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Chapterr  1 

Introductio n n 

TheThe purpose of computing is insight, 
notnot numbers. 

-- Richard Hamming 

1.11 What is Logic good for? 

Formall  logic is the study of necessary truths and of systematic methods for clearly 
expressingg and rigorously demonstrating such truths. 

Whenn confronted with a modeling task, logic can be used to capture a situation 
(aa property of the world, a machine state, a cognitive state, the state of a database, 
. . . );; given the inference mechanisms allowed by the logic, we can then derive 
implicitt or explicit information about the situation being modeled. During its 
longg history, logic has been used to analyze phenomena ranging from planning 
inn robotics or scheduling in railways to natural language processing [CGM+97, 
BBKdN98,, CGV02]. The value of logic as a tool comes from its power to validate 
complexx assertions; if the premises are true and our reasoning is correct, our 
conclusionn is guaranteed to be also true. 

Inn this thesis we are interested in "classical" logics, that is, in logics that work 
onn exact ("crisp") input and that only admit two truth values: true and false. 
Whilee this may not always be the best choice, it is very much the norm for the 
settingss in which we are interested in in this thesis: modal and hybrid satisfiability 
testingtesting and dynamic first order logic theorem proving. 

1.22 Workin g with Logic 

Logicc is useful in any context in which the notion of inference is relevant. In 
particular,, logic can be used to certify that computer programs perform their 
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assignedd task (if formally stated) [Hoa69], or that reactive systems have the de-
siredd behavior, or that a theory is consistent. Sometimes, however, the task of 
determiningg whether or not a statement follows from a theory is so huge as to be 
intractablee for humans; this led to the development of programs to automate the 
inferencee tasks [Rob65, DP60, Smu68]. More specifically, automated tools exist 
too support the following reasoning tasks (among others) 

 satisfiability checking: the task of determining whether a given formula or 
sett of formulas in a certain logic is possibly true. 

 validity checking: the task of determining whether a given formula or set of 
formulass in a certain logic is necessarily true. 

 model checking: the task of determining whether a given formula in a certain 
logicc is true, given a model. 

 model generation: the task of finding out which model, if any, makes a given 
formulaa true. 

Butt there is also a further reason to develop general-purpose automated reasoning 
tools:: Having a computer program carry out the reasoning tasks lets us experi-
mentt with theories, concentrate on the modeling tasks, handle bigger problems 
thann we could on our own. Ideas become more tangible, and if a tool is well 
implemented,, it is possible that people will use it for things the authors never 
dreamedd of. In a sense, having a reasoning tool empowers a logic to come out 
off  the books and get its hands dirty (hopefully for a clean cause). This thesis is 
thenn about automated reasoning tools: how one can make a tool for automated 
reasoning,, how to tell if it is any good, how to make it better, and how it can be 
useful. . 

InIn this thesis we will focus almost exclusively on satisfiability checking. The 
purposee of this work is to explore some of the algorithms that enable computers 
too perform automated satisfiability checking, as well as their implementation and 
assessment.. We will discuss some of the ways in which logic can be put to use 
throughh automated reasoning, and the importance of testing in the evolution of 
automatedd reasoning tools. 

1.33 The Road Ahead 

Thee rest of this thesis is organized in two main parts. Part I, Evaluation in Modal 
andd Hybrid Theorem Proving, deals with current and existing efforts in the field 
off  modal and hybrid logic theorem proving, and the importance of evaluation in 
thee design and comparison of theorem provers as well as in the evaluation of the 
benchmarkss themselves. In Chapter 2 we'll review the evolution of benchmarking 
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inn modal logic theorem proving, and introduce a hybrid logic benchmark. In 
Chapterr 3 we talk about the different methods for translating Modal Logic to 
Firstt Order Logic (FOL), to take advantage of the years of development that went 
intoo FOL theorem proving, and how different methods compare. In Chapter 4 we 
describee another approach to theorem proving in non-classical logics: developing 
yourr own specialized theorem prover. We describe the theory and implementation 
off  HyLoRes, a resolution-based theorem prover for hybrid logics; we also describe 
howw testing was an integral part of development. 

Inn Part II , Programming with Dynamic First Order Logic, we explore the use 
off  Dynamic First Order Logic (DFOL) as a programming language. In Chap-
terr 5 we give some background to the 'formulas as programs' paradigm; we in-
troducee the concept of an executable interpretation of DFOL(U, a), and describe 
twoo increasingly faithful approximations to the interpretation. In Chapter 6 we 
explainn why DFOL(U, a) is a good candidate for a programming language and 
describee a Hoare calculus for it. In Chapter 7 we describe a tableau calculus for 
DFOL(U,<j)) which gives an even better approximation to the executable inter-
pretationn of DFOL(U, a) and can be used as a programming language engine, and 
inn Chapter 8 we describe the implementation of such an engine and show some 
examplee runs. 

InIn Part III , Conclusion, we reflect on what was learned from Parts I and II , 
whatt they had in common, and where they would meet. 

Partss of Chapter 2 were originally published in [HdROl] and [AH03]; Chapter 3 
containss material from [AGHdROO]; Chapter 4 is an extension of [AH02a]. Most 
off  Chapter 7 was originally published in [vEHNOl]. 

