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Chapterr  3 

Testingg the diffusion model for 
thee S&P500 

3.11 Introductio n 
I tt  is well known that the distribution s of daily log-returns of stock indices 
displayy heavy tails and are asymmetric. These characteristics are in con-
tradictio nn with the assumption that the underlying model is a geometric 
Browniann motion with constant volatilit y and motivated several authors, 
e.g.. Rosenberg (1972), to propose that volatilit y itself is random. 

Inn the general random volatilit y model the price process is described by 
thee diffusion 

dS(t)/S(t)dS(t)/S(t) = dA(t) + dX(t). (3.1) 

Heree A is the (smooth) drif t and X is a continuous martingale. Or  equiv-
alently,, one could also assume that 5 is a semi-martingale with continuous 
samplee paths. 

Thee diffusion model (3.1) has received a lot of attention in the literature . 
Thee popularit y of this model is explained mainly by the compatibilit y with 
thee no-arbitrage condition. However, no convincing empirical evidence has 
beenn reported in the literature , to our  knowledge, that warrants the use of 
thi ss model. Finding this evidence is the aim of this chapter. To this purpose, 
wee shall use the well-known result that every continuous local martingale X 
startingg at the origin has the form 

X(t)X(t) = B(Q(t)). (3.2) 

Heree B is standard Brownian motion and Q is the quadratic variation of X. 
Thee question treated in this chapter  can thus be rephrased as: "i s the log 

pricee process, corrected for  drift , a time-changed Brownian motion?"  To an-
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swerr this question one has to perform three tasks: estimate the deterministic 
driftt A, compute the realization of the quadratic variation Q and test for a 
Browniann motion. We shall do this for a data-set of over 10 million intra-day 
observationss of the S&P 500 stock index future. 

Calll  the value of Q at time t the financial time at physical time t. We 
shalll  show that on this new time scale the process is a standard Brownian 
motion.. Under the realistic economic assumption that Q does not contain 
informationn on the future behaviour of B the time-changed Brownian motion 
iss a local-martingale and model (3.1) holds. Most interestingly one does not 
requiree independence between the processes B and Q. Indeed, as pointed 
outt by Andersen, Bollerslev, Diebold and Labys (2003) standardized returns 
needd not be i.i.d. standard normal if there is dependence between B and Q. 
Thee only assumption we shall make in this chapter is that the price process 
iss continuous. There are many continuous processes. The diffusion is only 
onee of them. 

Lett us now briefly discuss the model and the literature. The diffusion 
modell  has been around for more than a century. Bachelier's papers on one-
dimensionall  diffusions were based on his experience at the Paris stock ex-
change,, see Bachelier (1900). However, volatility is not constant. That is 
whyy one needs a diffusion with time-dependent coefficients. Such a model is 
ablee to explain the heavy tails of daily log-returns and the asymmetry of its 
distribution. . 

Clarkk (1973) and Mandelbrot (1963) introduced financial time to account 
forr the fat tails. As in more recent work on stochastic volatility, see for exam-
plee Barndorff-Nielsen and Shephard (2003), it is assumed that X = B oT, 
wheree T is a random time-change independent of #, usually an increas-
ingg Levy process. In this setting daily log-returns are mixtures of centered 
normall  distributions, which may have thick tails but are symmetric. For 
otherr applications of the Levy process to financial processes see for exam-
plee Barndorff-Nielsen and Shephard (2000), Carr, Geman, Madan and Yor 
(2002),, and Bingham and Kiesel (2001). 

Anéé and Geman (2000) fitted a model of Gaussian returns to time-
changedd log returns for certain well-traded stocks like IBM and Cisco. Due to 
thee bid-ask spread the tick data for these stocks show a characteristic square 
saw-toothh effect and can not be interpreted as sample functions of a diffusion, 
seee figure 3.1. They handle this difficulty by estimating the time-change from 
thee number of transactions, and show that this is a better measure than mar-
kett volume as used by Clark (1973). See also the paper by Ané and Geman 
(1996),, where high frequency data of one future contract, for a period of six 
months,, of the S&P500 index is investigated. 

