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Introduction 

One thing the history of science has taught us, is that the smallest elements can always 
be broken down into even smaller components, although for a very long time, it was 
assumed that the atom was indivisible. After the discovery of the nuclei, it was soon 
realised that they too showed signs of a substructure, indicating the existence of smaller 
objects, the nucleons. All these building blocks are observed and studied individually 
as free particles in an experiment. The nucleons were later also found to be built from 
yet smaller constituents. But at this level, the trend has been broken: while we know 
that nucleons are built from quarks and gluons, they can only be detected indirectly, 
and they have never been observed and studied as individual particles. How hard one 
tries, the very structure of the laws of nature has prevented us from isolating a single 
quark or gluon and measure it. This is due to the confining nature of the interaction 
between the quarks, which is mediated by the exchange of gluons. If one tries to split 
e.g a meson (a quark-antiquark bound state), the invested energy is converted into 
additional quark-antiquark pairs and we end up with multiple composite particles. 

As of now, quarks and leptons are regarded as the elementary building blocks of mat
ter. To describe all the interactions between these elementary particles, the Standard 
Model (SM) has been developed over the years. In nature one usually distinguishes 
four fundamental interactions: electro-magnetism, the weak and the strong interaction 
and gravity Only the first three are described in the SM. In order to incorporate these 
three very differently behaving forces, the model actually is a collection of tightly in
terwoven theories, each with very distinguishable characteristics. Despite their obvious 
differences, they share one important common feature: they are all described through 
local gauge theories. Gauge theories are based on symmetries observed in nature and 
the (necessary) invariance of physics under a transformation by an element belonging 
to that symmetry group. The description of gauge theories can be found in text books 
such as [1-3] and is beyond the scope of this work. 

This thesis deals with the properties of hadrons, the bound states of quarks and/or 
anti-quarks, which can satisfactorily be described through interactions governed by the 
strong force alone. We restrict ourselves to the theory of this interaction, described in 
the SM by Quantum Chromodynamics (QCD). 

Over the years, QCD has established itself as the correct microscopic theory, mainly 
by impressive agreement between theory and experiment in the small coupling sector, 
where perturbative methods are valid. At the scale of the size of a hadron, however, 
non-perturbative methods have to be applied. Comparatively few results were obtained 
in this sector of QCD. It is therefore an obvious challenge to derive the internal structure 
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Introduction 

of a hadron from first principles, entirely within QCD [4]. Global features of hadrons, 
like charge, spin and isospin, represent no challenge and are trivially included in most 
models. However, specific features that are actually testing details of our theoretical 
understanding of the internal structure of hadrons are observables like form factors or 
polarisabilities. 

In this thesis we will focus on the structure of a pion, the lightest hadron, using 
lattice QCD (LQCD) as the non-perturbative method. In the first part we will discuss 
a free pion. At first glance, the pion, which consists of a quark and an anti-quark, 
looks like a manageable two-body system. There have been many descriptions of the 
pion based on effective low energy models or QCD inspired approaches. One feature 
all these models share is that confinement, the most striking feature of QCD, is - in 
one way or another - put in by hand. This is of course an unwanted step when one sets 
out to calculate the pion form factor or its charge radius, which concern the form and 
size of QCD confinement. Here one obviously wants to proceed from first principles, 
from the fundamental QCD Lagrangian itself. 

The pion form factor reflects the influence of the interacting quarks on the coupling 
of the photon to the pion. If the four-momentum transfer squared is zero, the photon 
'sees' no substructure and the form factor is equal to the total charge of the meson. 
For non-zero four-momentum transfer squared the form factor changes, reflecting the 
substructure probed by the photon. In case of a time-like photon, the form factor will 
show resonances, most notably from the p- and w-meson. For space-like photons, the 
form factor shows only the tail of the p resonance. 

As an example, we consider elastic electron scattering from a pion. The differential 
cross section of this process can be written as the purely electromagnetic scattering of 
a point particle times the form factor squared 

The electromagnetic part is calculated using perturbation theory in the (small) electro
magnetic coupling constant. The form factor itself can be extracted from the three-
point function for the pion-photon interaction 

iV = MPf)Mo)k(Pi)}, (o.2) 

which we will evaluate using lattice techniques. In the non-relativistic limit, the form 
factor is defined as the Fourier transform of the normalised charge distribution p(x) 
This connection will later be used to obtain the electromagnetic radius of the pion. 

Two groups have already calculated the pion charge form factor on the lattice. The 
pioneering work was done by Martinelli et al. [5], followed by more detailed calculations 
of Draper et al. [6-10]. Working with heavy pions of the order of 1 GeV, one of the 
findings of the latter work was that the pion form factor could be described reasonably 
well by a monopole form, as suggested by vector meson dominance. In our work, 
we will extend these calculations to much lower mass. Furthermore, we will employ 

(0.1) 
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an improvement program which ensures that discretisation errors, inherent in lattice 
techniques, are reduced significantly. 

In the mid seventies, it was realised that the theory governing the strong force, QCD, 
exhibits a phase transition for higher densities and/or temperatures [11-13]. In this 
regime, the strong interaction is not confining anymore and the quarks and gluons 
are not restricted inside hadrons. This state of matter is commonly known as the 
quark gluon plasma. It has not yet been confirmed experimentally beyond all doubt, 
although strong indications of its existence have been observed at CERN and RHIC. 
It is believed to have existed in the very early stages of the universe, about 1 0 - 6 sec 
after the Big Bang and presumable exists in the core of cold and very dense neutron 
stars. 

As an aside, it is interesting to note that in the mid sixties, before the formulation 
of QCD (thus before the postulation of quarks and gluons), it was already realised 
that in the hadronic phase the temperature is bounded [14]. The highest temperature 
was estimated to be « 160 MeV, not very different from the temperature of the phase 
transition (« 150 MeV). 

To create and observe the quark gluon plasma in a laboratory, one needs powerful 
particle accelerators and huge detectors. Nuclei with a large number of nucleons, e.g. 
gold ion, are accelerated close to the speed of light and collided into each other. The 
number of nucleons needs to be large, in order to produce a large, dense and/or hot 
collectively interacting system for which the laws of thermodynamics are valid. An 
introduction to the expected properties and signals of the quark gluon plasma can be 
found in [15,16]. 

If the energy per nucleon in the collision is less than about 10 GeV, the nuclei will 
break up and create a region of high baryon density in the centre of mass (stopping 
scenario). On the other hand, for energies on the order of 100 GeV and higher, the 
colliding nuclei will penetrate through each other and leave a region of high energy 
density, but essentially zero baryon density in the centre of mass (transparent scenario). 
If in either case the energy density is large enough, the hot QGP will be formed 
after an initial thermalisation time of the order of 10~23 seconds. Depending on the 
temperature, the quarks in this deconfined phase may still form bound states due to 
residual interactions. 

The system expands because of the thermodynamic pressure and cools down. When 
the energy density reaches a certain critical value, confinement reoccurs and the quarks 
and gluons of the plasma start to form hadrons again (hadronisation). The system 
further expands as a dense hadron gas, in which the particles still interact heavily with 
each other. This gas will eventually freeze out when the distance between the hadrons 
is too large for the strong force to have a significant influence. 

Since the quark gluon plasma itself can not be measured directly, its existence can 
only be inferred from the information carried by the particles created at the different 
stages of the collision that reach the detector. The analysis of the various direct and 
indirect probes of the QGP is a highly non-trivial task. For example, the production 
rates of detected particles might be influenced by changes in the properties of the 
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Introduction 

hadrons due to the surrounding, hot medium. 
The question thus arises whether and how the properties of these hadrons change in 

this environment. In the second part of this thesis, we will investigate these temper
ature changes of hadron properties by calculating correlation functions and the form 
factor of the pion embedded in a hot medium. This medium has zero baryon density 
and a temperature of 0.93 Tc

l. Several lattice studies have already investigated the 
screening masses and wave functions of hadrons at finite temperature. It was found 
that these remain unchanged up to 0.93 Tc [17] in comparison with T = 0 results. The 
spectral functions however, indicate a shift in the mass and a broadening of the width 
of both the lowest pseudo scalar and the vector meson. Our study of a form factor 
concerns space like photons and is the first investigation of the pion form factor at finite 
temperature using lattice techniques. Under the clean circumstances we choose, it ad
dresses the question whether and how a hadron changes its structure as it approaches 
the temperature where hadrons cease to exist as bound quark-anti-quark systems. 

This thesis is organised as follows. In Chapter 1, the theory of the strong interaction 
will be outlined, followed by the lattice implementation in Chapter 2. The simulation 
techniques are discussed in Chapter 3. In Chapter 4 the analysis techniques and the 
results for the free two-point function are presented; in Chapter 5 the same is done for 
the free three-point function. The results at finite temperature are collected in Chapter 
6. Conclusions are drawn in the last chapters separately. 

1 T h e temperature at which the phase transition occurs is referred to as the critical temperature, Tc. 
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Chapter 1. 

Quantum Chromodynamics 

In this Chapter, we will discuss the theory of the strong interaction, QCD, which is very 
interesting since it exhibits certain features which are absent in the other fundamental 
interactions. First of all, strongly interacting particles which carry colour charge (see 
below) cannot be observed as free particles. Such particles need to be in a bound state, 
in order to form a colour neutral object. This is called confinement. For example, the 
potential of a heavy quark-anti-quark pair rises linearly with their separation. Thus 
when one wants to separate the quark and anti-quark, an infinite amount of energy is 
needed1. 

Secondly, the strong force owes its name to the fact that at low energies it is stronger 
than the other elementary forces by orders of magnitude. Because of confinement it is 
a very short ranged interaction. Therefore the electro-magnetic forces, although much 
weaker but long ranged, dominate physics from the scale of atoms onward. Despite 
the strength of the interaction at the scale of the nucleon, the strong force exhibits 
a remarkable feature called asymptotic freedom. It essentially is the weakening of the 
interaction for very short distances. Since distances are intimately connected with 
energies through the uncertainty principle, this characteristic feature leads to the ob
servation that at very high energies, quarks only weakly interact with each other, thus 
enabling perturbation theory to be valid. The two regimes of QCD are connected 
through the varying of the coupling constant, which will be dealt with in Sec. 1.3. 

For the investigation of low energy, static hadron properties such as masses and 
form factors, one necessarily sits in the strong coupling regime. Since perturbation 
theory fails if the coupling constant becomes too large, i.e. of 0(1), we employ a non-
perturbative method, namely Lattice QCD for our investigations. This Chapter deals 
with the theory of QCD in general, introduces some useful concepts and paves the way 
for a more thorough discussion of the formulation of QCD on a discrete space-time grid 
in Chapter 2. 

1.1. Continuum description 

The strong interaction is described within the SM by QCD. The designation 'chromo' 
refers to the quantum number relevant to the strong force, i.e. the colour charge of the 

xAt a certain separation, it becomes energetically favourable to create a quark-anti-quark pair. The 
original pair has been separated, but the (anti-)quarks are still confined inside mesons. 
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Chapter 1. Quantum Chromodynamics 

elementary, strongly interacting constituents, the quarks and gluons. Quarks come in 
six flavours, grouped in three families: up and down, strange and charm and top and 
bottom. For each particle, there is an anti-particle with opposite quantum numbers. 

As is common in quantum field theories, the fundamental interactions are described 
by a Lagrangian. Since (anti-)quarks are fermions, their (free) kinematics is governed 
by the Dirac equation. In terms of a Lagrangian, it is given by 

nf 

CF(x) = ^rqt(x)(i^-Mkk)a0qP(x). (1.1) 
fc=l 

M denotes the rif x n/-mass matrix, which has the quark masses as its diagonal 
entries. The sum runs over the number of flavours n/, Dirac indices are denoted by 
greek letters, and colour indices are suppressed. The 7-matrices are defined through 
the usual anti-commutation relation 

{7^,74 = 2 ^ . (1.2) 

For now we refrain from specifying a definite representation. Although the kinematics 
of fermion fields is nicely described with this Lagrangian, it covers only free particles. 
Interactions are introduced by demanding invariance of the Lagrangian under local 
gauge transformations. This is achieved by the introduction of a covariant derivative 
given by 

DM(x) = <9M -igoA^x). (1.3) 

Here, the strength of the interaction is given by the coupling constant go, and we have 
introduced the gauge fields A^. These are related to the N% — 1 = 8 generators Aa of 
the SU(3) gauge group through 

a=l Z 

and obey transformation properties that leave the Lagrangian invariant. The dynamics 
of the gauge fields (gluons) is governed by 

7 V C
2 - 1 

£G(*) = —. E K^X)FaV^) (1-5) 
a = l 

with the field strength tensor given by 

F% = dMx) - dvAl - g0 fabc A\{x) Ac
u(x). (1.6) 

We combine Eqs. 1.1, 1.5 and substitute the covariant derivative, Eq. 1.3 for the 
normal one, to obtain the QCD Lagrangian 

CQCD = CG{X) + CF{X). (1.7) 

Having introduced the Lagrangian governing the dynamics of the quarks and gluons 
and their interactions, we will now discuss the calculation of expectation values using 
the Feynman path integral. 
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1.2. Feynman path integral 

1.2. Feynman path integral 

The quantisation of the classical theory described in the previous section is done using 
the Euclidean path integral representation. The partition function can be written as 

ZE(T,V) = f VAVtpV^e-s^^T'v), (1-8) 

where a possibly non-vanishing temperature T and a limited volume V have already 
been introduced. In principle, it also depends on the chemical potential, p,f. However, 
since our simulations are carried out at /// = 0, and because a finite chemical potential 
leads to rather difficult technical complications, we will not consider this dependence 
in this work. The action is given by 

l / T 

S$CD(T,V) = J drjd3xC%CD (1.9) 

0 V 

with the Euclidean Lagrangian 

£%CD = Y,i>k
a(rfDtl + mk)al3^ + - J2 F;V{X)F^{X), (1.10) 

fc=l o = l 

which is obtained from the Minkowski expression, Eq. 1.7, by a rotation to imaginary 
time r 

t—+-iT (1.11) 

and the use of the Euclidean representation of the 7-matrices, which obey slightly 
different anti-commutation relations 

{ 7 * , 7 f } = 2 < W (1.12) 

The temperature is defined through restricting the Euclidean time interval to [0, l/T]. 
To make this correspondence more clear, consider the thermodynamic expectation value 
of an operator O 

(eto*A))T-522gjM>. (Lis) 
Z is the quantum statistical partition function given by 

Z = Trp = Tie-7n. (1.14) 

Here, p denotes the spectral density and H the Hamiltonian. If we interpret p as 
an evolution operator in imaginary time from r = 0 to r = l /T , we can write the 
expectation value of the operator O as a path integral 

(0$,1>;A))T = -^ f VAVi,V^O{^,^A)e-sQco (1.15) 
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Chapter 1. Quantum Chromodynamics 

with ZE defined in Eq. 1.8. This shows that we can calculate the expectation value 
of an operator within QCD at finite temperature by restricting the (Euclidean) time 
extension. Because of the trace and in order to satisfy the spin statistics, periodic (anti-
periodic) boundary conditions must be imposed on the bosonic (fermionic) degrees of 
freedom in the time direction. 

1.3. Running coupling constant 

As already mentioned in the introduction, QCD exhibits several interesting features, 
which will be discussed to somewhat more detail in this section. 

First of all, due to quantum fluctuations, the renormalised coupling constant becomes 
scale dependent. When one considers large length (small energy) scales, the coupling 
is strong (0(1)). The fact that the coupling is large makes an expansion in g of the 
path integral, and consequently, perturbative calculations impossible, or at least very 
difficult. 

If, on the other hand, one investigates QCD at small length (high energy) scales, the 
coupling is small. This means that the quarks and gluons only interact weakly, and 
can be considered nearly 'free'. Because of this, perturbation theory can be used to 
calculate observables in this regime. The two completely different regimes of QCD are 
described through the running of the coupling constant. This states that the coupling 
constant is simply a function of the length- or momentum scale. To lowest order in 
perturbation theory, this dependence is given by 

Here, the fine structure constant is defined through 

aM) = ^ . (1.17) 

At the scale A, the coupling constant needs to be determined through experiment. For 
instance, at the scale of the Z mass, mz = 91 GeV, the coupling has been measured 
asas{mz) =0.118(3) [18]. 

1.4. Chiral symmetry 

Inspecting the mass spectrum of (light) mesons, one can observe multiplets with nearly 
degenerate masses. This observation confirms that QCD exhibits additional symmet
ries, apart from the gauge symmetry which was used to construct its Lagrangian. 

For massless quarks, it is easily shown that Eq. 1.7 is invariant under SUv(nf), 
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1.4. Chiral symmetry 

IV(1), SUA(nf)2 and £/A(1) transformations, which are collectively known as chiral 
transformations. Since symmetries are, via the Noether Theorem, responsible for con
servation of charges, currents and quantum numbers, investigation into their validity 
is an important issue. 

The question arises whether these symmetries survive for small but non-zero quark 
masses and, consequently, what the conserved (physical) quantities are. The global 
£V(1) symmetry is realised for the complete QCD Lagrangian, irrespective of the 
quark masses and leads to the conservation of baryon number. 

SUv(nf) survives for finite but degenerate quark masses. This leads to the conser
vation of the vector current and to the degeneracy of hadrons built from these quarks. 
For slightly non-degenerate quark masses, the spectrum will also show a slight non-
degeneracy. In nature, only u, d and perhaps s can be considered almost massless or 
degenerate (on the scale of hadrons), thus the symmetry is reduced to SUV(3), leading 
e.g. to a classification of the 7r's, kaons and the TJ into the same octet. This is only 
an approximate symmetry, as can be seen from the mass differences of the particles. 
Assuming degeneracy of only the u and d quarks (SC/y(2)), the symmetry is almost 
perfect. 

The SUA(nf) symmetry does not survive if quark masses are non-zero, but as long 
as the masses are small, the symmetry should be approximate. Assuming approximate 
SC/A(3) symmetry (mu « md « ms small), leads to the degeneracy of the 0~ and 0+ 
octets. Observing the large mass differences between the two octets, this is obviously 
not the case and it is due to the spontaneous breaking of the symmetry. This phe
nomenon occurs when the Lagrangian exhibits a symmetry, but its ground state does 
not. For massless quarks, the Goldstone theorem then states that the spectrum should 
include n2, - 1 massless pseudo scalar bosons. For finite quark masses, these bosons 
acquire a small mass, but are still significantly lighter than the rest of the spectrum. 
This is actually observed in nature; the pions (and kaons) are the 'pseudo'-Goldstone 
bosons. It is anticipated that at higher temperatures the ground state will become 
symmetric; the pions and kaons loose their identity as Goldstone bosons. Above the 
phase transition, the restoration of the SUA{3) symmetry will be complete and the pi
ons become degenerate with the scalar singlet meson (/0), the pseudo scalar singlet (77) 
and the scalar triplet (the a0 's). Also the kaons will become degenerate with their 0+ 
partners. For SUA{2) (mu « m^ small) a similar pattern is seen, but after restoration 
of the symmetry the pions become degenerate only with f0-

The UA(1) symmetry is explicitly broken on the quantum level, giving rise to the 
famous Adler-Bell-Jackiw anomaly [20,21]. It is connected to the topologically charge 
of the gluon field configuration. This anomaly is responsible for the large mass of the rj'. 
At higher temperatures, the symmetry will not be restored. However topological non-
trivial gluon field configurations may become less important for (very) high temperature 
and the breaking of UA(\) ceases to have an effect on the hadron masses. For (very) 

t echn ica l ly speaking, this is not a group. Nonetheless, we can associate a transformation with 
it which may leave the action invariant. The generator of this transformation is defined as the 
difference of the generators of the SUL(n}) and SUR(nf) groups. See e.g. [19] 
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Chapter 1. Quantum Chromodynamics 

high temperatures, a slow restoration may thus be observed. In this case, for nf = 2, 
the pseudo-scalar and scalar triplet states would become degenerate [22]. It was shown 
by [23] that the anomaly is also connected to the doubling problem of lattice QCD. In 
a way the lattice tries to 'fix' the anomaly by producing the doublers. 
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Chapter 2. 

Lattice Quantum Chromodynamics 

In this section, the basics of lattice regularisation of QCD are discussed; for a more 
thorough treatment, see for example [19,24,25]. The motivation of introducing a 
lattice is twofold. First of all, the lattice spacing acts as a regulator, since it serves as 
an ultra-violet cutoff on the momenta, rendering all the observables finite. Of course, 
in obtaining physical results, one should send the lattice spacing to zero, i.e. take 
the continuum limit, which is a non-trivial task. We will comment on this in Sec. 2.5. 
Secondly, the introduction of a finite lattice reduces the degrees of freedom of the theory 
to a finite number, thereby enabeling numerical methods to be used in evaluating the 
path integral. 

In order to formulate the theory on a discrete four-dimensional lattice, we need to 
map all the continuous fields and operators to this lattice. In doing so, one should 
take care in preserving the properties, most notably, the symmetries of the original 
theory. Local gauge invariance must be preserved, since a theory without it would 
not resemble QCD, not even in the continuum limit. Poincaré symmetry, on the other 
hand, is reduced to a cubic symmetry, but this poses no real problems, since the original 
symmetry will be restored in the continuum limit. Chiral symmetry is more difficult 
and we will return to this subject in Sec. 2.3. 

It is crucial to note that the discretisation is by no means unique. Especially for the 
case of the fermionic part of the action one has different schemes available. The freedom 
to formulate our theory enables us to improve it by adding specific operators, so that 
discretisation errors are reduced. This will be the subject of Sec. 2.3.2. The only 
common feature that different lattice theories share, is that they reduce to continuum 
QCD when sending the lattice spacing to zero. One should be careful in taking the 
continuum limit, since lattice artifacts could in principle mix with physical phenomena. 

2.1 . Formalism 

To construct QCD on the lattice, we introduce an isotropic hypercubic lattice of size 
N% x NT and spacing a. There are two different, contradicting constraints on the size 
and spacing of the lattice. First, the spacing should be small in order to keep the 
discretisation errors under control. Secondly, the (physical) size of the lattice should 
be large enough to ensure that the particle under consideration fits in it. For a particle 
of mass m, the correlation length is defined by its mass, £ = 1/m. Therefore, the 
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lattice spacing and Na should obey 

a « £ « aNa (2.1) 

These two inequalities are conflicting, since computing time is rather limited and grows 
very rapidly with increasing lattice sizes. 

Because we take fi = c = 1, all quantities (with non-trivial dimension) have the 
dimension of some power of mass or inverse length. Since the discretized theory needs 
to have the correct scaling properties, we have to scale all the fields and operators with 
their canonical dimension. On the lattice, the lattice spacing is used to obtain the 
dimensionless lattice fields and variables. These transformations are defined as follows 

M->-M, (2.2) 

^W^^W- (2-3) 
To account for the lattice, we have replaced the continuous variable x with the discrete 
valued variable n, to denote the position. Dimensionless lattice fields and operators 
are denoted with a hat. The normal derivative is discretized as a finite difference 

Ö M 0 ( * ) - i [ 0 ( n + £ ) - O ( n - £ ) ] . (2.4) 

Therefore, gauge invariance is broken by the quark field bilinears appearing in the 
action. These bilinears can be made gauge invariant by connecting two lattice sites 
with the lattice version of the Schwinger parallel transporter 

U^x) = e W . " + " « ^ - ' W - t y n ) (2.5) 

The fields U live on the links of the lattice and are members of the transformation 
group SU(3), i.e. they transform according to 

U„(n) -» g(n) U^n) g*(n + /*) (2.6) 

where g(n) is an element of the SU(Z) gauge group. This procedure is the lattice 
approximation of the covariant derivative. Having scaled the fields and operators in 
the appropriate manner, we now turn to the discretisation of the action. 

2.2. Lattice gauge action 

From the gauge links defined in the previous section, we can build gauge invariant 
objects from the traces of closed loops containing these links. The smallest invariant 
object is the trace of the plaquette, which consists of the product of gauge links around 
an elementary square on the lattice 

U„v{n) = U^n) Uv{n + jl) U^n + 0) C/J(n), (2.7) 
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and is related to the field strength tensor through 

U„v(n) = e
i9aa2F^n). (2.8) 

With the plaquette one can build the simplest gauge action 

n fJL<u 

where /? = 2Nc/g$, which can be seen to reduce to the continuum action up to orders 
a2 by substituting Eq. 2.8 and expanding in a. By adding larger loops to the action, 
and adjusting their coefficients appropriately, one can construct an action which has 
discretisation errors proportional to higher powers of a. 

2.3. Lattice fermion action 

The fermionic part of the action, given in Eqs. 1.9 and 1.10, can be discretized in a 
straightforward way. The application of the discretisation rules (Eq. 2.4), together 
with the inclusion of the gauge fields to keep gauge invariance, leads to 

SF = YJkn)Mlm{U)^m) (2.10) 

with 

Mn,m(U) = MfSn,m + \ ^ 7M { < W , m * 7 , » " <5„- A , m ^(n - /2) } (2-11) 

Although this action has only 0(a2) discretisation errors, this 'naive' discretisation 
leads to profound difficulties, namely the existence of so-called doubler fermions. This 
is most easily seen by considering the inverse of the fermion matrix (propagator) for 
free quarks in momentum space. It is given by 

(M*«r' = -'""^'it (212) 

EMsrn p^ + Mf 

The dispersion relation is obtained from the pole of this propagator (Ê = - ip 4 ) 

s inh2E = s i n 2 ^ + M^, (2.13) 

with 

Pi = %-nt, 0<ni<Na. (2.14) 
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We find the continuum solution, p = (0, 0,0) for which Ê(Q) = Mf, but also additional 
solutions with p = (TT, 0,0), p = (TT, TT,0), p = (TT, TT, TT) and permutations thereof, at the 
edge of the Brillouin zone. The number of fermions doubles for each dimension, hence 
the name 'doublers'. In case of a four-dimensional theory we thus find 16 fermions, 
of which 15 are non-physical lattice artifacts. The main problem is that these extra 
fermions survive the continuum limit. This simple discretisation therefore does not 
lead to the correct continuum theory. On a more fundamental level, one can show that 
the doublers cancel the [Tr i tanomaly [23]. This is crucial since in a lattice regularised 
theory, the corresponding current must be strictly conserved for finite lattice spacing. 

The no-go theorem of Nielsen and Ninomiya [26] states that a translationally in
variant, Hermitean and local (free) fermion action must exhibit doublers when chiral 
symmetry is to be preserved. As a consequence, there are only partial solutions to 
this problem. Since the locality of the action is very important in gauge theories, 
the doublers are removed at the expense of an explicit (partial) breaking or a slight 
modification of chiral symmetry. In the staggered formalism [27], the number of dou
blers is reduced to four and at the same time some residual chiral symmetry is left. 
Wilson fermions [28], on the other hand, break chiral symmetry completely, but have 
the advantage that all doublers are removed. In the domain wall approach [29,30] one 
makes use of an extra dimension to remove the doublers and at the same time preserve 
important properties of chiral symmetry as e.g. the UA(l) anomaly. For the size of 
the extra dimension going to infinity, this method is seen to produce a solution to the 
Ginsparg-Wilson [31] equation, {D, 75} = Dj5D, where D denotes the covariant deriv
ative. Other groups [32,33] have constructed an operator D which fulfils this equation 
in four dimensions. However, the simulation time increases by two orders of magnitude 
when these operators are used. In this work we use the Wilson formulation which will 
be described in the next section. 