Beforee embarking on our trip, we will review the notions and notation required 
forr reading the material in later chapters. In addition, the next few sections 
providee the reader with an overview that should help situate the logics and issues 
investigatedd in this thesis. 

1.44 A Plethora of Logics 

Wee present now the general logical framework in which this work is set. Outside of 
propositionall  logic [GvMWOO], the best known logic, the one which has the most 
toolss developed for it, is First Order Logic (FOL). The satisfiability problem for 
firstt order logic is undecidable, in spite of which a myriad of reasoning tools exist; 
seee [CAS]. These tools have reached impressive levels of optimization, but the fact 
remainss that the underlying problem is undecidable. So, if the problem at hand 
cann be stated in terms of a less expressive logic which has a decision procedure, 
that'ss already an improvement (at least in principle). Also, sometimes FOL does 
nott offer the right perspective for the task at hand, so that a logic with the 
samee expressive power, yet different syntax or semantics, will be better suited. 
Specifically,, the following three logics will play a leading role in this thesis: 
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Figuree 1.1: Relationships between the logics introduced 

 first order logic [Fit96]. 

 modal and hybrid logic [BdRVOl]. 

 dynamic first order logic [GS91]. 

Butt we will encounter even more logics. In Figure 1.1 we provide a diagrammatic 
overvieww of the logics we will shortly introduce. The labels on the arrows indicate 
somee aspect of the relation between the logics involved. 

Wee will now provide formal definitions as well as some examples and discus-
sionss that should help understand their raison d'etre. 

1.4.11 First Order Logic 

Firstt order logic, by far the most widely studied logic, was first formulated in 1879 
byy Frege. It provides a formal framework for quantified expressions of the form 
'alll  computers use Windows' or 'there is a computer that does not crash'. Even 
thoughh it cannot quantify over properties, its satisfiability problem is already 
undecidable:undecidable: for some sentences of FOL, it is not possible to ascertain whether 
theyy could be true or not. We will now introduce the logic proper. 

1.4.1.. DEFINITION. [Syntax] Let REL be a countable set of relational symbols, 
eachh with its own arity, let FUN be a countable set of function symbols, each with 
itss own arity, and let CON and VAR be countable sets of constant and variable 
symbolss respectively. We call S = (REL, FUN, CON, VAR) a signature. The well-
formedd terms over this signature are defined as follows: 

TERMSS :=c | x \ f(h,...,tn), 
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wheree c G CON,x G VAR, ƒ G FUN with arity n, and * 1 (. .. ,tn € TERMS. The 
well-formedd formulas over the signature are 

FORMSS : = T | J l fa , . . . , ^ ) \-^<j> \ ( fcAfc) | 3x f» , 

wheree R G REL with arity n, t i , . . . ,£n e TERMS, x G VAR and ^,^1,^2 € 
FORMS.. We take , *+ and V as defined symbols. 

1.4.2.. DEFINITION. [Semantics of FOL]: A model over a signature S is a pair 
AiAi = (D,I), where D is a nonempty set, called the domain of /A, and ƒ is an 
interpretation;interpretation; to every ƒ € FUN of arity n, it associates a function ƒ/ : £>n —  D, 
andd to every ƒ£ G REL of arity n, a relation #/ C Dn. To every element c of 
CON,, it associates an element of D. An assignment in a model M = (£>, /) is 
aa mapping g : VAR —y D. Given an assignment g for M, x G VAR and m E D, 
wee define g  ̂ (an x-variant of y) by ff^(x) = m and 5^(2/) = Q{V)I f° r V ¥" x-
Now,, given a model .M and an assignment g every term in the language can be 
evaluatedd to an element of D\ 

I(x)I(x) = g{x) 

I{f(tI{f(t uu......77U))U)) = /(ƒ)(/(*!),-..,/(*»)) . 

Andd the satisfiability relation, then, is as follows: 

 t= ~T[g] always 
M\=R(tM\=R(tuu...,t...,tnn)[g])[g]  iff I{R){I(t1)t...,I{tn)) 

M\=^[g]M\=^[g]  iff M£<t>[g] 

MM h <f>i  A fo[?] iff M N 4n\s\ and JU (= fofr] 
MM \= 3ar(^)[ ]̂ iff X |= 0[<&] for some m E D. 

1.4.22 Restrictions 

SometimesSometimes the full expressive power of FOL is not necessary; in those cases, we 
mightt be able to model our problem using logics that are less expressive but more 
tractable.. It is also possible that a logic is as complex as FOL, but is better suited 
att describing the situation at hand. In this subsection we review a small number 
off  restrictions of first order and second order logic. 
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Modall  Logic. Modal logic is a powerful and flexible tool for working with re-
lationall  structures [BdRVOl]. It's very well behaved, robustly decidable [Var97], 
andd allows us to reason about relational structures such as those found in math-
ematics,, computer science and linguistics. Modal and modal-like logics such as 
temporall  logic, description logic, and feature logic, have had a long history in 
artificiall  intelligence, both as an area of foundational research and as a source 
forr useful representation formalisms and reasoning methods [FHMV95, HS97], 
andd the recent advent of agent-based technologies and the Semantic Web have 
dramaticallyy increased the need for efficient automated reasoning methods for 
modall  logic [FHMV95, PSHvH02]. But there are things that can't be expressed 
inn modal logic: the gains in decidability have a price in expressiveness. 

