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Chapter 2. 

Lattice Quantum Chromodynamics 

In this section, the basics of lattice regularisation of QCD are discussed; for a more 
thorough treatment, see for example [19,24,25]. The motivation of introducing a 
lattice is twofold. First of all, the lattice spacing acts as a regulator, since it serves as 
an ultra-violet cutoff on the momenta, rendering all the observables finite. Of course, 
in obtaining physical results, one should send the lattice spacing to zero, i.e. take 
the continuum limit, which is a non-trivial task. We will comment on this in Sec. 2.5. 
Secondly, the introduction of a finite lattice reduces the degrees of freedom of the theory 
to a finite number, thereby enabeling numerical methods to be used in evaluating the 
path integral. 

In order to formulate the theory on a discrete four-dimensional lattice, we need to 
map all the continuous fields and operators to this lattice. In doing so, one should 
take care in preserving the properties, most notably, the symmetries of the original 
theory. Local gauge invariance must be preserved, since a theory without it would 
not resemble QCD, not even in the continuum limit. Poincaré symmetry, on the other 
hand, is reduced to a cubic symmetry, but this poses no real problems, since the original 
symmetry will be restored in the continuum limit. Chiral symmetry is more difficult 
and we will return to this subject in Sec. 2.3. 

It is crucial to note that the discretisation is by no means unique. Especially for the 
case of the fermionic part of the action one has different schemes available. The freedom 
to formulate our theory enables us to improve it by adding specific operators, so that 
discretisation errors are reduced. This will be the subject of Sec. 2.3.2. The only 
common feature that different lattice theories share, is that they reduce to continuum 
QCD when sending the lattice spacing to zero. One should be careful in taking the 
continuum limit, since lattice artifacts could in principle mix with physical phenomena. 

2.1 . Formalism 

To construct QCD on the lattice, we introduce an isotropic hypercubic lattice of size 
N% x NT and spacing a. There are two different, contradicting constraints on the size 
and spacing of the lattice. First, the spacing should be small in order to keep the 
discretisation errors under control. Secondly, the (physical) size of the lattice should 
be large enough to ensure that the particle under consideration fits in it. For a particle 
of mass m, the correlation length is defined by its mass, £ = 1/m. Therefore, the 
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Chapter 2. Lattice Quantum Chromodynamics 

lattice spacing and Na should obey 

a « £ « aNa (2.1) 

These two inequalities are conflicting, since computing time is rather limited and grows 
very rapidly with increasing lattice sizes. 

Because we take fi = c = 1, all quantities (with non-trivial dimension) have the 
dimension of some power of mass or inverse length. Since the discretized theory needs 
to have the correct scaling properties, we have to scale all the fields and operators with 
their canonical dimension. On the lattice, the lattice spacing is used to obtain the 
dimensionless lattice fields and variables. These transformations are defined as follows 

M->-M, (2.2) 

^W^^W- (2-3) 
To account for the lattice, we have replaced the continuous variable x with the discrete 
valued variable n, to denote the position. Dimensionless lattice fields and operators 
are denoted with a hat. The normal derivative is discretized as a finite difference 

Ö M 0 ( * ) - i [ 0 ( n + £ ) - O ( n - £ ) ] . (2.4) 

Therefore, gauge invariance is broken by the quark field bilinears appearing in the 
action. These bilinears can be made gauge invariant by connecting two lattice sites 
with the lattice version of the Schwinger parallel transporter 

U^x) = e W . " + " « ^ - ' W - t y n ) (2.5) 

The fields U live on the links of the lattice and are members of the transformation 
group SU(3), i.e. they transform according to 

U„(n) -» g(n) U^n) g*(n + /*) (2.6) 

where g(n) is an element of the SU(Z) gauge group. This procedure is the lattice 
approximation of the covariant derivative. Having scaled the fields and operators in 
the appropriate manner, we now turn to the discretisation of the action. 