Itt is only more recently that a number of papers have surfaced based 
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Figur ee 3.1. The intra-day tick graphs of respectively IBM (left) and the S&P 
5000 (right) from 10 a.m. until 11 a.m. of February 12, 1996. 

onn quadratic variation. We mention the papers by Andersen et. al. (2000, 
2001)) on realized volatility of foreign exchange rates. There is an important 
differencee between their approach and ours. As pointed out above, we do 
nott require independence between the time-change and the price process. In 
fact,, if we standardize the daily returns by the realized daily volatilities we 
havee to reject i.i.d. standard normality as will be shown in section 3.4. This 
apparentlyy is not the case for the foreign exchange data studied by Andersen 
et.. al. (2000) and the data studied by Ané and Geman (2000). In the paper 
byy Peters and de Vilder (2002b) both qualitative and quantitative properties 
off  the realized volatility of the main Dutch Stock exchange index, using 15 
second-intervall  data, are analyzed. 

Thee chapter is organized as follows: Section 3.2 treats financial time. It 
consistss of three parts. Subsection 3.2.1 discusses quadratic variation. Sub-
sectionn 3.2.2 is concerned with increments of the log price process. Subsection 
3.2.33 gives a detailed description of the data-set and discusses the empirical 
time-change.. In section 3.3 we perform a series of tests on the log price pro-
cesss to test the hypothesis that the time-changed log prices of the S&P 500 
correctedd for drift describe a sample function of Brownian motion. Section 
3.44 analyzes the dependence between the price process and the time-change. 
Sectionn 3.5 contains some concluding remarks. 

3.22 Financial t ime 

Thiss section treats financial time. In the first subsection we shall go into the 
relationn between quadratic variation and financial time. We discuss the dif-
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ferencee between estimating the drift of a diffusion and its quadratic variation. 
Inn subsection 3.2.2 we analyze some of the statistical problems encountered 
inn estimating financial time and the effects of using an estimate of financial 
timee in normalizing the data. Subsection 3.2.3 is devoted to a prescription of 
thee data-set that we use in the analysis and to the construction of financial 
timee for this data set. 

3.2.11 Quadratic variation 
Thee cornerstone result we use in this chapter is the Time-Change for Martin-
galess Theorem (Dambis (1965), Dubins-Schwartz (1965)), which states the 
following.. If X is a continuous local martingale started at the origin then 
XX = 5 o Q, where Q is the quadratic variation of X and B is a standard 
Browniann motion. The converse implication holds if the random variables 
Q(t)Q(t) are stopping times for B. See Monroe (1978). So under the assump-
tionn that the quadratic variation does not encode future events the tests 
off  this chapter validate the proposition that the S&P 500 future index is a 
semi-martingalee and that model (3.1) holds. 

Too see how subtle this result is, we focus on two extreme cases. The first 
casee is the classical problem of estimating a continuously differentiable drift 
functionn ƒ given the sample function i})  — ƒ + <p over the interval [0, c], with 
(p(p a standard Brownian sample function. For simplicity assume the drift is 
linear,, ƒ (t) = at. The minimum variance unbiased estimate of the drift is 
aa = *l)(c)/c then. This estimator has a normal N(a, 1/c) distribution. Note 
inn particular that the estimate is based on one observation only. 

Noww suppose we are given the function x = <p o q where q is an unknown 
continuous,, strictly increasing function starting at the origin. Here the sit-
uationn is completely different. Almost every sample path <p of Brownian 
motionn has the property that given the distorted path x = <p o q it is possible 
too reconstruct <p and q for any time-change q. 

Soo it is possible to recover the exact form of q in contrast to the drift 
functionn ƒ. Indeed, this observation relates to Merton (1980) who showed 
thatt errors in the estimators of variances decrease with increasing sampling 
frequencyy while this does not hold for the mean. 