1.4.3.. DEFINITION. [Syntax] Let REL be a countable set of relational symbols, 
andd PROP a countable set of propositional variables. The well-formed formulas 
off  the modal language MC in the signature (REL, PROP) are 

FORMSS := T j p | -.0 | <j> x A <fa \ [R]<f> 

wheree p € PROP, R € REL and 4>,<j> r,<j> 2 6 FORMS. 

Thee operator (R) is defined as -<[R]->, i.e. they are dual operators. 

1.4.4.. DEFINITION. [Semantics] Given a signature {REL, PROP), a (modal) model 
MM is a triple M = <M, {i^} , V) such that M is a non-empty set, {Ri} is a set 
off  binary relations on M, and V : PROP ->  Pow(M). 

Lett M = {M,{Ri},V) be a model, m € M. Then the satisfiability relation 
iss defined as follows: 

M,m\\-M,m\\- T always 
M,m\\-M,m\\- p iff m e V(p),p e PROP 
M,m\\-M,m\\- -«fi iff M,m\y-<j) 
M,m\\-M,m\\- ^ iA^ 2 iff M,m\\- <f>\  and M,m\\- <p2 

M,m\\-M,m\\- [R\4> iff Vm'.(i?(m,m') ==>  M,m' Ih <j>) 

Modall  logic allows us then to talk about properties of elements of a given domain, 
whichh are themselves connected to each other by one or more relations. What 
wee can't do with modal logic, however, is tell these elements apart; two different 
elementss of the same model can satisfy the same set of modal formulas and 
thereforee be indistinguishable to the logic. Now, we could go back to FOL, but 
wee can also see if we can add expressive power to the modal language and still 
preservee decidability. This has been carried out in a number of ways, as we shall 
seee below. 
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Hybridd Logics. In hybrid logics, the relational structures of modal logics are 
kept,, but we add the capability to refer to individual elements of M, thus going 
beyondd the expressive power of modal logic. Some of the additions increase 
thee complexity of the satisfiability problem, while others go so far as making it 
undecidable,, but basically hybrid logics can be tailored so that their expressivity 
andd complexity are matched to the problem at hand. Hybrid logics can be said to 
spann the expressivity and complexity gap between modal logic and FOL; see [HyL] 
forr a thorough introduction and extensive bibliography. Still, hybrid logics are 
nott the only way in which one can extend modal logic; we'll look at some more 
wayss later. 

1.4.5.. DEFINITION. [Syntax] Let REL be a countable set of relational symbols, 
PROPP a countable set of propositional variables, NOM a countable set of nominals, 
andd SVAR an infinite, countable set of state variables. We assume that these sets 
aree pairwise disjoint. We call SSYM = NOM U SVAR the set of state symbols, and 
ATOMM = PROP U NOM U SVAR the set of atoms. The well-formed formulas of 
thee hybrid language H[@,l) in the signature (REL, PROP, NOM, SVAR) are 

FORMSS :=T | a \ -nf> | &  A fa I [R]<f> I ®,<P I \x.fa 

wheree a € ATOM, x <= SVAR, s € SSYM, R € REL and <j>,  fa, fa e FORMS. 
Notee that all types of atomic symbol (i.e., proposition symbols, nominals and 

statee variables) are formulas. Further, note that the above syntax is simply that 
off  ordinary (multi-modal) propositional logic extended with clauses for @s<j>  and 
\x.<f>.\x.<f>.  Finally, the difference between nominals and state variables is simply that 
nominalss cannot be bound by I, whereas state variables can. 

Thee notions of free and bound variable are defined as in first order logic, with 
II  as the only binding operator. A sentence is a formula containing no free state 
variables. . 

Thee basic hybrid language is %, basic modal logic extended with nominals. 
Furtherr extensions are usually named by listing the added operators; we are 
interestedd in the logics ft(@) and W(@,l), which also adds state variables. 

1.4.6.. DEFINITION. [Semantics] A (hybrid) modelMisa. tripleM = {D,{Ri}, V) 
suchh that D is a non-empty set, {Ri} is a set of binary relations on D, and 
VV : PROP U NOM -> Pow(D) is such that for all nominals i € NOM, V(i) is a 
singletonn subset of D. 

Ann assignment g for M is a mapping g : SVAR -> D. Given an assignment g, 
g^g  ̂ is defined as for FOL. Assignments are not needed when dealing with H(@). 

Lett M. = (D,{Ri},V) be a model, m € D, and g an assignment. For any 
atomm a, let [V,p](a) = {g{a)} if a is a state variable, and V(a) otherwise. Then 
thee satisfiability relation is defined as follows: 

file:///x.fa
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M,g,M,g, mlh T always 
M,g,m\\-M,g,m\\- a iff m € [V,#](a), a € ATOM 
Ai,5 ,, mlh -i0 iff M,g,m\y- <f> 
M,g,M,g, mlh 0i A 02 iff -M,<?, m lh 0i and M,g,m lh 02 

M,S,mlhh [fl] 0 iff Vm'.(fl(m,m') => M, 5 ,m ' l h0) 
.M,, ff, m lh @s0 iff M , s, m' lh 0, where [V, s](s) = {m'} 
M,g,m\\-M,g,m\\- ix.(f> iff M , 5 ^ , m l h 0. 