2.2. Lattice gauge action 

From the gauge links defined in the previous section, we can build gauge invariant 
objects from the traces of closed loops containing these links. The smallest invariant 
object is the trace of the plaquette, which consists of the product of gauge links around 
an elementary square on the lattice 

U„v{n) = U^n) Uv{n + jl) U^n + 0) C/J(n), (2.7) 
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2.3. Lattice fermion action 

and is related to the field strength tensor through 

U„v(n) = e
i9aa2F^n). (2.8) 

With the plaquette one can build the simplest gauge action 

n fJL<u 

where /? = 2Nc/g$, which can be seen to reduce to the continuum action up to orders 
a2 by substituting Eq. 2.8 and expanding in a. By adding larger loops to the action, 
and adjusting their coefficients appropriately, one can construct an action which has 
discretisation errors proportional to higher powers of a. 

2.3. Lattice fermion action 

The fermionic part of the action, given in Eqs. 1.9 and 1.10, can be discretized in a 
straightforward way. The application of the discretisation rules (Eq. 2.4), together 
with the inclusion of the gauge fields to keep gauge invariance, leads to 

SF = YJkn)Mlm{U)^m) (2.10) 

with 

Mn,m(U) = MfSn,m + \ ^ 7M { < W , m * 7 , » " <5„- A , m ^(n - /2) } (2-11) 

Although this action has only 0(a2) discretisation errors, this 'naive' discretisation 
leads to profound difficulties, namely the existence of so-called doubler fermions. This 
is most easily seen by considering the inverse of the fermion matrix (propagator) for 
free quarks in momentum space. It is given by 

(M*«r' = -'""^'it (212) 

EMsrn p^ + Mf 

The dispersion relation is obtained from the pole of this propagator (Ê = - ip 4 ) 

s inh2E = s i n 2 ^ + M^, (2.13) 

with 

Pi = %-nt, 0<ni<Na. (2.14) 

13 



Chapter 2. Lattice Quantum Chromodynamics 

We find the continuum solution, p = (0, 0,0) for which Ê(Q) = Mf, but also additional 
solutions with p = (TT, 0,0), p = (TT, TT,0), p = (TT, TT, TT) and permutations thereof, at the 
edge of the Brillouin zone. The number of fermions doubles for each dimension, hence 
the name 'doublers'. In case of a four-dimensional theory we thus find 16 fermions, 
of which 15 are non-physical lattice artifacts. The main problem is that these extra 
fermions survive the continuum limit. This simple discretisation therefore does not 
lead to the correct continuum theory. On a more fundamental level, one can show that 
the doublers cancel the [Tr i tanomaly [23]. This is crucial since in a lattice regularised 
theory, the corresponding current must be strictly conserved for finite lattice spacing. 

The no-go theorem of Nielsen and Ninomiya [26] states that a translationally in
variant, Hermitean and local (free) fermion action must exhibit doublers when chiral 
symmetry is to be preserved. As a consequence, there are only partial solutions to 
this problem. Since the locality of the action is very important in gauge theories, 
the doublers are removed at the expense of an explicit (partial) breaking or a slight 
modification of chiral symmetry. In the staggered formalism [27], the number of dou
blers is reduced to four and at the same time some residual chiral symmetry is left. 
Wilson fermions [28], on the other hand, break chiral symmetry completely, but have 
the advantage that all doublers are removed. In the domain wall approach [29,30] one 
makes use of an extra dimension to remove the doublers and at the same time preserve 
important properties of chiral symmetry as e.g. the UA(l) anomaly. For the size of 
the extra dimension going to infinity, this method is seen to produce a solution to the 
Ginsparg-Wilson [31] equation, {D, 75} = Dj5D, where D denotes the covariant deriv
ative. Other groups [32,33] have constructed an operator D which fulfils this equation 
in four dimensions. However, the simulation time increases by two orders of magnitude 
when these operators are used. In this work we use the Wilson formulation which will 
be described in the next section. 

