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Chapterr 1
Deepp Inelastic Scattering
1.1.. Introduction
Onee of the most powerful and cleanest possibilities to investigate the quark/partonn substructure of matter is provided by deep inelastic scattering, DIS, of
leptonss on hadrons [15]. In this chapter the definitions of the DIS kinematic
variabless and the formulae for the charged current, CC, cross sections are given.
Thee cross sections are given in terms of the structure functions and are put in
thee context of the quark-parton model. The details of how the expressions are
derivedd can be found elsewhere [16] [17] [18].

1.2.. DIS Kinematics
Thee basic process for lepton1-nucleon deep inelastic scattering is given by
ININ — 1'X

(1.1)

wheree / and I' represent the incoming and outgoing leptons, N represents the
nucleonn and X represents the hadronic final state particles. The associated four
vectorss are fc, k' for the incoming and outgoing leptons respectively, and P for
thee incoming nucleon. The process is mediated by the exchange of a virtual
vectorr boson, V* (7, W or Z). Figure 1.1 shows the lowest order Feynman
diagramm for the process. The four-momentum of the virtual boson is
qq = k-k',

(1.2)

andd the four-vector Px of the hadronic final state system X is given by
PPxx = P + q.

(1.3)

Leptonn is taken to include anti-leptons, unless otherwise stated.
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FigureFigure 1.1. Feynman diagrams for lowest order deep inelastic lepton-nucleon
scattering,scattering, IN —> 1'X, via the exchange of a Vector-Boson.
Variouss Lorentz invariant variables which are most commonly used to describee the kinematics of the interaction can be constructed from the four vectors: :
s, the square of the centre-of-mass energy for the lepton-nucleon interaction, ,
ss = {P + k)2,
(1.4)
Q2, the (negative of the) square of the invariant mass of the exchanged
virtuall boson,
(1.5) )
QQ22 = -q\
the Bjorken x variable, which is interpreted in the quark-parton model
ass the fraction of the four-momentum of the incoming nucleon carried by
thee struck quark. Hence, it takes a value in the range 0 to 1 and is
XX

=

QQ2 2
1P-q 1P-q

(1.6) )

W, the invariant mass of the hadronic system X determined by
WW22 = (Px)2 = (P + q)2,

(1.7)

the inelasticity y, the fraction of the energy of the lepton transferred to
thee nucleon in the rest frame of the nucleon. It takes a value in the range
00 to 1 and is given by
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1.3.1.3. Cross Section and Structure

Functions

Att HERA (see Sect. 2.2), an electron-proton collider, the energies of the
incomingg electron and proton are fixed and thus the centre-of-mass energy is
fixedfixed (y/s = 318 GeV). Note that 2
QQ22 = sxy,

(1.9)

WW22 = Q2 Q - lV

(1.10)

Thee DIS kinematics can be described by two independent kinematic variables.
Commonlyy used combinations are x and Q2 or x and y. The formulae are
appropriatee for Q 2 , W > M 2 , where M 2 is the proton mass.

1.3.. Cross Section and Structure Functions
Thee double differential charged current cross sections for lepton-nucleon scattering,, mediated by a single W boson at high energies, are given in terms of
threee structure functions, F2, FL and xF$, as
tfo^QÏN)tfo^QÏN)
22

dxdQdxdQ

G2F (

Ml

[y^2(x,Q2)-y2FL(x,Q2)TY.xF3(x,Q2)]

{M^+Q*){M^+Q*) 2

47rx\M^

+ Q

,

(1.11) )

wheree / is the incoming lepton, N the incoming nucleon, My/ the mass of the
WW boson and GF the Fermi coupling constant which can be expressed as
GFGF =

Vlsi™ewM&

(L12)

wheree a is the fine structure constant and $w is the Weinberg angle. The
kinematicc factor,
, is given by
)) =

2

.