Namedd elements can now be distinguished, and we can express properties 
whichh were not expressible before: the formula (|x. [#]->#) is true in every element 
off  a model if and only if the accessibility relation R for that model is irreflexive, 
somethingg not expressible in modal logic. 

Proposit ionall  Dynamic Logic. While Propositional Dynamic Logic(PDL) is 
aa modal logic, by all accounts, it is not a restriction of first order logic (as modal 
andd hybrid logic), but rather a restriction of second order logic. Propositional 
Dynamicc Logic deals with actions as modalities; usually, the represented actions 
aree atomic programs, and the elements of the domain therefore reflect the relevant 
statee of the computer running them. With this interpretation in mind, many 
naturall  operators on programs (i.e., relations) suggest themselves, such as U (non-
deterministicc choice), ; (sequential composition), and the Kleene star * (iteration). 
Seee [HKT84] for a thorough introduction. Here's a brief overview of the standard 
repertoiree of PDL operators, with their intended meanings: 

[a]A[a]A  After every execution of a, A holds 
ai;; a2 Do ai and then do a2 

aiai U a2 Do either ai or a2 non-deterministically 
a**  repeat a some finite number (possibly zero) of times 
A?A? Test A; continue if A is true, otherwise fail. 

1.4.7.. DEFINITION. [Syntax] Let AP be a set of atomic programs, and PROP a 
sett of atomic formulas. Then the formulas A and the programs a are defined as: 

FORMSS := 1 | p | Ax -+ A2 \ [a]A, 
PROGSS :=7r | ai,a2 | a i U a2 \ a* \ AI 

wheree p <E PROP, w £ AP, A, Au A2 € FORMS, and a ,a u a 2 £ PROGS. 

1.4.8.. DEFINITION. [Semantics] A model for this language would be a structure 
off  the form M = (S, {RQ : a e PROGS}, V) with Ra a binary relation on S for 
eachh program a and V : PROP -> 5 a valuation. We want to consider models 
thatt reflect the intended meanings of the program combinations; a model is con-
sideredd standard if the Ra satisfy the following conditions: 
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tfa-tfa- = (Ra)' = l)k<u(Ra)k, 

RRA?A? = {{s,s)}\s\=A}, 

Thee semantics of a PDL formula, then, are as follows: 

M,s\\-M,s\\- _L never 
M,s\\-M,s\\- p iff seV{p) 
M,s\\-M,s\\- Ai-*A2 iff M,s IK J4I implies M,s lh J42 

A4,, s lh [a]>l iff SÜQ̂  implies .M, t f= J4 

Combinatoryy PDL. Next we consider an extension of PDL: Combinatory 
PDLL [PT85, PT91], which adds nominals and the universe program. This brings 
aboutt a huge increase in expressive power, accompanied by undecidability. The 
mainn insight behind Combinatory PDL was the search for a dynamic logic that 
wouldd allow for an axiomatic definition of the intersection between two modalities; 
thiss is particularly relevant for parallel, or concurrent, computing [Pel85]. 

1.4.9.. DEFINITION. [Syntax] Let AP and PROP be the sets of atomic programs 
andd atomic formulas, as in PDL, and NOM be the set of names. The letter 
vv & NOM U PROP U AP will be called the universe program. Then the formulas 
FORMSS and programs PROGS of the language are defined as: 

FORMSS := _L | p \ n \ Ax -> A2 | [a]A, 
PROGSS :=TT I 1/ J oi ;o2 I 01U02 I a*  I A? 

wheree p € PROP,7r 6 AP,n 6 N O M , ^ , ^ ,^ € FORMS, anda ,a i , a2 € 
PROGS. . 

1.4.10.. DEFINITION. [Semantics] A model for CPDL is a quadruple M = (M, R, x, V), 
wheree M is a non-empty set (the set of states), and the other three are functions: 

RR : PROGS -»- Pow{M2), 
XX : NOM -  M, 
VV : FORMS -+ Pow(M), 

RR satisfies the following requirements: 

RRyy = M2, 
RaUpRaUp = fi«U RB, 
Ra,0Ra,0 = RaRfi = {(s, t) I 3v(sRaV A vRpt)}, 
Ra*Ra* = (Ray = \Jk<„(Ra)k, 
RAIRAI = {(«,»)}  I » h A} 
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wheree sRQt is (s,t) 6 Ra. 
Givenn this model, the semantics of CPDL are as follows: 

M,s\\-M,s\\- J. never 
M,s\\-M,s\\- n iff s = x(n), for n E NOM 
M,s\\-M,s\\- p iSseVip) 
M,s\\-M,s\\- Ai -  A2 iff M,s\\- Ai implies M,s\\-A2 

M,M, s lh [a]A iff sRat implies M,t\=A 

1.4.33 Extensions 
Afterr having reviewed a number of restrictions of first order and second order 
logic,, we will now examine some extensions of first order logic that play an im-
portantt role in this thesis. 