2.3.1. Wilson fermions 

As the lattice version of QCD is far from unique, the ambiguity may be used to intro
duce additional operators in the action which vanish in the continuum limit. This is 
precisely what is done when using improvement, Sec. 2.3.2. Wilson [28] used this free
dom to add to the Lagrangian a dimension-5 operator with coefficient r to remove the 
doublers. This operator is the discretized version of the d'Alembertian ( • = D^D») 

$(n) D rf,(n) = 4>{n) £ {<WA,m*7» + 6n-n,mUl(n - ft) - 2<5n,m} ^ ( m ) . (2.15) 

The fermion action then has the form 

S^=^J2^n)Km(U)^m (2.16) 
n,m 

u 



2.3. Lattice fermion action 

with 

M^ m ( t f ) = <5„ , m -K^( r -7 M ) t f M (n )<W/ i ,m + (r + 7,.) Cj(» ~ £) *»,.» , (2-17) 

and the hopping parameter 

8r + 2Mf 

(2.18) 

The value of the proportionality constant r lies in the interval [0,1], but its exact value 
is not important for the removal of the doublers. In our studies, we choose r = 1, as 
is usually done, since it has numerical advantages. Furthermore, it is customary to 
rescale the fermion fields with a factor ^/2K, thereby removing the factor 1/2AC from 
the action. We adopt this convention too. 

To see how the operator, Eq. 2.15, removes the doublers, we again investigate the 
free quark propagator. Using the dimension full quantities, it is given by 

ilnjsmp^a + Mfjp) 

with 

Mf(p) = Mf + -Y,sm2(Pfla/2). (2.20) 
a 

From this, we see that the physical fermion remains unchanged (Mf(p) = Mf for 
a —> 0), but the doublers receive a mass proportional to 1/a. In the continuum limit 
they thus have infinite mass and decouple from the theory. At finite a, the masses 
are finite (of the order of the cut-off) and the doublers can still interact. Nevertheless, 
for the investigation of the light meson spectrum, at values for a normally used in 
simulations, these doublers are sufficiently heavy. 

The main disadvantage of the Wilson formulation is that chiral symmetry is explicitly 
broken for Mf = 0 at finite lattice spacing. Furthermore, discretisation errors of this 
action already start at 0(a), instead of 0(a2) in Eq. 2.11. 

Before proceeding with the discussion of improvement, a short discussion about the 
hopping parameter is necessary. The critical value for this parameter, nc is defined 
as the limit in which the pion mass vanishes at zero temperature. In the case of free 
quarks, the mass is not renormalised and KC = 1/8. When interactions are switched on, 
the fermion mass receives additive renormalisation since it is not protected by chiral 
symmetry and the value for KC changes. It must then be determined numerically. The 
quark mass can then be defined as 

- - - 1 

2 V K K. 
™* = Ö ( - - — ) • (2-21) 
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It should be noted that this definition of the quark mass is not unique. One can e.g. 
also define a quark mass through the axial Ward identity 

ZJP(x,t)Pi(0) 
2™<, = x^ 2?„"^L . (2-22) 

where AM is the axial vector current and P the pseudo scalar density. Also in this case, 
the value is inferred from simulations. A similarity between the two methods is that 
the mass is determined from averages over configurations. On a single configuration, 
it can thus happen that the actual quark mass assumes a value for which the fermion 
matrix has a (near) zero mode. The inversion of this matrix, necessary to obtain the 
quark propagators, then becomes impossible or at best very time consuming. The 
corresponding very small eigenvalue leads to a large contribution, which in full QCD is 
accompanied by a small determinant, thus rendering the contribution less important. 
This opposite effect, however, is absent in the quenched approximation, as we will see 
in Sec. 2.4, and leads to so-called exceptional configurations. 

2.3.2. Improvement 

We can exploit the ambiguity in defining the lattice theory also for the reduction of 
lattice errors. To obtain better scaling properties of physical quantities, the discretisa
tion errors (0(a)) must be reduced to 0(a2) again. To achieve this, improvement was 
invented. 

In order to improve the lattice theory, Symanzik [34,35] interpreted the lattice theory 
as an effective low energy (continuum) theory with parameter a 

-*latt C^nt + aJ2CiOi + 0(a2), (2.23) 

where the 0 j are dimension 5 operators. For a </>4 theory, he systematically investigated 
the operators of a certain canonical dimension d > 4 and added them to the Lagrangian 
using the ambiguity in defining a lattice theory, in order to cancel the ö(ad~4) terms. 
This will result in a theory which is correct up to effects of ö(ad+l~A). 