Thee quadratic variation Q = {X, X) of a continuous martingale 
XX : [0, c] — R may be approximated by step-processes Qn starting at 0 at 
timee s0 = 0 and with jumps (X(si) — X(SJ_I))2 at the times 0 = s0 < sx < 
...... < sn = c. Fisk's Theorem, see for example Kallenberg (1997), gives 
simplee conditions for convergence of the step-processes Qn to Q, This result 
iss also valid for a semi-martingale Y = A+X, with A a continuous process of 
boundedd variation and {Y,Y) = (XtX). In Barndorff-Nielsen and Shephard 
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(2002)) the distribution of Qn is derived for stochastic volatility models. In 
thatt paper it is also shown that the error between Qn and Q decreases with 
thee square root of the number of observations n. 

3.2.22 Increments of the process X 
Theree are essentially two types of increments that have our interest: stan-
dardizedd increments in physical time and increments in financial time. Most 
interestt in the financial literature has been given to the first type of incre-
mentss Ui which are defined as 

wheree $o <  < sn are equidistant time points in physical time, e.g. market 
closingg times. The increments in equation (3.3) are i.i.d. standard normal if 
BB and Q are independent. If B and Q are dependent then this need not hold. 
Inn fact, if X is a continuous martingale and the variables E/j are not i.i.d. 
standardd normal then B and Q are dependent. In that case the distribution 
off  Ui is not known. 

Onn the other hand, dependence between B and Q does not influence the 
laww of the scaled increments of X in financial time. The latter increments 
aree constructed as follows. Define financial time r as the value of the time-
changee Q at physical time t. Let To < *  < rm be equidistant time points in 
financialfinancial time. If X = B(Q) is a time-changed Brownian motion then the m 
increments s 

~~ XiQ-iJTM-XiQ-^Tj-x)) B{n)-B{n.t) 

VA rr vT*  ~ r»-i 

aree i.i.d- iV(0,1) random variables regardless the dependence structure of B 
andd Q. Here the inverse process Q~l(r) is defined as 

g -1 ( r ) = i n f { g ( t ) > r } , , 

andd A T = r< — r<_i, i = 1, ...,m. 
Iff  we replace the quadratic variation Q by an approximating sum of 

squares,, then the increments in (3.4) will be independent and symmetric, 
butt the kurtosis may be smaller than that of the standard normal distribu-
tion.. This is supported by the next proposition. 
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Propositionn 3.1 Fix i, i = l,...,ro, and assume that the time-change Q 
isis linear on the time interval [Q_1(r<_i),Q-1(Tj)] . Let tj, j = 0, ...,71», be 

equidistantequidistant time points in this interval with Q- 1(TJ_ I) = Q <  < *&  = 

<5- 1(TJ).. Define Bt as Bi in formula (3.4), where AT is replaced by the 

approximatingapproximating sum Qi — Y,%i (xffi) ~ -^(^- i)J  The density of B{ is 
givengiven then by 

t i j - 3 3 
2 2 

^ v ^ f f V i H )) 1<-̂ )(6)'  66R'  (3'5) 
withwith r(«) the gamma function. 

Proof.. The increments of X on the interval [Q~l{Ti-\),Q~l(r$\ are inde-
pendentt normal variables with zero mean. Together with the linearity of 
QQ and the equidistance of 4*\ — ,*S t ms implies that Bi has the same dis-
tributionn as £ J ii  zj (Efcli  Zk}~1/2> ™th- zu > zm i-i.d. standard normal. 
Consequently,, the random variable Tj = <?(£*) = y/fy — 1 Bi/y/71*  ~ &ï ^ 
Student(n»» - 1) distributed with density fTi{t) and the density fB{(b) ofB{ is 
givenn by h(g(y))\g'(y)\- Some computation yields the density in (3.5). D 