(1.13)

Thee longitudinal structure function, FL, stems from the exchange of longitudinallyy polarised gauge bosons. The parity violating structure function, xFs, arises
fromm the interference between the vector and axial-vector, V-A, couplings of the
weakk interaction.
22

Neglecting the masses of the proton and the electron.
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Withh protons as the incoming nucleons, in deep inelastic scattering, the structuree function can be interpreted in terms of the parton densities within the proton.. Then, using the predictions of zeroth order perturbative quantum chromodynamics,, pQCD (see Sect. 1.5), where FL = 0, the differential charged current
crosss section for electron-proton scattering becomes
dd22aacccc(e-p)(e-p)

G% (
ll

M2

\2v-r

,

^2x

/

^2

,

rt2M

ww
(1.14) )

whereass for positron-proton scattering it becomes

dV c c (e+p))

G% f

_M2

2

[(l v?xq Q2)+ Q2

S ^^ - S (4T^) ? -

^

^

(1.15) )
wheree the sums contain only the appropriate quarks and antiquarks for the
chargee of the current. The kinematic factor (1 — y)2 suppresses the quark
(antiquark)) contribution to the CC cross section for e+p (e~p), due to the VAA nature of the weak interaction. The W boson only couples to left-handed
fermionss and right-handed antifermions. Therefore the angular distribution of
thee quark in e~q scattering and the antiquark in e+q scattering will be isotropic
(ZZ = 0). On the other hand the distribution of the quark in e+q scattering and
thee antiquark in e~q scattering will exhibit a 1/4(1-1-cos 0*)2 behaviour (I = 1).
Thee quark scattering angle in the electron quark centre-of-mass, 9*y is related
too y through (1 - y) = 1/2(1 + cos0*).
So,, specifying the flavours entering into the quark sums, the structure functionss for e~p —> vX can be expressed as
FF22 = 2x (u(x, Q2) + c(x, Q2) + d(x, Q2) + s{x, Q2)),
xFxF33 = 2x (u(x, Q2) + c(x, Q2) - d{x, Q2) + s(x, Q2)).

(1.16)
(1.17)

Forr e+p —> vX the structure functions can be expressed as
FF22 = 2x (d(x, Q2) + s(x, Q2) + u(x, Q2) + c{x, Q2)),
xFxF33 = 2x (d(xt Q2) + s(xt Q2) - ü{x, Q2) + c(x, Q2)).

(1.18)
(1.19)

Thee assumption is made that there is no significant top or bottom quark content
inn the proton and that the energies considered are above the threshold for the
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1.4.1.4. The Quark-Parton Model
productionn of charmed quarks in the final state 3 .
Inn an analogous way to the charged current cross section (1.11), the cross
sectionn for the neutral current, NC, DIS process, l^N — l^X can be given in
termss of three structure functions, F^c, F^c, xF|* c , as

' S A °° = S [y+F"C("'Q2) -^FLC^Q2)^-rff(^)].

d <

(I-»)

wheree Z* is the incoming lepton, N the incoming nucleon, a is the electromagneticc coupling constant, F^c the longitudinally structure function and
xF$xF$ the parity violating structure function arising mainly from the 7Z 0 interference.. Hence, for Q2 <C M§, xF^c is negligible and the structure functions,
Frj*Frj*cc and Fj*c are given purely by 7* exchange. Note that in zeroth order
pQCD,, where Fj*c = 0, in the region dominated by pure 7* exchange the differentiall NC cross section and the structure function F^c are directly related
byy the simple relationship
dV N C (ep))

dxdQdxdQ22

2KO?v

^c,

^

YY++
F^(x,Q<),F^(x,Q<),
Q4x

(1.21)

Thee lepton-nucleon scattering process has been used extensively to measure
quarkk distribution functions, and to investigate their Q2 dependence. Note
thatt in the NC structure function the coupling e 2 , the quark charge squared, is
included,, whereas in CC it is not.

1.4.. The Quark-Parton Model
Inn 1969 R.P. Feynman formulated the quark-parton model [19], QPM, in orderr to provide a physical picture of the scaling that had been predicted by
Bjorkenn [20] and was observed in the first high energy physics, HEP, DIS experimentss at SLAC [21], where F^c was observed to be independent of Q2 for
xx values around x ~ 0.3.
Inn the QPM the nucleon is treated as an object full of point-like non-interactingg scattering centres, partons. The lepton-nucleon scattering cross section
iss approximated by an incoherent sum of elastic lepton-parton scattering cross
3

Beloww the charm threshold, one has to multiply d by cos 2 6C and s by sin 2 0 c in (1.16)
andd (1-17) and d by cos20c and s by sin 2 $c in (1.18) and (1.19), where 0C is the Cabibbo
mixingg angle.
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l'(k') l'(k')

q(xPq(xP + q)

N(P) N(P)
FigureFigure 1.2.
model. model.