Sheikholeslami and Wohlert [36] used this improvement program for the Wilson ac
tion to reduce the errors to 0(a2). This thus means inclusion of dimension 5 operators. 
The number of operators is limited, since they need to share the same symmetries as 
the original action. One then finds 

0\ = ï>(n) io^ F^ipin) 

ö3=mTr(F(iUFliV) 

C>4 = mtj}(n) 7M D^ip(n) 

05=m2ï;(n)ip(n) (2.24) 

16 



2.3. Lattice fermion action 

The number of operators can be further reduced when one is only interested in the 
improvement of on-shell quantities. It is then possible to use the equations of motion 
to show that Ö2 and Ö4 are redundant. Of the remaining operators, Ö3 and Ö5 already 
appear in the Wilson Lagrangian. They simply amount to rescaling of the bare mass 
and coupling. The removal of 0(a) discretisation errors thus amounts to adding one 
extra operator to the Lagrangian, leading to the so-called Sheikholeslami-Wohlert (SW) 
action 

SS
F

W = Y,kn)M™(U)4>(m) (2.25) 
n,m 

with 
Af£JJ[ = A(n) - Sn,m + K An,m . (2.26) 

The fermion matrix has been written as the sum of a diagonal and a non-diagonal part, 
for later convenience. These parts are given by 

A(n) = l-ig0 cSw x ° > F^(n) (2.27) 

An,m = 2 5^(7** " 1) Ufj.in) Sn+^m - (l„ + 1) £$(n - £) *n-/i,m , (2.28) 
A« 

where the FMj,(n) is taken as the imaginary part of the plaquette (cf. Eq. 2.8). Since 
the improvement term is calculated using sums of four neighbouring plaquettes, one 
also refers to it as the clover action. 

The improvement constant csw, which depends on the coupling constant, can either 
be obtained analytically in perturbation theory or through simulations by demanding 
the validity of the PCAC relation up to corrections of ö(a2). To one-loop order, the 
perturbative value is [37] 

csw = 1 + 0.2659 gl + 0{gt). (2.29) 

The non-perturbative value (for f3 = 6.0) is 

csw = 1.76923 (2.30) 

as obtained by Lüscher et al. [38]. We will use this latter value in our simulations, thus 
ensuring the removal of order a effects to all orders in g0. 

This improvement strategy ensures that quantities whose discretisation effects de
pend solely on the action, like masses are free of O(a) deviations. However, local 
composite fields introduce O (a) corrections in correlation functions constructed from 
them. To also improve the expectation values of those operators (e.g. matrix elements), 
one thus needs to add counter operators and impose the correct renormalisation in or
der to remove these effects. An example of such a local composite field is the vector 
current used in this work. Its improvement will be discussed in Sec. 3.5. 
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2.4. Lattice path integral 

Having constructed the lattice action, we now turn to the path integral. On the lattice, 
the expectation value of an operator is calculated from 

(0($, h U)) = ^J Di>Di>DU 0$, ï>; U) e'3* (2.31) 

with the Euclidean, SE action built from Eqs. 2.9 and 2.25 and Z the partition 
function, Eq. 1.8. The fermion integration measure is defined as 

Drj> Dip = Yl dipQ{n) ]J <%i(TO). (2.32) 
n,ot m,(3 

The gauge fields, U, are elements of the SU{3) group. The integration is done using 
the Haar measure. Therefore, in calculating gauge invariant quantities, a gauge fixing 
term is not necessary. 