2.3.1. Wilson fermions 

As the lattice version of QCD is far from unique, the ambiguity may be used to intro
duce additional operators in the action which vanish in the continuum limit. This is 
precisely what is done when using improvement, Sec. 2.3.2. Wilson [28] used this free
dom to add to the Lagrangian a dimension-5 operator with coefficient r to remove the 
doublers. This operator is the discretized version of the d'Alembertian ( • = D^D») 

$(n) D rf,(n) = 4>{n) £ {<WA,m*7» + 6n-n,mUl(n - ft) - 2<5n,m} ^ ( m ) . (2.15) 

The fermion action then has the form 

S^=^J2^n)Km(U)^m (2.16) 
n,m 
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with 

M^ m ( t f ) = <5„ , m -K^( r -7 M ) t f M (n )<W/ i ,m + (r + 7,.) Cj(» ~ £) *»,.» , (2-17) 

and the hopping parameter 

8r + 2Mf 

(2.18) 

The value of the proportionality constant r lies in the interval [0,1], but its exact value 
is not important for the removal of the doublers. In our studies, we choose r = 1, as 
is usually done, since it has numerical advantages. Furthermore, it is customary to 
rescale the fermion fields with a factor ^/2K, thereby removing the factor 1/2AC from 
the action. We adopt this convention too. 

To see how the operator, Eq. 2.15, removes the doublers, we again investigate the 
free quark propagator. Using the dimension full quantities, it is given by 

ilnjsmp^a + Mfjp) 

with 

Mf(p) = Mf + -Y,sm2(Pfla/2). (2.20) 
a 

From this, we see that the physical fermion remains unchanged (Mf(p) = Mf for 
a —> 0), but the doublers receive a mass proportional to 1/a. In the continuum limit 
they thus have infinite mass and decouple from the theory. At finite a, the masses 
are finite (of the order of the cut-off) and the doublers can still interact. Nevertheless, 
for the investigation of the light meson spectrum, at values for a normally used in 
simulations, these doublers are sufficiently heavy. 

The main disadvantage of the Wilson formulation is that chiral symmetry is explicitly 
broken for Mf = 0 at finite lattice spacing. Furthermore, discretisation errors of this 
action already start at 0(a), instead of 0(a2) in Eq. 2.11. 

Before proceeding with the discussion of improvement, a short discussion about the 
hopping parameter is necessary. The critical value for this parameter, nc is defined 
as the limit in which the pion mass vanishes at zero temperature. In the case of free 
quarks, the mass is not renormalised and KC = 1/8. When interactions are switched on, 
the fermion mass receives additive renormalisation since it is not protected by chiral 
symmetry and the value for KC changes. It must then be determined numerically. The 
quark mass can then be defined as 

- - - 1 

2 V K K. 
™* = Ö ( - - — ) • (2-21) 
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It should be noted that this definition of the quark mass is not unique. One can e.g. 
also define a quark mass through the axial Ward identity 

ZJP(x,t)Pi(0) 
2™<, = x^ 2?„"^L . (2-22) 

where AM is the axial vector current and P the pseudo scalar density. Also in this case, 
the value is inferred from simulations. A similarity between the two methods is that 
the mass is determined from averages over configurations. On a single configuration, 
it can thus happen that the actual quark mass assumes a value for which the fermion 
matrix has a (near) zero mode. The inversion of this matrix, necessary to obtain the 
quark propagators, then becomes impossible or at best very time consuming. The 
corresponding very small eigenvalue leads to a large contribution, which in full QCD is 
accompanied by a small determinant, thus rendering the contribution less important. 
This opposite effect, however, is absent in the quenched approximation, as we will see 
in Sec. 2.4, and leads to so-called exceptional configurations. 

2.3.2. Improvement 

We can exploit the ambiguity in defining the lattice theory also for the reduction of 
lattice errors. To obtain better scaling properties of physical quantities, the discretisa
tion errors (0(a)) must be reduced to 0(a2) again. To achieve this, improvement was 
invented. 

In order to improve the lattice theory, Symanzik [34,35] interpreted the lattice theory 
as an effective low energy (continuum) theory with parameter a 

-*latt C^nt + aJ2CiOi + 0(a2), (2.23) 

where the 0 j are dimension 5 operators. For a </>4 theory, he systematically investigated 
the operators of a certain canonical dimension d > 4 and added them to the Lagrangian 
using the ambiguity in defining a lattice theory, in order to cancel the ö(ad~4) terms. 
This will result in a theory which is correct up to effects of ö(ad+l~A). 

Sheikholeslami and Wohlert [36] used this improvement program for the Wilson ac
tion to reduce the errors to 0(a2). This thus means inclusion of dimension 5 operators. 
The number of operators is limited, since they need to share the same symmetries as 
the original action. One then finds 

0\ = ï>(n) io^ F^ipin) 

ö3=mTr(F(iUFliV) 

C>4 = mtj}(n) 7M D^ip(n) 

05=m2ï;(n)ip(n) (2.24) 
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The number of operators can be further reduced when one is only interested in the 
improvement of on-shell quantities. It is then possible to use the equations of motion 
to show that Ö2 and Ö4 are redundant. Of the remaining operators, Ö3 and Ö5 already 
appear in the Wilson Lagrangian. They simply amount to rescaling of the bare mass 
and coupling. The removal of 0(a) discretisation errors thus amounts to adding one 
extra operator to the Lagrangian, leading to the so-called Sheikholeslami-Wohlert (SW) 
action 

SS
F

W = Y,kn)M™(U)4>(m) (2.25) 
n,m 

with 
Af£JJ[ = A(n) - Sn,m + K An,m . (2.26) 

The fermion matrix has been written as the sum of a diagonal and a non-diagonal part, 
for later convenience. These parts are given by 

A(n) = l-ig0 cSw x ° > F^(n) (2.27) 

An,m = 2 5^(7** " 1) Ufj.in) Sn+^m - (l„ + 1) £$(n - £) *n-/i,m , (2.28) 
A« 

where the FMj,(n) is taken as the imaginary part of the plaquette (cf. Eq. 2.8). Since 
the improvement term is calculated using sums of four neighbouring plaquettes, one 
also refers to it as the clover action. 

The improvement constant csw, which depends on the coupling constant, can either 
be obtained analytically in perturbation theory or through simulations by demanding 
the validity of the PCAC relation up to corrections of ö(a2). To one-loop order, the 
perturbative value is [37] 

csw = 1 + 0.2659 gl + 0{gt). (2.29) 

The non-perturbative value (for f3 = 6.0) is 

csw = 1.76923 (2.30) 

as obtained by Lüscher et al. [38]. We will use this latter value in our simulations, thus 
ensuring the removal of order a effects to all orders in g0. 

This improvement strategy ensures that quantities whose discretisation effects de
pend solely on the action, like masses are free of O(a) deviations. However, local 
composite fields introduce O (a) corrections in correlation functions constructed from 
them. To also improve the expectation values of those operators (e.g. matrix elements), 
one thus needs to add counter operators and impose the correct renormalisation in or
der to remove these effects. An example of such a local composite field is the vector 
current used in this work. Its improvement will be discussed in Sec. 3.5. 
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2.4. Lattice path integral 

Having constructed the lattice action, we now turn to the path integral. On the lattice, 
the expectation value of an operator is calculated from 

(0($, h U)) = ^J Di>Di>DU 0$, ï>; U) e'3* (2.31) 

with the Euclidean, SE action built from Eqs. 2.9 and 2.25 and Z the partition 
function, Eq. 1.8. The fermion integration measure is defined as 

Drj> Dip = Yl dipQ{n) ]J <%i(TO). (2.32) 
n,ot m,(3 

The gauge fields, U, are elements of the SU{3) group. The integration is done using 
the Haar measure. Therefore, in calculating gauge invariant quantities, a gauge fixing 
term is not necessary. 

Since the fermion fields are represented by Grassmann variables, and the quark action 
is bilinear in the quark fields, we can integrate them out. The expectation value for an 
operator which is bilinear in the quark fields, can then be calculated using 

f D-ip Dip i>i i>j e -* 'M i ' *' = det(M) M ^ 1 . (2.33) 

After the integration of the fermion fields, we are left with the path integral over U 

(0(U)) = i f DU 0{U) e~SG . (2.34) 

For this we need to calculate the determinant of a N% x NT x 4 x 3 x NF matrix. This 
determinant, however also depends on U. In terms of the Monte Carlo method, to be 
discussed in Chapter 3, this means that for every update, even if it is not accepted, the 
determinant has to be taken into account. Since this is very time consuming, many 
lattice simulations make use of the so-called quenched approximation, i. e. setting the 
determinant to 1. Physically, this means that one considers the sea quarks infinitely 
heavy and hence all their effects are neglected. The approximation reduces the neces
sary computing time significantly. It will be used throughout this work. The quenched 
approximation is not as crude as it seems, and will be discussed in Sec. 2.6. 

2.5. The continuum limit 

In this chapter, we described a lattice theory and assumed it to reproduce QCD in the 
continuum limit. This assumption was motivated by the fact that the lattice action 
reduces to the continuum one in the (naive) a —• 0 limit. There exist however many 
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more lattice actions that have this property. It is a priori not clear whether our lattice 
theory will posses a continuum limit which resembles QCD. That this is indeed the 
case, see e.g. Rothe [24]. 

The lattice has been introduced to regulate the theory of QCD. It renders all observ-
ables finite at non-zero lattice spacing, since the momenta are cut-off, -êr- < |pM| < — 
and therefore the integrals are replaced by finite sums. In order to extract continuum 
physics, this regulator has to be removed while keeping the observables finite. This 
is ensured by absorbing any infinities into the renormalised parameters of the theory, 
as is normal in field theories. The continuum limit is reached for a = 0. Here, the 
value of e.g. the pion mass on the lattice must go to zero, since mn = rh^/a must 
remain finite. The correlation length, which is given by the mass of the lightest particle 
in the spectrum through £ = l/rnv, diverges and the system becomes unaware of the 
underlying lattice. The continuum limit must be reached for vanishing bare coupling 
constant go, since otherwise the lattice theory fails to describe QCD. 

The physical value for an observable can be written as 

lim O(g0(a),a) = Ophys (2.35) 

where the renormalised quantity O(go(a),a) is obtained from the lattice observable by 
scaling with its canonical dimension 

lim ( - ) O(g0(a),a) = \imO{g0(a),a). (2.36) 
a—>0 \ a / a—>0 

For a lattice system close to the continuum, the observable should not depend on a 
anymore. This leads to the renormalisation group equation (RGE) 

ada-^ög-o. 
O(g0{a),a)=0, (2.37) 

which states that a change in a is compensated by a corresponding change in the 
coupling constant, with the /3-function defined as 

P(9o) = -a^-. (2.38) 

The /3-function has been calculated in perturbation theory, 

0(9o) = - / W - 0i9o + 0(gl) (2.39) 

with the coefficients 

00 = i i [YNC ~ tnf) and (2-40) 
1 /34 ,, 10 „ AT2-1 

* = Ö W l ^ 2 " fUfNc ~ ^ ^ J ' (2'41) 
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which have been proved to be universal, i. e. they do not depend on the renormalisation 
scheme chosen. Since both coefficients are positive, the /^-function itself is negative to 
this order. This means that upon decreasing the lattice spacing, the coupling constant 
reduces. The fixed point will thus be g0 = 0. The theory still describes an interacting 
theory, since the renormalised coupling does not vanish in the continuum limit. 

For finite lattice spacing, Eq. 2.37 does not hold, the r.h.s. will in general not 
be zero. This is called scaling violation and the deviation from zero depends on the 
observable under consideration, it will however vanish in the continuum limit. The 
domain in which the RGE is approximately valid, is called the scaling region. 

The explicit dependence of the coupling on the lattice spacing is obtained by integ
rating the RGE 

a = — L - (/3o5o) ^ e ~ « U , (2.42) 

with k^att the QCD scale on the lattice with the dimension of a - 1 , which has to be 
determined from simulation. This function is in principle independent of the observable 
considered, i.e when the system is well within the scaling region. 

In order to obtain the physical values of observables, they need to be scaled according 
to their dimension, with either the lattice spacing or ALatt, Eq. 2.36. We thus need to 
sacrifice one quantity to set the scale. Often, this is done using the p-mass or string 
tension, a, the coefficient of the linear part of the heavy quark potential. A somewhat 
more detailed discussion can be found in Sec. 5.8. If the lattice spacing is taken small 
enough for the system to be in the scaling region, lattice effects are small or even 
negligible. It is then not necessary to perform the continuum limit, the physical values 
can be directly extracted from the lattice. 

2.6. Errors in lattice QCD 

Numerical simulation of the (discrete) lattice theory gives rise to two types of errors, 
statistical, and systematic. In this section the statistical and some of the systematic 
errors will be discussed. 

Errors of the first type obviously result from the Monte-Carlo sample (see next 
Chapter), which is necessarily finite. When the different configurations are statistically 
independent, i.e. the autocorrelation time of a certain observable is smaller than the 
separation of two configurations in the Markov chain (see Sec. 3.1.1), the error on an 
observable should fall with \/N, where N is the number of configurations used. 

The first systematic error in lattice calculations is obviously the discretisation of the 
continuum theory. As already discussed in some detail in Sec. 2.3.2, these errors can be 
reduced by improving the theory through a systematic removal of 0(a) effects. Apart 
from this, systematic errors also arise from the uncertainties and approximations in 
the extrapolation to the continuum limit. 

Second, the finite extension of the lattice introduces finite size effects. These arise 
if the spatial box is to small to contain the particle or system under investigation, or 
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in case of periodic boundary conditions, if the influence of the 'mirror' state is not 
negligible. Liischer [39] investigated this type of uncertainty. On a lattice with large 
enough extension, L, the finite volume effects on the mass of a particle are proportional 
to e~ML. Gupta [25] showed that this exponential decrease is valid if ML > 5 and 
therefore, the corrections are negligible. In this study we use L = 24 and with the 
smallest pion mass, mw = 0.194, we are slightly under the limit. The other pion masses 
do fulfil this requirement. The second consequence of the finiteness of the lattice is 
the momentum resolution. The minimal momentum (increase) is pmin = 2ir/L. In our 
case, this amounts to a resolution of « 520 MeV. 

Thirdly, since on today's computers is it not feasible to simulate at the (small) 
physical mass of the u and d quarks, it becomes necessary to calculate the observable 
for various quark mass values and then perform an extrapolation to the chiral limit. In 
principle, chiral perturbation theory (xPT) provides us with functions to perform the 
extrapolation with. These functions are calculated order by order, with an increasing 
number of free parameters. However, the mass regime where xPT is valid reduces when 
higher orders are taken into account. Thus, in order to verify the predictions of xPT, 
the lattice data should be very accurate for especially the lower quark masses. Since 
it is very hard to obtain accurate results for lower quark masses, it is only possible to 
use a limited number of terms provided by xPT. This truncation leads to errors in the 
extrapolated values. 

A last source of systematic uncertainties are the errors introduced by setting the 
fermion determinant to 1. These quenching effects are very hard to estimate, since 
they are non-perturbative. Although the approximation might look very crude at 
first sight, the results obtained within this scheme are very reasonable and they are 
important for the understanding of QCD. The light meson spectrum, for instance, 
has been determined within quenched QCD (qQCD) and the experimental values are 
reproduced within 5% [40]. Thus for certain observables, the approximation is actually 
quite good. To see this, observe that qQCD differs from QCD only in the relative 
weights of the background gauge configurations, and that it exhibits all the important 
features of full QCD, namely confinement, asymptotic freedom and spontaneous chiral 
symmetry breaking. The physical effect of quenching is the absence of all virtual 
quark loops. Certain quantities and phenomena which are sensitive to the effects 
of these loops, like string breaking, are therefore not reproducible in the quenched 
approximation. The absence of string breaking leads to a different qualitative behaviour 
of the two theories at large length scales. Nevertheless, the behaviour on the relevant 
scale of the hadron (« 1 fm) is quite similar for observables in which the effects of 
vacuum polarisation of the quarks is not very important. 
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Simulation techniques 

In this chapter the structure of the simulation program will be outlined, and calcula-
tional tools and the choices for parameters are discussed. We start with the generation 
of configurations of gauge links. The construction of n-point Green's functions from 
elementary quark propagators is discussed together with the discrete symmetries which 
enable us to rewrite the Wick contracted correlation functions. We then outline some 
additional numerical concepts motivated by physics arguments, followed by the nu
merical inversion of the fermion matrix. We end the chapter with an overview of the 
simulation parameters used in this work. 

3.1 . Gauge section 

After the analytic integration over the fermionic degrees of freedom, using the quenched 
approximation, the path integral has the following form 

(0(H)) = | jvUe-sG(u) 0(U). (3.1) 

Since this integral has a very large number of degrees of freedom, which scales with 
the number of lattice points, usual numerical integration methods cannot be applied. 
Instead, one has to turn to so-called Monte Carlo techniques. The straightforward 
application of this method would consist of picking the set of gauge fields randomly 
from a uniform distribution and evaluate Eq. 3.1 on each of them. Since such a sample 
is necessarily finite, Eq. 3.1 changes 

{0(U))~^Y.e~SG{Ul)°^)- (3-2) 
i 

Now, all fields are equally probable but their contribution to the integral might be 
insignificant. This means that one would have to 'walk' through the complete gauge 
configuration domain in order to have a sensible estimate of the integral. This in 
turn leads to a very slow convergence. This is most severe when the integrand varies 
rapidly or the dimensionality of the integral becomes large. Our integral has both these 
properties and we therefore need a different scheme. 

Instead, we turn to importance sampling, which amounts to generating a set of 
representative gauge field configurations on which the observables are calculated. The 
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generation of a suitable set is a highly non-trivial task. It took some time to find an 
algorithm that included both an acceptable convergence rate and autocorrelation time. 
This will be the subject of the next section. 

3.1.1. Markov chains and Metropolis 

To generate configurations that have a significant contribution to the integral (without 
ruling out the others completely), we use importance sampling, i. e. we pick the config
urations with a probability distribution of the form 

P(U) = i e - s « ( w ) . (3.3) 

Since we are studying equilibrium physics, a useful method to generate a sample of 
configurations with the probability distribution P(U) is the use of a so-called Markov 
process. The idea is to generate a new configuration 14' from an old one with a transition 
probability PT(U,W). This update is then repeated a number of times to create a chain 
of configurations that, after some thermalisation is distributed according to Eq. 3.3. 
The algorithm must have several properties to ensure that this is the case. First of all 
the probability of reaching any configuration W from any other must be nonzero 

PT{U,U') > 0 for all U' and U. (3.4) 

This is called ergodicity. Second, the transition must preserve the probability distri
bution Eq. 3.3, i.e 

P(U')= I dUP{U)PT{U,U') for all U'. (3.5) 

A necessary condition, ensuring that the chain of configurations has the appropriate 
distribution irrespective of the starting configuration is detailed balance, 

P{U')PT{U',U) = P{U)PT{U,U') for all U'. (3.6) 

Metropolis et al. [41] introduced a recipe for the generation of a Markov chain by 
picking the trial link U' randomly and using the acceptance probability 

PA(U,U') = rain (^l,^y (3.7) 

Together, they form the transition function, which ensures that the chain satisfies 
detailed balance and ergodicity. The update is normally done on a single link U, since 
changing all the links before applying the acceptance criterion drives the acceptance 
rate to zero. Updating a configuration (U) thus consists of updating all individual links 
([/) separately. 
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The main problem of the Metropolis algorithm is that it either has a low acceptance 
rate or the correlation time is long because of high correlations between successive 
configurations. The autocorrelation time r depends on the lattice correlation length £ 
as 

T ~ £ ' , (3.8) 

with z the dynamical critical exponent. For the Metropolis algorithm z « 2 and thus r 
can become large, especially in the vicinity of the continuum limit where the correlation 
length diverges. This problem will be addressed in the next section, where several 
improvements of the above method are discussed. 

3.1.2. Heat bath and overrelaxation 

The Wilson action has the important advantage that it is local (nearest neighbour 
interactions only). The change in the action due to updating one link can thus be 
calculated very fast 

SG = 5ft Tr UV + terms not involving U , (3.9) 

with V the sum of the product of remaining link variables of the plaquettes contain
ing U. It is therefore feasible to update a single link a number of times and then 
proceed to the next link. This is called multi-hit Metropolis. For a large number of 
updates per link, this procedure is equivalent to the heat bath algorithm [42]. The heat 
bath algorithm updates an individual link using the differential probability distribution 
determined by the neighbouring links 

dP(U) = eKTïUVdU, (3.10) 

Stated differently, it is set into local equilibrium with them. The heat bath algorithm 
was originally proposed for SU(2), but applied to 5(7(3) [43] it was rather slow. 
Cabibbo and Marinari [44] therefore suggested to use it to update the SU(2) sub
groups of the link. This work was further improved and is known as the FHKP updat
ing scheme [45,46]. It will be used in this work. This crucial difference between the 
heat bath method and the Metropolis algorithm (which updates a link based on the 
old link itself) is that the new link is much less correlated with the old one. One heat 
bath update step then consists of 'sweeping' through the complete lattice. It reduces 
£, but the dynamical critical exponent, however is still z « 2. 

With the overrelaxation algorithm [47,48] one can reduce the correlation between two 
consecutive configurations even more. Working again in the subgroups of the 5(7(3) 
links, one chooses a 5(7(2) matrix lying opposite in parameter space to the original 
one without changing the action SG{U). Since the change in the action is zero, the 
transition is always accepted. The method is obviously not ergodic, so one can only 
use it in combination with another algorithm which supplies the ergodicity. Depending 
on the number of overrelaxation steps per heat bath update, it is possible to lower the 
critical exponent to z « 1. 
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For our choice of the coupling, we will use the combination of one heat bath sweep 
and four overrelaxation steps. 

3.2. The quark propagator and pion n-point Green's 
functions 

Since all the pion Green's functions used in this work are calculated using quark pro
pagators, it is useful to recapitulate their basic properties and implications on the pion 
n-point Green's functions [10]. Using charge conjugation, with the property 

C^C-1 = - 7 J ClbC~l = 75
T, (3.11) 

we find for the inverse the quark propagator1 

CMjl{x,y-{U})C-l=Mjl{y,x-{U'f})T. (3.12) 

where the transpose is over the colour and Dirac indices and ƒ denotes the flavour. 
{[/} denotes the gauge field configuration on which the propagator has been calcu
lated. Since the gauge action is invariant under the transformation U —> U* we find 
exp(-SG({C/*})) = exp(-SG({£/})). Because of Eq. 3.12, a general pion n-point 
Green's function can thus be written as 

(G({U}))u = \(G({U}) + G({U*}))u • (3.13) 

The subscript U denotes the ensemble average over the gauge configurations (cf. Sec. 
3.1) Another useful operator is C = C75. It has the property 

Cl»C~l = 7 J , C^C-1 = 75
T, (3.14) 

and results in the following identity 

CMj\x,y;{U})C-1 = (MJ1)* (x,y; {[/*}). (3.15) 

Using Eqs. 3.12 and 3.15 one finds the 75-symmetry 

75 Mj\x, y; {[/}) 75 = (M" 1 ) ^ (y, x; {U}) (3.16) 

With these two equations it is easy to show that for our Green's functions, 

G({U*}) = G*({U}) (3.17) 

1Remember that M71{x,y; {U}) = Gf(x,y; {U}). To avoid possible confusion with the pion Green's 
functions, we choose to represent the propagator by the inverse of the fermion matrix instead. 
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and thus 
\ (G({U}) + G({U*})) = 5R (G({U})) . (3.18) 

This shows that we can use the real part as our signal, and discard the imaginary part, 
which averages out to zero for an infinite sample. Using parity, one can show that 
the pion n-point correlation functions are even under spatial inversion and therefore 
the Green's function in momentum space should be real. In the next sections we will 
specialise to two- and three-point Green's functions. 

3.3. Pion two-point Green's function 

Having discussed general n-point Green's functions in the previous section, we now 
specialise to the two point function for the pion, given by 

G(x,Xi) = (n\</>n(x)<t>Uxi)\n)- (3-19) 

Using the creation/annihilation operators for the pion, restricting ourselves to a 7r+, 

<Hx) = M^h5Mx) <t>Hx) = -M^h5Mx), (3.20) 
and dropping the hats on dimensionless fields from now on, we can rewrite Eq. 3.19 
using Wick's theorem to obtain 

G(x,xi) = {TT{^M-\XUX)^M-1{X,X{)))U • (3.21) 

Here M~1(x,xi) represents the propagation of a u quark from x\ to x and we have 
dropped the dependence on U. A similar interpretation holds for M^1{xl,x). The 
subscript U denotes the configuration average, i.e. the expectation value with respect 
to the sets of gauge links as explained in Sec. 3.1. In order to calculate the pion 
Green's function one thus needs two quark propagators. In Lattice QCD, where the 
inversion of the fermion matrix is the crucial and most time consuming step in the 
complete calculation, this is not desirable. But as we have seen in Eq. 3.16, the forward 
and backward propagators are related due to the discrete symmetries on the lattice. 
Rewriting the 'backward' propagator, we then find for our two-point function [49] 

G(x, xi) = (Tr ( ( M " 1 ) ^ (x, xx)M-l{x, ar,)))u , (3-22) 

which means that for degenerate flavours u and d, we need to invert (part of) the matrix 
only once. In momentum space the two-point Green's function can be represented as 

G(t,ti',p) = J2e~iP<X~Xl)G(x>xi) • (3-23) 
X 

Substituting Eq. 3.22 in Eq. 3.23 and making use of Eqs. 3.13 and 3.18 one finally 
obtains 

G(t,ti]P) = {Trfft^~it"l"~Xi)^7Hx,xi)M-1(x,xi))u • (3.24) 
X 
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In this form the two-point function is easily implemented in a computer program. The 
discussion regarding the inversion of the Dirac matrix will be postponed to after the 
discussion of the three point function. 

The two-point function contains information about energies and amplitudes of the 
meson under consideration. These observables, including the dispersion relation, have 
all been calculated before by others and can therefore serve as independent checks on 
our methods. Furthermore, the parametrisation of the 3-point function contains several 
of these parameters. To extract the form factor, it is therefore necessary to obtain the 
energies and amplitudes from another observable, the two-point function. 

