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Chapter 1. 

Quantum Chromodynamics 

In this Chapter, we will discuss the theory of the strong interaction, QCD, which is very 
interesting since it exhibits certain features which are absent in the other fundamental 
interactions. First of all, strongly interacting particles which carry colour charge (see 
below) cannot be observed as free particles. Such particles need to be in a bound state, 
in order to form a colour neutral object. This is called confinement. For example, the 
potential of a heavy quark-anti-quark pair rises linearly with their separation. Thus 
when one wants to separate the quark and anti-quark, an infinite amount of energy is 
needed1. 

Secondly, the strong force owes its name to the fact that at low energies it is stronger 
than the other elementary forces by orders of magnitude. Because of confinement it is 
a very short ranged interaction. Therefore the electro-magnetic forces, although much 
weaker but long ranged, dominate physics from the scale of atoms onward. Despite 
the strength of the interaction at the scale of the nucleon, the strong force exhibits 
a remarkable feature called asymptotic freedom. It essentially is the weakening of the 
interaction for very short distances. Since distances are intimately connected with 
energies through the uncertainty principle, this characteristic feature leads to the ob
servation that at very high energies, quarks only weakly interact with each other, thus 
enabling perturbation theory to be valid. The two regimes of QCD are connected 
through the varying of the coupling constant, which will be dealt with in Sec. 1.3. 

For the investigation of low energy, static hadron properties such as masses and 
form factors, one necessarily sits in the strong coupling regime. Since perturbation 
theory fails if the coupling constant becomes too large, i.e. of 0(1), we employ a non-
perturbative method, namely Lattice QCD for our investigations. This Chapter deals 
with the theory of QCD in general, introduces some useful concepts and paves the way 
for a more thorough discussion of the formulation of QCD on a discrete space-time grid 
in Chapter 2. 

1.1. Continuum description 

The strong interaction is described within the SM by QCD. The designation 'chromo' 
refers to the quantum number relevant to the strong force, i.e. the colour charge of the 

xAt a certain separation, it becomes energetically favourable to create a quark-anti-quark pair. The 
original pair has been separated, but the (anti-)quarks are still confined inside mesons. 
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Chapter 1. Quantum Chromodynamics 

elementary, strongly interacting constituents, the quarks and gluons. Quarks come in 
six flavours, grouped in three families: up and down, strange and charm and top and 
bottom. For each particle, there is an anti-particle with opposite quantum numbers. 

As is common in quantum field theories, the fundamental interactions are described 
by a Lagrangian. Since (anti-)quarks are fermions, their (free) kinematics is governed 
by the Dirac equation. In terms of a Lagrangian, it is given by 

nf 

CF(x) = ^rqt(x)(i^-Mkk)a0qP(x). (1.1) 
fc=l 

M denotes the rif x n/-mass matrix, which has the quark masses as its diagonal 
entries. The sum runs over the number of flavours n/, Dirac indices are denoted by 
greek letters, and colour indices are suppressed. The 7-matrices are defined through 
the usual anti-commutation relation 

{7^,74 = 2 ^ . (1.2) 

For now we refrain from specifying a definite representation. Although the kinematics 
of fermion fields is nicely described with this Lagrangian, it covers only free particles. 
Interactions are introduced by demanding invariance of the Lagrangian under local 
gauge transformations. This is achieved by the introduction of a covariant derivative 
given by 

DM(x) = <9M -igoA^x). (1.3) 

Here, the strength of the interaction is given by the coupling constant go, and we have 
introduced the gauge fields A^. These are related to the N% — 1 = 8 generators Aa of 
the SU(3) gauge group through 

a=l Z 

and obey transformation properties that leave the Lagrangian invariant. The dynamics 
of the gauge fields (gluons) is governed by 

7 V C
2 - 1 

£G(*) = —. E K^X)FaV^) (1-5) 
a = l 

with the field strength tensor given by 

F% = dMx) - dvAl - g0 fabc A\{x) Ac
u(x). (1.6) 

We combine Eqs. 1.1, 1.5 and substitute the covariant derivative, Eq. 1.3 for the 
normal one, to obtain the QCD Lagrangian 

CQCD = CG{X) + CF{X). (1.7) 

Having introduced the Lagrangian governing the dynamics of the quarks and gluons 
and their interactions, we will now discuss the calculation of expectation values using 
the Feynman path integral. 
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1.2. Feynman path integral 

1.2. Feynman path integral 

The quantisation of the classical theory described in the previous section is done using 
the Euclidean path integral representation. The partition function can be written as 

ZE(T,V) = f VAVtpV^e-s^^T'v), (1-8) 

where a possibly non-vanishing temperature T and a limited volume V have already 
been introduced. In principle, it also depends on the chemical potential, p,f. However, 
since our simulations are carried out at /// = 0, and because a finite chemical potential 
leads to rather difficult technical complications, we will not consider this dependence 
in this work. The action is given by 

l / T 

S$CD(T,V) = J drjd3xC%CD (1.9) 

0 V 

with the Euclidean Lagrangian 

£%CD = Y,i>k
a(rfDtl + mk)al3^ + - J2 F;V{X)F^{X), (1.10) 

fc=l o = l 

which is obtained from the Minkowski expression, Eq. 1.7, by a rotation to imaginary 
time r 

t—+-iT (1.11) 

and the use of the Euclidean representation of the 7-matrices, which obey slightly 
different anti-commutation relations 

{ 7 * , 7 f } = 2 < W (1.12) 

The temperature is defined through restricting the Euclidean time interval to [0, l/T]. 
To make this correspondence more clear, consider the thermodynamic expectation value 
of an operator O 

(eto*A))T-522gjM>. (Lis) 
Z is the quantum statistical partition function given by 

Z = Trp = Tie-7n. (1.14) 

Here, p denotes the spectral density and H the Hamiltonian. If we interpret p as 
an evolution operator in imaginary time from r = 0 to r = l /T , we can write the 
expectation value of the operator O as a path integral 

(0$,1>;A))T = -^ f VAVi,V^O{^,^A)e-sQco (1.15) 
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Chapter 1. Quantum Chromodynamics 

with ZE defined in Eq. 1.8. This shows that we can calculate the expectation value 
of an operator within QCD at finite temperature by restricting the (Euclidean) time 
extension. Because of the trace and in order to satisfy the spin statistics, periodic (anti-
periodic) boundary conditions must be imposed on the bosonic (fermionic) degrees of 
freedom in the time direction. 