Since the fermion fields are represented by Grassmann variables, and the quark action 
is bilinear in the quark fields, we can integrate them out. The expectation value for an 
operator which is bilinear in the quark fields, can then be calculated using 

f D-ip Dip i>i i>j e -* 'M i ' *' = det(M) M ^ 1 . (2.33) 

After the integration of the fermion fields, we are left with the path integral over U 

(0(U)) = i f DU 0{U) e~SG . (2.34) 

For this we need to calculate the determinant of a N% x NT x 4 x 3 x NF matrix. This 
determinant, however also depends on U. In terms of the Monte Carlo method, to be 
discussed in Chapter 3, this means that for every update, even if it is not accepted, the 
determinant has to be taken into account. Since this is very time consuming, many 
lattice simulations make use of the so-called quenched approximation, i. e. setting the 
determinant to 1. Physically, this means that one considers the sea quarks infinitely 
heavy and hence all their effects are neglected. The approximation reduces the neces
sary computing time significantly. It will be used throughout this work. The quenched 
approximation is not as crude as it seems, and will be discussed in Sec. 2.6. 

2.5. The continuum limit 

In this chapter, we described a lattice theory and assumed it to reproduce QCD in the 
continuum limit. This assumption was motivated by the fact that the lattice action 
reduces to the continuum one in the (naive) a —• 0 limit. There exist however many 
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more lattice actions that have this property. It is a priori not clear whether our lattice 
theory will posses a continuum limit which resembles QCD. That this is indeed the 
case, see e.g. Rothe [24]. 

The lattice has been introduced to regulate the theory of QCD. It renders all observ-
ables finite at non-zero lattice spacing, since the momenta are cut-off, -êr- < |pM| < — 
and therefore the integrals are replaced by finite sums. In order to extract continuum 
physics, this regulator has to be removed while keeping the observables finite. This 
is ensured by absorbing any infinities into the renormalised parameters of the theory, 
as is normal in field theories. The continuum limit is reached for a = 0. Here, the 
value of e.g. the pion mass on the lattice must go to zero, since mn = rh^/a must 
remain finite. The correlation length, which is given by the mass of the lightest particle 
in the spectrum through £ = l/rnv, diverges and the system becomes unaware of the 
underlying lattice. The continuum limit must be reached for vanishing bare coupling 
constant go, since otherwise the lattice theory fails to describe QCD. 

The physical value for an observable can be written as 

lim O(g0(a),a) = Ophys (2.35) 

where the renormalised quantity O(go(a),a) is obtained from the lattice observable by 
scaling with its canonical dimension 

lim ( - ) O(g0(a),a) = \imO{g0(a),a). (2.36) 
a—>0 \ a / a—>0 

For a lattice system close to the continuum, the observable should not depend on a 
anymore. This leads to the renormalisation group equation (RGE) 

ada-^ög-o. 
O(g0{a),a)=0, (2.37) 

which states that a change in a is compensated by a corresponding change in the 
coupling constant, with the /3-function defined as 

P(9o) = -a^-. (2.38) 

The /3-function has been calculated in perturbation theory, 

0(9o) = - / W - 0i9o + 0(gl) (2.39) 

with the coefficients 

00 = i i [YNC ~ tnf) and (2-40) 
1 /34 ,, 10 „ AT2-1 

* = Ö W l ^ 2 " fUfNc ~ ^ ^ J ' (2'41) 
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which have been proved to be universal, i. e. they do not depend on the renormalisation 
scheme chosen. Since both coefficients are positive, the /^-function itself is negative to 
this order. This means that upon decreasing the lattice spacing, the coupling constant 
reduces. The fixed point will thus be g0 = 0. The theory still describes an interacting 
theory, since the renormalised coupling does not vanish in the continuum limit. 

For finite lattice spacing, Eq. 2.37 does not hold, the r.h.s. will in general not 
be zero. This is called scaling violation and the deviation from zero depends on the 
observable under consideration, it will however vanish in the continuum limit. The 
domain in which the RGE is approximately valid, is called the scaling region. 

The explicit dependence of the coupling on the lattice spacing is obtained by integ
rating the RGE 

a = — L - (/3o5o) ^ e ~ « U , (2.42) 

with k^att the QCD scale on the lattice with the dimension of a - 1 , which has to be 
determined from simulation. This function is in principle independent of the observable 
considered, i.e when the system is well within the scaling region. 