3.3.1. Operator and gauge field smearing 

The 'pion operator' introduced in this Sec. 3.3 projects not only on the ground state 
of the pion, but also onto the other states having the same quantum numbers. In 
practise, however, these will be the first excited states of the pion: as we will see later 
on, the two-point correlation function is exponentially damped with the energy times 
the propagation time of the pions. Measuring the correlation function for increasing 
separation time will thus provide a means to remove the excited states one after the 
other and eventually filter out the ground state. In principle this would work for a large 
enough temporal extension of the lattice. In our case, it is certainly possible to obtain 
the masses and energies in this way even though we can only use half of the lattice 
because of 'wrap around' effects due to our periodic boundary conditions. However, 
for the three-point function a problem arises since in this case one is only able to 
use approximately one third of the extent of the lattice because of other, more severe 
wrapping around effects (see Sec. 5.2). It is however possible to improve the 'pion 
operators' to enhance the overlap with the ground state pion. The first observation 
to make is that the pion operators are not physical in the sense that they lack spatial 
extension. Thus a promising improvement step is to use non-local pion operators, i.e. 
spatially separated quark and anti-quark operators. To preserve gauge invariance, one 
connects the (separated) quarks by gauge links. The physical interpretation of this 
connection is of course the gluonic tube, giving rise to the potential energy of the pair. 
There are several schemes to implement this operator smearing in a gauge invariant 
way [50,51]. In this work the scheme developed by Gupta et al. [52] and Lacock et 
al. [53] is used. The quarks are separated by a distance R, and connected with a linear 
string of gauge links. This is done for every spatial direction (see Fig. 3.1(a)) in order to 
build an extended operator which produces an 5-wave in accordance with the quantum 
numbers of the ground state of the meson. The smeared operator, which we only use 
on the sink side, can be written as 

(f)R(x) = ipd(x)'y5%jju(x), (3.25) 
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3.3. Pion two-point Green's function 

where 

1 3 

i>u{x) = - Y, (Ufa - A)-fJ(* - mM* - m + 
11=1 

U^x)...U^x +{R- l)fi)^u(x + Rjl)) . (3.26) 

The smearing is thus performed on the u-propagator where after it is connected to the 
d-propagator. In this way it is possible to perform the calculation of different R-values 
iteratively and thus save computer time. The optimal smearing must be determined 
from simulation by inspection of e.g. the effective energy (See Sec. 4.3). 

The reason to only smear the sink side is simply a computational one. We create 
fermion propagators originating from one point (0,0). If we would want to have a 
non-local source operator, we should also calculate the propagators coming from many 
other points close to the origin. The huge amount of extra computing time makes this 
unfeasible. 

(a) (b) 

Figure 3.1: Overlap enhancement. Operator- (a) and gauge Held smearing (b) 

In order to further enhance the overlap, one can try to better mimic the gluonic tube. 
The enhancement is likely to be much better if the linear string of links is somewhat 
spread in space. The APE-smearing technique [54] is such an improvement. It consists 
of adding to a link the staples multiplied with a weight factor e and projecting back to 
SU(3). The staples are built from the link variables that would complete a plaquette. It 
is done for the spatial directions perpendicular to the link which is being smeared (See 
Fig. 3.1(b)). This procedure should be repeated n times. Studies have shown [53] that 
the optimal overlap is achieved for small e and large n. However, the dependence on the 
exact values of these parameters is very small, as long as one uses gauge smearing. In 
order to save computer time, we therefore choose e = 0.5 and the number of iterations 
n = 4. 

A byproduct of operator smearing is that one is able to obtain the 'Bethe-Salpeter 
amplitudes' from the two-point function. This will be dealt with in Sec. 4.5. 
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3.4. Vector mesons 

In the discussion of the form factor, we will often refer to the vector meson dominance 
model. Therefore it is natural to also obtain the mass of the lightest vector meson, 
i.e. the p-meson, consistently with our methods. The creation/annihilation operators 
of Eq. 3.20 are now different 

Vk(x) = Mx) 7
fc i>u{x) Vk]{x) = -jju(x) j k Mx), (3-27) 

Eq. 3.24 changes to 

G^(t,i i ;p) = ( T r K ^ e - i P ( a : - ^ 7 S 5 M d - t ( x , x i ; { C 7 } ) 7 5 7 f c M - 1 ( 2 : , a ; i ; { t / } ) ) c / . 

(3.28) 
In the calculation, the polarisation states perpendicular to the correlation direction, 
denoted by k, are averaged over. 

3.5. The three-point Green's function 

The three-point function contains information on the form factor and is therefore of 
central importance. In the space-time representation it reads 

G„(xt,x,Xi) = (Ü | r (<^(x f ) j M (z )4(x i ) ) |n). (3.29) 

On the lattice one has several choices for the current j M . The local current, corres
ponding to the continuum one, reads 

jfa)=2qfKfiif(x)illil>f(x). (3.30) 

Here, qf denotes the quark charge and the subscript ƒ can be either u or d (a sum
mation is assumed), depending on which quark is 'probed' with the current. The local 
current is however not conserved on the lattice and needs renormalisation, leading to 
the renormalised local current 

jf{x) = Zvj
L

VL (3.31) 

with 
Zv = Z^ (1 + bv mq) (3.32) 

the (mass dependent) renormalisation constant. The quark mass mq, is defined in Eq. 
2.21. Despite renormalisation, this current is still only conserved to ö(a°). 

Applying the Noether procedure, one can construct a conserved current [23] 

3%{x) = qf Kf [$f(x) (1 - 7M) U„{X)^J{X + A) - ?Pf(x + A) (1 + 7M) Ul(x) ^f(x)] . 
(3.33) 

This current is conserved but receives 0(a) corrections away from the forward direction. 
As mentioned in Sec. 2.3.2, in order to obtain full C(a)-improvement, one also needs to 
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improve local composite operators. Using Symanzik's improvement program [34], one 
can identify the appropriate operators, which, when used together with the improved 
action, result in matrix elements that are free of all O(a) discretisation errors. The 
operator which in our case fulfils this requirement is the tensor term 

fi(x)=2qfK/dvT,u, (3.34) 

with 
TliU = irpf(x)afll/ipf(x). (3.35) 

The improved current [55,56] can then easily be constructed from the local one as 

jl = Zv{fi + cvjl}, (3.36) 

where cy denotes the improvement parameter. Since the improved current is a linear 
combination of the local current and the tensor term, we calculate their expectation 
values separately. In the analysis the two are combined to form the improved current. 
In this way it also remains possible to re-analyse the data with a different value for 
cy- There exists also a conserved improved current. It is based on the conserved 
current, with the same tensor operator for the O(a) correction, but with a different 
improvement constant c'v. At the time of this study, this constant had not yet been 
determined non-perturbatively, thus we only use the improved current. 

For convenience, we write the different currents more compactly as 

jf^Hx) = qfKj J2My)K{S'c'I}(x,y,y'Wf(y') (3.37) 
y,y' 

with 

KL(x,y,y') = 2iil5x^8x,y> 

Kc(x,y,y') = (l-'J^)Ulx(x)6XtVöx+fi.ty- (1 + j,,) Ufa) Sx+fi<y 6XtV> 

K (x,y, y') = 27M 5x,y 5X^ +2icv (Sx+piy <rM„ 5X+C,,y> - o~x-v,yO-i,,v&x-v,y>) (3.38) 

Following the same steps as in Sec. 3.3, one sees that the three point function splits 
into a connected- and a disconnected part, Fig 3.2 

G^xt, x, Xi) = (Gd;sc(x{, x, x i ; {[/}) + Gc;nn(x(, x, xi; {U}))u , (3.39) 

where the two parts can be written as 

GfsC({U}) = Tr [M"1(x f ,a: i)75M-1(x i , a : f)75] x 

J2 ^ / ^ ^ ( . M ^ y ' ) ^ - 1 ^ ' ) ) (3.40) 
f=u,d y,y' 
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(a) (b) 

Figure 3.2: Contributions to the three-point functions: disconnected (a) and connec
ted (b). 

and 

Gc;nn({U}) = Y/^[QuKuM-1(x!,y)Kl,(x,y,y')M-1(y',xi)1
5M-1(xux{)7

5 + 
y,y' 

qdKdM-1{x(,xi)y
5M-l{xi,y)Klx(x,y,y')M-[1(y,X()'1

5} . (3.41) 

Performing analogous steps as in Sec. 3.2, one obtains 

CK^x, y, y'; {C/})C"1 = -Kf(x, y, y'; {U*}). (3.42) 

For the disconnected part we thus find 

Gf* C({U*}) = - G f C({U}). (3.43) 

Therefore, upon using Eq. 3.13, we find that the disconnected diagrams do not con
tribute [10]. Similarly, the connected part can be written as 

Gc;nn{{U}) = ^Tr{- ( / u /c uM d- 1(x f ,a ; i ;{C/*})7 5M- 1( a : i ,y ;{f /*})x 
y,y' 

^ ( ^ y , ^ ; {?7*})M- 1 (y / ^f ;{^})7 5 + ?dKdM~1(xf,xi;{C/})x 

75Md-1(x i ,y;{[/})KM(x,y,2 / ' ;{C/})M-1(y',x f;{C/})7
5} (3.44) 

Since U and U* are equally probable in the ensemble average, Eq. 3.44 simplifies to 

G,^""({C/}) = K ^ T r { M ^ 1 ( x f , a ; i ) 7 5 M - 1 ( x i , y ) ^ ( x , 2 / , y / ) M - 1 ( 2 / ' , x f ) 7
5 } (3.45) 

y,y' 

where we assumed degenerate quarks (KU = «d = «), dropped any reference to flavour 
and do not show the pion charge, q„ = qu — qd = 1. 
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The three-momentum representation of the three point function is given by 

G^ f ,Mi;Pf ,<z) = 5 ^ 5 ^ e-'ft-^—)+««•("—«)GM(xf,x,x,). (3.46) 
CCf X 

Substituting Eqs. 3.39 and 3.45 into 3.46 and using Eqs. 3.16, 3.18, and the fact that 
the disconnected part does not contribute, we find for our three point function in 
momentum space 

G(tu t, U;Pf, q) = K(Tr$lJ2 M~]{y, a*; {f/})7
5 £ *„ (* , y, y'; { t f } ) ^ " 

y,y' x 

x ^ M - 1 ( y ' , a ; f ; { f / } ) 7 5 M - 1 ( x f , ^ ; { [ / } ) e - ^ - ' ) C / (3.47) 
Xf 

In the next section, we will discuss how to obtain the quark propagators and in par
ticular how to obtain the second line in Eq. 3.47. 

3.6. Inversion of the fermion matrix 

Our pion Green's functions can be seen to consist of combinations of quark propagators 
as the building blocks. In order to obtain these propagators, it is necessary to invert 
the fermion matrix. The inverse of the matrix can be obtained in a reasonable amount 
of time since our action has nearest-neighbour interactions only. This means that the 
matrix is nearly diagonal. Would the action be less local, the inversion would probably 
take more time, and the memory of one processor would not suffice to contain the 
complete matrix. As can be done for any invertible matrix, we write the inversion as 
a set of linear equations which can be solved one at a time, 

Y,M$}(x,y)V$(y) = r,Z(x). (3.48) 
y 

This equation can be solved numerically by choosing the appropriate source term on 
the right-hand side. The general solution of the above equation reads 

X 

Choosing the source vector 
r&(x) = 500i W * , * , (3-50) 

with the index i indicating some initial configuration of spinor, colour and position, 
the solution is seen to consist of the (au a,, x;)-th column of the inverse matrix, 

Ky
c(z) = (M"1) ; a

c ; i(z,x i) . (3.51) 
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This solution describes the propagation from an initial point x\ to all other points z on 
the lattice. Using sources with different initial colour and spinor, one is able to generate 
the complete quark propagators appearing in Eq. 3.24 and two of the propagators which 
appear in the three-point function, Eq. 3.47. For these propagators we only need to 
obtain the columns of the inverse of the matrix labelled with x\. 

The remaining propagator however, needs a second inversion because it does not ori
ginate from x\. Instead of calculating the propagator from every possible final position 
(which would require knowledge of the complete inverse of M), we choose a different 
source which leads to a combination of propagators and prevents us from inverting the 
complete matrix. This modified source reads 

r,aa(x)=^e{M-l)b
c2(x,x>)kt!e

lPr 

and is seen to give the solution 

V*(z) = J2 ( M " 1 ) * ( z . a * ) ^ (M-1)^ (a*, a*) e " * * - . (3.53) 
Xf 

This is exactly the combination of propagators appearing in Eq. 3.47. It should be 
noted that this choice for the source implies that the momentum of the outgoing pion 
is fixed. 

Thus to obtain the two-point function, we need to solve twelve (one for every spinor-
colour combination) equations of the type in Eq. 3.48 with source 3.50. For the three-
point function, we need to solve an additional twelve with source 3.52. It is important 
to note that this source corresponds to an unsmeared operator at the sink. It is quite 
straightforward to include the smearing in the source function, but the second inversion 
has to be repeated for every different value of R, Eq. 3.26. Therefore the optimal 
smearing level has to be determined before one sets out to calculate the three-point 
function. In the next chapter we will see how one can use the two-point function for 
this purpose. 

The inversion can be accelerated by preconditioning of the matrix. In our program 
we used even-odd preconditioning [57]. The idea is to divide the lattice in even and 
odd points (like a chessboard) and calculate first the inverse on the even points, where 
after the inverse on the odd points can be constructed from the even ones. The system 
of equations can thus be written as 

where the matrices A and A are defined in Eq. 2.27 and colour and spinor indices are 
suppressed. Multiplying with 

jX KA„A^y (355) 

(3.52) 
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we find for the even sub-lattice 

(Aee - K2 A e o A-^Aoe) Ve=r,e + n A e o A~^0 . (3.56) 

This defines a modified linear system of equations, but the column vector is still a 
column of the inverse of the old matrix {i.e. the even points thereof). Our task has 
thus been reduced to inverting a matrix which is half the size of the original one, 
although no saving of computing time has yet been achieved. The column vector of 
the odd points can be reconstructed from the even solution by 

V0 = A" 1 (vo + K Aoe Ve) • (3.57) 

A small extra effort of this procedure is necessary for the inversion of A00. Nonetheless, 
the computer time needed for the inversion has been reduced significantly, since this 
preconditioning has produced a matrix with much smaller off-diagonal elements (due 
to the factor K2 in Eq. 3.56). 

The matrix A is diagonal in space. To invert this matrix, one can decompose it 
according to 

A = tfDL (3.58) 

with L a upper triangle matrix and D a diagonal one in colour-Dirac indices. The 
inverse is then simply given by L~lD~ltf. For a more thorough discussion of the 
inversion of the fermion matrix, see [58,59] 

3.7. Simulation parameters 

In this section an overview of the simulation parameters will be given. In the case of 
zero temperature, a lattice of 243 x 32 will be used. We obtained the gluon configur
ations after an initial thermalisation of 2500 sweeps, after which we generated 0(100) 
configurations at intervals of 500 sweeps. One sweep consists of one heat bath step 
and 4 overrelaxation steps. We used periodic boundary conditions except for the time 
direction, where we used anti-periodic ones for the fermions. We have obtained results 
for 5 different «-values, 

0.13230, 0.13330, 0.13380, 0.13430, and 0.13480 (3.59) 

corresponding to quark masses ranging from about 20 - 160 MeV. To solve the system 
of linear equations appearing in Sec. 3.6, we used the BiCGstabI routine [60]. The 
other parameters used are listed in table 3.1. 

For finite temperature, the lattice size will be 323 x 8. At /? = 6.0, this corresponds to 
a temperature of 0.93 Tc [61]. Since fluctuations are expected to increase in the vicinity 
of the phase transition, we generated 0(200) configurations. Boundary conditions are 
kept the same. The other parameters can (and in certain ways must) be held fixed in 
order to be able to make a sensible comparison. The reason we changed the spatial 
lattice size in going from T = 0 to T = 0.93 Tc will be given in Sec. 6.3. 
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Table 3.1: Simulation parameters as used in this work. 

parameter value meaning 

(3 = 6/<?o 6.0 coupling constant 

csw 1.76923 [56] Sheikholeslami-Wohlert improvement constant 

e 0.5 link/staple mixing 

n 4 number of fuzzing iterations 

R 0—10 smearing level for the mesons 

Zy 0.77 [62] renormalisation constant 

by 1.52 [62] renormalisation constant 

cy —0.107 [62] vector current improvement constant 



Chapter 4. 

Analysis of the pion two-point function at T = 0 

In the last chapter we saw how we can make use of numerical techniques in order 
to calculate non-trivial quantities like n-point Green's functions. In this chapter we 
focus on the analysis of the numerical data of the pion two-point function produced in 
our simulation. This chapter is organised as follows. First the parametrisation of the 
correlation function is described. Then the determination of the optimal smearing level, 
R is discussed. The last part deals with the extraction of the various observables, such 
as the masses, energies, 'Bethe-Salpeter wave functions' and the mean square charge 
radii of the pion. Unless otherwise stated, results in this and the following chapters 
will be shown in lattice units. 

4 .1 . Parametrisation 

In order to extract observables from the 'raw' numerical data, we need an appropriate 
parametrisation of the two-point function. It constitutes the starting point of the 
analysis regardless of the observable extracted. Beginning with the correlation function 
in position space, Eq. 3.19, we can write it as 

GR{xuxi) = {n\<pR(t(,x()4(tuxO\n) + (n\4(NT + ti,xi)(j>R(t{,x{)\rL), (4.i) 

where we have included a subscript R denoting the smearing level. From now on we use 
t for the imaginary time variable. The second term arises because of our (anti-)periodic 
boundary conditions; it describes a pion which propagates backward in time. Upon 
inserting a complete set of states and using the evolution of the operators, 

<j)(x) = etH~tkx 4>{0) e-
tH+ikx , (4.2) 

we find the following expression 

GR(x(, *i) = J2 { W * K fc> (". fc|4in>e"BS(*'"*,) e****—'>+ 
n,k 

(n\4\n,k)(n,k\Mtye-Bt[NT-{tt-ti)]eik<**-^} , (4.3) 

where we have dropped the space-time argument (0) of the pion operators. The energies 
of the pion for different states n are denoted by E% and their momenta by k. Projecting 
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Eq. 4.3 onto a specific momentum p, we arrive at 

Gn(U,ti;p) = E \lzn
R(.P)ZB{p) ( e " W - * > + e " W ^ * - ^ ) 

= E ^ ( P ) ^ 0 ( p ) e - B ^ cosh 
n 

where 

y/z%{p) = (n\<l>R\n,p) (4.5) 

denotes the overlap of our trial state, created with the operator in Eq. 3.20, with a 
pion. This form can be used in e.g. fits to the data. One can take into account as 
many states as one wishes, depending on the observable to be extracted and the desired 
accuracy. Since we use smearing to suppress the higher excited states, we investigate 
single- and two-state parameterisations only in this work. The determination of the 
optimal smearing level will be dealt with in Sec. 4.3. 

4.2. Analysis techniques 

The parametrisation discussed in the previous section will be used to analyse the data 
obtained from the simulation. The numerical algorithms yield a value for the two-
point correlator as a function of the propagation time tf — t{ for each configuration. 
Before proceeding to the extraction of observables, we first need to 'prepare' the data. 
This preparation of the data consists of two steps, and is performed not only for the 
two-point, but also for the three-point function. 

First, since on the lattice there is still some rotational symmetry left, we know that 
our correlation functions are independent of the direction of the three-momentum. 
Hence the first step of our analysis consists of averaging the data with the same mo
mentum squared. This averaging increases the stability of the data. An analogous 
procedure will be used for the momentum transfer in case of the three-point function. 

Second, we do not simply calculate the average and error of the complete set of 
configurations and use the results as input for the x2-hts. This is because there might 
still be correlations between different configurations, and we should take them into 
account in some appropriate way, especially when estimating errors. We therefore use 
the well-known jackknife method, which will now be discussed. 

4.2.1. Jackknife method 

Instead of using the original data sets, we employ the jackknife method [63, 64] to 
generate so-called pseudo-data sets on which we perform the analysis and from which 
we estimate the mean and error. The original data set, consisting of m samples is 
first subdivided into N subgroups of size M, i.e. m = N x M. A new pseudo-data 

E; 
NT (4.4) 
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4.2. Analysis techniques 

set is then built from the original by omitting different (non-overlapping) blocks with 
block size M. To each of these 'pseudo' data samples the analysis techniques, e.g. the 
fitting procedure as discussed in Sec. 4.2.2, can be applied to extract an observable. 
For example, to obtain the energy E, one constructs the pseudo data set 

Si =NE - (N - l)Ei, i = l,...,N, (4.6) 

where, E is the average value of E, as estimated from an analysis of the complete data 
set, and Ef the energy estimated on a subset with i labelling the block that was left 
out. From the pseudo set, the improved estimate of the average and error can then 
simply be calculated as 

N 

E. 
i=l 

* E * (4-7) 

aEj ^J^hT^-E^)2 (4-8) 

N-l N 

^ £(*/-*') (4.9) 

with E = jj ^2i E f. The advantage of using these improved sets is that correlations 
between successive data sets, which are a priori unknown, are taken into account. This 
gives a better estimate of the statistical error on the extracted observable. Using the 
improved mean of the observable, one corrects for a possible bias in the data sample, i. e. 
when E ^ E . The block size M should be chosen larger than the autocorrelation time 
of the observable under consideration, which however is a priori unknown. Stability 
of the errors under an increase of the block size M, is an indication that there are 
no significant correlations between the configurations, hence in that case M is large 
enough. 

We examined values for M ranging from 1 to 5 and observed no increase in the errors 
upon increasing the block size. This indicates that there are no significant correlations 
and that the chosen interval of 500 steps between the consecutive configurations is suf
ficient. The results we show, are based on the single elimination jackknife prescription 
(M = l) . 

4.2.2. Fitt ing procedure 

We extract the observables, e.g the energies and amplitudes, from the data using fits. 
Since most of the analysis is done using least x2~fits, we shortly discuss the main 
features of this method. 
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Chapter 4. Analysis of the pion two-point function at T — 0 

The x 2 is calculated from 

x2(g(p)) = £ ( ƒ ( * * ) - f f (** ,p)c _ 1 ( t i ,* i ) (7( t j ) -0 (**p) ) , (4-10) 

where f(U) is the ensemble average of the data points fk(U), 9(ti,p)) is the theoretical 
ansatz to be verified, p denotes the vector of parameters, and Uj are time slices. The 
covariance matrix is defined as 

1 -
c{tu tj) =

 N(N-I) Etafc) - /(**))(/*(*i) - /(*i)) • (4-n) 

The number of configurations in the sample, N, must overshoot the dimension of the 
covariance matrix, which is governed by the fit range under consideration. If not, the 
inversion might not be possible. 

When the data is Gaussian distributed, the x2 provides a measure for the quality of 
the fit. It has the property that for a good fit, 

X ~ -**d.o.f. ~ * 'points -''parameters • ^4.1ZJ 

A much larger value is an indication of a poor description of the data with the chosen 
hypothesis. This could be due to a fit range which has been chosen too large, so that 
the (non-parametrised) excited states still contribute. The x2_vahie can thus serve 
as an indicator for the right fit range. A very small value, on the other hand, could 
indicate an overestimation of the errors. 

When the sample size N is not large enough, the calculated covariance matrix might 
not be the correct one and the results and errors could be distorted. This problem is 
even more profound for the simultaneous fits in this and the subsequent chapter, since 
the size of the covariance matrix increases considerably, but the sample size stays the 
same. A simplified definition of \ 2 is 

*"c*>>-Ep#a)". 
where a{ti) denotes the standard deviation, i.e. the diagonal elements of the covariance 
matrix. This definition does not provide the correct \2 if there are significant correla
tions between the time slices, and therefore it cannot serve as a absolute indicator of 
the quality of the fit. It can, however, still provide an indication for the appropriate 
fit range. We will work with this simplified version of \2 > a ls° f° r the simple fits to the 
two-point function, for which an evaluation of the covariance matrix would have been 
feasible. 

To minimise the x2-function, we make use of the minimisation program Minuit. 
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4.3. Operator smearing 

4.3. Operator smearing 

As already mentioned previously, the smearing of the operator is mainly intended 
to improve the overlap of our trial state with the ground state of the pion. This is 
particularly important for the three-point function where the available propagation 
times are rather limited, and therefore it is not possible to filter out the ground state 
by considering large temporal separations. As stated in Sec. 3.3.1, we need to establish 
the optimal smearing distance before computing the three point function. Using the 
parametrisation of Sec. 4.1, Eq. 4.4, one sees that the effective energy, 

E^>Mïë0vm>)- <4-14) 
is an appropriate measure for the admixture of excited states since it should reach an 
asymptotic value, the energy of the ground state E^, if excited states have died out. 
We varied R from 0 to 10 and calculated the effective energy for both zero (for which it 
simply reduces to the effective mass) and non-zero momentum. We then simply look at 
the plots to see for which value of R the function stabilises first. Although the optimal 
value for R depends somewhat on the pion mass and the spatial momentum, we chose 
a common smearing level to facilitate the simulation and analysis. From Fig. 4.1 we 
conclude that in our case a value of R = 3 or 4 is optimal. It seems that R = 4 is 
slightly favourable, but in the plots for p2 > 0 the effective mass curve comes from 
below, indicating a different curvature in the correlation function. In terms of our 
parameters, this means a negative value for (one of) the higher state amplitudes. This 
indicates that we have just overshot the optimal value for R. We therefore take R = 3 
as the optimal smearing level. 

4.4. Masses and energies 

4.4.1. Fit strategy 

Having established the optimal operator smearing in the last section, we proceed to 
extract the masses and energies from the correlation functions. A typical example of a 
jackknifed two-point function is given in Fig. 4.2. The source is placed at U = 0 and 
the sink at t. The anticipated cos/i-form can clearly be seen. 

Using the parametrisation in Eq. 4.4, we fit the data over a certain time interval. 
We perform the fit for both a single state (corresponding to n = 0) and for a two-state 
parametrisation, where the sum in Eq. 4.4 includes n = 0 and n = 1. The fit range 
(f.r.), the total number of included time slices centred around the midpoint of our 
time axis, is varied to find the range where one, resp. two states are an appropriate 
description and thus to obtain stable values for the fit parameters. The two fits can 
then be checked for consistency. In this section the results for the two-state fits will 
be presented. The results for the single state fits can be found in App. A.l. They 
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Chapter 4. Analysis of the pion two-point function at T — 0 

0 2 4 6 8 10 12 14 16 0 2 4 6 8 10 12 14 16 

0 2 4 6 8 10 12 14 16 0 2 4 6 8 10 12 14 16 

Figure 4 .1: Effective masses (left) and energies (p2 = 0.137, right) for K = 0.13330, 
0.13430 and 0.13480 respectively. 

have only been used for a consistency check. We prefer to work with the two-state fit, 
since we want to be able to extract the excited state parameters for the analysis of the 
three-point function in the next chapter. 
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m^ = 0.516 '—i—' 
x* % = 0.356 --*— 

x**x m* = 0.194 •••••* ' xx*x 
+ X * * „ « . * * X + 

+ X * * „ „X** X + 

Tg 0.01 

10 15 
t 

0.0001 

Figure 4.2: Typical jackknife sample of the two-point function for different masses at 
p2 = 0 (left) and p2 = 0.137 (right). The source is placed at ti = 0, the 
sink at t. 