Dynamicc First Order Logic 

Dynamicc Predicate Logic (DPL) was introduced by Groenendijk and Stokhof [GS91] 
ass a first step towards a compositional, non-representational theory of discourse 
semantics.. Like we did with hybrid logics, we will now present the family of 
dynamicc first order logics, obtained by using DPL as a base logic and extending 
itt with additional operators, some of which we will use to arrive at an useful 
executablee program interpretation. 

Thee difference between DPL and first order logic proper resides mostly in their 
semantics,, in that the meaning of a DPL sentence is not captured by its truth 
conditionss but by the way it changes the information state of the interpreter; a 
sentencee takes us from one state of information to another, and its meaning is 
givenn by how it does so [GS91]. This feature of DPL makes it very straightforward 
too supply it with an executable program interpretation, with the advantage that 
anyy programming language based on such an interpretation will have a clear and 
naturall  semantics. 

Forr example, the FOL formula </>i A <j> 2 is true in a model M under an as-
signmentt g iff both 0i and <fo are true under that assignment, while in DPL the 
formulaa <f>\,<f> 2 (sequential composition, the DPL analogue to A) carries us from 
ann assignment s to an assignment u iff there is an assignment t such that <f>i  car-
riess us from s to t and <j> 2 carries us from t to u. We will now formally introduce 
DPL. . 

1.4.11.. DEFINITION. [Syntax of DPL] Let PRED be a countable set of predicate 
symbols,, each with its own arity, and let CON and VAR be countable sets of 
constantt and variable symbols respectively. The DPL language is then given by 
thee following production rules: 

TERMSS := v\c 
FORMSS := 3v | Pt \tx = t2\ - . (» | & ; 02 
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wheree v € VAR, c E CON, P E PRED, *, t1}  t2 E TERMS, and <f>,  <j> u fa E FORMS. 

DPLL has been extended with a variety of operators, some([Vis98, GS90]) coming 
fromm the original linguistic perspective and some [vEHNOl] from the 'formulas as 
programs'' perspective; a survey of extensions of DPL can be found in [tCvEHOl]. 
Inn this work we will consider the logics resulting of the extension of DPL with 
operatorss for nondeterministic choice (0 U <j>),  explicit substitutions (a), local 
variablee declaration (3v(<f>)) and iteration ((/>*),  as well as the inclusion of function 
symbolss in the signature. We will give the name Dynamic First Order Logic 
(DFOL)) to the extension of DPL with function symbols. 

1.4.12.. DEFINITION. [DFOL and Extensions] Given a signature for FOL, the 
syntaxx for DFOL and extensions is the appropriate fragment of the following: 

TERMSS := v\c\ j_{tx, ...,tn) (Terms) 
FORMSS := 3v\Pt\ti = t2\ ->(<f>)  \ <f>i\  <fo I (<Ai U fa) j (Formulas) 

\(<kirnh)\3v{4)\ff\»\i\4^ \(<kirnh)\3v{4)\ff\»\i\4^ 

wheree v E VAR,c E CON,P € PRED,/ € FUN,*i,t2,-..,*n € TERMS, and 
<f>,<f>,  0i, <h € FORMS. We will write t for (#i, . . ., tn). The names for the extensions 
aree given as DFOL(X), where X is a subset of {u, n,3,cr,a,"}. A substitution a 
iss a function VAR —y TERMS that makes only a finite number of changes, i.e., 
aa has the property that dom(a) = {v E VAR | a{v) ^ v} is finite. We will use 
rng(a)rng(a) for {o~{v) \ v E dom(cr)}. During the rest of this work, we will use the 
letterss p, 9, a to denote substitutions. An explicit form (or: a representation) for 
substitutionn a is a sequence 

WM/vi,...,a{vWM/vi,...,a{vnn)/v)/vnn], ], 

wheree {vi,...,vn} = dom(a), (i.e., a(vi) ^ vi ; for only the changes are listed), 
andd i ^ j implies vt ^ Vj (i.e., all variables in the domain are mentioned only 
once).. We will use \\ for the empty substitution, i.e. the substitution that has 
emptyy domain and therefore changes nothing. We will call these representations 
bindings.bindings. A definition we will need is the one of syntactic composition of bindings: 

1.4.13.. DEFINITION. [Syntactic composition] The syntactic composition of two 
bindingss 9 and p (notation 9 o p) is defined in the following way: 
Lett 0 = [h/vi,..., tn/vn]  and p = [ri/w u..., rm/wm]  be binding representations. 
Thenn $ o p is the result of removing from the sequence 

[9{ri)/wi,[9{ri)/wi, ...,..., 9{rm)/wm, h/vu..., tn/vn] 

thee binding pairs 6(ri)/wi for which 0(rj) = Wi, and the binding pairs tj/vj for 
whichh Vj E {wi,..., wm}. 



12 2 ChapterChapter 1. Introduction 

Wee will omit parentheses where it doesn't create syntactic ambiguity, and 
alloww the usual abbreviations: we write _L for ->([]), ~>Pt for ~>(Pt), h  ̂ t2 for 
-,(ti-,(ti = t2), 0i U 02 for (0i U 02). Similarly, (0 -> ip) stands for -i(0; ->(^)), Vv(0) 
forr -.(3Ü; -(0)), 0" for ( 0 ^ j _ 0) and UM..JV 0 for  (([M/v];  0) U  U ([JV/v]; 0)), 

n n 

assumingg M, iV € N and M < N. A formula 0 is a literal if 0 is of the form Pt 
orr -'Pt, or of the form ti = *2 or ti  ̂ t2. The complement 0 of a formula 0 is 
givenn by: 0 :— ift if 0 has the form -i(V>) and 0 := ->(0) otherwise. We abbreviate 
-i-ii  (0) as ((0)), and we will call formulas of the form ((0)) block formulas. 