I tt is straightforward to compute the second and fourth moment of Bi via 

£(£?)**  = 
T(ni /2) ) />> -o"̂ -V5r^r((n,, - l)/2)) , /_^ 

 "?(*-5)-5/{(h + *-1)-W 
Inn particular EB* = 1 and £ £*  = 3n»/(ni + 2). For n{ -» oo one can proof 
thatt the random variable Bi converges to a standard normal random variable. 
Inn the next section we are confronted with a finite number of observations. 
Forr certain time-intervals, where the volatility is extremely high, financial 
timee runs so fast that there are only a few observation points available in the 
intervall  [Q_1(Tj_i),Q-1(rt)] in physical time, i.e. n» is small. Proposition 3.1 
impliess that in these cases the observed distribution will have thin tails, as 
comparedd to the tails of the normal distribution. We shall avoid this problem 
byy choosing sufficiently large financial time-intervals. 
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3.2.33 The data and some notation 
Ourr data-set is the U.S. Standard&Poor 500 stock index future (S), traded 
onn the Chicago Mercantile Exchange (CME), for the period 1st of January, 
19888 until September 1st, 2001. The data-set was supplied by tickdata.com. 
Forr reasons pointed out in the previous subsection (too few observations are 
availablee during periods of high volatility) we left out October 1987 from the 
analysis.. In total we then have 3430 trading days d(= 1,..., 3430), where 
aa day starts at 9:30 and ends at 16:00 CET. We always use the future con-
tractt with the shortest time horizon, being the most actively-traded contract. 
Theree are four expiration months: March, June, September, and December. 
Soo we start with the future contract that expired on the third Friday of March 
1988.. We next use the future contract that expired on the third Friday of 
Junee 1988, and so on. The last contract we use is the one that expired on 
thee third Friday of September 2001. Hence the contracts we use always have 
aa time horizon of at most 3 months. 

Wee use future data rather than the S&P500 cash index to avoid non-
synchronouss trading effects which causes positive autocorrelation between 
successivee observations, see Dacorogna, Gengay, Muller, Olsen and Pictetna 
(2001).. As in the cash index there are bid-ask effects in the future prices 
whichh induce negative autocorrelation between successive observations, cf. 
figurefigure 3.1. One can deal with this by taking larger time-intervals. For two-
minutee time intervals the bid-ask effects are no longer visible. Hence, we 
restrictt attention to two-minute time-intervals. 

Wee assume that at each time-point the S&P 500 future has a value. The 
valuee is a real number. It changes continuously in time. It may be observed to 
aa certain degree of accuracy by making a transaction in the future contract. 
Transactionss update the value. One could argue that trade intensity, volume, 
liquidityy and volatility all are determined by the financial weather. 

Throughoutt this chapter we shall use capital letters for random variables 
andd lower case letters for the corresponding realizations. The sample function 
off  the process X is a construct. Each day yields jd + 1 = 196 two-minute 
observationss s(d7 0), . . ., s(d,jd)7 and thus jd intervals. The increment z(d, j) 
off  the process X over the jth interval of day d is defined as 

z(d,z(d, j) = log(s(dJ)/s(d,j - 1)) - p/jdl 

wheree p. is the average of the 3430 daily log-increments, see below. Now 
define e 

zzdd = z(d, 1) +  + z(djd), <r2[d\ = z2(d, 1) +  + z2(d, j*)  (3.7) 
ass the daily increase of the process X and the estimate of the daily increase 
off  financial time, respectively. So the sample function x of the process X 

http://tickdata.com
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andd the estimate q of the time-change Q associated with the sample function 
xx on time-intervals t £ [d — 1 + j/jd, d—l + (j + I) 13d) are given by the 
(step-functions)) sums 

x(t)x(t) = z1 + -~ + zd-i + z(dtl) + '-- + z(dJ)1 ,„ R* 
q(t)q(t) = ^2[l ] + ... + cr[d-l]2 + ^(d,l) + ... + ^(rf,i). {ö-ö) 

Noticee that we focus on intra-day prices. This is due to the absence of 
informationn on the quadratic variation during nights, weekends, and holidays. 
Hencee the process X is constructed in terms of a subset of increments of the 
'true'' price process. This procedure does not affect the main point of this 
chapterr since a martingale is defined in terms of its increments. The sample 
pathh of the resulting process X may be found in figure 3.2. The empirical 
functionn q may be found in figure 3.3. The flatter parts in the quadratic 
variationn function correspond to phases where the financial clock runs slowly 
whilee in the steeper parts the financial clock runs faster. Observe from this 
figurefigure that after 3430 trading days the total quadratic variation is c » 0.285. 