Table 4 .1 : Fit parameters as a function of the quark mass, Eq. 2.21. The values from 
the literature are extrapolated. 

m0 
Q.o.F. f.r. [65] [66] 

0.13230 0.0822 0.516(2) 0.02 

0.13330 0.0538 0.414(2) 0.03 

0.13380 0.0398 0.356(2) 0.05 

0.13430 0.0259 0.287(3) 0.14 

0.13480 0.0121 0.194(5) 0.09 

29 0.504(1) 0.509(1) 

31 0.4122(8) 0.413(1) 

31 0.354(1) 0.356(1) 

31 0.288(1) 0.289(2) 

31 0.194(4) 0.202(2) 

4.4.2. Pion masses 

The results for the masses of the pions as a function of the K-value, together with 
the fit properties are displayed in Table 4.1. The first thing to note is that the error 
increases with decreasing pion mass. This is due to the fact that in the chiral limit, the 
correlation length on the lattice diverges. The fluctuations in the correlation functions 
therefore increase with decreasing quark mass, which in turn leads to larger errors. 
With the Wilson action, the problem of exceptionals adds even more fluctuations (See 
Sec. 2.3.1). 

The pion masses are compared to values from the literature [65,66]. They can be 
seen to agree very well. In [65] a lattice of size 243 x 32 was used for the two highest 
K-values and a 163 x 32 lattice for the others. The data of [66] was obtained on a 
163 x 48 lattice. When necessary, we interpolated the data to our K-values. For this 
we assumed the pion mass squared to scale linearly with the quark mass; alternative 
fit ansatze are discussed below. 
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0.3 

0.25 

0.2 

0.15 

0.1 

0.05 

0 
7.38 

Lattice data 

Eq. 4.15 

Eq. 4.16 

Eq. 4.17 

7.43 7.48 

K 

7.53 7.5* 

F i g u r e 4.3: Pion masses as a function of K. The lines denote the different extrapola 
tions to the chiral limit. 

4.4.3. Determination of nc 

Having established the pion mass for our five «-values, we can now try to obtain the 
critical value of K, i.e. the value of K in the limit where the pion mass vanishes. This 
will be done by extrapolating the pion mass to zero using an appropriate function. 
Here we will consider three different forms. First we assume the m% to scale linearly 
with mq (see Eq. 2.21) 

1 
m„ ; c i 

1 1 

Alternatively, xPT suggests the following form 

C2 
1 l + S 

1.15) 

(4.16) 

with 6 small and positive [67]. As a third assumption, we try the phenomenological 
fit [65] 

+ b2 mi = h 
1 1 

(4.17) 

which also takes into account the slight curvature in the data. As can be seen from 
Fig. 4.3 the different fit functions give very similar extrapolations. The fitted value of 
KC are shown in Table 4.2. The KC values come very close and also the errors are of the 
same size. Furthermore, the fit qualities are similar. The other fit parameters are not 
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Table 4.2: Values of KC, obtained from different extrapolations 

Kc 

Q.o.F. 

Eq. 4.15 

0.13521(2) 

0.44 

Eq. 4.16 

0.13526(6) 

0.25 

Eq. 4.17 

0.13525(4) 

0.18 

shown since they are not of relevance here. We only want to point out that, as in [65], 
we obtain a small negative number for 5. Since the fits produce results with similar 
quality, we do not favour one method in particular and simply average the results. Our 
critical K then becomes 

KC = 0.13524(4). (4.18) 

This value agrees very well with the values obtained from the literature, KC = 0.13531(1) 
[65] and KC = 0.13525(1) [66]. The value of nc is of relevance to us, since it determines 
the quark mass, and therefore it has a small influence on the improvement term. In 
further calculations we will use our value of KC. 

4.4.4. Rho masses 

As stated earlier, the lightest vector meson plays a role in the vector meson dominance 
model for the form factor. The analysis of the two-point function for the p is analogous 
to the case of the pion. The data itself, however, has very different characteristics. 
There are many excited states and worse, they contribute significantly up to tf — ti = 8 
to 10, and beyond tj—ti = 21 to 23. Therefore we had to decrease the fit range to 13-15 
time slices, even in the case of a 4 parameter fit. For the lighter quark masses, strange 
behaviour was found around time slice 16, driving up the masses. We left out these 
middle time slices. These choices introduce some subjective influence and we present 
our findings with some reservation. The results are displayed in Table 4.3, together 
with results obtained from the literature. It can be seen that the results agree with 

Table 4.3: Results for the p-mass. 

K 

0.13230 

0.13330 

0.13380 

0.13430 

0.13480 

mp 

0.625(5) 

0.555(6) 

0.515(12) 

0.490(13) 

0.479(39) 

[65] 

0.623(2) 

0.550(2) 

0.515(3) 

0.485(3) 

0.448(13) 

[66] 

0.626(3) 

0.550(3) 

0.515(4) 

0.480(7) 

0.447(8) 

the literature values, albeit with much larger error bars. In case of the lighter quark 
masses we think that our statistics are too low to obtain a precise value for the p-mass. 
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Chapter 4. Analysis of the pion two-point function atT = Q 

When needed later for comparison with the vector meson dominance model for the 
form factor, we will use the values from [65]. 

4.4.5. Energies and dispersion relation 

In this section we focus on pions with non-zero three-momentum. We investigate 
the momentum dependence of the energy and discuss the various dispersion relations 
applicable on the lattice. 

In contrast to the continuum, the momenta are limited on the lattice. First of 
all, because of discretisation the momenta are restricted to the domain [—ir/a, n/a] 
(ultraviolet cut-off). Secondly, because of the finite extent of the lattice, the separate 
components of the momenta are discrete, pi = jf-rii, where Na is the lattice extent in 
the spatial direction and rij € [—Na/2,7VCT/2], an integer number. 

We restrict ourselves to momenta having p2 < 0.343 (n2 < 5), since for higher 
momenta discretisation errors become more important and the lattice results start de
viating from the continuum too much. Also, the fluctuations increase with momentum 
and for p2 > 0.411 (n2 > 6), a reliable extraction of the energy becomes impossible. 
Furthermore, the momentum range is sufficient since we will extract the form factors 
from three-point functions having p2 = 0.137. 

The energies extracted from the data using the methods outlined in Sec. 4.4.1 are 
shown in Table 4.4. The statistical errors increase with momentum, since for higher en
ergy the correlation function is more severely damped (~ e~Et). The signal approaches 
the background noise level which is proportional to e~2m7rt. 

To investigate 0(a2) effects, we will compare our results for E(p2) (= E®) to the 
continuum values by calculating the dispersion relation. Because of the discretisation of 
the action, the energy momentum relation on the lattice deviates from the continuum 
one. Though it is possible to derive an exact relation from the lattice QCD action 
for free quarks, this is not the case for composite particles like mesons. Therefore we 
will use dispersion relations derived from different effective mesonic lattice actions. In 
addition to the continuum dispersion relation 

E2 = p2 + M2 , (4.19) 

we consider three cases 

sinh2 E = Y] sin2 pi + sinh2 M , (4.20) 
i 

sinh2 | = £ sin2 ?* + sinh2 — , (4.21) 
i 

sinh2 | = £ sin2 * + sinh2 ^ , (4.22) 
i 

There are of course more choices for the lattice action of a scalar particle, leading to 
slightly different energy-momentum relations, but they will not be considered here. 
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Table 4.4: Fit parameters for non-zero momenta. 

K 

0.13230 

0.13330 

0.13380 

0.13430 

0.13480 

p 2 = 0.069 

E{p2) Q.o.f. 

0.578(4) 0.05 

0.487(5) 0.1 

0.440(6) 0.13 

0.391(8) 0.20 

0.327(35) 0.10 

f.r. 

31 
31 
31 
31 
31 

K 

0.13230 

0.13330 

0.13380 

0.13430 

0.13480 

p 2 = 0.137 

E(p2) 

0.636(6) 

0.562(9) 

0.512(10) 

0.484(23) 

0.433(35) 

Q.o.f. 

0.09 

0.12 

0.23 

0.26 

0.33 

f.r. 

31 
29 
31 
31 
31 

K 

0.13230 

0.13380 

0.13430 

(a) 

p 2 = 0.206 

E(p2) Q.o.f. 

0.701(13) 0.05 

0.586(27) 0.34 

0.534(81) 0.28 

f.r. 

27 

29 

31 

K 

0.13230 

0.13380 

0.13430 

(b) 

p 2 = 0.274 

E{p2) Q.o.f. 

0.755(21) 0.1 

0.644(41) 0.26 

0.510(96) 0.13 

f.r. 

27 

29 

29 

(c) (d) 

p 2 = 0.343 

~~K E(p2) Q.o.f. f.r. 

0.13230 0.809(25) 0.1 29 

0.13380 0.724(43) 0.36 29 

0.13430 0.69(15) 0.1 29 

(e) 

Bhattacharya et al. [68] have investigated the above dispersion relations for the case 
of the Wilson action and found that Eq. 4.21 describes the data best. This dispersion 
relation is derived for a scalar field from a lattice action having symmetric nearest 
neighbour difference discretisation; which is the same approximation of the derivative 
for the quarks. For improved Wilson fermions, in the case of (3 = 6.2, it was also found 
that Eq. 4.21 describes the data best [69]. 

The energy-momentum relations are plotted in Fig. 4.4. For three pion masses we 
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Figure 4.4: E(p2) for different pion masses, compared to different dispersion relations 
as described in the text. Bottom right figure: Energy momentum relation 
for selected pion masses compared to the continuum dispersion relation. 

calculated the energy up to p2 = 0.343. These three masses are also plotted together 
for comparison with the continuum relation. As can be seen, we find that up to the 
momenta we are interested in, only Eq. 4.20 fails to describe the data. The other 
dispersion relations are reasonable descriptions, of which we favour the continuum one, 
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in contrast to the findings of [58,68,69]. 
The kinetic mass, Mk = (d2E/dp2\p=o) , equals the static mass, M = E(p = 0), 

only in the continuum. For the lattice dispersion relations of Eqs. 4.21 and 4.22, we 
find 

M f e =s inhM, and (4.23) 

M 
M f e = 2 s i n h — (4.24) 

respectively. The difference between the two masses can be used as a further measure 
for the discretisation errors. For our highest pion mass (0.516), the kinetic masses are 
Mfc = 0.539 and 0.522, amounting to differences of only 4% and 1% respectively. This 
strengthens our assumption that we are basically dealing with continuum kinematics. 

4.5. 'Bethe-Salpeter amplitudes' and pion radius 

A by-product of the introduction of smearing (Sec. 4.3) is that it allows for an estimate 
of the electro-magnetic charge radius of the pion. To obtain this radius, we need to 
extract the so-called Bethe-Salpeter amplitudes for the various smearing levels R. The 
'Bethe-Salpeter amplitudes' describe the probability of creating a particular state n,p 
with spatial extension R. It can easily been seen that the Z-factors, appearing in 
Eq. 4.5, 

v / i j [ ( p j = W f l | n ) p > (4.25) 

can be interpreted as precisely these amplitudes (up to a normalisation factor). 
As in the case of the energies, we take the parametrisation of Eq. 4.4 to be our starting 

point. From the ^-factors we then construct the 'wave function', <f>(R), according to [70] 

4>(R) = y/z%(0)/Z°(0). (4.26) 

The extraction of the Z-factors can be done in different ways. Fitting the correlation 
function for each value of R separately would be a poor strategy. It could happen 
that the energy of a state (as extracted from the fit) changes between two values of R, 
making it difficult to relate the corresponding amplitudes to each other. We could also 
choose to fix the energy of the states, but in that way we would favour one particular 
smearing level. Alternatively, one can simultaneously fit the correlation functions for 
all the i?-values, using only two1 common energies. For a two state fit, in principle, 
the excited state energy can be R dependent, since it is an effective excited state, 
incorporating all the higher state effects. Taking into account this R dependence of 
the higher state mass leads to a more unstable fit due to the introduction of extra 
parameters. 

1One, in case of a single state fit 
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In view of the above, we choose to have an R independent excited state mass and 
reduce the fit range until only two states are present. This is be done by checking 
for stability of both energies. Since the excited state contribution reduces with the fit 
range, one should be careful not to omit too many points. Stability was found for the 
ground state parameters; however a stable excited state mass was not found. Therefore, 
we have chosen the fit range such that the wave function reaches its asymptotic form, 
and it is reasonable to assume that even higher states have died out. The values for 
the simultaneous fit method were extracted using a fit range of 27 time slices, i.e. on 
both ends of the two-point function, the first two points were omitted. 

Using our parametrisation, one can show that fitting a constant to the ratio 

m = ^ M ) (4.27) 
G0(t,0) 

gives rise to the same wave function as in Eq. 4.26, provided the fit interval is chosen 
such that the excited states have died out. It is therefore not possible to extract the ex
cited state wave function with this method. We used the jackknife sets to calculate the 
ratio. Using the original data and performing the jackknifing after the ratio was taken, 
produced the same results. The only exception is the lowest mass, where the jackknife 
data produce a somewhat lower values for the wave function. Here we averaged the 
results and included a systematic error. Reducing the fit range to approximately 15-
21, depending on mass and momentum, turned out to suffice for the extraction of the 
ground state wave function. The results were stable upon further reduction of the fit 
range down to 5-9 time slices. This procedure essentially gives the same results albeit 
with much smaller errors. The results for the wave function based on this method, are 
shown in Fig. 4.5. The first thing to note is that the wave functions are almost equal 
regardless of the mass of the pion. This is well portrayed in the bottom right plot of 
Fig. 4.5. Secondly the wave function for finite momentum (p2 = 0.137) is somewhat 
narrower, leading to a smaller radius. We will comment on this in the next section. 

4.5.1 . Pion radius 

We describe the Bethe-Salpeter wave function of the pion ground state through modi
fied hydrogen wave functions [71]. The parametrisation then takes the form 

</>o(i?)=e-(^) , (4.28) 

where the parameters R and v are determined from fits. For a Coulomb potential one 
would have u = 1, whereas for a linear potential, v = 1.5. For a quark anti-quark 
bound state we expect a value somewhere in between. We use this parametrisation to 
obtain an estimate of the mean square radius, the second moment of the wave function. 
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Figure 4.5: Wave functions for different pion masses and momentum obtained with 
the ratio method. Bottom right figure: Direct comparison of the wave 
functions for different masses and p2 = 0. 

According to [71,72], it can be calculated from 

(TJ)BS = -
1 / ^ r r V f l r l ) 
u Jd3f4>2{\f\) 

i ggr(g) 
w 4 1 / T ( ^ ) ' 

(4.29) 

(4.30) 
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Chapter 4. Analysis of the pion two-point function at T = 0 

Table 4.5: Wave function fit parameters for the two methods 
Also shown are the (r2) values obtained using Eq 

mn 

0.516 

0.414 

0.356 

0.287 

0.194 

P2 

0.0 

0.137 

0.0 

0.137 

0.0 

0.137 

0.0 

0.137 

0.0 

0.137 

Simultaneous 

RQ 

3.80(5) 

3.47(7) 

3.84(7) 

3.43(10) 

3.85(8) 

3.40(13) 

3.86(10) 

3.37(20) 

3.85(14) 

3.37(20) 

V 

1.22(2) 

1.35(3) 

1.19(3) 

1.32(5) 

1.19(4) 

1.31(6) 

1.18(4) 

1.31(9) 

1.17(6) 

1.31(10) 

fit 

{r2)BS 

12.28(65) 

8.11(49) 

13.1(10) 

8.35(85) 

13.5(12) 

8.3(10) 

13.7(15) 

8.1(15) 

13.8(21) 

8.1(16) 

Ro 
3.727(2) 

3.375(6) 

3.783(5) 

3.39(1) 

3.806(6) 

3.40(2) 

3.826(5) 

3.41(2) 

3.827(5) 

3.41(4) 

as described in the text 
. 4.30 with w = 2. 

Ratio 

V 

1.1783(7) 

1.298(2) 

1.1719(7) 

1.305(4) 

1.1693(7) 

1.305(9) 

1.167(1) 

1.31(1) 

1.167(1) 

1.29(4) 

(r2)BS 

12.78(4) 

8.34(8) 

13.38(6) 

8.34(12) 

13.62(6) 

8.35(13) 

13.83(4) 

8.41(20) 

13.83(7) 

8.64(66) 

The Bethe-Salpeter wave function only describes the separation of the quarks. However, 
the actual RMS is defined relative to the centre of mass, which also depends on the 
motion of the gluons. This uncertainty is reflected in the factor u>. If one assumes that 
the quark and anti-quark are always located on opposite sides of the meson's centre-
of-mass at distance r /2 , one has u> = 4. If the quarks move uncorrelated around the 
centre-of-mass, one would have to = 2 [52]. For both methods described in the previous 
section, the fit results and (r2) estimates are given in Table 4.5.1, where we have used 
ui = 2. The results for the ratio method were averaged over the fit ranges mentioned 
earlier and the variance of this average was included in the total error. The results for 
the simultaneous fit method were calculated for a fit range of 27 times slices. 

First of all, as already mentioned, the simultaneous fit method yields a much larger 
error. This is probably due to the cancellation of fluctuations in the ratio method. 
We observe that the two methods give similar results, although the simultaneous fit 
method always gives the slightly lower estimate of (r2). However, the errors overlap 
and we also know that the excited state is not completely stable upon changing the fit 
range. Therefore, we favour the results of the ratio method. The results show a small 
increase in the radius for decreasing pion mass. This is as expected [73]. The value for 
v lies between 1 and 1.5, thus, as expected, the potential is some mixture of a linear 
and a Coulomb part. 

For p 2 = 0.137 we see that the (r2) value drops significantly. This may be due to a 
relativistic contraction of the fast moving particle [52]. We have employed a rotational 
symmetric smearing of our operator. The choice of our momentum, | p (1,1,0) and 
permutations thereof, will have an effect on certain directions only, whereas others 
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4.5. 'Bethe-Salpeter amplitudes' and pion radius 

remain unchanged. Furthermore, since we project on definite momenta, the contracted 
directions are mixed with the non-contracted ones. It is therefore not a pure Lorentz 
contraction. The mass dependence of the radius is even weaker than in the case of 
zero momentum. Since the energies for p2 = 0.137 are relatively closer together than 
for p2 = 0, this is no surprise. Furthermore, the v parameter has increased a little, 
indicating a more linear behaviour of the potential. 

Before comparing to the experimental value, it should again be stressed that there 
exists no clear relation between the estimate of the radius extracted from the BS-
amplitudes and the experimental (r2); we will however refer to the calculated quantity 
as the radius of the pion. First of all we observe that the radii2 are much smaller 
than the experimentally measured value of (r2) = 0.439(8) fm2 [74]. Secondly they 
exhibit almost no mass dependence in the investigated mass range. According to [52] 
the discrepancy can be due to how one treats the centre-of-mass of the quarks and 
gluons. However, we have used the ansatz u> = 2, which produces the largest value, 
and still find a factor of two difference. But, as the authors of [52] also point out, there 
are other effects which we will discuss in Sec. 5.10. 

4.5.2. Excited state wave function and radius 

From the simultaneous fit, although obscured by relatively large error bars, we can also 
obtain an estimate of the excited state wave function. They are shown in Fig. 4.6. For 
comparison the ground state wave functions as obtained with the same method are also 
plotted. As can be seen, the excited state wave function is much narrower than the 
ground state one. Also the node is clearly visible. Again, we use a modified hydrogen 
wave function to describe the Bethe-Salpeter amplitudes and parametrise them as [58] 

0 1 W = ( l - ^ ) e " ( * ) ' - (4.31) 

Here, Rn controls the position of the above mentioned node in the wave function. The 
excited state fit parameters are given in Table 4.6 It is important to stress that the 
excited state wave function does not reach an asymptotic form upon lowering the fit 
range, as was the case for the ground state. This is because the excited states are 
strongly suppressed already a few time slices away from the origin, making it hard 
to extract them. In a sense the excited state suffers from the effectiveness of the very 
method that makes it possible to study the wave function in the first place. The results 
therefore strongly depend on the fit range but this dependence is not reflected by the 
errors, which are only statistical. The conclusions drawn in the next paragraphs should 
therefore be taken as indications rather than as solid statements. 

For the ground state fits a fit range of 27 time slices was chosen because then the 
wave function reached its asymptotic form and it was believed that the higher excited 
states had died out. Since we have no such criterion in the case of the excited state 

2 a « 0.105, so the radii are of the order of 0.15 fm2 
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Figure 4.6: Excited state wave functions for different pion masses obtained from the 
simultaneous fit method. Ground state wave functions are also shown for 
comparison. 

(see above), we simply use the same fit range as for the extracting of the ground state 
wave function. 

The parameter describing the width of the wave function, Ri, is seen to have shrunk 
considerably in comparison with the ground state. Down to and including m^ = 0.356, 
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Table 4.6 

mn p2 

0.516 0.0 

0.137 

0.414 0.0 

0.137 

0.356 0.0 

0.137 

0.287 0.0 

0.137 

0.194 0.0 

0.137 

: Fit parameters of the excited state. 

Ri 

3.59(12) 

3.29(16) 

3.63(16) 

3.34(27) 

3.65(21) 

3.38(44) 

3.63(32) 

3.3(10) 

3.6(9) 

3.2(13) 

V 

1.32(6) 

1.44(7) 

1.30(8) 

1.45(13) 

1.30(11) 

1.47(20) 

1.29(17) 

1.47(43) 

1.28(47) 

1.6(7) 

R-n 

5.77(10) 

5.15(12) 

6.14(14) 

5.18(18) 

6.43(18) 

5.03(26) 

6.92(29) 

4.42(53) 

7.2(9) 

4.7(8) 

(r2) 
6.0(18) 

3.4(10) 

5.8(22) 

3.5(16) 

5.4(25) 

3.7(30) 

4.9(29) 

" 

i?i is seen to show the same mass dependence as RQ for the ground state wave function. 
For lower masses it is however poorly determined and no conclusions can be drawn from 
it. The node, governed by Rn, shifts to higher values for lower pion masses, indicating 
a broadening of the wave function. The parameter governing the form of the potential, 
v, is larger than for the ground state, which could be interpreted as a shift to a more 
linear (i.e. confining) potential. For p2 = 0.137, similar conclusions can be drawn. 

Using Eq. 4.29 we find for the radius 

,^-e* 1 P ( 5 ) - £ P ( 6 ) + ^ P ( 7 ) 
( )BS ~ » P(3) - £ P ( 4 ) + £ P ( 5 ) ( 4 ' 3 2 ) 

with 
P{m) = 2-^)R?T(-) (4.33) 

Observing the slight increase in i?i and i?„, one might expect the radius to increase 
too with decreasing mass. This however is not true, and this may be understood by 
considering the minimum of the wave function. For higher masses, this minimum is 
more negative, therefore contributing more to the second moment, Eq. 4.29, and raising 
the radius. 

4.6. Conclusions 

In this Chapter we have presented the results based on the two-point function. Several 
observables were calculated and compared to literature data (masses, KC) or experiment 
(radius). In case of the pion masses comparison was made with two different groups. 
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Although their calculations are based on higher statistics, the values agree well with 
ours. For the pion three-momenta we will use in the determination of the form factor 
in the next chapter, we confirmed that the energy and momenta are sufficiently close 
to satisfying a continuum dispersion relation. The critical value for K was found to 
be compatible with two independent determinations in the literature. This gives us 
confidence that the extrapolation to the chiral limit, performed in the next Chapter, 
also gives sensible results. As a byproduct of the smearing technique, we obtained 
the so-called Bethe-Salpeter amplitudes and the corresponding wave function for both 
the ground- and excited state. The properties of both could all be well described and 
understood. It, however, still remains unknown to what extent the second moment 
of the Bethe-Salpeter wave function is related to the experimentally measured charge 
radius of the pion. We have (as was already done in [52,71]) established that the radius 
as obtained from the BS-amplitudes is very small, and that there is no hope that an 
extrapolation in the pion mass will yield the experimental value. In the next chapter 
we will use the fact that the charge radius can be determined from the form factor at 
low momentum transfer without ambiguities. 

The agreement of our results with the independently determined values of other 
groups serves as a confirmation of the reliability of our numerical methods. We therefore 
can proceed with confidence to the extraction of the form factor in the next Chapter. 
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Chapter 5. 

Analysis of the three-point function: extraction 

of the form factor at T = 0 

In Chapter 4 we have studied properties of the pion extracted from the two-point func
tion. This correlation function is especially suited for the determination of masses, 
energies and properties related to them, but less for the investigation of the electro
magnetic structure; the charge radius we extracted there was at best a qualitative 
estimate. In this Chapter we will present results based on the three-point function, i.e. 
the 77T7T vertex. We will extract the pion charge form factor, a central result of this 
work. Prom this from factor, we can compute the mean square radius in an entirely 
different, and more meaningful fashion. We start this chapter with the parametrisa-
tion of the form factor and the three-point correlator. The extraction techniques are 
discussed, followed by the results for the various observables. Special attention is given 
to the charge radius, since it is an observable for which one has some guidance for 
the extrapolation to the physical limit and it is therefore suitable for comparison with 
experimental data. 

5.1 . Form factor of the free pion 

As already mentioned in the Introduction, the form factor can be extracted from the 
matrix element for the pion-photon interaction. In the continuum it is given by 

TM = WPf)|JM(0)k(Pi)>cont (5.1) 

For the free pion {i.e. at zero temperature), the Lorentz decomposition is simple since 
there are only two independent four-vectors and one scalar variable. The structure 
thus reads 

TM = q, ipt + Pi)„ F(Q2) + qw q» G(Q2) , (5.2) 

where we have used q^ = (pf — pi)M as the photon momentum, and Q2 = —q2. Current 
conservation then yields the condition 

q»rii=q„q2G(Q2) = 0. (5.3) 

Since this must hold for all q2, G(Q2) must vanish and the matrix element can be 
parametrised with only one form factor 

rM = g . b f + P i ) ^ F ( Q 2 ) . (5.4) 

57 



Chapter 5. Analysis of the three-point function: extraction of the form factor at T = 0 

Taking into account the different normalisations in the continuum and on the lattice 

(«(P{)\Mo)wPl)hat,=^Mhptm^, (5.5) 

we can write for the lattice version of the pion-photon matrix element 

<*(Pf)MO)k(Pi)}i«tt. = q„ F(Q2) ( P f ± ^ k . (5.6) 

5.2. Parametrisation 

The form factor is non-trivially embedded in the data for the three-point function. We 
therefore need an appropriate parametrisation to describe its behaviour and extract 
the desired quantities. The starting point is the momentum-space correlation function, 
Eq. 3.46, with the integrand 

Gr(xt,x,xi) = (n|T(<M*f)JM(z)4(zi)) R - (5-7) 

Writing out the time-ordered product, taking into account the boundary conditions of 
our lattice and choosing U < t < tf, the contributions to this function can be divided 
in three classes of diagrams: diagrams with only a pion contributing (Fig. 5.1(a)), 
diagrams also involving a vector like particle state (Fig. 5.1(b)) and diagrams in which 
the vacuum is not 'empty' (Fig. 5.1(c)). 