Wee can think of formula 0 as built up from units U by concatenation. For 
formulaa induction arguments, it is sometimes convenient to read a unit U as the 
formulaa U\ []  (recall that [] is the empty binding), thus using [] for the 'true' 
formula.. This formula has the same semantics as U; see Definition 1.4.16. In 
otherr words, we will silently add the [] at the end of a formula list when we need 
itss presence in recursive definitions or induction arguments on formula structure. 

Bindin gg in DFOL(CT , U) 

Thee extension of DFOL that we will be using as the core of most of Part II is 
DFOL(a,, U); DFOL augmented with nondeterministic choice and simultaneous 
bindings.. Here follow some definitions and results that we will need later on. 

Bindingss 9 are lifted to (sequences of) terms and (sets of) formulas in the 
familiarr way: 

1.4.14.. DEFINITION. [Binding in DFOL(CT, U)] 

) ) 

0(3u;0) ) 

0(*i=* 2;0) ) 

Ö((0!U02);03) ) 
0H0i);02) ) 

== /»(t i)-Ö(<„ ) 
== Sop 

==  (0op)0 

== 3v; 0'0 where 0' = 0\{t/v \ t £ TERMS} 

== Pet;9(f> 

==  9ti = et2',6<f> 

==  0(0i ;03)U0(02;03) 

-- -(00i);002 

Notee that it follows from this definition that 

Ö(((01));02)) = ((Ö01));^02. 

Thus,, binding distributes over block: this accounts for how ((
namicc binding effects. 

)) insulates dy-
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Thee composition 9- p of two bindings 9 and p has its usual meaning of  k9 after 
p',, which we get by means of 9  p(v) := 9(p(v)). It can be proved in the usual 
way,, by induction on term structure, that the definition has the desired effect, 
inn the sense that for all t € T, for all binding representations 9, p: (9 o p)(t) = 
9(p(t))9(p(t)) = (9-p)(t). 

Heree is an example of how to apply a binding to a formula: 

[a/x]Px;[a/x]Px;  (Qx U 3x; ->Px); Sx 

==  Pa; [a/x] (Qx U 3x; ->Px); Sx 

==  Pa; {[a/x]Qx; Sx U [a/x]3x; ^Px; Sx) 

==  Pa; (Qa; Sa; [a/x] U 3x; -iPx; Sx) 

Thee binding definition for DFOL fleshes out what has been called the 'folklore 
ideaa in dynamic logic' (Van Benthem [vB96]) that syntactic binding [t/v]  works 
semanticallyy as the program instruction v :=  t (Goldblatt [Gol92]), with seman-
ticss given by s[v := t]**  iff u = s[[t\%*fv\. To see the connection, note that 
vv :=  t can be viewed as DFOL shorthand for 3v; v = t, on the assumption that 
vv £ var(t). To generalize this to the case where v € var(t) and to simultaneous 
binding,, auxiliary variables must be used. The fact that we have simultaneous 
bindingg represented in the language saves us some bother about these. 

Inn standard first order logic, sometimes it is not safe to apply a binding to a 
formula,, because it leads to accidental capture of free variables. The same applies 
here.. Applying binding [x/y] to 3a;; Rxy is not safe, as it would lead to accidental 
capturee of the free variable y. The following definition defines safety of binding. 

1.4.15.. DEFINITION. [Binding 9 is safe for <f>] 

99 is safe for p 

99 is safe for p; <j> 

99 is safe for Pt; <f> 

99 is safe for ti = t2; 0 

99 is safe for 3v; cf> 

99 is safe for - ^ I ) ; <fo 
99 is safe for (<f>x  U fa); fa 

always s 

99 o p is safe for <j> 

99 is safe for <f> 

99 is safe for <f> 

vv ^ var[rng 91) and & is safe for 0 

wheree 0' = 9\{t/v \ t € TERMS} 

99 is safe for fa and 9 is safe for fa 

99 is safe for fa; fa and 9 is safe for fa; fa 

Notee that there are ^ with \\ not safe for <f>.  E.g., [] is not safe for [y/x]3y; Rxy, 
becausee [y/x] is not safe for 3y; Rxy. 

Givenn a first order signature and a model M = (D, I), the semantics of DFOL is 
givenn as a binary relation on the set DVAR, the set of all variable maps (valuations) 
inn the domain of the model. We impose the usual non-empty domain constraint 
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off  FOL: any DFOL model M = {D,J) has D ^ 0. If s,u e DVAR, we use 
ss % u to indicate that s, u differ at most in their value for v, and s ~x u to 
indicatee that s, u differ at most in their values for the members of X. If s € DVAR 

andd v,v' 6 VAR, we use s[v'/v] for the valuation u given by u(v) = s(v'), and 
u(w)u(w) = S(ÏÜ) for all w € VAR with w  ̂ v. 