Schematic view of lepton-nucleon scattering in the quark-parton

sections,, see Fig. 1.2. In the infinite momentum frame the Bjorken scaling variablee x is then identified with the fraction of the nucleon's momentum involved
inn the hard scattering. This can be shown by denoting the momentum fraction
off the parton to be n. Then, after the elastic electron-parton scattering, the
partonn has a four-momentum of q' = r\P + q, where
q'q'22 = (nP +
2

== rj
==

m2N

q)\

+ 2riP-q~

(1.22) )
2

Q,

m2q.

(1.23) )
(1.24) )

Inn the infinite momentum frame, neglecting the parton and nucleon masses, mq
andd myv, this leads to

vv

QQ2 2
IPIP -q x. x.

(1.25) )

Hence,, the momentum distribution of the partons in a nucleon can be expressed
ass xq(x), where q(x) is the parton density function, PDF, which gives the
distributionn of the partons in the nucleon.
Note,, that in the QPM the structure function F^0 is simply given by the
summ of the quark-antiquark momentum distributions, weighted by the square
off the quark charges

i f c c(*))

10 0

= £ee

qq(xq(x)+xq{x)).

(xq(x)+xq{x)).

(1.26) )

1.5.1.5. Q2 Dependence: QCD Evolution

Inn the static quark model a nucleon and other baryons are pictured as made
off three constituent quarks which give them their flavour properties. To incorporatee this picture in the QPM, the QPM identifies the constituent quarks as
valencee quarks, giving the nucleon its flavour, but adds a sea of quark-antiquark
pairss to the nucleon, with no overall flavour. Both the valence quarks and the
seaa quarks and antiquarks are then identified as partons. The antiquark distributionss within a nucleon are purely sea distributions, whereas the quark
distributionss have both valence and sea contributions. Consequently, for the
protonn to ensure the quantum numbers are correct, i.e. the quantum numbers
off the uud combination, in the realm of the QPM the number of quarks need
too satisfy the following sum rules:
ll

f(u(x)f(u(x)
o

i

i

- u{x))dx = 2,
o

f (d(x) - d{x))dx = 1,
oo

j(s(x)

- s(x))dx = 0,

(1.27) )
givingg the proton charge + 1 , baryon number 1 and strangeness 0. A sum rule
cann also be applied to the sum over the momenta of all types of quarks and
antiquarkss in the proton. Denoting the distribution by
arE(x)) = x(u(x) + ü(x) + d(x) + d{x) + s{x) + s(x) + c(x) + c(x)),

(1.28)

thee momentum sum rule, MSR, should hold
ll

fxZ{x)dxfxZ{x)dx

= l,

(1.29)

oo
iff quarks and antiquarks carry all of the momentum of the proton. This was
nott confirmed; measurements showed that only half of the momentum of the
protonn was contributed by the quarks and antiquarks. This can be explained in
thee framework of QCD, where the missing momentum is carried by the gluons.

1.5.. Q2 Dependence: QCD Evolution
Thee QPM model must be modified to allow interactions between quarks. This
iss accomplished in QCD, a non-Abelian gauge theory of the strong interaction
betweenn quarks and gluons, which combines short distance freedom with long
distancee confinement, due to the variable strength of the strong interaction.
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FigureFigure 1.3. Schematic diagram of the qqg vertex diagram plus virtual loop
corrections. corrections.

1.5.1.. Running Coupling Constant
Thee strong coupling "constant", g, is defined as the value of the coupling at
thee qqg vertex. In the calculation of g all virtual loop diagrams have to be
includedd (see Fig. 1.3), causing infinities which are controlled by a renormalisationn procedure. In this procedure the coupling is defined to be finite at some
scalee u. , and g(Q2) is expressed in terms of this fixed value at any other scale.
Thee one-loop solution is usually expressed in terms of the "running coupling
constant",, as(Q2) = g2 (Q2) / (An), as
as{Q2)as{Q2)