Because of translational invariance, the three-point function only depends on two 
coordinates; the distances X{ — x and x — x\. Without loss of generality, we therefore 
choose for simplicity xy = (0,0). Although pf, px and q are not independent, we will 
use all three of them for notational convenience. 

The diagrams of the first class constitute the main contribution, which in momentum 
space is given by 

GMfH(*f,t;pf,q) = Jdxt Jdxe-<*r<-*—)+*«- G„(x{,x) 

= ^2{fl\(j)R\m,p{){rn,p{\jfi(0)\n,pi){n,pi\(pl\n) 

x e ^ H ^ . ' , (5.8) 

where we have again added the subscript R to denote the smearing level. 
Diagrams belonging to the second class arise when the photon acts as a creation 

operator for vector states; e.g. a rho meson or a state of two pions with the correct 
angular momentum. For a p-meson, the contribution has the following structure in 
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4 3n 

(a) One of two diagrams belonging to class I. 

(b) A typical Diagram belonging to class II. 

NT+U 

NT+U 

(c) A diagram belonging to class III. The vacuum is replaced with particle P. 

Figure 5.1: Different contributions to the three-point function 

momentum space 

^ (7 r - ( -p i ) | ^ | p 0 ( 9 ) ) (p 0 ( g )b / 1 (0 ) | f i ) ( f i | 4 | 7 r - ( -p i ) ) 

x e i 
EZ{t(-t)-E"[NT-tt] (5.9) 

In addition to the extra vector particle propagator, they thus involve a longer propaga
tion of the pion, which makes them exponentially suppressed with respect to the pure 
pion diagrams in class I, when tf is chosen small enough. These are the 'more severe' 
wrapping around effects mentioned in Sec. 3.3.1, which become important when the 
condition t{ « NT — t{ is not fulfilled. For a simple estimate of this contribution, 
we assume that its matrix elements are of the same size as the ones appearing in the 
diagrams of class I. The diagrams of the second class are then exponentially suppressed 
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and they are left out of our parametrisation. 
The diagrams of the third class are even more exponentially suppressed because 

of particle P which traverses the complete lattice in the temporal direction. These 
diagrams will also be neglected in our parametrisation. 

Summarising the above considerations, we find that we only need to consider dia
grams of class I, Eq. 5.8, since they constitute the dominant contribution to Eq. 3.46. 

The pion operators of Eq. 3.20 actually create/annihilate a general pseudo-scalar 
state. We have used smearing techniques (See Sec. 3.3.1) to enhance the fraction of 
pions at the sink. Allowing the state to propagate in time further reduces the amount 
of possible states enormously since most of them are very heavy. The pion is the 
lightest pseudo scalar, therefore it is safe to assume that only the pion and possible its 
first excited states contribute to the pion three-point function. Applying this to our 
parametrisation and using Eq. 5.6 then leads to the following expression 

+ Yl v / z« ( P f ) z» ( P i ) < m 'P f |^ ( 0 ) | n 'P i ) e~E™ f ( t f~ t ) e _ B ; ; , t - (5-10) 

(n,m)jt(0,0) 

The Z-factors are defined in Eq. 4.5 and qn denotes the pion charge. This paramet
risation can be further simplified as will be discussed in Sec. 5.3. 

5.2.1. Current conservation and the second insertion 

The special case of Q2 — 0 needs a discussion on its own, since in this case we can 
exploit current conservation on the operator level which connects the two- and three-
point functions [4,49]. 

The general time-ordered two-point function for the pion can be written as 

G%\x,y) = ( f i |T (^ (^ f )^ (x i ) ) | n ) , (5.11) 

where we have added here the superscript (2), to avoid confusion with the three-point 
function. We choose if > t\. Taking into account our periodic boundary conditions, 
we see that two terms contribute 

Gf{xi) = (niMt^x^HtuxO+^iNr+tuxJMtuXfm) (5.12) 

For the three point function the time-ordered product, without fixing the time com-
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ponents of the operator, we have in general 

GM , f i(xf, :r ,a ; i)=(fi |T(^ f)iM(x)0 t( a ; i)) |O). 

= (Sl\0(tf - t)0(t - t{)4>{x()j^x)^{x{) 

+ 0(tf - ti)0(ti - t)<j>(xf)</>\xi)j^x) 

+ 0(t - U)0(U - tt)j»{x)4>t(x{)<l>{x{) 

+ 0(t - tf)9(t{ - t^j^x^xf^ixi) 

+ 6(ti - tf)0(tf - t)4t(xi)<f>(xf)j„(x) 

+ 0(ti - t)0(t - t f)^(xi)^(x)^(a; f) | f i) . (5.13) 

On the operator level the vector current is conserved because of the gauge symmetry. 
It is given by 

&1jli=0. (5.14) 

Prom the Noether theorem, we find for the corresponding conserved charge 

Q= f d3xj4(t,x). (5.15) 

This operator has the following properties 
Q^(Xi)\Q.) = qntf(xi),\n) Qcf>(xf),\Ü) = -qv<t>(xf)\Q), (5.16) 

<5|n) = o, (n\Q = o. (5.17) 
Using these equalities, we are left with only two contributions contributing to the 
integrated three-point function (fi = 4) 

f d3x Gi,R(xf, x, Xi) = q„ {(n\0(tt - t) 6{t - U) <P(x{) <t>Hxi)\ty 

- (n|0(*i - t) 8{t - if) <j>\xi) <^>(xf)|fi)} . (5.18) 

The second term on the r.h.s., the so-called second insertion, is a contribution for t > t{ 
and arises because of our periodic boundary conditions. It effectively 'measures' the 
charge of the pion flowing in the negative time direction. This contribution is also 
exponentially suppressed (« e~E(NT~ti'*/e~Et!), and was not discussed in the previous 
section, since it is not necessary for the extraction of the form factor away from the 
photon point due to our particular analysis methods, see Sec. 5.4. In deriving a relation 
between the two- and three-point function, we however need its contribution. 

Since we can calculate the two contributions separately by changing the time co
ordinate of the current operator in the simulation, we can choose to subtract the 
second insertion from the first (i; < t < if), thereby obtaining the useful identity 

ƒ d3xG4tR(xf,x,Xi) = q^{Q.\4>{tuxs)^{tux{) + ^{U + NT, Xi) <j>(t{, xf)\fy 

= q«G%\xf,Xi) (5.19) 
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We have used t\ + NT > t{ > tu the periodic boundary conditions and, in the second 
term on the r.h.s. of Eq. 5.18, U < t < t{ + NT to evaluate the step functions. As in 
the previous section we choose t\ = 0, and observe that the integral over x in Eq. 5.19 
is the Fourier transform of variable x for q = 0 in Eq. 5.8. Performing the Fourier 
transform on the other coordinate (xf), we obtain the momentum space relation 

G4tR(tf, t; p, 0) - Gi,R(tt, t'; p, 0) = q„ Gf {tup), (5.20) 

with t{ < t' < NT and p = p f = p ; . This relation between the two- and three-
point function ensures that .F(O) = qw = 1. Since current conservation is obeyed on 
the (fermion) operator level, the identity must hold on a single configuration. By 
comparing the independently determined r.h.s. and l.h.s., we can test if F(0) = 1 and 
thus assess our numerical accuracy. 

5.3. Simulation 

As already hinted at in Sec. 5.2, we can simplify the extraction of the form factor 
considerably by appropriate choices for the kinematics. By inspection of Eq. 5.6, we 
see that making the choices |p f | = |p;| and /x = 4, the energy pre-factor reduces to 
one. Because of the first choice, we have that E%t = E®. leading to q0 = — Qo = 0 
and Q2 = q2. A further consequence of this choice is that the ground-to-ground state 
contribution, i.e. the first term in Eq. 5.10, doesn't exhibit a dependence on the 
insertion time t. Observing a time dependence in our data automatically leads us to 
conclude that excited state contributions are present and thus the second term in Eq. 
5.10 must be included in our parametrisation. 

The momentum transfer is controlled by varying the angle between the two momenta. 
We choose \p{\ = \p{\ = p = y2 |p m i n | ( « 0.37), where 

1-n 
IPmlnl = Wa (5-21) 

is the minimal momentum for a lattice with extent Na in the spatial direction. This 
choice enables us to consider five different momentum transfers with only one final 
state momentum. At the same time the momentum is low enough to ensure continuum 
kinematics (see Sec. 4.4.5). 

Since we want to suppress the diagrams of the second class, i.e., the wrapping around 
effects, as much as possible, we have to keep the distance between the source and sink 
small compared to the total extent of the lattice. We choose t\ = 0 and if = 11, leaving 
t as the only time dependence. The insertion time t will be varied within the domain 
[0,£f], but in order to evaluate the second inversion and Eq. 5.20, we also choose some 
values t > t{ . 

A last thing to note from the parametrisation in Eq. 5.10 is that the elastic contri
bution from the excited state (n = m = 1) has the same functional dependence as the 

62 



5.4. Analysis methods 

ground state. It is therefore impossible to disentangle the two. We can however esti
mate the n = m = 1 term using the excited state energy and amplitude obtained in the 
previous Chapter. Assuming the two form factors are of the same order of magnitude, 
the relative contribution is governed by the difference E1 - E°(^ 0.5) in the exponent 
and the ratio of the Z-factors. The relative importance of the elastic excited state is 
then estimated to be of the order of 1% or less. We therefore neglect this contribution. 

The above considerations lead to the following simplified parametrisation of the 
three-point function 

Ö4,ji(tf,t;ft,qr) = q, F(Q2) yjZ° (p) Z^(p)e'E> 

+ yZ^WZfoMp^m^Pje-^'-^-*'* + (1 " 0)} , (5.22) 

with p = \p{\ = |pj |. The subscript on the momentum referring to the initial or final 
state has been dropped when possible. 

5.4. Analysis methods 

In the previous sections, we discussed the parametrisation of the three-point function 
for the analysis of the raw data. In this section we focus on the methods for extracting 
the form factor. 

In the earlier work on the pion form factor [5,10], the authors chose to use ratios of 
three- and two-point functions to extract it. In order to use this method one assumes 
no contributions of excited states for at least a small region of time, i.e. the onset 
of a plateau in the three-point function as a function of the insertion time t (cf. Eq. 
5.22) must be visible. In Fig. 5.2 we show typical examples of jackknife datasets for 
various Q2 and masses, based on the improved, Eq. 3.36, and conserved, Eq. 3.33, 
currents. From these figures, we see that the data clearly indicate the admixture of 
excited states. Their relative contribution increases for increasing Q2 and decreasing 
mass. For most three-point functions shown in the figure there is no indication of 
(the onset of) a plateau and thus it is not safe to assume that only the ground state 
contributes. 

Another possibility to extract the form factor is to fit the data using the paramet
risation derived in the previous section. There is however no ^-dependence in the term 
containing the form factor. While we can extract this ^-independent elastic contribution 
of the ground state, we cannot extract the form factor from the three-point function 
without prior knowledge of the energy and amplitude of the ground state. One strategy 
is to first determine these observables from a fit to the two-point function. These can 
then serve as fixed input parameters in the fit to the three-point function, thus enabling 
us to obtain the form factor. 

The jackknife sets are averages over a large part of the data sample and thus the 
correlations are to a large extent averaged out. However, fluctuations between the sets 
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(a) Typical jackknife averages of the three-
point function with m» = 0.414, improved 
current, for Q2 = 0 ,2 ,4 ,6 ,8 p ^ i r l (top t o 
bot tom). 

(b) Typical jackknife averages of the three-
point function, improved current with Q2 = 
^Pmin f° r different masses. Highest mass at 
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(c) As in (a) for the conserved current and 
m~- = 0.356. 

(d) As in (b) for the conserved current and 
Q2 = 2p2 • . 

Figure 5.2: Examples of three-point functions for different parameters. 

and correlations between the two Green's functions are still present. These fluctuations 
increase with e.g. decreasing mass. A slightly different fitting strategy consists of 
simultaneously fitting the two- and three-point function for each jackknife data set. 
This method has the added advantage that the above mentioned correlations between 
the two Green's functions are taken into account. Afterwards, a check should be made 
to see if the excited state parameters, which are also influenced by the three-point 
function, agree with the ones obtained from a single fit to the two-point function. 

Deciding between the two fit methods as outlined above, we favour the simultaneous 
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fit, since it takes into account the correlations. Our fit parameters will be the ground 
and excited state energies and amplitudes Z, the form factor and the pre-factors of the 
transition terms. These last two parameters are a combination of the transition form 
factors and the corresponding Z-factors. We choose to combine them since it makes 
the fit more stable and we are not interested in the extraction of these transition form 
factors. The excited state energy and amplitude are assumed to be Q2-independent, 
but were separately fitted for each Q2 for convenience. We will comment on this in 
Sec. 5.5. 

In the case of the conserved current, the time interval [0 : 10] is used for the fit, only 
excluding the last time slice (t = l l ) 1 . The source (t = 0) does not coincide with the 
first photon insertion 'point' since the current is divided over two time slices. Because 
of this structure of the conserved current, confusion might arise about the time slice on 
which the current is defined. To avoid this, one can construct the symmetric version 
of the conserved current [10,23], 

3?symm(x) = \ {fi(x)+j°(x - A)) • (5.23) 

The fit interval reduces to [1 : 10] but the results are unchanged. We therefore simply 
use the non-symmetrised version of this current. To avoid contact terms in case of the 
(renormalised) local and improved currents the fit interval is chosen to be [1 : 10]. 

As discussed above, the transition contributions are included in our parametrisation 
to better describe the data. Since we use the complete time interval of the three-point 
function, the state with n = 1 does not necessarily represent a genuine single excited 
state, rather it parametrises contributions from all possible excited states. We want 
the same combination of excited states to contribute in the two-point function in order 
to keep the definition of our effective excited state the same. In the fit of the two-point 
function, one therefore has to include the data points closest to the source and sink. 

A comparison between the simultaneous fit and the ratio method will be made in 
Sec. 5.5. 

5.4.1. Q2 = 0: the second insertion test 

In the forward direction, i.e. for Q2 = 0, we have a different method to obtain the 
form factor. By exploiting current conservation, we can relate two contributions of the 
time-ordered three-point function to the pion propagator (see Sec. 5.2.1). 

For the case of the conserved current, this procedure is readily applicable. The ratio 
of the l.h.s. and r.h.s of Eq. 5.20 is calculated per configuration and should yield 1 
to within a certain precision as first demonstrated by [10]. Deviations only show up 
due to the numerical approximation while current conservation prevents fluctuations 
originating from physical effects. 

'From the structure of the conserved current, Eq. 3.33, one sees that the last data point is actually 
the first time slice of the second insertion. 
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Chapter 5. Analysis of the three-point function: extraction of the form factor at T = 0 

From Fig. 5.2(c) we see that for Q2 = 0, the conserved current is constant in t to high 
precision. This can be expected, since the transition form factors vanish for Q2 = 0. 
The numerical data confirm this picture; the conserved current is constant within 
fluctuations of O(10~5). The only possible contribution from excited states originates 
from elastic excited state interactions. We see that the ratio of the three- and two-point 
Green's functions, as calculated from Eq. 5.20, reduces to F(0), regardless of how many 
excited states are present. We thus do not need to assume that the elastic excited state 
contribution is small. 

The second insertion, with tf < t (not shown), displays the same constant behaviour. 
Therefore, we do not need to compute the second insertion for the complete time range. 
We have used only one time slice beyond tf and found F(0) = 1 with fluctuations of 
only 0(1O - 5 ) for each configuration separately. 

Two configurations showed a time dependence for Q2 = 0, and (consequently) their 
value for F(0) ^ 1. These configurations were regarded as exceptional and left out of 
the data sample. Closer inspection showed that the pion mass for these configurations 
was substantially larger than normal. Also, the inversion of the fermion matrix for the 
highest K-value (lowest mass) failed to converge for these configurations. 

The case of the renormalised local current2 is a little more involved, since the current 
is not conserved but only renormalised. The two- and three-point correlation functions 
are therefore not 'protected' by Eq. 5.20, i.e. fluctuations in the ratio can be due to 
physical effects, and their ratio on a single configuration need not be 1. We therefore 
turn to jackknife sets to calculate the average ratio. Since the three-point function for 
Q2 = 0 is not constant in this case, (see Fig. 5.2(a)), we cannot be convinced that 
transition matrix elements are actually absent (although they should). Since the onset 
of a plateau is however visible, we calculate the ratio for decreasing time ranges and 
look for stability. In case the time dependence of the three-point function is a real 
effect, we choose the second insertion in such a way that these effects are expected to 
be equally present in both contributions. We calculate the second insertion for 10 time 
slices beyond tf for a subset of approximately 20 configurations. The l.h.s. of Eq. 5.20 
is averaged over pairs of values t and t' symmetric around tf and normalised by the 2-
point function. A jackknife analysis on the subset is performed and a range of 4-6 time 
slices is chosen. Using the renormalisation constants as determined by Bhattacharya 
et al. [62], we obtain F7(0) = FRL(0) « 1, with an error of 0.2-2%, depending on 
the pion mass. This procedure yields a much more precise result than we would have 
obtained from simply taking the ratio, although not as precise as the results for the 
conserved current. 

Instead of using the Zy factor from [62] to renormalise the local current, we can also 
define a (mass-dependent) renormalisation factor by demanding 

RL = ZvGi,3(tut;p,p,0)/G{2\tc-lP) = 1 (5.24) 

for the three-point function based on the local current. The results for the Zy-values are 
2 The renormalised local current is identical to the improved current for forward matrix elements. 
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5.5. Systematic uncertainties 

mn 

0.516 

0.414 

0.356 

0.287 

0.194 

RL 

1.142(4) 

1.189(3) 

1.211(4) 

1.236(3) 

1.27(3) 

Zy (this work) 

0.875(3) 

0.841(2) 

0.826(3) 

0.809(2) 

0.787(19) 

(a) 

Table 5.1: Extracted values for the renormalisation constants; (a) mass-dependent 
(b) mass-independent 

given in Table 5.1(a), and are compared to the values of [62], which are parameterised 
in terms of a mass independent renormalisation 'Zv and parameter by, as defined in 
Sec. 3.5 by 

ZV = ZV{1 + bvmq). (5.25) 

Our fit results for these parameters are shown in Table 5.1(b), where also a comparison 
with the values obtained by Bhattacharya et al. is made. 

The values we obtain are seen to come close to the values of the literature, albeit 
with somewhat larger error bars, since we have smaller statistics. We considered the 
extraction of the renormalisation constants a useful confirmation of our methods. Since 
we use the improvement parameter cy from [62], we will use for consistency the com
plete set of improvement parameters, i.e. Zy, bv and cy from [62] in the subsequent 
analysis. 

5.5. Systematic uncertainties 

As stated before, other collaborations, which used Dirichlet boundary conditions, have 
chosen to use ratio's of three- and two-point function to extract the form factor from 
the data. However, the ratio method only produces an accurate estimate of the form 
factor if excited states have died out sufficiently In order to take into account these 
excited states, we proposed to use simultaneous fits. In this section, we will discuss 
both methods and investigate their systematic errors. The methods are then compared 
for our heaviest and lightest pion. 

To determine the ratio, consider the parameterisations, Eq. 4.4 for the two-point- and 
5.10 for the three-point function. In the last parametrisation, we only take into account 
the elastic form factor(s). Together with our choice for initial and final momenta 

Zv from [62] 

0.868(1) 

0.835(1) 

0.819(1) 

0.803(1) 

0.786(1) 

Zy 
by 

This work 

0.778(2) 

1.53(8) 

Ref. [62] 

0.770(1) 

1.52(1) 

(b) 
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Chapter 5. Analysis of the three-point function: extraction of the form factor at T = 0 

(Pf = Pi )i the ratio is seen to approximately reduce to the form factor 

% f l ( M ; P f ' 9 ) - F (Q 2 ) . (5.26) 
GR(U,0;p)f 

Aside from the systematic uncertainties to be discussed below, there is a principal 
problem for our periodic boundary conditions. Even in the absence of an excited state 
contribution, the ratio yields the form factor only approximately. This is because 
the total charge, as probed by the current insertion, is not exactly equal to 1 when 
the second insertion is not included. Since we only obtained data for the second 
insertion on a subset of the available configurations, it is not feasible to try and include 
this contribution in the determination of the ratio. In Sec. 5.2 the contribution was 
estimated and considered negligible. Based on the operator insertion times and the 
energies for a pion with momentum p2 = 0.137, we estimate the relative contribution 
to be approximately 0.1 — 0.9%. If the two methods would be equally good, there will 
still be a difference of this size, due to our boundary conditions. 

The ratio is taken using the jackknife sets and the 'plateau' is fitted for decreasing fit 
range until stability is found. The first thing to note is that the data does not always 
reach an asymptotic value. To illustrate this point, data for two fit ranges (two and 
four) have been calculated. 

To compare the results of both methods, we also investigate the potential systematic 
errors of the simultaneous fit method. A possible source of these systematic uncertain
ties is a wrong parametrisation of the excited states. 

As a first test, we performed the simultaneous fit excluding a pair of data points 
closest to the source and sink in both the two- and three-point function. In this way 
we change the contribution of our excited state equally in both correlation functions. 
If our parameterisations and assumptions are correct, this procedure should yield the 
same results for the form factor. We indeed find similar results. Upon reducing the 
fit range, the form factor increases slightly, notably for the higher Q2-values. This 
amounts (upon averaging) to results that are spread around the central value with a 
sigma of 0.02 ( « 8%) for the highest «-value. This reduction of the fit range could 
change the error on the form factor, because the fit range becomes smaller, but we 
observed no significant change in the x2/d.o.f of the fit. An increase of the error bars 
on the excited state parameters, however, was observed for the smaller fit range. When 
reducing the fit range with only a pair of time slices, these errors have already increased 
with 10-15%. A further reduction of the fit range is therefore not reasonable, since the 
determination of the contribution from the 'excited state' becomes so inaccurate that 
a sensible extraction of the form factor is not possible. We therefore choose to average 
the results for the two fits and include the systematic uncertainty in the errors. 

Secondly, in Sec. 5.4, we stated that we have to ensure that the fitted excited 
state parametrises the contributions from the same combination of excited states in 
both the two- and three-point function. We will test this below by comparing the 
simultaneous fit parameters with the results of the fit to the two-point function only. 
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5.5. Systematic uncertainties 

Table 5.2: Excited state energies obtained from the simultaneous fit. Last row: values 
from the two-point function alone. 

Q2 \ m^ 
0.137 

0.274 

0.411 

0.548 

0.516 

1.021(28) 

1.021(27) 

1.007(36) 

1.021(28) 

0.414 

0.993(36) 

0.993(36) 

0.992(35) 

0.992(36) 

0.356 

0.978(48) 

0.978(47) 

0.946(66) 

0.977(48) 

0.287 

0.99(10) 

1.00(10) 

0.92(9) 

0.99(10) 

0.194 

0.97(13) 

0.98(14) 

0.98(14) 

0.98(14) 

2-p. res. 1.022(28) 0.993(36) 0.969(40) 0.99(10) 0.98(14) 

However, the parameters in the simultaneous fit are to a large extent determined by 
the two-point function and the excited state amplitudes are not fitted separately in the 
simultaneous fit. Therefore, the only parameter which appears in the parametrisation 
of both functions, and can be influenced by the three-point function, is the excited 
state energy. We thus need to check if this parameter is the same in both fits. 

Thirdly, in principle, an admixture of genuine transition form factors 0 <-> 1, 0 «-» 2 
and possible even higher states, which might have different Q2 dependencies could 
introduce some Q2 dependence into the effective fit parameter, E\. Whether this is 
the case, can also easily be checked by the studying the excited state energy in more 
detail. Our excited state energies as obtained from the simultaneous fits, compared to 
the ones from the fits to the two-point function, are shown in Table 5.2 for different 
Q2 and largest fit range. We observe that the fitted excited state in both fits are 
equal to high accuracy. This means that both fits parametrise the same combination 
of true excited states into one effective state3. A further observation is that the data 
shows no indication of a Q2-dependence of the 'excited state' energy. The ansatz of a 
Q2-independent excited state is thus permitted. 

The results of both extraction methods for the two masses are given in Table 5.3. 
The ratio method is seen to yield results which have smaller errors by a factor of 2 
for the highest mass. This is not surprising, since correlations are better taken into 
account when taking a ratio. 

For the lightest pion, the two methods have similar errors. The results from the ratio 
method are systematically larger than those from the simultaneous fits. It is also seen 
that this difference increases with increasing Q2 and decreasing pion mass. Since this 
trend is seen for every pion mass, we conclude that it is a systematic difference between 
the two methods, even though the error bars cover the gap in case of the lighter quarks. 

From the numerical results alone, one cannot simply favour one method over the 
other. However, for the ratio method one assumes that the excited states have died 

3Note that in Table 5.2, the data for Q2 = 0.411 and pion masses 0.516, 0.356 and 0.287, is extracted 
using less configurations (approximately 50). This is the reason for the slight deviation from the 
results for the other Q2 values. In the fitting procedure, this fact was taken into account by 
evaluating the two-point function on the same reduced set of configurations. 
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Table 5.3: Comparison of the two analysis methods for (a) mn = 0.516 and (b) mw 

0.194. 

Q2 

0.137 

0.274 

0.411 

0.548 

Ratio method 

4 f.p. 2 f.p. 

0.738(10) 0.736(10) 

0.606(12) 0.602(12) 

0.490(10) 0.485(10) 

0.419(9) 0.413(10) 

Sim. fit 

0.717(24) 

0.563(20) 

0.429(23) 

0.347(22) 

Ratio method 

4 f.p. 2 f.p. 

0.68(9) 0.67(9) 

0.49(8) 0.49(9) 

0.38(8) 0.38(9) 

0.31(8) 0.30(9) 

Sim. fit 

0.61(7) 

0.43(7) 

0.32(7) 

0.24(11) 

(a) (b) 

out. This is unlikely, even for the middle time slices, as can be seen from Fig. 5.2, and 
leads to a systematic uncertainty, which is a priori unknown. Since we have better 
understanding and control over the systematic uncertainties in case of the simultaneous 
fit method, we prefer this method and use it in our subsequent analysis. 

5.6. Comparison of the currents 

In Sec. 3.5, we have discussed various forms of the lattice vector current. In this 
section we will discuss the results obtained with the different currents. In order to 
extract the form factor we will use the simultaneous fit method as described in Sec. 
5.4, complemented with the averaging of the results from two fit ranges, as discussed 
in Sec. 5.5, to correct for the systematic errors. 

The results for the different currents are summarised in Table 5.4 and, for two of our 
pion masses, displayed in Fig. 5.3. Similar figures for the other three pion masses can 
be found in App. A.2. 