Thee main results of this chapter are also valid for time intervals larger 
thann two minutes. From the results on realized volatility of Barndorff-Nielsen 
andd Shephard (2002) it is known that the variance of statistical error already 
doubless for four minute time intervals. On the other hand, for time intervals 
smallerr than two minutes the bid-ask effect is dominant, leading to a positive 
biass in the quadratic variation. This explains the choice of two minute time-
intervalss in this chapter. 
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Figur ee 3.2. Top: the log of the S&P500 corrected for drift in physical time. 
Bottom:: the log of the S&P500 corrected for drift in financial time. 
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Figur ee 3.3. The time-change q 

Thee slope of thee drift p, on 7.80 • 10~5 is the average of log(s(d,jd)/s(d, 0)) 
overr the 3430 days of our data-set. To see the influence of the drift on 
thee total quadratic variation we have computed the difference between the 
quadraticc variation of x(t) and the quadratic variation of x(t) + fit, which is 
equall to 

34300 • 195(/2/195)2 » 1.07 • 10 -7. 

Hence,, smooth drift functions with a slope of the order p, have a negligible 
influencee on the quadratic variation. 

Thee time-points Tj = q(U) where the process X is evaluated, are chosen 
accordingg to a special rule. Since q is a step-function we can not choose the 
time-pointss t\ so that AT* = r< — r,_i are equal. Instead we first fix A T and 
thenn choose the time-points fcj, t%, — successively so that AT* > AT and AT, is 
minimal.. So q(U) - q{U-i) >  A T and <?(£•) - q(U-i) <  A T for any time-point 
t\t\ < U. In periods of high volatility AT* — A T may be large. 

Wee choose AT = 0.2/i where ft = 0.001 units of financial time. This 
givess us 1372 financial time points. We emphasize that the results presented 
inn this chapter apply equally well for different values of AT. 

Thee scaled increments bt are given by 

x(ti)x(ti) - a:(ti-i) 
kk = A T T 

Figuree 3.2 depicts also the process X of the S&P 500 future index in 
financialfinancial time. Observe that, by construction, the sample path in this figure 
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iss a sample path of a Brownian bridge instead of a Brownian motion. See 
alsoo figure 3.4 where the increments bi are presented. Observe from figure 
3.2a-bb that patterns of the process in physical time are conserved, possibly in 
stretchedd (compressed) form, in financial time. It is only the horizontal axis 
whichh is deformed. The exact way in which the patterns are transformed is 
determinedd by the time-change function depicted in figure 3.3. 

00 200 400 600 800 1000 1200 1400 
Days s 

Figur ee 3.4. The time series of the increments bi. 

Tablee 3.1 displays some of the basic statistical properties of the increments 
bi.bi. Also included in this table are some statistical properties of the non-
standardizedd intra-day returns r&  = za + p,. Observe that the skewness of bi 
iss close to zero. On the other hand, the kurtosis of the series is less than 3. 
Alongg the lines set out at the end of the previous subsection we have also 
includedd the expected average kurtosis 

7711 771 

k*k*  = mT1 ^ E*>t  = m.-1 ^2 3ni/(ni + 2) 
i= ll  i= l 

inn table 1, where rij denotes the number of observations needed to construct 
bi.bi. Notice that A;*  is only slightly smaller than the theoretical value for the 
standardd normal distribution. 
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Tablee 3.1. Statistical properties of the returns 
Statisticall  properties of intra-day returns r*d and the standardized returns in finan-
ciall  time b{. The expected average kurtosis, based on proposition 3.1, is displayed 
inn the column k*. 

Series s 

U U 
h h 

Mean n 

7.800 • 10"5 

2.688 • 10"3 

St.dev. . 

9.355 • 10"3 

0.989 9 

s s 

-0.453 3 
-0.0120 0 

k k 

13.4 4 
2.75 5 

k* k* 

--
2.95 5 

size e 

3430 0 
1372 2 

3.33 Testing the hypothesis 
Thiss section tests the validity of the diffusion model (3.1) for the S&P 500. 
Wee do this by checking whether the process X is a Brownian motion in 
financiall time. For a continuous function <p : [0, a] —• R it is not hard to 
testt whether it is a Brownian sample path. Choose a large integer m. Now 
observee that for a standard Brownian motion B the scaled increments 

UiUi  = (<p(a(i)/m) — ip(a(i - l)/m))/y/a/m, i = 1 , . . . , m, 

aree independent standard normal random variables. So we shall test whether 
thee sequence fy may be regarded as a sample from a standard normal distri
bution. . 