= hMW/Aty

(1 30)

wheree A is a parameter of QCD, which depends on the renormalisation scale
andd scheme and also on the number of active flavours, ni, at the scale Q2 and
0000 = 11 - 2m/3 [22].
Notee that the dependence of the coupling constant on the external scale Q2 is
truee for all field theories including Quantum Electro Dynamics, QED, where it
manifestss itself as charge screening. Whereas, in QCD, due to the non-Abelian
naturee of the gluon-gluon coupling, it manifests itself as anti-screening, i.e. the
closerr one probes the less strong the charge appears. Hence, when Q2 is fairly
large,, e.g. Q2 > 4 GeV2 for DIS, as is small and the quarks are "asymptotically
free".. In this region perturbation theory can be used to perform calculations
withinn QCD. To perform calculations in the region of low Q2, the coupling
constantt is high and non perturbative techniques are needed (the description
off these techniques is outside the scope of this thesis).
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q{xPq{xP + q)
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FigureFigure 1.4- Schematic view of leading order extension diagrams to the QPM:
(a)(a) the QCD Compton process and; (b) the boson-gluon fusion process.
1.5.2.. Q2 Dependence of Parton Distribution Functions
Ass a consequence of the quark-gluon couplings in QCD, the quark momentum
distribution,, and thus the structure functions, depend on (evolve with) Q2.
Beforee a quark in the nucleon interacts with the vector boson, it could radiate
aa gluon as in Fig. 1.4(a) (the QCD Compton process). Therefore, although
thee quark which is struck has momentum fraction x, the quark originally had
aa larger momentum fraction £ > x. Alternatively, as in Fig. 1.4(b), it may be
thatt a gluon with momentum fraction £ produced a qq pair and one of these
becamee the struck quark with momentum fraction x (the boson-gluon fusion
process).. Thus the quark distributions, q(£, Q2) for all momentum fractions £
suchh that x < £ < 1, contribute to the process shown in Fig. 1.4(a), and the
gluonn distribution g(£, Q2), for all momentum fractions £ such that x < £ < 1,
contributess to the process shown in Fig. 1.4(b).
So,, the parton being probed may not be the "original" constituent, but may
arisee from the strong interactions within the nucleon. The smaller the wavelengthh of the probe (i.e. the larger the scale Q2), the more of such quantum
fluctuationss can be observed and hence the amount of qq pairs and gluons in the
partonicc sea increases. Although these sea partons carry only a small fraction
off the nucleon momentum, their increasing number leads to a softening of the
valencee quark distribution as Q2 increases. Consequently, the structure function
F^F^00,, containing both valence and sea quark distributions, rises with Q2 for low
valuess of x, where sea quarks dominate, and falls with Q2 at large values of x,
wheree valence quarks dominate (see Fig. 1.5).
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QQ22 (GeV2)
FigureFigure 1.5. The results for F£m (points) versus Q2 are shown f or fixed x. The
fixedfixed target results from NMC, BCDMS and E665 (triangles) and the ZEUS-S
fit,fit, see Sect. 7.3, (curve) are also shown.
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1.5.1.5. Q2 Dependence: QCD Evolution
Thee Dokshitzer-Gribov-Lipatov-Altarelli-Parisi, DGLAP [23], formalism can
bee used to quantify these effects and expresses the evolution of the quark distributionn by
dgj(x,Qdgj(x,Q22))
dlnQ 22
2TT

ll

=

a8(Q2)

(1.31) )

andd the corresponding evolution of the gluon distribution by
dg(x,Qdg(x,Q22))
a9(Q2) f Ó*
22
ƒƒ
f Efc&tfW*
2TT T
dlnQ

(f) +9(t,<f)P„ (|)

(1.32) )

wheree Pij(z) are the "splitting functions" representing the probability of a partonn j emitting a parton i with momentum fraction z of that of the parent
parton,, when the scale changes from InQ 2 to InQ 2 + dlnQ 2 - These splitting
functionss contribute to the evolution of the parton distributions at order as,
a 2 ,, etc. e.g. for Pqq(z)

JW*)=J&ww + ^ r ^ )

+

(1.33) )

Thee above specified evolution of the parton distributions can be related to
thee measurable cross sections and structure functions. Analogous to (1.26), the
F™F™CC structure function in first order pQCD can then be written as
FF22(x) (x)
xx

== £ e 7 2 h M + A9(z,Q2)] =J2e2qq(x,Q%
Q,Q Q,Q

(1.34)