First of all, we see that the results are more accurate for heavier pions. But even for 
the lightest pion, although with large error bars, a rather smooth Q2-dependence 0f 
the form factor can still be seen. We observe that the difference between conserved and 
improved current increases with momentum transfer and decreasing mass, indicating 
a substantial O (a) correction. The differences between the improved and renormalised 
local current are due to the tensor term. Although this contribution increases with Q2, 
the improved form factor stays very close to the result for the renormalised local current, 
even for the lightest pion and up to the largest momentum transfer considered in this 
work. This indicates that the contribution of the tensor term in the improved current 
is small. While the matrix element of this tensor operator can become comparable 
in size (up to 70%) to the local current operator, its contribution to the form factor 
is small since the improvement coefficient we use, cy = —0.107, determined in [62] 
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Table 5.4: Form factor extracted from different currents for several masses. 

Q2 

0.0 

0.137 

0.274 

0.411 

0.548 

Q2 

0.0 

0.137 

0.274 

0.411 

0.548 

Q2 

0.0 

0.137 

0.274 

0.411 

0.548 

A 
0.992(3) 

0.717(24) 

0.563(20) 

0429(23) 

0.347(22) 

ic 

JA 
1.00000(1) 

0.765(24) 

0.635(22) 

0.511(27) 

0.434(26) 

(a) m„ = 0.516. 

A 
0.992(3) 

0.639(32) 

0.486(26) 

0.370(29) 

0.284(31) 

ic 

JA 
1.00000(1) 

0.689(32) 

0.558(26) 

0.451(33) 

0.370(33) 

(c) mw = 0.356. 

A 
1.00(2) 

0.612(73) 

0.425(70) 

0.317(70) 

0.236(99) 

JA 

1.00000(1) 

0.664(78) 

0.487(76) 

0.423(89) 

0.32(13) 

A 
0.992(3) 

0.705(24) 

0.546(19) 

0.409(26) 

0.326(22) 

A 
0.992(3) 

0.628(31) 

0.470(25) 

0.351(28) 

0.264(31) 

JA 

1.00(2) 

0.601(72) 

0.412(71) 

0.295(69) 

0.216(99) 

A 
0.993(2) 

0.670(28) 

0.514(22) 

0.380(20) 

0.307(26) 

A 
0.992(2) 

0.615(37) 

0.460(31) 

0.356(36) 

0.259(41) 

AC 
JA 

1.00000(1) 

0.719(29) 

0.587(24) 

0.463(22) 

0.394(29) 

(b) m^ = 0.414 

ic 
JA 

1.00000(1) 

0.665(38) 

0.529(32) 

0.435(44) 

0.345(47) 

(d) mvr = 0.287 

H 
0.993(2) 

0.658(28) 

0.498(22) 

0.360(19) 

0.287(25) 

JA 

0.992(2) 

0.604(37) 

0.445(30) 

0.338(3) 

0.240(41) 

(e) m„ : 0.194. 

is rather small. The preliminary value obtained by the ALPHA collaboration [75] is 
larger, cy = —0.32. Since the improved current is a linear combination of the local and 
the tensor term, Eq. 3.36, the change in the improved current due to a change in cy is 
straightforward. The difference between the two values of cy is of order a, resulting in 
improved currents which are different at ö(a2). Using our results, we find that ö(a2) 
effects can still become as large as 10 % at higher momentum transfers and low masses. 
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Improved current H 

Conserved current u 

Renormalised local current >•••••*•• 

0.5 0.6 

O1 

ST 

Improved current '—>-

Conserved current ••--x-
Renormalised local current >—-*-• 

0.3 0.4 0.5 0.6 

Figure 5.3: Form factors extracted for different currents as a function of Q2 for 
two pion masses. Solid curves: VMD prediction with ray = mp taken 
from [65] at the K-values. 

The curves are predictions based on the Vector Meson Dominance ansatz, which will 
be discussed in more detail in the next section. 
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Figure 5.4: Contributions to the photon-pion coupling in the VMD-model. 

5.7. The form factor and vector meson dominance 

A quite successful model for describing the experimental data as well as early lattice 
calculations [10], is the so-called Vector Meson Dominance (VMD) model. This model 
is based on an effective field theory, in which the photon can fluctuate into a vector 
meson before coupling to the pion. For our purposes, i.e. in the space-like regime and 
for relatively small momentum transfers, it suffices to consider a rho meson. Features 
like e.g. rho-omega mixing only become important in the time-like regime in the vicinity 
of the rho resonance. For the form factor, this idea is schematically depicted in Fig. 5.4. 
There actually exist different versions of the VMD model; see [76] for a review. Two 
versions were first discussed by Sakurai [77]; the underlying Lagrangians differ in the 
way they treat the interaction of the photon with hadronic matter. The first version, 
in which the photon is allowed to couple to both the pion and the rho-meson, yields 
the following expression for the form factor 

F(Q2) = 
1 ^C .(//.> 7T7T 

m2
p + Q2 gp 

(5.27) 

where gp7tlt is the coupling of the p-meson to the pions and gp determines the coupling 
of the p to the photon. The well-known constraint F(0) = 1, is automatically satisfied. 
In the second, and more popular version of VMD, the Lagrangian only includes a 
coupling of the photon to the rho. In this second case, the form factor can be written 
as 

F{Q2)'^Tvg-f- (5'28) 
Here, the constraint Fifi) = 1 is not automatically satisfied and we need to enforce 
universality, i.e. we need to demand gp7r7r = gp. This can alternatively be viewed as a 
consequence that in the second version the vector dominance is total, i.e. there is no 
direct coupling of the photon to the pions. Note that in both models the interactions 
are point-like and therefore assume that there is no momentum dependence of the 
coupling constants. In the limit of universality, both versions are identical. 
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Table 5.5: Results from fits to the two VMD inspired descriptions of the form factor. 

mv 

0.516 
0.414 

0.356 

0.287 
0.194 

Prom [65]. 

mp 

0.623(2) 

0.550(2) 

0.515(3) 

0.485(3) 

0.448(13) 

VMD (Eq. 5.27) 

mv gvnn/gv 
0.68(13) 1.21(27) 

0.60(10) 1.16(21) 

0.51(9) 1.01(18) 

0.46(9) 0.97(17) 

0.50(20) 1.10(40) 

VMD (Eq. 5.29) 

m y 

0.587(19) 

0.528(17) 

0.501(19) 

0.477(21) 

0.454(43) 

In Fig. 5.3, we already showed VMD curves with mp, the lattice p-mass calculated at 
the same «-value (quark mass) [65] and assuming universality. At large pion mass the 
VMD-prediction describes the form factor based on the conserved current reasonably 
well but lies systematically above the results for the more accurate improved current. 
However, at lower pion masses, the model prediction shifts toward the improved form 
factor results. 

To investigate this point in more detail we fitted our improved form factors, using 
a general vector meson mass, my, as the fit parameter. In the first fit, we use the 
version without universality, Eq. 5.27. In principle, more than one vector meson could 
contribute, but taking into account these heavier vector mesons, as suggested by some 
extended VMD models [78], is not feasible, since it would introduce too many fit 
parameters and therefore destabilise the fit. Since the model is meant to apply at 
moderate Q2 (< 1 GeV2), we exclude the highest Q2 point in the fit and extract the 
parameters. We then exclude one more data point and observe that the parameters 
are not stable under this reduction. This might indicate that Q2 = 0.411 is still too 
high. A more plausible explanation is that the number of d.o.f. of the fit is already 
too small upon leaving out one data point, since a further reduction leads to a fit with 
zero d.o.f.. 

In Table 5.5 we therefore show, for illustration purposes only, the results of the fit 
in which only the highest Q2 has been left out. We first of all observe that the error 
bars are large, especially in comparison to the fit to Eq. 5.29 (see discussion below). 
Furthermore, the extracted ratio of couplings depends non-trivially on the quark mass, 
although it agrees, within the large error bars, with the experimentally observed value, 
gp7T7r/gp = 1.22(2) [78]. The vector meson mass which we extract fluctuates around 
the rho mass, but the difference is seen to decrease with the quark mass, although 
the results for the lightest pion mass are disputable. These considerations lead us to 
believe that the data is not accurate and stable enough for a fit to Eq. 5.27 to give 
sensible results. 
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5.7. The form factor and vector meson dominance 
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Figure 5.5: Form factor extracted from the improved current as a function of Q2 for 
different mn. Curves: fits to the VMD-model, Eq. 5.29. 

Alternatively, we assume universality and use the simple monopole form 

We again excluded the highest Q2 point and fit the data to obtain the 'mass' parameter 
my. A second fit, in which a additional Q2 point was excluded, yielded similar results. 
Since we have no argument to favour one of the two fits, we simply average them. 
The results for the vector meson mass from this method are also displayed in Table 
5.5. We see that the vector meson mass decreases with the quark mass, as expected. 
Furthermore, the results are more accurate than those obtained with the fit to Eq. 
5.27. The vector meson mass as extracted from the fits is seen to come closer to the 
lattice /9-mass for decreasing quark mass. This might indicate that this VMD-model 
describes the form factor better in the physical limit. However, we will see in Sec. 5.9 
that the experimental data is accurately described by the simple monopole form of 
Eq.5.29, with my ^ mp. 

We show the improved currents as a function of Q for our five different masses in 
Fig. 5.5. The curves are fits to the model, Eq. 5.29, in which we have excluded the 
highest Q2-point(s). From the figure, we see that the simple monopole parametrisation 
with unspecified vector meson mass, is quite successful in describing the lattice data 
for low Q2. Therefore, this parametrisation can be used in the determination of the 
charge radius of the pion, as we will do in the Sec. 5.10. 
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Chapter 5. Analysis of the three-point function: extraction of the form factor at T = 0 

5.8. Determination of the scale 

In order to compare our results to the experimental data, we need to set the scale of the 
lattice calculations. We will only shortly discuss the methods used. The scale can be set 
using different observables, such as the p-mass or the string tension. Klassen et al. [61] 
used the latter to set the scale. They calculated the string tension for several couplings 
in the pure gauge sector, complemented their data set with lattice results available 
in the literature and fitted all data as a function of g2. With their phenomenological 
fit, it is then possible to obtain the string tension at any given value of the coupling 
g2. Comparing with the physical value then gives an estimate for the lattice spacing. 
This physical value of the string tension, however, is not known to high accuracy. The 
authors of [61] use a relatively high estimate, y/a = 465 MeV. For defmiteness we have 
chosen to use the average value of y/a = 420 MeV. With that choice we find a = 0.105 
fm (= 1.91 GeV - 1 ) . This value is in agreement with other estimates e.g. [79], where 
the authors use the p-mass to set the scale. The different determinations of the scale 
can differ by 10 %, but agree within the error bars. These differences depend strongly 
on the observable used. The uncertainty in the scale should be kept in mind when we 
present our results in physical units. 

5.9. Comparison to experiment 

In Fig. 5.6, we show our results together with the available measurements [80,81]. 
For clarity, we only show our results for three /t-values. As can be clearly seen, our 
calculated form factors, regardless of the mass, lie above the experimental values. A 
continuous trend toward the measured values for decreasing mass can be observed. 
Although our lightest pion mass is still more than twice as heavy as the physical pion, 
we come rather close to the measurements. Whether a further straightforward lowering 
of the pion mass alone will resolve the remaining discrepancy between our calculations 
and experiment, is not clear. 

The solid line in the figure shows the monopole form, Eq. 5.29, based on a fit to the 
experimental data with Q2 < 1.5 GeV2. We find mv = 690 MeV. Using only the data 
points with Q2 < 1.0 GeV2, we find my = 721 MeV. Both masses are significantly 
lower than the experimental value for the p-mass (mp = 770 MeV), emphasising that 
the VMD-inspired monopole description provides a successful parametrisation of the 
form factor data, but does not hold in detail. 

5.10. The pion charge radius 

It is well known that the form factor can be related to the charge radius of the pion. 
To see this, recall that in quantum mechanics, the form factor can be written as the 
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5.10. The pion charge radius 
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Figure 5.6: The form factor for different m^, compared to experiment [80,81] 

Fourier transform of the normalised charge distribution p(x) 

d3x it) - ƒ [2-Kf 
°p(x). 

If we assume spherical symmetry and expand the exponential, we obtain 

1 
F{\q\ - ^ ( r 2 ) | q | 2 + 0( |g | 4 ) . 

(5.30) 

(5.31) 

From this we see that the root mean square (RMS) radius of the pion can be written 
as: 

dF{Q2) (r2) = 6 
dQ2 (5.32) 

O2=o 

where we have gone back to our usual notation with Q2 = —q2. In contrast to the 
charge-radius extracted from the Bethe-Salpeter amplitude, this determination of (r2) 
is not based on any specific assumptions about the motion of the quarks and gluons 
inside the pion. Since the vector meson model works very well as a parametrisation of 
our results for low Q2, we simply calculate the mean square radius of the pion obtained 
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Table 5.6: Pion radii from the 
form factor, compared 
to the BS results. 

Uln 

0.516 

0.414 
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0.287 

0.194 
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13.83(7) 
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Figure 5.7: Colour screening. 

from the monopole form, Eq. 5.29, which yields 

(r2) = 4"- (5-33) 

In the following, we only show results based on the improved current. By looking at 
Table 5.6, we observe that the (r2) thus obtained shows a considerable mass depend
ence. This is in contrast to the BS results from Chapter 4, which are repeated for 
convenience. Moreover, the form factor based results are significantly larger than the 
BS results. As discussed by Gupta et. al. [52], this can be due to how one treats the 
centre-of-mass of the two quarks. For example, the influence of gluons on this centre-
of-mass is not considered in the BS approach. However, as these authors also point 
out, the value extracted through the form factor contains a contribution which is ab
sent when calculating the (r2) from the Bethe-Salpeter amplitudes. The corresponding 
diagram is depicted in Fig. 5.7. It essentially describes the screening of the strong force 
through the formation of a quark-anti-quark pair [52]. In principle, such diagrams are 
also present in the two point function, but the Bethe-Salpeter amplitudes are insens
itive to them since they 'measure' only the quark-anti-quark state. This screening of 
the colour charge, however, can lead to an enlargement of the electro-magnetic charge 
radius of the pion [52]. 

The (r2) values obtained from the form factor (using a = 0.105 fm) can be seen to 
get closer to the physical value of (r2) = 0.439(8) fm2 [74] as the pion mass decreases. 
This encourages us to try several extrapolations to the physical limit which will be 
described in the next section. 

5.10.1. Extrapolation in mw 

To obtain physical results, one can try to extrapolate in the pion mass. We take 
(r2) as the quantity to extrapolate since it is also known experimentally and there 
is theoretical guidance for the extrapolation in the pion mass. We consider three 
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types of extrapolations. From chiral perturbation theory X-P71, one knows the one-loop 
result [82], 

(r%n;-loop = Cl + c 2 lnm 2 (5.34) 

In our fit, we will treat C\ and c2 as free parameters. In quenched xPT, the radius is 
constant at this order of expansion [83]. It is, however, expected that this situation 
will change at the two-loop level, which will introduce terms like 

(rXWx°PTOOP = d,^ + d2\nml + d3ml (5.35) 

including a term linear in m2 which, for our pion masses, can be expected to yield 
the dominant contribution [83,84]. We therefore only tried to fit a form containing a 
constant plus a linear term in m\. 

We have observed in Sec. 5.7 that the form factor data could be well parametrised by 
a simple monopole form as suggested by vector meson dominance. We use this finding 
to construct an additional extrapolation. Since it can be seen from Table 5.5 that the 
fitted parameter, ray (like mp), scales approximately linear with m 2 , one can use Eq. 
5.33 to parametrise the radius as 

(r2)vMD = 77 —7 2-T77 • (5.36) 

(&i + b2miY 

The results for (r2), together with the three extrapolations, are plotted in Fig. 5.8. 
The extrapolated value for the radius is seen to depend strongly on the method chosen. 
The VMD ansatz describes our data best. If we use this prescription to extrapolate to 
the physical pion mass, we find 

(r2) = 0.36(2) fm2, (5.37) 

which lies below the experimental value (r2) = 0.439(8) fm2. This could clearly be 
due to the extrapolation chosen, but also due to approximations, such as quenching, 
inherent in our approach. 

5.11. Conclusions 

We have presented calculations for the pion form factor that improved and extended 
previous work in several respects. First, we have pushed the form factor calculations 
for a large range of Q2 toward much lower pion masses than the earlier calculation at 
TOjr w 1 GeV. Secondly, we have worked in a framework that guarantees the absence 
of O (a) corrections. This meant a consistent use of an improved action together with 
the concomitant improved current. We have shown that use of this current leads 
to significant changes over results based on the conserved Noether current for this 
action, which still contains 0(a) corrections at finite Q2. An important element in our 
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Figure 5.8: Extrapolation of (r2) 

calculation is to choose the kinematics in such a way that the initial and final pion three-
momentum have the same absolute value. This leads to considerable simplifications 
when extracting the form factor. 

Our results for the form factor were seen to smoothly decrease with the pion mass. 
The lower Q2 results could all be described quite well by a simple monopole form 
factor. The fitted range parameter niy was, for each «-value, found to be close to 
the corresponding lattice />mass. The agreement between the two values got closer for 
decreasing pion mass, indicating better agreement with the prediction from the vector 
meson dominance model. 

When compared to the experimental form factor, it could be seen that our results 
consistently approach the data from above over the entire range of <52-values we con
sider. While gauge invariance fixes all form factors in the forward direction, -F(O) = 1, 
we found that the calculated form factor at Q2 > 0 comes close to the experimentally 
determined shape. This shows that by means of lattice methods, QCD indeed is able 
to describe a purely non-perturbative feature such as the pion form factor quite real
istically and in detail from first principles. However, a straightforward extension of our 
approach to even lower pion masses is not necessarily the way to proceed to close the 
last gap with the experiment. Improvements of our methods and the use of new lattice 
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5.11. Conclusions 

techniques will become increasingly important, e.g. one has to understand the role of 
dynamical quarks, which are neglected in the quenched approximation. 

The form factor can be used to reliably extract the mean square charge radius of the 
pion. We showed that the estimates for (r2) based on the Bethe-Salpeter amplitudes 
of the previous chapter are qualitatively as well as quantitatively not very reliable. 
Disagreement up to a factor of two was found with the form factor based values. 
Furthermore, these values showed quite a pronounced mass dependence in contrast to 
the BS results. Extrapolations of our charge radii toward the physical pion mass were 
shown to lead to no unique prediction. The best description of the results at our pion 
masses was provided by a vector meson dominance inspired model. When extrapolated 
to the physical pion mass, it yielded a value for (r2) about 15% below the experimental 
value. For an extrapolation inspired by (quenched) chiral perturbation theory our pion 
masses are not low enough to be sufficiently sensitive to the predicted In m2, terms. 

As is well known, Wilson fermions have the major disadvantage that chiral symmetry 
is broken, in order to remove the doublers, resulting in errors already at 0(a). This was 
one of the reasons improvement was invented and why we chose a framework where the 
action and operators where consistently improved such that only corrections to O (a2) 
occur. 

Another method, among others, is the introduction of a fifth dimension and the use 
of so-called domain wall fermions. Chiral symmetry is then not tied to taking the 
continuum limit. The price one pays is a substantial increase in computer time. The 
RBC collaboration has chosen this approach and first results can be found in [85]. In 
this paper, pion masses down to 390 MeV are used, albeit on a coarser lattice. Their 
results obtained so far at two low Q2 points, based on the renormalised local current, 
seem to agree reasonably well with our values. Differences with our implementation of 
chiral symmetry show up at ö(a2). 

In our work we have assumed, as is often done, that the quenched approximation 
can be used. The influence it has on our observables is largely unknown. Although it is 
beyond the scope of this thesis to investigate the form factor using dynamical quarks, 
some remarks can be made. Alexandrou et al. [86] have calculated density-density 
correlations for the IT, p, N and A in quenched as well as in full QCD. In contrast 
to the p and A, only rather small effects are seen for the 7r for values of mn around 
600 MeV. The study of the effects due to dynamical quarks, clearly more important at 
lower pion masses and high Q2, is an area where further work is necessary. 

This concludes our investigation of the pion form factor at T = 0. In the next chapter, 
we will focus on the changes this observable might undergo when the interacting quark 
and anti-quark are embedded in a heat bath of finite temperature. 
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Chapter 6. 

Finite temperature 

In the previous Chapters, we analysed the zero temperature data and discussed our 
results. In this Chapter, we extend our investigation to finite temperature. As stated 
at the beginning, in view of heavy ion collisions it is interesting to know whether 
(and if, how) hadronic properties change with increasing temperature. Although some 
observables, e.g. masses, have been calculated at non-zero temperature [87-97], there 
are no lattice results on the form factor in this regime. Calculations of screening 
masses and spatial Bethe-Salpeter wave functions indicate no significant changes for 
temperatures close, but below the critical temperature Tc. Determinations of these 
observables above Tc however, show signs of deconfinement, although there is still 
some residual binding interaction. Whether this picture persists for the form factor 
of the pion will be investigated in this Chapter for T = 0.93 Tc. We will start with 
a short discussion on finite temperature lattice QCD, followed by the description of 
spatial correlators. In Sec. 6.4 our results of the two-point function will be presented. 
In Sec. 6.5 we will discuss the three-point function and the results for the form factor. 
Conclusions will be drawn in Sec 6.6. 

6.1 . Spatial correlation functions 

As was demonstrated in Chapter 2, temperature is introduced in the path integral by 
restricting the Euclidean time direction and imposing (anti-)periodic boundary con
ditions. The temperature is then defined through T = (JV,-a)_1. To increase the 
temperature, this means that one either reduces the lattice spacing or NT. 

Since the temporal direction in physical units is short irrespective of the number 
of points, the data will always be 'contaminated' with excited states. It is therefore 
necessary (if feasible at all) to use multiple state fits to reliably extract the desired 
quantities and NT should remain large. Therefore, one needs to decrease a. In order 
to avoid severe finite size effects, one should simultaneously increase Na to keep the 
spatial volume the same. This has the main disadvantage that the simulation time 
rises by orders of magnitude. 

To circumvent this increase in computer time, one can introduce an anisotropic 
lattice, i.e. aT ^ aa. It has the advantage that the spatial volume can be kept large 
enough with an acceptable value for N„, while at the same time, the number of points in 
the time direction is large enough so that multiple state fits might become feasible. The 
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Chapter 6. Finite temperature 

disadvantage of this method is that an extra parameter, the (renormalised) anisotropy 
parameter, aa/aT needs to be fine tuned through simulation. 

A completely different approach consists of studying spatial correlators. This idea 
roots in the observation that at zero temperature, there is no distinction between spatial 
and the temporal dimensions in Euclidean space. Therefore, observables obtained using 
either one of the correlators are equal. At finite temperature, due to changes in the 
dispersion relation (see below), the equivalence of the two correlators is lost. However, 
both are still different Fourier transforms of the same space-time correlation functions. 
Therefore, results extracted from spatial correlators are related in a different, less direct 
way to observable quantities than those obtained from temporal correlators, but still 
provide important information. For the pion two-point function, the spatial correlator 
is given by 

l /T 

G(z,p)= I dtfdxfdye-^Gix^), (6.1) 

4=0 

and for the three-point function, it reads 

l/T l /T 

Gli(zf,z,pt,q)= J ƒ d 3 f f d 3 f e - ^ - ï f + ^ G ^ ( x , t , x f , i f ) (6.2) 
t f = 0 6=0 

where 

X=(x,y,t) P= (Px,Py,P4)- (6.3) 

denote the three-vector part of the funny space [98] coordinates and momenta, 

xl=(x,z) pl = (P,Pz)- (6.4) 

For bosons, the values of p^ are restricted to the Matsubara frequency con = 2nnT. 
The implication of the use of spatial correlators for the dispersion relation will be dealt 
with in the next section. 

6.2. Dispersion relation 

In order to correctly describe the finite temperature data, we need to change the 
parametrisation of the two-point function. First of all, the temporal direction is dis
tinguished from the three spatial ones as it is the direction limited by the (inverse) 
temperature. This corresponds to a four velocity nM = (0,0,0,1) of a (static) heat 
bath. Secondly, the presence of the heat bath may introduce temperature effects into 
the dispersion relation, which may lead to p2 ^ m ¥ . 

The influence of the temperature is incorporated in the vacuum polarisation tensor 

G " 1 ( T > 0 ) = G ' - 1 ( T = 0 ) + n . (6.5) 
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6.2. Dispersion relation 

The pion propagator in Euclidean space is then given by 

GV(P,P4) ~ -Ö- 5 - 0 , TT/ ^ • (6-6) 

p | + p2 + m2 + n(p, T) 

Starting from this momentum representation, the temporal correlator is obtained as 
G{t,p) = TYje-i"»tG(p,pi = u)n). (6.7) 

n 

To illustrate possible temperature modifications, we assume a simple model [99] for the 
propagator, which includes a temperature dependent mass and a momentum coefficient 
A(T) 

1 

pj + A2{T)p~2+m2(T)' 

where 

G(P>Pi) = 2 , A2<rr^2 , „ . 2 / ^ > ( 6 - 8 ) 

m(0) = m and ,4(0) = 1. (6.9) 

The large t-behaviour is then, for vanishing momenta p, determined by the pole mass 
m(T) 

G(t,0) ~ e-miT)t (6.10) 

Similarly, the large z-behaviour of the spatial correlator 

G(z,p} = J^e-^^G(p,p4), (6.11) 

is given by the pole (in pz) of the propagator, yielding 
G(z,p) ~ e~E°^P'Tï (6.12) 

where 

E2
SM T) = -pi = - ^ + m2

sc + p\ . (6.13) 

Here, p\ denotes the momentum in the (x, y)-plane and 

msc(T) = Esc(0,T) (6.14) 

is the screening mass, which for this simple model equals m{T)/A(T). Note that we 
have denoted the .z-pole with Esc, since it can be interpreted as the 'energy' in funny 
space. We stress that we use this model for illustration only; it plays no role in the 
analysis of our two- and three-point functions. Below, we will work with the spatial 
correlators and compare the quantities we extract from them to the analogous temporal 
correlation functions at T = 0. By this, we do not mean to imply that they are an 
extension of the T = 0 temporal quantities to finite T. For example, the screening 
mass msc(T) is not necessarily equal to the temporal mass, as can be seen in the 
simple model. These quantities only coincide at T = 0. 
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6.3. Simulation 

We briefly recapitulate the parameters and choices for the kinematic variables of the 
finite temperature simulation in this section. First of all, the parameters for the gen
eration of the gauge configurations and the improvement constants are the same as for 
the zero temperature case. We generated twice as many (0(200)) configurations since 
fluctuations are expected to increase in the vicinity of the phase transition. 