In order to obtain the physical values of observables, they need to be scaled according 
to their dimension, with either the lattice spacing or ALatt, Eq. 2.36. We thus need to 
sacrifice one quantity to set the scale. Often, this is done using the p-mass or string 
tension, a, the coefficient of the linear part of the heavy quark potential. A somewhat 
more detailed discussion can be found in Sec. 5.8. If the lattice spacing is taken small 
enough for the system to be in the scaling region, lattice effects are small or even 
negligible. It is then not necessary to perform the continuum limit, the physical values 
can be directly extracted from the lattice. 

2.6. Errors in lattice QCD 

Numerical simulation of the (discrete) lattice theory gives rise to two types of errors, 
statistical, and systematic. In this section the statistical and some of the systematic 
errors will be discussed. 

Errors of the first type obviously result from the Monte-Carlo sample (see next 
Chapter), which is necessarily finite. When the different configurations are statistically 
independent, i.e. the autocorrelation time of a certain observable is smaller than the 
separation of two configurations in the Markov chain (see Sec. 3.1.1), the error on an 
observable should fall with \/N, where N is the number of configurations used. 

The first systematic error in lattice calculations is obviously the discretisation of the 
continuum theory. As already discussed in some detail in Sec. 2.3.2, these errors can be 
reduced by improving the theory through a systematic removal of 0(a) effects. Apart 
from this, systematic errors also arise from the uncertainties and approximations in 
the extrapolation to the continuum limit. 

Second, the finite extension of the lattice introduces finite size effects. These arise 
if the spatial box is to small to contain the particle or system under investigation, or 

20 



2.6. Errors in lattice QCD 

in case of periodic boundary conditions, if the influence of the 'mirror' state is not 
negligible. Liischer [39] investigated this type of uncertainty. On a lattice with large 
enough extension, L, the finite volume effects on the mass of a particle are proportional 
to e~ML. Gupta [25] showed that this exponential decrease is valid if ML > 5 and 
therefore, the corrections are negligible. In this study we use L = 24 and with the 
smallest pion mass, mw = 0.194, we are slightly under the limit. The other pion masses 
do fulfil this requirement. The second consequence of the finiteness of the lattice is 
the momentum resolution. The minimal momentum (increase) is pmin = 2ir/L. In our 
case, this amounts to a resolution of « 520 MeV. 

Thirdly, since on today's computers is it not feasible to simulate at the (small) 
physical mass of the u and d quarks, it becomes necessary to calculate the observable 
for various quark mass values and then perform an extrapolation to the chiral limit. In 
principle, chiral perturbation theory (xPT) provides us with functions to perform the 
extrapolation with. These functions are calculated order by order, with an increasing 
number of free parameters. However, the mass regime where xPT is valid reduces when 
higher orders are taken into account. Thus, in order to verify the predictions of xPT, 
the lattice data should be very accurate for especially the lower quark masses. Since 
it is very hard to obtain accurate results for lower quark masses, it is only possible to 
use a limited number of terms provided by xPT. This truncation leads to errors in the 
extrapolated values. 

A last source of systematic uncertainties are the errors introduced by setting the 
fermion determinant to 1. These quenching effects are very hard to estimate, since 
they are non-perturbative. Although the approximation might look very crude at 
first sight, the results obtained within this scheme are very reasonable and they are 
important for the understanding of QCD. The light meson spectrum, for instance, 
has been determined within quenched QCD (qQCD) and the experimental values are 
reproduced within 5% [40]. Thus for certain observables, the approximation is actually 
quite good. To see this, observe that qQCD differs from QCD only in the relative 
weights of the background gauge configurations, and that it exhibits all the important 
features of full QCD, namely confinement, asymptotic freedom and spontaneous chiral 
symmetry breaking. The physical effect of quenching is the absence of all virtual 
quark loops. Certain quantities and phenomena which are sensitive to the effects 
of these loops, like string breaking, are therefore not reproducible in the quenched 
approximation. The absence of string breaking leads to a different qualitative behaviour 
of the two theories at large length scales. Nevertheless, the behaviour on the relevant 
scale of the hadron (« 1 fm) is quite similar for observables in which the effects of 
vacuum polarisation of the quarks is not very important. 
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