M.M. \=-s Pt indicates that s satisfies the predicate Pt in M, according to the 
standardd truth definition for classical first order logic, [t]^ 4 gives the denotation 
off  t in M under s. If a is a substitution and s a valuation (a member of £)VAR), 
wee will use s  ̂ for the valuation u given by u(v) — {(^(v)]^. Then, the semantics 
off  DPL and its extensions is defined inductively: 

1.4.16.. DEFINITION. [Semantics of extensions of DPL] 

33[3v]?[3v]?  iff s ~r u 

8 fP t ] ^^ iff s = u and M K p* 

ss\h=t\h=t22\^\  ̂ iff s = u and fa)? = [t2\? 

,H0 )K**  iff a = u and -at with,[0]* 1 

.fyüfe]?? ^ 3*  . M ? and t[02]f 
.feiUfc]* **  iff . fo i l ? or .[fclJ* 

.foinfctf**  iff . fo i l *  and . [ f c ] * 

*P«(0)I^^ i f f 3 ^ « '  * ~«»',« ~»«'» .'[0]»'> a nd M " = M " 
.[a\?.[a\? iff u = S(T 

ss[a]?[a]? iff  5 = uff 

WX?WX? iff s = u o r 3t s.t. M? andt [0* ] ^ 

Wee will denote by \<f\? the set of all assignments u such that JÎ IU" 1-

Thee connection between syntactic binding and semantic assignment is formally 
spelledd out in the following: 

1.4.17.. LEMM A (BINDIN G LEMMA FOR DFOL(a,U)). For all models M, all 
M.M. -valuations s, u, all formulas <f>,  all bindings 9 that are safe for <j>: 

Proof.Proof. Induction on the structure of <f>.  H 

Immediatelyy from this we get the following: 

1.4.18.. PROPOSITION. DFOL(a, U) has greater expressive power than DFOL(a, u) 
withwith quantification replaced by definite assignment v :=  d. 
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Proof.Proof. If </> is a DFOL(cr, U) formula without quantifiers, every binding 9 is safe 
forr <j>.  By the binding lemma for DFOL(cr, U), <f>  is equivalent to a DFOL(cr, U) 
formulaa without quantifiers but with trailing bindings. It is not difficult to see 
thatt both satisfiability and validity of quantifier free DFOL(CT, U) formulas with 
bindingg trails is decidable, while DPL is known to be as expressive as FOL [GS91], 
whichh is undecidable. H 

Inn fact, the tableau system presented in Chapter 7 constitutes a decision 
algorithmm for satisfiability or validity of quantifier free DF0L(<7, U) formulas, 
whilee the trailing bindings summarize the finite changes made to input valuations. 

Thee Lattic e of DPL Extensions. The following figure represents the lattice 
off  all possible extensions of DPL with operators from {U, fl," , a, <7,3}  (union, in-
tersection,, converse, simultaneous substitution, converse substitution, hiding) [tCvEHOl]. 
Itt indicates which operators can be defined in terms of which; the labels on the ar-
rowss indicate counterexamples to equal expressivity, i.e., formulae from the lower 
languagee that don't have a counterpart in the upper language. 

DPL,DFOL( DPL,DFOL( 

3xU3y 3xU3y 

DFOL(a) DFOL(a) DFOL(U),DFOL{U,~) DFOL(U),DFOL{U,~) DFOL{6) DFOL{6) 

DFOL{',a),DFOL{',a) DFOL{',a),DFOL{',a) 
tFOL{a,a),DFOL{-,a,a) tFOL{a,a),DFOL{-,a,a) 

3xU3jf f 

DFOL{U,",DFOL{U,", a), DFOL{U,', a) 
DFOL(U,DFOL(U, a, a),DFOL(U,', a, a) 

3\x(x=y;3y\Rxy) 3\x(x=y;3y\Rxy) 

DFOL{XDFOL{X C {U,rV,cr,<7,3}) 
wheree X n { n , 3 } / 0 

3xU3t/ / 

DFOL{U,a) DFOL{U,a) 

Notee that all 64 combinations of the six operators are present in the diagram. 
Thee diagram makes immediately clear which extensions of DPL are closed un-
derr converse: precisely those which are in the same node of the lattice as the 
correspondingg version of DPL with converse operator. Adding Kleene star gives 
ann isomorphic lattice for DFOL(*) and its extensions: none of the distinctions 
collapsee because the same counter-examples to equal expressivity still work. 
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1.55 The Correctness Problem 
Howw do we know if a program will always perform the task it was written to carry 
out?? We can do some trial runs for which we know the intended output, but that 
iss not a guarantee of correctness; the process is only informative if the program 
fails,, or if we can run it on every possible input, which is usually not feasible. 
Butt we can turn to logic for an answer: in general, the purpose of a program is 
too achieve a desired state transformation, and a specification is a "declarative" 
descriptionn of such a transformation. That is, it specifies the desired net effect 
off  a transformation without concerning itself about how this effect is achieved in 
aa particular implementation. The classical method of Hoare [Hoa69] presents a 
specificationn as a pair (A, B) of expressions in a FOL over an underlying data 
structure,, meaning that the task of the required program is to bring the data 
structuree from any state satisfying A to a state satisfying B. Then, a way of 
checkingg whether a program fulfill s a specification is to have a language that lets 
uss talk about specifications and programs and a calculus that lets us reason in 
thatt language. If we can prove that the calculus preserves correctness and covers 
alll  the possible correct combinations, then we can check any program against its 
specifications,, or use the calculus to help build the program. 