3.3.11 The Tests 
Wee apply five tests: two for normality, one for the tails and two for indepen
dence.. We also present some graphical evidence. 

(i)) The Kolmogorov-Smirnov test. 
Thee first test we use is the Kolmogorov-Smirnov test. See Shorack and 
Wellnerr (1986) for a detailed discussion. We test normality with fixed mean 
(=0)) and fixed variance (=1). The outcomes are presented in table 3.2. We 
alsoo apply the test to the intra-day returns r j . As can be observed from table 
3.2,, standard normality is not rejected for the series b{. It is rejected for the 
unsealedd return series r j . 

(ii)) The Jarque-Bera test, 
nextt we use the Jarque-Bera (1980) test to test for normality. The results 
off this test may also be found in table 3.2. As can be observed from this 
tablee normality is not rejected for the series 6*. If we take into account the 
expectedd value of the kurtosis k = k* < 3, then the Jarque-Bera statistic 
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Tablee 3.2. Testing for normality 
Thee test statistics of the Kolmogorov-Smirnov {KS), Jarque-Bera (JB) and the 
adjustedd Jarque-Bera (JB*) tests applied to the intra-day log-returns rj and the 
seriess 6». For the series r<£ we used a KS test with unknown mean and variance 
forr the series b{ with fixed mean (=0) and variance (=1). The values of jb and 
ksks were obtained from Eviews and S-Plus respectively. The adjusted Jarque-Bera 
testt {JB*) is corrected for the expected average k* given in table 3.1. We have 
alsoo included the p-values for the different statistics. 

Series s 

U U 
bi bi 

ks ks 

0.0631 1 
0.0138 8 

P(KSP(KS > ks) 
0.000 0 
0.9572 2 

jb jb 
1.566 • 104 

3.54 4 

P(JB>jb) P(JB>jb) 
0.000 0 
0.170 0 

jb* jb* 

--
2.42 2 

P(JB*>jb*) P(JB*>jb*) 
--

0.457 7 

ff (s2 + \(k - 3)2) is replaced by (2n/3)(J2 + (k - fc*)2)/4. Asymptotically this 
adjustedd Jarque-Bera statistic is x2 distributed with two degrees of freedom. 
Thee new values for the Jarque-Bera statistic may be found in the column jb* 
inn table 3.2. Observe that normality is again not rejected for b{ and that the 
p-valuee has tripled for the adjusted Jarque-Bera test. As expected, standard 
normalityy is rejected for the unsealed series r<f. 

(iii)) The binomial test. 
Forr financial data extreme values are important. We perform three simple 
binomiall tests to check whether the series bt has heavy tails by counting the 
numberr of observations exceeding the values of 2, 3, and 3.5 standard devi
ationss respectively. Let pc = P{\U\ > c}, where U is standard normal. For 
nn independent observations of \U\, the number JVC of observations exceeding 
thee level c has a binomial-(n,pc) distribution with mean //c = npc and vari
ancee a\ = npc(l — pc). The observed number of observations exceeding c is 
nc.. The results are presented in table 3.3. As can be seen from the table the 
hypothesiss that the tails behave like those of a standard normal distribution 
iss not rejected at a level of 10% for the series 6*. 

(iv)) The BDS test. 
Nextt we check whether the standardized return series are i.i.d. There are 
severall ways to do this. We have chosen for the BDS test, introduced in the 
financialfinancial literature by Brock, Dechert and Scheinkman (1987). This test has 
oftenn been (mis)used to investigate the presence of deterministic (chaotic) 
structuress in empirical time series. See Takens (1993) for an enlightening 
discussionn on this matter. The BDS statistic has power against a wide vari
etyy of departures from i.i.d. processes. The BDS, which was originally derived 
fromfrom the correlation integral, is based on the following property of an i.i.d. 
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Tablee 3.3. Observations in the tails 
Thee number of observations of |6j| exceeding 2, 3 and 3.5 standard deviations 
togetherr with the mean, the standard deviation and the corresponding probabilities 
P(BP(BCC > nc), where Bc is Binomial(1370,pc) distributed. 