1.3. Running coupling constant 

As already mentioned in the introduction, QCD exhibits several interesting features, 
which will be discussed to somewhat more detail in this section. 

First of all, due to quantum fluctuations, the renormalised coupling constant becomes 
scale dependent. When one considers large length (small energy) scales, the coupling 
is strong (0(1)). The fact that the coupling is large makes an expansion in g of the 
path integral, and consequently, perturbative calculations impossible, or at least very 
difficult. 

If, on the other hand, one investigates QCD at small length (high energy) scales, the 
coupling is small. This means that the quarks and gluons only interact weakly, and 
can be considered nearly 'free'. Because of this, perturbation theory can be used to 
calculate observables in this regime. The two completely different regimes of QCD are 
described through the running of the coupling constant. This states that the coupling 
constant is simply a function of the length- or momentum scale. To lowest order in 
perturbation theory, this dependence is given by 

Here, the fine structure constant is defined through 

aM) = ^ . (1.17) 

At the scale A, the coupling constant needs to be determined through experiment. For 
instance, at the scale of the Z mass, mz = 91 GeV, the coupling has been measured 
asas{mz) =0.118(3) [18]. 

1.4. Chiral symmetry 

Inspecting the mass spectrum of (light) mesons, one can observe multiplets with nearly 
degenerate masses. This observation confirms that QCD exhibits additional symmet
ries, apart from the gauge symmetry which was used to construct its Lagrangian. 

For massless quarks, it is easily shown that Eq. 1.7 is invariant under SUv(nf), 
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1.4. Chiral symmetry 

IV(1), SUA(nf)2 and £/A(1) transformations, which are collectively known as chiral 
transformations. Since symmetries are, via the Noether Theorem, responsible for con
servation of charges, currents and quantum numbers, investigation into their validity 
is an important issue. 

The question arises whether these symmetries survive for small but non-zero quark 
masses and, consequently, what the conserved (physical) quantities are. The global 
£V(1) symmetry is realised for the complete QCD Lagrangian, irrespective of the 
quark masses and leads to the conservation of baryon number. 

SUv(nf) survives for finite but degenerate quark masses. This leads to the conser
vation of the vector current and to the degeneracy of hadrons built from these quarks. 
For slightly non-degenerate quark masses, the spectrum will also show a slight non-
degeneracy. In nature, only u, d and perhaps s can be considered almost massless or 
degenerate (on the scale of hadrons), thus the symmetry is reduced to SUV(3), leading 
e.g. to a classification of the 7r's, kaons and the TJ into the same octet. This is only 
an approximate symmetry, as can be seen from the mass differences of the particles. 
Assuming degeneracy of only the u and d quarks (SC/y(2)), the symmetry is almost 
perfect. 

The SUA(nf) symmetry does not survive if quark masses are non-zero, but as long 
as the masses are small, the symmetry should be approximate. Assuming approximate 
SC/A(3) symmetry (mu « md « ms small), leads to the degeneracy of the 0~ and 0+ 
octets. Observing the large mass differences between the two octets, this is obviously 
not the case and it is due to the spontaneous breaking of the symmetry. This phe
nomenon occurs when the Lagrangian exhibits a symmetry, but its ground state does 
not. For massless quarks, the Goldstone theorem then states that the spectrum should 
include n2, - 1 massless pseudo scalar bosons. For finite quark masses, these bosons 
acquire a small mass, but are still significantly lighter than the rest of the spectrum. 
This is actually observed in nature; the pions (and kaons) are the 'pseudo'-Goldstone 
bosons. It is anticipated that at higher temperatures the ground state will become 
symmetric; the pions and kaons loose their identity as Goldstone bosons. Above the 
phase transition, the restoration of the SUA{3) symmetry will be complete and the pi
ons become degenerate with the scalar singlet meson (/0), the pseudo scalar singlet (77) 
and the scalar triplet (the a0 's). Also the kaons will become degenerate with their 0+ 
partners. For SUA{2) (mu « m^ small) a similar pattern is seen, but after restoration 
of the symmetry the pions become degenerate only with f0-

The UA(1) symmetry is explicitly broken on the quantum level, giving rise to the 
famous Adler-Bell-Jackiw anomaly [20,21]. It is connected to the topologically charge 
of the gluon field configuration. This anomaly is responsible for the large mass of the rj'. 
At higher temperatures, the symmetry will not be restored. However topological non-
trivial gluon field configurations may become less important for (very) high temperature 
and the breaking of UA(\) ceases to have an effect on the hadron masses. For (very) 

t echn ica l ly speaking, this is not a group. Nonetheless, we can associate a transformation with 
it which may leave the action invariant. The generator of this transformation is defined as the 
difference of the generators of the SUL(n}) and SUR(nf) groups. See e.g. [19] 
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high temperatures, a slow restoration may thus be observed. In this case, for nf = 2, 
the pseudo-scalar and scalar triplet states would become degenerate [22]. It was shown 
by [23] that the anomaly is also connected to the doubling problem of lattice QCD. In 
a way the lattice tries to 'fix' the anomaly by producing the doublers. 
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