Q,Q Q,Q

2

wheree the Q dependence in the parton cross section, due to the additional
qqgqqg vertex contribution, is transferred into the parton distribution function

q{x)^q(x,Qq{x)^q(x,Q22). ).
Inn second order QCD, this absorption of the Q2 dependence into the partonn distribution function, cannot be maintained. The equations which identify
thee structure functions as sums over quark distributions have to be modified
accordinglyy to give expressions like [18]

if c (*,Q 2 ) )

11

r

XX

(1.35) )
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wheree the sum denotes the appropriate quark flavours and the coefficient functions,, C, represent the appropriate parts of the V*-parton scattering cross section n

m-|j+a s (Q 2 )/ 2 (j; ;

CC22 ( -,cts j =o2 ( -,<* s ) = e?

(1.36) )

and d
CC

xx

99 I T>as J

=cr

g

a, a,

<*s(Q<*s(QZZ)f)f99 7

(1.37) )

(!))

Similarr expressions can be obtained for xF$ in terms of ƒ3, but in this case
thee gluon makes no contribution. As a consequence of the fact that at second
orderr the gluon radiation can no longer be accounted for by making the quark
distributionss scale-dependent, the nucleon can no longer be pictured purely as
aa sum of spin 1/2 quarks and thus the Callan-Gross relationship, 2xF\ = F2, is
violatedd at second order. A consequence of this violation is that the longitudinal
structuree function, FL, is no longer zero.

1.6.. Electroweak Radiative Corrections
Thee cross sections as described in the previous sections are referred to as the
"Born"" level cross sections, due to the absence of higher-order electroweak effects,, radiative effects, in their description. The cross section including radiative
effectss is related to the Born cross section by

dv v

==

fdv'K(v,vfd<7Bc
) c

dv' '

(1.38) )

wheree v and v' are two-dimensional vectors representing the kinematic variables
(JC,, Q 2 ), and K(v, v') is the radiative kernel describing the transition from phase
spacee v' to v. In order to unfold the Born level cross section electroweak
radiativee corrections of order 0(aem) have to be taken into account:
•• pure QED corrections. Radiation of photons can shift reconstructed kinematicc variables, e.g. from large to small values of x inducing additional
enhancementt factors [24];
purelyy weak one-loop corrections.
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1.7.1.7. Summary
Processess contributing to the QED corrections come from initial state radiation,
ISR,, from the incoming electron and quark, photon emission from the exchanged
WW boson and final state radiation, FSR, from the outgoing quark. The processes
contributingg to the weak one-loop corrections come from W self energy, lepton
vertexx loops and two boson exchange. These contributions can be organised in
termss contributing to the complete cross section according to their dependence
onn the electric charge of the incoming particles: "leptonic", "interference" and
"quarkonic"" contribution terms [25] [26].
Thee presently available numerical programs for the calculation of the CC cross
sectionn do not all take into account the complete set of 0(a) electroweak radiativee corrections. Two programs which do include the complete set of corrections,
4
DISEPWW [27] and epcctot [29], have been compared [24] and are found to agree
well.. However, these programs are not suited for use in a realistic experimental
analysis.. They do not allow for application of experimental cuts and they are
restrictedd to the use of the kinematic variables reconstructed from the leptons
whereass experiments, in the case of the CC cross section measurement, have
too determine kinematic variables from the hadronic final state. The Monte
Carlo,, MC, event generator HERACLES/DJANGOH (see Sect. 3.1) circumvents
thesee two restrictions. However, it has the CC radiative corrections implementedd in an approximation where the quarkonic and interference contributions
aree neglected. From comparisons made between DJANGOH and epcctot [25]
itt can be concluded that neglecting quarkonic and interference contributions
inn the implementation of QED corrections in DJANGOH is justified as long as
measurementss do not require an accuracy of better than 2%.

1.7.. Summary
Inn this chapter the theoretical framework which was used in the measurements
presentedd in this thesis has been given. The much more formal description of
QCDD derived from the Operator Product Expansion and the Renormalisation
Groupp Equation to give predictions in terms of the moments of the structure
functionss can be found elsewhere [17] [22]. In the next chapters the measurementt of the cross section of e~p and e+p charged current interactions will be
described.. In the last chapter a comparison between the measurements and the
predictionss from QCD will be presented.
44

A branch of HECTOR [28].
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