Series s 

u u 
c c 

2.0 0 
3.0 0 
3.5 5 

Pc Pc 

0.0456 6 
0.00270 0 

4.66 • 10"4 

" c c 

58 8 
2 2 
0 0 

Pc Pc 

62.6 6 
3.70 0 
0.631 1 

Vc Vc 

7.73 3 
1.92 2 

0.794 4 

P(BP(BCC > nc) 

0.691 1 
0.715 5 
0.468 8 

sequence.. Let JJI, ..., XN be a time series and let yj be a reconstruction vector 
definedd by yj := (xj-m+i,... ,#j)', where m G N+ is the embedding dimen
sion.. Let yj and yf be two arbitrary vectors and Xk and x# two arbitrary 
observations.. If (xj)jLi  is an i.i.d. sequence then 

P(\YjP(\Yj - Yy\ <e) = (P(\Xk - Xk,\ <  €))"\ 

wheree | • | denotes the sup-norm, (\Y\ = sup i = L m |li |) G Rm and € > 0. 
Thee BDS test utilizes the difference of estimates of these two probabilities, 
H\YjH\Yj - Yf\ < <0 " (H\*k - Xu\ < e))m. The estimates P(\Yj - Yr\ < e) 
andd P(\Xk — Xk'\ < e)) are obtained by counting the number of vectors 
yjyj of observations and the number of observations Xj that lie within an e 
distance.. Under the null hypothesis, the difference between the probabilities 
iss approximately normally distributed. 

Wee calculate the BDS statistic for different embedding dimensions m and 
distancess e for 6*, see table 3.4. The p-values in table 3.4 for each m and e 
weree obtained by reshuffling the sequence 6» 2000 times, calculating for each 
reshuffledd sequence the BDS statistic and then counting the number of ab
solutee values that exceeded the absolute value of the corresponding statistic. 
Observee from this table that we can not reject i.i.d. on any reasonable level. 

(v)) (Partial) autocorrelation function. 
Ass a final check for i.i.d. we investigate the (partial) autocorrelation function 
forr the sequences fy. If the series are indeed i.i.d. then we expect the coeffi
cientss of these functions to be close to zero. In figure 3.5 the autocorrelation 
functionss for bt for lags of 1 , . . . , 10 are displayed. 

Observee from this figure that for both functions only lag number eight hes 
outsidee the 95% confidence level. Moreover, the coefficients are on average 
negative.. This is partly due to the fact that the process X, by construction, 
formss a Brownian bridge. It is well known that increments of such processes 
aree negatively correlated. The theoretical autocorrelation coefficient for fy 
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Tablee 3.4. The BDS test 
Thee BDS statistics and the corresponding p-values for the series 6j. For embedding 
dimensionn m = 2,..., 6 each column contains the BDS statistic (bds) and the re-
valuee (p) for different values of c. The p-values are obtained by reshuffling 6*  2000 
times,, computing the BDS statistic for these new series and then counting the 
numberr of absolute values exceeding the absolute value of bds of V 

