for x < y - 28 since F and F 

coincidee on (0. y — 26). D 

Thee calculus used to prove1 Proposition G.G is based part ly on a Taylor series ex-

pansionn of EV{x). For evaluating the constant term we use the following relation 

betweenn EV(y) and EV(y). The precision of our calculations in this section is 

0(e80(e8AA).). Wi th use of expression (2.11) and Lemma G.7 we calculate 

rfr,rfr,  x hill) , 
2(1-p(y))2(1-p(y))22 l-p(y) 

2(11 - p{y) + XE6)2 1 - p(y) + XE62 

2(12(1 -p(y))2 V \-p{y)J l-p(y)\ 1 - p(y) 

My)My) / \ 2A,^2 x , y / 2\ed2 x )) + d^0-i^b) + ^ : 2(1-p(y))2(1-p(y))22\\ l-p(y)J l-p(y)\ 1 - p(y) 

==  ( l - ,2X£d, ,)EV(y) + 0(E6:i). (6.2) 

Byy similar but tedious calculus, it follows that the derivatives of EV(x) — EV(x) 

aree of order E62 as well. Below we use 

// (x - y)kdx = 5k^t ~{ 2) . k = 0 . 1 . . .. (6.3) 
Jy-26Jy-26 A' + 1 

Notee that the expression (G.3) is zero if k is odd. Hence, for integrating the Taylor 

expansionn around y of order two of the expression EV(x)-EV(x). only the constant 
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termm and the rest term are important. Using (6.2) and the remark below it. we find 

-y+26 -y+26 

// (EV(x) - EV(x))dF(x) = 4S(EV(y) - EV(y))f(y) + 0(E64) 

f{y)EV(y)+0{eof{y)EV(y)+0{eoAA).). (6.4) 
__ SXeS3 

~~ i - P(V 

Forr odd k 
ry+26ry+26 r'2S 

// (x- y)kri(x)dx = / xki){x + y)dx = 0. (6.5) 
Jy-28Jy-28 J-26 

sincee the integrand is an odd function. Since JJ_2(5 i]{x)dx = Ü. integrating the Tay-

lorr expansion around y of order four of EV(x) breaks down to integrating the second 

orderr term and the rest term. Since \x-y\A < 16Ó4. straightforward integration gives 

Jy-26Jy-26 dv dv 
(6.6) ) 

Heree the second equality follows from the remark below (6.2). 

6.3.22 More calculus 

InIn the next proposition we collect the pieces. Then Proposition 6.6 is proved. 

Proposi t ionn 6.8 As e. 8 { 0, 

EVEV _ EV = 2rf» ( i » ! - A f.1 -„COr'rfFW - !?™) +0(^; 

VV  1 - P(i/) Jy ^ / 

Prooff  First, since F and F coincide on (0. y — 25) 

^y-26^y-26 ry-28 ry-Mry-M ry-^o 

// EV(x)dF{x) - / EV(x)dF(x) = 0. 
JoJo Jo 

(6.7) ) 

Secondlyy by (6.4) and (6.6) 

-y+26-y+26 ry+2rf ry+zory+zo ry^rto 

ƒƒ £V(a;)dF(j:) - / EV{x)dF(x) = 

Jy-26Jy-26 Jy-28 

== ~-r-J(y)EV(y) - 2e6A--2EV(y) - O(eö'). (6.8) 

Finally,, since F(x) = F(x) for x > y + 26. we have 
EV{x)dF(x)EV{x)dF(x) - \ EV(x)dF{x) = / {EV(x) - EV(x))dF(x 

y+26y+26 J y+26 J y+26 
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Sincee p(.r) = p(x) for J- > y + 2(5. by Lemma 6.7. this becomes 

rr  ptn] ~n?iwdF{x)=-2A^ 3 r ( i - p(^r' 2dF(x). (6.9) 
JyJy + 26 A 1 ~ P\-1)) Jy+26 

againn by Lemma 6.7. Equations (C.7). (6.8) and (6.9) yield the desired result. D 

Fromm Proposition (6.8) we conclude that, letting s | 0 and 6 [  0 in arbitrary order, 

limm sign(£"V - EV) = sign(A). (6.10) 

wheree A is given by 

iS(y)EV(!i)iS(y)EV(!i) r 1 1 d2EV(y) 
A == x-M -J, I^^W" F{J)-X-^V^-  ( fU1) 

Differentiatingg the derivative of EV(.v). which is given by (2.15). yields 

<f<f  EV(x) = X(l~F(y))f (i\y(l-F(y)) 8A2(1 - F(y))p2(y) 

dx*dx* ( l - p ( y ) ) 2 V l - p ( y ) + (l-p(y))2 

\yf(u)\yf(u) A2/(y)/>2 0/) 
( i - p ( i / ) ) 22 (i-M. (y)) : i 

Sincee 1 — p < 1 — p(x) < 1 — p{y) for .r e [;iy. oc). we have 

( 1 - / H . V ) ) 22 -Ju l-f>U))2 ' '~ (\ - ! > ) ' ' 

Usingg the expression (2.11) for EV(x) yields 

A = ( / 0 / ) nn - ( l - / r ( / / ) ) ( C 2+ r 3 ) ) - i—^ - (°-12) 

wheree c-, = 3A/52(;y)(l - p(vy))-1 + by. 1 < c3 < (1 - />(?y))2(l - p)~2 and 

_ 22 6Xy(l-F(y)) 3X2(\ - F(y))p2(y) 

i -p(?y)) d -M?y) )2 ' 

Prooff  of Proposition 6.6 By (6.12) it may be seen that the quantity A in equation 

(6.11)) is positive when f(y) > 1 - F{y). and negative when f(y) <C 1 - F(y). Using 

(6.10)) and applying Little's law completes the proof. D 

Itt would be interesting to find out whether Proposition 6.6 holds as well for dis-

tributionss with monotone densities, or log-convex densities. We conjecture that in 

thee latter case for two queues with convexly ordered service1 times, the more variable 

service-timee distribution always produces the smaller mean queue length. 