We use an N% x NT = 323 x 8 lattice which corresponds to a system which is at 
a temperature T = 0.93 Tc at the chosen value of 0 = 6.0. In order to be able to 
compare to the T = 0 case, we calculate pion two- and three-point functions at the 
same five K-values as previously. The increase of the spatial lattice was chosen since 
we wanted to have 32 lattice points in the correlation direction to compare with the 
results from T = 0. Taking a 242 x 32 x 8 lattice would have introduced an unwanted 
additional asymmetry. Furthermore, in case of the three-point function, we can only use 
approximately one third of the lattice extent in the correlation direction. Using Nz = 24 
would leave us with a correlation 'time' of eight z-slices, which, from our experience 
at zero temperature, is not enough. The finite size effects are small (« 1%) on both 
lattice sizes used, and thus allows a direct comparison of zero and finite temperature 
results. 

As for the zero temperature case, we restrict the pion momenta in the three-point 
function to Pf = p ; , to facilitate the analysis. Apart from the simplification of the 
kinematical factors that this choice implies, it also reduces the number of contributing 
form factors at finite temperatures, as we will see in Sec. 6.5.1. 

6.4. Two-point function 

In this section we present the results obtained from the two-point function. Since most 
of the analysis techniques are the same as for the zero temperature, only the differences 
will be outlined. 

6.4.1. Effective energy 

The screening masses and energies are extracted from the exponential decay of the 
spatial correlators. The effective (screening) energy, defined analogously to Eq. 4.14, 
is shown in Fig. 6.1. The optimal value for the smearing parameter is seen to be R = 3, 
i.e the same as for the zero temperature case. From this plot we also see that for the 
lowest pion mass, the effective mass curve does not stabilise and therefore a single state 
fit to the spatial correlator might thus not work properly. We will investigate this in 
the next section. 

86 



6.4. Two-point function 

Figure 6.1: Effective screening masses (left) and energies (p\ = 0.077, right) at finite 
temperature for n = 0.13330, 0.13430 and 0.13480 respectively. 

6.4.2. Analysis techniques for screening energies and masses 

The screening masses and energies Esc(p,T), Eq. 6.13, of the pion are obtained from 
fits, using the parametrisation of the data taken from Eq. 4.4, where E™ is now replaced 
by the screening energy, and t by z. We use two state fits to extract the masses and 
single state fits for comparison (method I). In comparing the fit results to the data, 
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Table 6 .1: Fit parameters as a function of K. 

K 

0.13230 

0.13330 

0.13380 

0.13430 

0.13480 

m^^c (I) 
0.511(3) 

0.410(4) 

0.353(4) 

0.283(5) 

0.187(8) 

Q.o.F. 

0.18 

0.23 

0.25 

0.41 

0.16 

f.r. 

29 

29 

29 

31 

31 

mniSC (II) 

0.513(4) 

0.411(5) 

0.354(7) 

0.287(6) 

0.194(7) 

Q.o.f. 

0.25 

0.33 

0.37 

0.52 

0.18 

f.r. 

29 

29 

29 

31 

31 

run (T = ( 

0.516(2) 

0.414(2) 

0.356(2) 

0.287(3) 

0.194(4) 

it was observed that the middle z-slices have a slight tendency to lie above the curve. 
The fit tries to compensate this fact and produces a curve which is less steep than the 
data away from the middle slices suggest. Moreover, for higher momenta, the middle 
z-slices are troubled by larger error bars. This feature is more often seen in lattice 
calculations and it can most likely be attributed to an increase of noise due to thermal 
excitations. The normal procedure is to ignore such fluctuations. Therefore we also try 
a two state fit which leaves out 7 — 9 z-slices centred around the middle-point (z = 16) 
(method II) to quantify this effect. 

6.4.3. Screening Masses 

The results for the masses, using both methods are shown in Table 6.1. The corres
ponding results for the single state fits for method I can be found in App. A.2. 
The results for the two methods are almost equal, but method II systematically pro
duces somewhat higher values. Since the error bars of one method overlap the data 
points of the other method, the effect of the middle z-slices on the mass is negligible, 
except maybe for the lowest pion mass. Since the fit qualities and the errors of the two 
methods are comparable, we will not favour one method over the other. 

In comparison with the free masses mn at zero temperature, Table 4.1, the screening 
masses from method I are slightly lower, although the error bars overlap. The results 
from method II are also lower than those for zero temperature, but the difference 
decreases with the pion mass. It is not clear, whether this difference is significant. 
Since the differences are very small they may be explained by a change of finite size 
effects, because the finite temperature lattice has different dimensions. 

If the change in the pion mass is a real effect, several conclusions are possible. First, it 
might indicate a small decrease of the screening mass1. It does, however not necessarily 
mean that also m{T) has changed, as e.g. in the simple model, the decrease may be due 
to A(T) ^ 1. However, investigations [58,72] have found no indications for A(T) ^ 1 
below Tc. 

Remember that the screening mass is equal to the mass for zero temperature. 
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Table 6.2: Fit parameters for non-zero momenta. 

K 

0.13230 

0.13330 

0.13380 

0.13430 

0.13480 

p2
± = 0.039 

ESC(PI) Q.o.f. 

0.547(4) 0.19 

0.455(6) 0.26 

0.401(7) 0.31 

0.341(9) 0.44 

0.291(12) 0.33 

f.r. 

29 
29 
31 
31 
31 

K 

0.13230 

0.13330 

0.13380 

0.13430 

0.13480 

p2
± = 0.077 

Esc(p2
±) 

0.582(5) 

0.496(8) 

0.450(10) 

0.391(14) 

0.345(28) 

Q.o.f. 

0.17 

0.24 

0.29 

0.36 

0.30 

f.r. 

29 
29 
29 
31 
31 

(a) (b) 

K 

0.13230 

0.13330 

0.13380 

0.13430 

0.13480 

p \ = 0.154 

ESC(P1) 

0.644(10) 

0.571(17) 

0.536(24) 

0.488(35) 

0.53(10) 

Q.o.f. 

0.23 

0.34 

0.40 

0.38 

0.44 

f.r. 

29 
29 
29 
29 
31 

K 

0.13230 

0.13330 

0.13380 

0.13430 

0.13480 

p \ =0.193 

ESC(PI) 

0.671(13) 

0.601(21) 

0.562(29) 

0.509(40) 

0.42(12) 

Q.o.f. 

0.17 

0.34 

0.23 

0.27 

0.30 

f.r. 

29 
29 
29 

29 
31 

(c) (d) 

6.4.4. Screening energies and the dispersion relation 

The energies are extracted from the correlation functions for finite momenta up to 
p\ = 0.193, the highest momentum used in the form factor calculation. We choose 
to use finite values for the truly spatial momenta, i.e p± = (p\,P2) only. We project 
onto zero Matsubara frequencies, because the first non-vanishing one is rather large 
{u)\ = 2ir/NTa « 1 . 6 GeV). For the form factor such a step would mean a minimum 
momentum transfer Q2 » 5 GeV2 for our choice p2 = p 2 , (see Sec. 6.5.1), which is 
too high. Although an investigation with non-vanishing Matsubara frequencies might 
reveal a dispersion relation different from the zero temperature one, i.e. A(T) ^ 1, we 
have not done such an analysis. In [58,72], the authors did not find a difference between 
momenta pointing in the spatial and temporal direction. This can be interpreted as a 
hint of the similarity of screening- and pole masses, i.e. A{T) s=s 1. 

The influence of the middle ^-slices was shortly investigated and it was found that 
only for the lowest two pion masses the difference was significant. In the subsequent 
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Figure 6.2: Esc(p) for different pion masses, compared to different dispersion rela
tions. Bottom right figure: Energy momentum relation for selected pion 
screening masses compared to the continuum dispersion relation. 

analysis, method II will be used for these pion masses. The results for the single state 
fits did not stabilise upon reduction of the fit range. This might be an indication that 
the middle z-slices indeed disturb the data. We did not try to fit a single state using 
method II, and will not consider such fits any further. 
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6.5. Extraction of the form factor 

To investigate the energy-momentum relation, we proceed as described in Sec. 4.4.5. 
The data is plotted together with the ansatze for the dispersion relation in Fig. 6.2. 
For four of our masses, the calculated energies obey the continuum dispersion relation 
up to and including the highest momentum considered. Once again, this is a nice 
confirmation that lattice artifacts are suppressed due to improvement. The results for 
the lightest pion also obey the continuum dispersion relation for low momenta, but the 
error bars increase significantly for the higher ones. This should be kept in mind when 
calculating the form factor using p =0.193. 

6.4.5. Spatial Bethe-Salpeter wave function and {T2)BS 

Applying analogous techniques as in Sec. 4.5 we obtain the wave function using the 
Bethe-Salpeter amplitudes from our spatial two-point correlator. We prefer to use the 
ratio method, since it gives more precise results and ambiguities regarding excited states 
are absent. Furthermore, we are not interested in the excited state wave function and 
radius. As was outlined in Sec. 4.5, we need to reduce the fit range to reliably extract 
the amplitudes. The ratio (Eq. 4.27) stabilises at 2-slices 11-21, depending on mass 
and momentum and the results for the amplitudes were stable upon further reduction 
of the fit range down to 5-11. Deviations for the middle ^-slices were not observed, 
most probably they are cancelled in the ratio. The results for zero momentum are 
displayed in Fig. 6.3, together with the results for p\_ = 0.077. As was also noted in 
Sec. 4.5 for the zero temperature results, the wave function for finite momentum is 
somewhat narrower than for p± = 0, probably due to a Lorentz contraction. 

In the bottom right plot, the wave function at finite temperature is compared with 
the zero temperature result for the lowest pion mass. The plot shows that the wave 
function at finite temperature is indistinguishable from the zero temperature one. This 
is also true for the wave function at finite momenta (not shown). The fact that the 
results obtained close to the critical temperature are still almost the same as those for 
T = 0 is an indication that the phase transition happens very quickly. 

Furthermore, as in the T = 0 case, there does not seem to be a large mass depend
ence of the Bethe-Salpeter wave function parameters. To quantify this statement, we 
calculated the radius of the pion. Working analogously to Sec. 4.5.1, we fitted the 
wave function using Eq. 4.28 and calculated its second moment, Eq. 4.29, with to = 2. 
The results for the ratio method (see Sec. 4.5.1) are displayed in Table 6.3. 

As can be seen, the radius increases only slightly for decreasing pion mass. In 
comparison to the zero temperature values, where a similar trend was found, the radii 
have increased by a few percent. 

6.5. Extraction of the form factor 

Having investigated finite temperature effects on the pion two-point function in the 
previous section, we now proceed with the extraction of the form factor at finite tem-

91 



Chapter 6. Finite temperature 

Figure 6.3: Spatial Bethe-Salpeter wave functions for different pion screening masses 
and momenta obtained with the ratio method. Bottom right figure: Dir
ect comparison of the wave function for T = 0 and T = 0.93 Tc, for the 
lowest pion mass. Lines: fits to Eq. 4.28. 

perature. The structure of the three-point function embedded in a heat bath is a 
little more involved than the zero temperature case. We will start this section with the 
changes in the parametrisation due to the medium, followed by the analysis techniques. 
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6.5. Extraction of the form factor 

Table 6.3: Spatial Bethe-Salpeter wave function fit parameters at T = 0.93 Tc for 
the ratio method. Also shown are the spatial (r2) values obtained using 
Eq. 4.30. 

run 

0.511 

0.410 

0.353 

0.283 

0.187 

pi 
0.0 

0.077 

0.0 

0.077 

0.0 

0.077 

0.0 

0.077 

0.0 

0.077 

RQ 

3.743(2) 

3.531(2) 

3.801(3) 

3.574(1) 

3.828(1) 

3.587(4) 

3.826(5) 

3.607(3) 

3.836(2) 

3.66(4) 

V 

1.1748(2) 

1.2077(3) 

1.1684(3) 

1.2045(5) 

1.1653(4) 

1.2040(9) 

1.1638(4) 

1.2019(15) 

1.1667(3) 

1.208(13) 

(r2) 

13.02(4) 

10.79(6) 

13.62(4) 

11.14(8) 

13.90(4) 

11.22(13) 

14.08(4) 

11.40(12) 

13.92(6) 

11.74(52) 

These closely resemble the methods outlined in Sec. 5.4. As before, only differences 
will be outlined. 

6.5.1. Form factor at T / 0 

Due to the breaking of Lorentz invariance, the four-momenta squared are no longer the 
only scalar variables and observables may depend on both the energy and momentum 
of a particle separately. Stated differently, the form factor(s) can depend on all the 
Lorentz scalars which can be made up from the available four-vectors, including the 
four velocity of the heat bath, i.e. 

Pf> pf, n2(=l), pt-pi, n-pi, and n - p f , (6.15) 

where the last two amount in our case to p^; and p±j. In case of temporal correlations 
functions, and assuming that the pions are quasi on shell, i.e. they obey the dispersion 
relation given by the pole of Eq. 6.6, we are left with only three independent variables 
(apart from the static pion mass) 

p 2 , p 2 , and Q2(=-q2), (6.16) 

on which the form factor can depend. 
For spatial correlation functions, the situation is slightly different. It is convenient 

to choose the Lorentz scalars differently, namely built from funny space variables. Due 
to the different structure of the dispersion relation when choosing z as the correlation 
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direction, the form factor may now depend five independent variables. We choose 

Pj_,f> ri-pf (=ujnJ), p\u n • pi (= a>n,i) and Q2 . (6.17) 

Since we have three independent four-vectors (p^, p^, and nM) and five scalars, the 
matrix element for the pion-photon interaction has the following general structure 

FM = (.Pi +Pi)/J.F(Q2,p2
u,p

2
L!i,u>nj,u)nA) 

+ Q^G{Q2,p2
Lf,p

2_Li,uiri^,u}nti) +nMF(Q2 ,p5_ i f ,p^ i ,w„ i f ,w„ i i ) , (6.18) 

As for the zero temperature case, we can use current conservation 

9 „r M = 0 (6.19) 

We thus find the following condition (we suppress the dependence of the form factors 
on the kinematical variables) 

0 = (p2 - pf)F + q2G + n- (pr - p i ) H . (6.20) 

Because of the possibly modified dispersion relation, pf = pf does not hold necessarily. 
Choosing p f = p ; is also not sufficient to guarantee that pf = pf. In projecting out 
the momenta in the spatial three-point correlator, Eq. 6.2, we make sure to have a 
symmetric situation with 

p\ f = p\ j and furthermore (6-21) 

<̂ n,f = wni i. (6.22) 

With this choice pf = pf and n- (pf-pi) = 0 (remember n = (0,0,0,1)), implying that 
the first and third term on the r.h.s. of Eq. 6.20 do not contribute. Thus we see that 
G must be zero for this choice of kinematics. 

In Sec. 5.3 we saw that by choosing the fourth component of the current, the para-
metrisation of the three-point function simplifies considerably. For spatial correlation 
functions, this choice shifts to p = 3. Another implication is that H does not contrib
ute to T3, and we are left with one form factor again. For the lattice version of the 
photon-pion matrix element we can thus write 

«P,,)U.(0)MP,,.)W = »FW.A.ri) V E ^ t g i ( p i ) 

= qnF(Q2,pl,pl), (6.23) 

where p\ = p\ f = p\ i and we have dropped the dependence of the form factor on the 
Matsubara frequencies. The parametrisation is then equivalent to the one presented in 
Sec. 5.2 (Eq. 5.10), with the understanding that t and E are replaced with z and Esc, 
respectively. 
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Figure 6.4: Form factors at T = 0.93 Tc extracted from different currents as a func
tion of Q2 for pion momenta p\ = 0.193 at mv = 0.410. Data shifted 
horizontally to separate the currents. 

6.5.2. Results 

As was discussed in Sec. 5.5, the most reliable method to extract the form factor is 
the use of simultaneous fits. Consequently, this will also be the method used in this 
case. In analogy to the zero temperature analysis, we have varied the fit interval in z to 
investigate systematic uncertainties. Since the optimal fit range for the extraction of the 
masses varied between 29 and 31, we use three different fit ranges for our simultaneous 
fits, namely 27, 29 and 31. In the analysis of the two-point function, it was noted 
that for higher momenta and lower pion masses, the middle z-slices were unstable, and 
needed to be left out. We also leave these z-slices out of the simultaneous fit for the 
extraction of the form factor. 

To investigate the momentum dependence of the form factor, we have carried out 
the simulation for three values of the external momenta of the pion, p\ = 0.039, 0.077 
and 0.193. If Lorentz contraction plays a dominant role in the heat bath, we expect 
that the pion with the highest momentum will have the smallest radius, or the largest 
form factor. For the lowest pion mass it was impossible to extract the form factor from 
the pj_ = 0.193 data, since fluctuations overwhelmed the data. 

Improvement 

The investigation into the effect of improvement has already been performed at T = 0 
and we do not expect the situation to change significantly. To be complete, we show the 
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Figure 6.5: The inverse of the form factor at T — 0.93 Tc as a function of Q2 for 
pion momenta, p\ = 0.077 and p\ = 0.193. Data shifted horizontally for 
clarity. 

results based on the different currents for one K-value in Fig. 6.4. The same features 
as at T = 0 can be observed, although the results have somewhat larger error bars. 
The other pion masses show the same behaviour. From now on, all results presented 
will be based on the improved current, unless stated otherwise. 

V M D and the form factor 

Since the VMD-model proved to be an appropriate parametrisation of the form factor 
for relatively low Q2 values at T = 0, we will investigate the validity in case of our 
finite temperature results. It is easily seen that 1/F(Q2) should be linear in Q2 for 
the model to be an proper description. In Fig. 6.5, we plot the inverse of the form 
factor for two different pion momenta. From this plot we see that for p\ = 0.077, the 
data show an approximate linear dependence on Q2 in the entire range. Consequently, 
we will fit the VMD model including all the Q2 points. For p\ = 0.193, however, 
momentum transfers exceeding Q2 = 0.4 are not satisfactorily described by the model 
and are therefore excluded from fits. It is further observed that there does not seem to 
be a difference between the momenta for the heavier pion. The momentum dependence 
only seems to become important for smaller masses. It is important to note that the 
VMD model does not incorporate a p x dependence. We therefore use it solely as a 
parametrisation to obtain the radius from the corresponding fit for each momentum 
separately and do not interpret the extracted parameter as the mass of the /9-meson at 
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Figure 6.6: Form factor for different pion momenta, m^ = 0.283. Curve: VMD fit to 
combined lower momenta. 

finite temperature. 

The form factor results for one selected pion mass and three different pion momenta 
are shown in Fig. 6.6. The plots for the other pion masses can be found in App. A.2. 
The results for p\ = 0.039 and p\ = 0.077 are very similar, i.e. they can be described 
by the same curve. This observation is independent of the pion mass, although the 
results for the lightest mass show somewhat larger differences between the two pion 
momenta. The results for p\ = 0.193, on the other hand, are a little higher than 
the lower momenta results, confirming that the form factor depends on Esc and p\ 
separately. This deviation is growing with decreasing pion mass. 

Since the lower momenta results are similar, we combine them in order to obtain a 
wider Q2-range and a more stable fit to the VMD model. This combined set will be 
denoted px. The results for p\ = 0.193 will be referred to as the ph-set. The solid curve 
in the figure is a VMD-fit to the p r se t . In order to illustrate the mass dependence, 
we plotted the form factor, for the combined lower momenta, ph in Fig. 6.7(a). From 
this figure and Fig. 5.5, we can observe the same mass dependence of the form factor 
as at T = 0. The lines are VMD fits to the data, and they are seen to be a proper 
description of the data. 

The data for ph is plotted in Fig. 6.7(b). The error bars are a little larger than the 
lower momenta result. Furthermore, the data is seen to deviate more from the VMD 
ansatz, which seems to indicate that this simple model is not a precise description of 
the form factor at higher pion momenta and finite temperature. 

p]_ = 0.039 —— 
p]_ = 0.077 —— 
p]_ = 0.193 >--*-

# * 
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Figure 6.7: Form factor as a function of Q2 for different pion masses, (a) px and (b) 
ph. Curves: VMD fits. Data shifted for clarity. 
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Figure 6.8: Form factor as a function ofQ2 for different T and different pion momenta. 

Comparison with T = 0 

In order to quantify the differences between the results at zero and finite temperature, 
we plotted both form factors in Fig. 6.8 for one selected pion mass. The figures for the 
other masses can be found in App. A.2. 

As can be seen from the figure, the form factor for both temperatures are very 
similar. There are, however some details to be pointed out. The form factor for 0.93 Tc 

at ph shows a different curvature than the results for the other momentum and/or 
temperature. It is larger than the form factor at T = 0 for low Q2 and smaller at high 
Q2. With our statistics we are not able to quantify this momentum dependence of the 
form factor and we are not aware of such a study in the literature. Since we do not 
know a better parametrisation than the VMD model, we have not tried to fit other 
models to the high momentum results. 

The results for p{ at 0.93 Tc are seen to fall off slightly faster than the T = 0 results, 
although the Q2 range is rather limited. Whether it is a significant effect, is not clear, 
especially since the calculated Q2 points are not equal for both temperatures and 
therefore direct comparison is difficult. The mean square radius of the pion, however, 
can be compared directly and this will be the subject of the next section. 
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Table 6.4: Pion radii for different masses and pion momenta at T = 0.93 Tc, compared 
to the zero temperature results. 

T = 0.93 Tc T = 0 

m^ 
0.511 

0.410 

0.353 

0.283 

0.187 

Pi 
18.8(9) 

23.1(13) 

26.0(16) 

28.5(20) 

31.6(46) 

Ph 
17.3(15) 

19.8(22) 

20.8(31) 

22.5(50) 

17.4(11) 

21.5(14) 

23.9(18) 

26.4(23) 

29.1(55) 

(r2) at finite temperature 

Following the same procedure as in Sec. 5.10, we obtain the (r2) from the form factor 
fits. They are listed in Table 6.4, where also the zero temperature results are repeated. 
We have chosen to include an estimate for the radius based on the p h results, even 
though the VMD model fits are of poorer quality. The radii at different temperatures 
and pion momenta in physical units are plotted in Fig. 6.9. From Fig. 6.9, we can 
clearly observe that the values for (r2), as obtained from the p r se t , are systematically 
larger than the zero temperature results. The gap is seen to grow with decreasing pion 
mass but the relative difference is roughly independent of the pion mass (~ 7 — 8 %). 
The (r2) from the p^-set is smaller than those from the p r se t , and even smaller than 
the zero temperature results. Given the overlapping error bars, this at best suggests 
a dependence of the pion on its velocity relative to the heat bath. However solid 
conclusions about e.g. a Lorentz contraction cannot be drawn. 

In order to obtain the form factor, one necessarily has to use finite three-momenta. 
The (r2) for a pion at rest in the heat bath can thus only be obtained by extrapolation 
in the pion momentum. We do not have enough data of sufficient quality to perform 
such an extrapolation. Since increasing the momentum seems to lower the radius of 
the pion, the radius for a pion at rest will probably be somewhat larger than the value 
obtained in our simulation. 

In Sec. 5.10.1, we found that an extrapolation based on the VMD-model describes 
the mass dependence of the radius most reliably. Therefore, we use the same ansatz 
here to obtain the radius of the pion in the limit that the screening mass tends to the 
free pion mass. This extrapolation is also plotted in Fig. 6.9. The values we obtain 
are 

(r2) =0.39(2) fm2 for p, and (6.24) 

(r2) =0.28(3) fm2 for p h . (6.25) 

As can be expected from the values in Table 6.4, the radius of the pion in the physical 
limit at finite temperature for p] (ph) is larger (smaller) than the zero temperature 
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Figure 6.9: (r2) as a function of m^ for different T, and pion momenta. Curve: 
extrapolation based on VMD, Eq. 5.36, using the pl data. 

result. Both radii are still smaller than the experimental value for the free pion, also 
shown in the figure. 

6.6. Conclusions 

First, we have investigated the properties of the pion at finite temperature using the 
two-point correlator. 

For the (screening) mass of the pion we found very little change. We observe a 
slight decrease of the mass for increasing temperature, in contrast to [58,100], who see 
a small effect in the opposite direction at the same temperature. Whether the effect 
is significant remains an open question. Furthermore, our results for the different 
temperatures are not directly comparable, because of different finite size effects. The 
slight decrease in the mass could very well be caused by these effects. 

Although we know from the zero temperature analysis that the two-point function 
is a poor observable to extract the pion radius from, a direct comparison of the results 
for the two temperatures can nevertheless reveal interesting qualitative effects. The 
wave function and the corresponding Bethe-Salpeter radius were obtained and were 

0.93 Tc, & — ~ 

0.93T c ,ph 
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seen to be very similar to the zero temperature results. However, the calculated radii 
are systematically larger than at zero temperature. Although this difference is small, it 
seems significant, since the error bars are even smaller and do not overlap. This small 
broadening of the pion state could be a signal of the weakening of the strong force at 
higher temperatures, i.e. in the vicinity of the phase transition. However, the general 
caveat concerning the Bethe-Salpeter results for (r2) should be kept in mind. 

Secondly, using the pion three-point function we have presented the first finite tem
perature calculations of the form factor using lattice techniques. Since the form factor 
at finite temperature depends on three kinematical variables, we have done simula
tions not only for different momentum transfers, but also for various pion momenta. 
No significant differences between p\ = 0.039 and p\ = 0.077 were found, indicating 
no noticeable dependence on the pion momenta relative to the heat bath. In order 
to facilitate the analysis, the results for the lower momenta were therefore combined. 
The results for p\ = 0.193 were however significantly different. Thus it seems that the 
dependence becomes relevant only for higher momenta. Although not very conclusive, 
the results for the lower momenta were seen to fall off slightly faster than the zero 
temperature results, whereas the higher momentum results were slightly larger and the 
data had a somewhat different curvature. This behaviour was seen for all the pion 
masses considered in this work, and may indicate a small temperature effect. 

The VMD model has been used to parametrise the form factor, after the range 
of applicability was established. Since the higher momentum results show a slightly 
different form, we used the VMD model with some care. The results obtained through 
this model are therefore to be interpreted only qualitatively. 

The (r2) values at finite temperature were found to be larger (smaller) for the p{ 

(ph) data sets than the T = 0 results. Above the critical temperature, the system is 
expected to be in a deconfined phase. This means that the strong force changes its 
behaviour in the large T limit and coloured particles can behave as 'free' particles. The 
observation that the radius increases, although only slightly, as the critical temperat
ure is approached is might be sign that the system is 'preparing' itself for the phase 
transition. 

In order to know whether the radius is increasing and eventually diverges above 
the phase transition, simulations with temperatures above Tc have to be performed. 
Because of deconfinement, one would expect the absence of pions above the critical 
temperature. There are however indications [101-105] that deconfinement is not com
plete above Tc, in the sense that the quarks are still bound in meson states due to 
some residual interaction. An investigation of the form factor for temperatures above 
Tc is therefore also important for the determination of the residual interaction in this 
regime. 

In summary, the main impression is that temperature modifications at T = 0.93 Tc, 
if at all present, are very small. Of course, one has to be careful in directly comparing 
T = 0 data to results from spatial correlation functions at T > 0. However the 
indications are that 'precursors' of the imminent phase transition are still very small 
at T = 0.93TC. 
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Appendix A. 

Additional figures and tables 

A . l . Zero temperature 

In this appendix we have collected additional tables and figures with zero temperature 
results not used in the main text. 