1.5.11 Alma-0 : Executable First Order  Logic 

Thee correctness analysis of a program in the manner just described is made much 
simplerr if the programming language has a faithful translation into logical for-
mulas:: this is one of the insights behind the Alma-0 programming language (see 
[AB98,, ABPS98]). Alma-0 extends a subset of Modula-2 (an imperative program-
mingg language) with a number of declarative constructs inspired by the logic 
programmingg paradigm. A translation is given from the extensions into FOL, 
andd the semantics of the extensions is then stated in terms of an executable in-
terpretationn of FOL [AptOO, Ver03]. We will give more details on this perspective 
inn Chapter 5, where we give the executable program interpretation of DFOL. 

1.5.22 DFOL and correctness 

InIn the usual correctness reasoning, we distinguish between partial and total cor-
rectness,, the difference being that total correctness ensures termination. In 
DFOL,, negation is expressed as a test of failure to terminate successfully; there-
fore,, even for partial correctness we must examine at the same time both cor-
rectnesss and termination. We distinguish two main kinds of correctness rules 
forr DFOL: universal and existential. The existential rules guarantee termination 
andd the existence of at least one output state which satisfies the postcondition, 
whilee universal rules are equivalent to partial correctness: i.e. they guarantee that 
alll  resulting states will satisfy the postcondition but do not guarantee successful 
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termination.. We express existential correctness by (A)<j>(B), and universal cor-
rectnesss as {v4}</>{5} . Total correctness is proved when we derive both universal 
correctnesss and existential correctness for the same program, although T will suf-
ficefice as the postcondition for the existential case. Of course, existential correctness 
mightt result in a different precondition, but then the conjunction of the universal 
andd existential preconditions will guarantee total correctness. Formally, the two 
kindss of correctness boil down to the following: 

MM \= (A)4>(B) <=> Vfl(M \=9A = • 3h{9[<f,\^  AM\=h B)) 

MM \= {A}(j>{B}  <=• Vg[M t̂A=*  W» (gmt4 = • M \=h B)) 

1.5.33 Dynamo 

DynamoDynamo is an imperative programming language whose semantics are defined in 
termss of DFOL(U,cr), in a similar manner as Alma-0 is defined in terms of an 
executablee interpretation of FOL. The Hoare calculus for DFOL(U, a) mentioned 
abovee is then directly applicable to Dynamo. Dynamo programs have a purely 
declarativee dynamic semantics. There are no side effects, and no control features. 
Seee Van Eijck[vE98a, vE99b] for a more thorough introduction. 

Figuree 1.2 introduces the Dynamo syntax by means of a translation to the 
languagee of DFOL. The translation fixes the intended meaning of every Dynamo 
construct. . 

Figuree 1.2: Translation from Dynamo to DFOL. 

({5 i ; . . . ;5n})° ° 
({Si\...\S({Si\...\Snn})° })° 
(true)0 0 

(false)0 0 

(* ii  = * 2)° 
(Pi)° ° 
(somee v)° 
(somee vi,...,vn)° 
(v:=t)° (v:=t)° 

(v(v + +y 
(findd v in [ALM] with 5)° 
(doo N times S)° 
(iff Si 52 e lse S3)° 
( le tt vi =*!••• vn = tn in S)° 
(nott S)° 

C ° -- . C o 
—— O i , . . . , O n 

== S? U . . . U S° 

== 0 
== - D 
== h = t2 

==  Pt 
==  3v 
==  3vi;...;3vn 

== [t/v] 
==  [{v + i)M 
==

 UM..N S° 
==  {S°)N 

==  (-.-.S?;SS)UhS?;SS) 
== [ti/vu--',tn/vn];S° 
==  -5° 
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1.66 The Role of Evaluation 
Usually,, theoretical studies are not enough to provide sufficient insight on the 
effectivenesss and behavior of complex systems such as satisfiability solvers. For 
onee thing, worst-case complexity analysis is never influenced by optimisations, 
whichh as we will see have a very strong influence on the behavior of satisfiability 
solvers.. As a complement, then, empirical evaluations have to be used. In the area 
off  prepositional satisfiability checking there is large and rapidly expanding body 
off  experimental knowledge; see e.g., [GvMWOO]. In contrast, empirical aspects of 
modall  satisfiability checking have only recently drawn the attention of researchers. 
Wee now have a number of test sets, some of which have been evaluated extensively 
[BFH+92,, HS96, GS96, HS97, HPSSOO]. In addition, we also have a clear set of 
guideliness for performing empirical testing in the setting of modal logic; these 
weree proposed by Horrocks, Patel-Schneider, and Sebastiani [HPSSOO], building 
onn work by Heuerding and Schwendimann [HS96]. We contend that empirical 
testingg is an integral part not only of the design and evaluation of theorem provers, 
butt also of the tests themselves, and can (and should) strongly influence the 
developmentt of both. 

Wee will now start Part I, with an overview of empirical evaluation in modal 
andd hybrid logics. 