Table A . l : Masses and energies from a single state fit to the two-point function data 
for T = 0. 

K 

0.13230 

0.13330 

0.13380 

0.13430 

0.13480 

K 

0.13230 

0.13330 

0.13380 

0.13430 

0.13480 

P2 

E(P2) 
0.518(2) 

0.416(2) 

0.358(1) 

0.288(3) 

0.193(6) 

P2 = 
E(p2) 

0.640(6) 

0.568(7) 

0.520(8) 

0.493(17) 

0.445(25) 

= 0.0 

Q.o.f. 

0.007 

0.04 

0.09 

0.17 

0.12 

= 0.137 

Q.o.f. 

0.10 

0.18 

0.23 

0.29 

0.38 

f.r. 

13 
15 
17 
17 
15 

f.r. 

15 
19 
15 
21 

23 

P2-

E(P2) 
0.581(4) 

0.491(6) 

0.445(3) 

0.398(6) 

0.335(80) 

P2 = 

E(p2) 
0.700(14) 

0.597(25) 

0.532(65) 

= 0.069 

Q.o.f. 

0.03 

0.10 

0.03 

0.28 

0.03 

= 0.206 

Q.o.f. 

0.04 

0.30 

0.34 

f.r. 

15 
15 
15 
21 
11 

f.r. 

13 

19 
15 

0.13230 

0.13380 

0.13430 

P 2 = 

0.756(25) 

0.675(21) 

0.579(57) 

= 0.274 

0.12 

0.30 

0.20 

13 
21 

19 

„,2 
P = 

0.815(17) 

0.751(35) 

0.720(62) 

= 0.343 

0.09 

0.42 

0.11 

21 
21 
21 
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Appendix A. Additional figures and tables 

ST 

Improved current '—'—' 
Conserved current •—•*---

Renormalised local current >•—•* 

Figure A. l : Form factors extracted from different currents as a function of Q2 for 
mn = 0.516. Solid curve: VMD prediction with my = mp taken from [65] 

ST 

Improved current '—i-
Conserved current ••---x--

Renormalised local current *••••*• 

Figure A.2: Form factors extracted from different currents as a function of Q2 for 
m x = 0.356. Solid curve: VMD prediction with my = mp taken from [65] 
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A.2. Finite temperature 

2 

0.2 h 

0 

Improved current 
Conserved current 

Renormalised local current 

TOjr = 0.287 

0.1 0.2 0.3 

Q2 

0.4 0.5 0.6 

Figure A.3: Form factors extracted from different currents as a function of Q2 for 
m-n = 0.287. Solid curve: VMD prediction with my = mp taken from [65] 

A.2. Finite temperature 

This appendix contains additional tables and figures for finite temperature. 

Table A.2: Masses as determined from a single state fit to the two-point function data 
for T = 0.93 Tr. 

p i = 0.0 
K Esc{p\) Q-o.f. f.r. 

0.13230 0.511(3) 0.10 13 
0.13330 0.410(4) 0.11 13 

0.13380 0.352(5) 0.12 13 

0.13430 0.281(6) 0.39 13 

0.13480 0.193(6) 0.12 15 
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ST 

o 0.2 

pi 0.039 

pz
± = 0.077 

p\ = 0.193 

0.4 

Q2 

0.6 0.8 

Figure A.4: Form factor for different pion momenta, m , = 0.511. 

ST 

Figure A.5: Form factor for different pion momenta, mn = 0.410. 
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A.2. Finite temperature 

Figure A.6: Form factor for different pion momenta, m^ = 0.353. 
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Figure A.7: Form factor for different pion momenta, m^ = 0.187. 
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Figure A.8: Form factor as a function of Q2 for different T and external momenta. 
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Figure A.9: Form factor as a function of Q2 for different T and external momenta. 
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Figure A. 10: Form factor as a function of Q2 for different T and external momenta. 
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Figure A . l l : Form factor as a function of Q2 for different T and external momenta. 
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Summary 

In nature one usually distinguishes four elementary forces, the electromagnetic, weak, 
and strong interaction, and gravity. These forces dominate physics on a certain scale. 
The most important force in our daily life for instance, is the electromagnetic interac
tion between atoms and molecules. On the most fundamental level, inside e.g protons, 
on the other hand, physics is dominated by the strong force. This is the domain of 
(anti-)quarks and gluons. These elementary building blocks cannot be observed dir
ectly; they can only be detected in pairs or triplets, called hadrons. This is called 
confinement. 

The properties of these composite particles can be calculated from the theory de
scribing the strong force, Quantum Chromodynamics (QCD). Because of the distinctive 
features of the strong force, confinement and the large value of the coupling constant, 
analytical methods are not applicable to perform the calculations. Therefore, one turns 
to numerical methods. They consist of describing our continuous world in terms of a 
discrete space-time grid or lattice. In this way the computations one has to perform 
become finite and the use of computers becomes possible, but is also implies that one 
can only describe physics in a finite box with finite resolution. In order to still simulate 
a system which resembles the real world as much as possible, the lattice must be both 
large and fine. This demand makes the calculations very time consuming and one has 
to turn to supercomputers in which multiple processors compute simultaneously, often 
for several months. Using such methods, masses and decay times of hadrons have been 
calculated with considerable success directly from the underlying theory. In this thesis, 
we have investigated how photons (light) interact with the lightest hadron, called the 
pion. From this calculation, we can extract the form factor, which in turn provides us 
information on the internal structure of the pion from first principles. The methods 
and results of this study will now be summarised in somewhat more detail. 

Over the years, Quantum Chromodynamics has been established as the correct the
ory of the strong interaction through impressive quantitative agreement between ex
periment and theory. Although many results have been obtained in the perturbative 
sector, relatively few concern physics on the scale of a hadron. Since perturbative 
methods fail in this regime, other techniques have to be employed. In this thesis, we 
use lattice methods to investigate the structure of hadrons, a typical non-perturbative 
phenomenon. The basis of this approach consists of the discretisation of space-time. 
This discretisation acts as a regulator, rendering all observables finite. The number of 
degrees of freedom is limited, and therefore numerical methods can be used to calculate 
the integral one encounters in the path integral formalism. The immense computational 
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Summary 

effort involved requires parallel processing and the use of super computers. 
In this thesis we have focused on the structure of the pion, with the emphasis on the 

electromagnetic form factor and the charge radius. These quantities directly reflect the 
spatial extent of non-perturbative phenomena, in particular the intriguing confinement 
of QCD. It is therefore crucial to obtain it from first principles, without any model 
assumptions. Lattice QCD is of course not free of approximations, but the main 
advantage over other non-perturbative approaches is that it, in principle, does not use 
ad hoc assumptions. We have worked in the quenched approximation, using a 243 x 32 
lattice with coupling constant /3 = 6.0 (a « 0.105 fm) for our T = 0 investigation. 
We did our simulations for 5 different values of the (valence) quark mass. At finite 
temperature, we used a lattice of size 323 x 8, but kept the other parameters the same. 

In comparison with earlier work on the pion form factor we have employed improve
ment techniques to reduce the discretisation errors of our calculation. We have used 
only non-perturbatively determined improvement and renormalisation constants to en
sure that the remaining errors are of 0{a2). One of the results of this thesis is the 
investigation of the effect of improvement of the current operator on the form factor. 
It was found that the results based on the improved current are significantly smaller 
than those of the commonly used conserved current. The difference with the renorm-
alised local or continuum current was found to be very small. Using another value for 
the improvement constant cv from the literature, our results indicate that the 0(a2) 
effects can still be as large as 10 %. 

The earlier calculations of the form factor were done using pion masses larger than 
about 1 GeV. We have used masses ranging from 1 GeV down to 360 MeV, only 
2.5 times the physical mass. It was found that our results for the form factor were 
decreasing with mass, coming very close to the experimental values for the lighter 
pion. Moreover, the theoretical calculations were seen to produce the same type of 
Q2 behaviour. This showed us that a highly non-perturbative feature can be obtained 
from lattice QCD. With our calculations, we have thus shown from first principles 
that interacting point-like quarks produce a particle which has finite dimensions and 
internal structure. 

It was also confirmed that a VMD inspired monopole form described our data very 
well when used as a parametrisation. Using this monopole form as a fit ansatz, we 
obtained the charge radius of the pion from the low Q2-behaviour of the form factor 
without any further assumptions. It was found that the charge radius thus obtained 
showed a considerable mass dependence, in contrast to the radius based on the less 
reliable Bet he-Salpeter approach. We extrapolated our results to the chiral limit and 
obtained a physical value for the radius. Choosing the most reliable extrapolation, 
we found (r2) = 0.36(2) fm2. This value lies below the experimental value of (r2) = 
0.439(8) fm2, but only amounts to a 10 % deviation of the RMS. 

The question remains, how we can proceed with lattice methods to bridge the (small) 
gap with experiment. A simple further lowering of the quark mass is not the path to 
follow. First it becomes increasingly more difficult to invert the fermion matrix. For 
physical values for the mass this is even impossible. Furthermore, in the improved 
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scheme we have chosen, the presence of so-called exceptional configurations increases 
with decreasing mass, which make the analysis cumbersome. An extrapolation to the 
physical limit thus remains necessary. A more promising extension of the present 
study would be the inclusion of dynamical (sea) quarks. Effects of these fermions were 
estimated to be small for the pion in case of density-density correlators. Nevertheless, 
further research is necessary in this area. Since Wilson quarks have no chiral symmetry, 
another improvement would be to use chiral symmetric actions. Investigations in this 
area are presently pursued by several collaborations. 

In the second part of this thesis, we focused on the temperature dependence of the 
above mentioned quantities. This was done in view of relativistic heavy ion collisions. 
In these experiments, nuclei are collided into each other to create a hot and dense 
medium. When the energy density of this fireball is large enough, the anticipated 
quark-gluon plasma will be formed. In such a plasma, hadrons no longer exist. Instead, 
the deconfined (anti)quarks and gluons form a collectively interacting system in which 
the particles move almost freely. In order to describe the processes and phenomena 
occurring during and right after the creation of the fireball, we need to know how static 
properties of hadrons modify under changes in the environment. Using again lattice 
methods, we calculated the pion form factor at finite temperature for the first time. 
Since it is expected that changes occur very rapidly only in the vicinity of the phase 
transition, we have done our calculations at 0.93 Tc. 

The parametrisation of the pion-photon matrix element in terms of form factor(s) 
is more involved at finite temperature. Not only do we have more form factors, but 
they also depend on more scalar variables. Since the temporal extent was decreased 
to increase the temperature, the extraction of observables from temporal correlation 
functions becomes impossible, or at best rather difficult. We therefore had to switch 
to spatial correlators. This introduced extra dependencies into the form factors due to 
the different structure of the dispersion relation. We choose specific kinematics (same 
restrictions as at T = 0) to reduce the number of form factors and thus to facilitate the 
extraction of the main form factor. In order to investigate the dependence of the form 
factor on the momentum of the pion in the heat bath, we chose three different final 
momenta in our calculation. The same analysis techniques as for the zero temperature 
data were used. 

A dependence of the form factor on the pion three-momenta was observed for all pion 
masses, although the 'breaking' of Lorentz symmetry due to the presence of a heat bath, 
was more notable for lower pion masses. The form factor results for the two lowest 
three-momenta could not be distinguished. Thus it seems that the dependence only 
becomes an important effect at larger pion momentum. This is reflected in the radii, 
which we obtained again from the low Q2-behaviour of the form factor. It was found 
that the VMD inspired monopole parametrisation still provides a proper description of 
our data. The radius for the combined lower momenta data is significantly larger than 
for the highest pion momenta considered. For the radius of a pion moving through a 
static heat bath, we find (r2) = 0.39(2) for the lower momenta and (r2) = 0.28(3) for 
the higher momentum. 
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Summary 

The data are not directly comparable to the zero temperature results because of 
various reasons. First, although temporal and spatial correlators yield the same results 
at zero temperature, this does not need to be so at finite temperature due to pos
sible modifications in the dispersion relation. Secondly, the specific choice of reference 
frame amounts to the breaking of Lorentz symmetry, introducing more dependencies 
on kinetic variables. Probably the most natural comparison would be with the radius 
of a pion at rest in the heat bath. Unfortunately with our methods it is impossible to 
obtain the radius of a pion with zero momentum. A possibility would be to calculate 
the form factor for various pion momenta and perform an extrapolation. With our 
data and statistics, we are not able to do this. However, the data we do have indicate 
that the radius of a pion at rest is somewhat larger than the radius of the pion with 
the smaller momentum. This means that a pion at rest at T = 0.93 Tc is also larger 
than a free pion at T = 0 as calculated on the lattice. 

Comparison of the form factor at T = 0.93 Tc with the zero temperature results 
yields the general conclusion that the changes are rather small. The error bars overlap, 
but the differences are systematic and therefore significant. Overall, we thus find that 
close to the critical temperature, the changes in the properties of hadrons are small, 
indicating a very rapid phase transition. 
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Samenvatting 

In de natuur onderscheiden we vier fundamentele krachten, de electromagnetische, 
zwakke en sterke wisselwerking en de zwaartekracht. Deze krachten domineren de 
natuurkunde ieder op een bepaalde lengte schaal. De belangrijkste kracht in ons da
gelijks leven bijvoorbeeld, is de electromagnetische wisselwerking tussen atomen en 
moleculen. Aan de andere kant, op het meest fundamentele niveau, in bijvoorbeeld 
protonen, wordt de natuurkunde gedomineerd door de sterke kern kracht. Dit is het 
domein van de quarks en gluonen. Deze elementaire bouwstenen kunnen niet direct 
worden waargenomen; ze kunnen alleen worden gedetecteerd in paren of drietallen, 
genaamd hadronen. Dit fenomeen wordt confinement (opsluiting) genoemd. 

De eigenschappen van deze samengestelde deeltjes kunnen worden berekend met 
behulp van de theorie die de sterke wisselwerking beschrijft, de Quantum Chromody
namica (QCD). Door de karakteristieke kenmerken van de sterke kracht, 'confinement' 
en de grote waarde van de koppeling constante, zijn de analytische methodes niet toe
pasbaar om de berekeningen te doen. Daarom neemt men zijn toevlucht tot numerieke 
oplossingsmethoden. Deze bestaan uit het beschrijven van de continue wereld door 
middel van een discreet ruimte-tijd rooster. Hierdoor worden de berekeningen die men 
moet uitvoeren eindig en wordt het gebruik van een computer mogelijk., maar het heeft 
ook tot gevolg dat men de natuurkunde alleen kan beschrijven in een begrensd volume 
en met een eindige resolutie. Om nog steeds een systeem te simuleren wat zoveel mo
gelijk op de echte wereld lijkt moet het rooster zowel groot alsmede fijn zijn. Door 
deze voorwaarden vergen de berekeningen erg veel tijd en wordt het gebruik van su
percomputers, waarvan meerdere processoren tegelijkertijd gedurende enkele maanden 
berekeningen uitvoeren, noodzakelijk. Door middel van zulke numerieke methoden 
zijn de massa's en vervalstijden van hadronen met behulp van de onderliggende the
orie met behoorlijk succes berekend. In dit proefschrift hebben we onderzocht hoe 
fotonen (lichtdeeltjes) met het lichtste hadron (het pion) een interactie aangaan. Uit 
deze berekening kunnen we dan de vormfactor bepalen, welke op zijn beurt informatie 
over de interne structuur van het pion verschaft. De methoden en resultaten van dit 
onderzoek zullen hieronder wat uitgebreider worden samengevat. 

Na verloop van jaren is QCD door de indrukwekkende overeenkomst tussen exper
iment en theorie, de correcte theorie van de sterke wisselwerking gebleken. Hoewel 
veel resultaten verkregen zijn door middel van storingsrekening, zijn er relatief weinig 
die betrekking hebben op de fysica op de schaal van een hadron. De storingsrekening 
is niet geldig in dit bereik en daarom moeten we andere methoden gebruiken. In dit 
proefschrift gebruiken we rooster-ijk methoden om de structuur van hadronen, een 
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typisch fenomeen waar de storingsrekening niet toepasbaar is, te onderzoeken. De 
basis van deze methode bestaat uit het discretiseren van ruimte-tijd. Deze discret-
isatie functioneert als een regulator die ervoor zorgt dat alle observabelen eindig zijn. 
Het aantal vrijheidsgraden is gelimiteerd en dus kunnen numerieke methoden voor de 
berekening van de pad integraal worden toegepast. De immense hoeveelheid rekentijd 
die hierbij komt kijken maakt parallelle toepassingen, en daarmee ook het gebruik van 
supercomputers, noodzakelijk. 

In dit proefschrift hebben we de structuur van het pion bestudeerd, waarbij de nad
ruk op de electromagnetische vormfactor en de ladingsstraal lag. Deze eigenschap
pen hebben een directe relatie met de ruimtelijke uitgestrektheid van fenomenen die 
niet met de storingsrekening te berekenen zijn, in het bijzonder het intrigerende 'con
finement' van de QCD. Het is daarom van groot belang om dit zonder aannames 
en modellen met behulp van de fundamentele theorie te bepalen. Rooster QCD is 
natuurlijk niet geheel vrij van benaderingen, maar het belangrijkste voordeel boven 
andere niet-pertubatieve methoden is dat er in principe geen ad hoc veronderstellingen 
gemaakt hoeven te worden. Wij hebben gebruik gemaakt van een rooster met afmetin
gen 243 x 32 en een koppelingsconstante [3 = 6.0 (o « 0.105 fm) voor ons onderzoek 
bij T = 0. Daarbij hebben we de 'quenched approximation' toegepast. We hebben 
onze simulaties uitgevoerd bij vijf verschillende (valentie) quark masss's. Bij eindige 
temperatuur hebben we een rooster met grootte 323 x 8 gebruikt, maar voor de andere 
parameters hebben we dezelfde waarden gekozen. 

In vergelijking met eerdere rooster-ijk studies van de pion vorm factor, hebben wij 
verbeterde technieken toegepast om de discretisatie fouten in onze berekeningen te 
verminderen. Om ervoor te zorgen dat de resterende fouten van de orde a? zijn, 
hebben we alleen gebruik gemaakt van niet-perturbatief bepaalde 'verbeterings' en 
renormalisatieconstanten. In dit proefschrift is er ook onderzoek gedaan naar het effect 
van de verbetering van de stroomoperator op de vormfactor. Er kwam naar voren dat 
de resultaten gebaseerd op de verbeterde stroom significant lager zijn dan die gebaseerd 
op de meestal gebruikte behouden stroom. Het verschil met de genormaliseerde lokale 
stroom, ook wel continue stroom genoemd, bleek erg klein te zijn. Gebruik makend 
van een andere verbeteringsconstante uit de literatuur, lieten onze resultaten zien dat 
de 0(a2) discretisatie effecten nog steeds ongeveer 10% kunnen bedragen. 

Bij de eerdere bepalingen van de vormfactor werd gebruik gemaakt van pionen met 
een massa van om en nabij 1 GeV. De door ons gebruikte massa's variëren van 1 
GeV tot 360 MeV, slechts 2.5 keer de fysische massa van het pion. Onze bereken
ingen laten zien dat de vormfactor afneemt met de massa en dat de resultaten van 
het lichtste pion dicht in de buurt kwamen van de experimenteel gemeten waarden. 
Bovendien kan men zien dat de theoretische berekeningen dezelfde Q2 afhankelijk 
vertonen. Door deze overeenkomsten is het duidelijk dat zeer niet-perturbatieve ei
genschappen bepaald kunnen worden met behulp van rooster QCD. Met onze bereken
ingen hebben we, slechts gebruikmakend van de fundamentele theorie, dus aangetoond 
dat uit puntachtige quarks een deeltje met eindige grootte en interne structuur gebouwd 
kan worden. 
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Er is ook aangetoond dat een monopool vorm, geïspireerd op het VMD model, als 
parameterisatie onze data goed beschrijft. Gebruikmakend van deze monopool vorm 
als fit aanname hebben we zonder verdere aannames de ladingsstraal uit het lage Q2 

gedrag van de vormfactor kunnen bepalen. De op bovenstaande wijze verkregen straal 
laat een duidelijke massa afhankelijkheid zien, in tegenstelling tot de straal berekend 
uit de minder betrouwbare Bethe-Salpeter methode. We hebben de resultaten naar 
de chirale limiet geëxtrapoleerd en hebben zodanig een fysische waarde voor de straal 
verkregen. De meest betrouwbare extrapolatie leverde (r2) = 0.36(2) fm2 op. Deze 
waarde ligt onder de experimentele waarde van (r2) = 0.439(8) fm2, maar dit komt 
neer op een verschil van slechts 10 % in het geval van de straal. 

Het blijft de vraag hoe we met rooster-ijk methoden het overgebleven verschil tussen 
theorie en experiment kunnen wegwerken. Het simpel verder verlagen van de pion 
massa is niet de juiste weg. Ten eerste wordt het steeds moeilijker om de fermion matrix 
te inverteren en ten tweede krijgt men, door de verbeterde methode die wij hebben 
gekozen, steeds meer last van exceptionele configuraties. Het blijft dus noodzakelijk 
de extrapolatie naar de fysische massa uit te voeren. Een uitbreiding van het huidige 
onderzoek dat meer vruchten af zal werpen, is het gebruik van dynamische (zee) quarks. 
De effecten van het gebruik van zulke fermionen is onderzocht met behulp van dichtheid
dichtheid correlatie functies. Het bleek dat de effecten in het geval van het pion klein 
zijn. Desalniettemin is meer onderzoek op dit gebied noodzakelijk. Omdat Wilson 
quarks geen chirale symmetrie bezitten, zou het gebruik van chiraal symmetrische 
acties ook een verbetering betekenen. Deze effecten worden onderzocht door andere 
onderzoekscollaboraties. 

In het tweede deel van dit proefschrift hebben we gekeken naar de temperatuursaf-
hankelijkheid van bovenstaande eigenschappen. Dit is gebeurd met betrekking tot 
de relativistische zware ionen botsingen. In deze experimenten worden atoomkernen 
zodanig op elkaar geschoten dat er een heet en zeer dicht medium ontstaat. Wanneer 
de energiedichtheid van deze zogenaamde vuurbal hoog genoeg is, zal het voorspelde 
quark-gluon plasma worden gevormd. In zo'n plasma bestaan er geen hadronen meer. 
In plaats daarvan vormen de 'bevrijde' (anti)quarks en gluonen een collectief wissel
werkend systeem waarin de ze bijna vrij bewegen. 

Om de processen en fenomenen die gedurende en direct na de creatie van de vuurbal 
voorkomen te kunnen beschrijven, moeten we weten hoe statische eigenschappen van 
hadronen door veranderingen in de omgeving modificeren. Gebruikmakend van rooster 
methoden hebben wij, als eerste, de vormfactor van het pion bij eindige temperatuur 
berekend. Omdat men ervan uit gaat dat de veranderingen pas dicht bij de kritische 
temperatuur plaatsvinden, hebben wij onze berekeningen bij T = 0.93 Tc gedaan. 

De parameterisatie van het pion-foton matrix element in termen van vormfactor(en) 
is ingewikkelder bij eindige temperaturen. Niet alleen zijn er nu meer vormfactoren, 
ze hangen ook van meer scalaire variabelen af. Omdat de afmeting in tijdsrichting 
verkleind is om de temperatuur te verhogen, wordt het nu onmogelijk, of op zijn minst 
erg moeilijk om grootheden uit de correlatie functies in de tijdsrichting te halen. We zijn 
daarom overgegaan op correlatie functies in een van de ruimtelijke richtingen. Deze stap 
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introduceerde extra afhankelijkheden in de vormfactoren door de veranderde structuur 
van de dispersie relatie. We hebben dezelfde specifieke restricties aan de kinematica 
opgelegd als bij de T = 0 berekeningen. Hierdoor werd het aantal vormfactoren ter
uggebracht en zodoende de analyse vereenvoudigd. Om de invloed van de impuls van 
een pion in een warmtebad op de vormfactor te onderzoeken, hebben we voor onze 
berekening drie verschillende pion impulsen gekozen. Voor de analyse werden dezelfde 
technieken als voor de T = 0 data gebruikt. 

De berekeningen laten zien dat de vormfactor afhankelijk is van de impuls van het 
pion, zij het dat het 'breken' van de Lorentz symmetrie als gevolg van de aanwezigheid 
van het warmtebad duidelijker is voor lagere pion massa's. De vormfactor resultaten 
voor de laagste twee pion impulsen konden niet van elkaar worden onderscheiden. 
Het lijkt er dus op dat de afhankelijkheid slechts van belang wordt bij hogere pion 
impulsen. Dit beeld wordt bevestigd door de resultaten voor de electromagnetische 
straal, welke we weer uit het lage Q2 gedrag van de vormfactor hebben bepaald. De 
monopool vorm, geïnspireerd op het VMD model, bleek ook bij eindige temperatuur 
een redelijke beschrijving van onze data te zijn. De data voor de beide kleinere impulsen 
zijn samengevoegd om de fit aan de monopool vorm te vergemakkelijken. De straal 
bepaald uit de resulaten van deze gecombineerde impulsen is significant groter dan de 
straal van het pion met de hogere impuls. Een pion dat met de kleinere impuls door 
een stilstaand warmtebad beweegt heeft een straal van (r2) = 0.39(2). Wanneer het 
met de hogere impuls beweegt is de straal (r2) = 0.28(3). 

Om verschillende redenen zijn de resultaten bij eindige temperatuur niet direct 
vergelijkbaar met de T = 0 data. Ten eerste zijn de resultaten afkomstig van correlatie 
functies in de tijds- en ruimterichting niet noodzakelijk gelijk door mogelijke veran
deringen in de dispersie relatie. Dit is wel het bij T = 0. Ten tweede hebben we, door 
een specifiek referentie frame te kiezen en daarmee de Lorentz symmetrie te breken, 
een extra afhankelijkheid van kinetische variabelen geïntroduceerd. De vergelijking 
van een stilstaand pion in een warmtebad met een pion bij T = 0 zou waarschijnlijk 
de meest natuurlijke zijn. Met onze methoden zijn wij helaas niet in staat de straal 
van een pion zonder impuls te bepalen. Wat wel zou kunnen is het berekenen van 
de vormfactor voor een pion met verschillende impulsen en vervolgens de resultaten 
extrapoleren. Met onze data en statistiek is dit helaas niet mogelijk. Desondanks laten 
de data die we wel hebben zien dat de straal van een stilstaand pion iets groter is dan 
die van een pion met de lagere impuls. Dit betekent ook dat een stilstaand pion bij 
T = 0.93 Tc iets groter is dan een vrij pion bij T = 0. 

De vergelijking van de vormfactor bij T = 0.93 Tc met de T = 0 resultaten leidt tot de 
algemene conclusie dat de veranderingen nogal klein zijn. De fouten marges overlappen, 
maar de verschillen zijn systematisch en daarom significant. Over het algemeen kunnen 
we concluderen dat dicht bij de kritische temperatuur de veranderingen klein zijn en 
dus dat de fase overgang snel verloopt. 
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