e e 
bds s 

P P 
bds s 

P P 
bds s 

P P 
bds s 

P P 

0.25 5 

0.5 5 

0.75 5 

1 1 

m=2 2 
-2.766 • 10~4 

0.581 1 
-6.077 HT4 

0.747 7 
-1.455 10"3 

0.701 1 
-1.999 10"3 

0.738 8 

m = 3 3 
-5.399 • 10"5 

0.687 7 
-3.500 • 10"4 

0.669 9 
-1.50-lO"3 3 

0.529 9 
-2.655 • 10~3 

0.556 6 

m=4 4 
-L700 10 -5 

0.599 9 
-1.033 10"4 

0.748 8 
-9.655 • 10"4 

0.465 5 
-2.355 • 10~3 

0.483 3 

m = 5 5 
6.17-10"6 6 

0.554 4 
2.111 • 10~6 

0.988 8 
-5.133 10"4 

0.454 4 
-1.911 • 10"3 

0.422 2 

m=6 6 
3.555 • 10"6 

0.311 1 
-1.266 10"5 

0.776 6 
-3.099 • 10"4 

0.396 6 
-1.411 • 10"3 

0.343 3 

iss approximately —0.001. So actually we have to shift the confidence level 
downwardss by this number. Since this adjustment will not have a great 
impactt on the results we omit this exercise. We next test whether the coef
ficientss differ significantly from zero by means of the Ljung-Box Q-statistic. 
Underr the null hypotheses the Q-statistic is asymptotically x2 distributed 
withh one degree of freedom. In table 3.5 we present the results. Note that 
wee can not reject that the fy are realizations of an i.i.d. sequence, at a 10% 
level. . 

Tablee 3.5. Ljung-Box (^-statistics 0f ^ 
Q-statisticss (q) for lags 1 to 10 for the series 6». The p-values are denoted by p. 

Lags s 

9 9 
P P 

Lags s 

P P 

1 1 

0.0551 1 
0.814 4 

6 6 

5.47 7 
0.485 5 

2 2 

1.12 2 
0.572 2 

7 7 

5.75 5 
0.570 0 

3 3 

2.24 4 
0.523 3 

8 8 

9.83 3 
0.277 7 

4 4 

2.95 5 
0.567 7 

9 9 

12.3 3 
0.198 8 

5 5 

2.96 6 
0.706 6 

10 0 

12.4 4 
0.260 0 

Wee performed the same analysis for the squared sequence tij. Figure 3.5 
displayss also the (partial) autocorrelation function for lags 1 , . . . 10 and ta-
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Figur ee 3.5. Above: Left the autocorrelation function of the increments bi and 
rightt the partial autocorrelation function. Below: the (partial) autocorrelation 
functionn of the squared increments bf. 

blee 3.6 presents the corresponding Ljung-Box Q-statistics. Note that we can 
nott reject independence for the squared sequence at a 10% level. 

Inn addition to the tests described above we performed a number of qualita-
tivee graphical tests. Figure 3.6 displays the Gaussian kernel density estimate 
off  bi. The figure also includes the Gaussian kernel density estimate for a 
sequencee of 1372 simulated i.i.d. standard normal variables. Observe that 
thee two kernel density estimates have a large degree of resemblance. 

Figuree 3.7 presents the Quantile-Quantile plot. As can be seen from 
thiss plot most observations lie on the diagonal which is an indication of 
thee presence of normality. The points that deviate from the diagonal are 
accountedd for by the slightly thinner tails of the empirical distribution of bt 

ass expressed by the empirical kurtosis k*, see table 3.1, and the binomial 
test. . 

Figuree 3.7 also depicts the scatterplot of (3>(&j),$(&;+i)) for i=l,...,1372. 
Heree $ denotes the standard normal distribution function. Observe that the 
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Tablee 3.6. Ljung-Box Q-statistics of bf 
Q-statisticss (q) for lags 1 to 10 for the series b\. The p-values are denoted by p. 

Lags s 

Q Q 

P P 
Lags s 

9 9 
P P 

1 1 

0.0635 5 
0.801 1 

6 6 

3.82 2 
0.702 2 

2 2 

1.48 8 
0.476 6 

7 7 

3.82 2 
0.800 0 

3 3 

3.05 5 
0.384 4 

8 8 

3.82 2 
0.873 3 

4 4 

3.07 7 
0.547 7 

9 9 

4.36 6 
0.886 6 

5 5 

3.16 6 
0.675 5 

10 0 

9.30 0 
0.504 4 

o o 

CO CO 
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Figur ee 3.6. The Gaussian kernel density estimate of the increments bj. The 
dashedd line corresponds with the the kernel density estimate of 1372 simulated 
i.i.d.. standard normal variables. 

transformedd increments are uniformly distributed over the unit square. This 
findingg is consistent with i.i.d. standard normality of the variables. 

Inn summary, the statistical tests we have performed in this section on the 
processs X in financial time show that it constitutes a standard Brownian 
motion.. An alternative way to state this result is that in physical time the 
processs X associated with S is a time-changed Brownian motion. Under 
thee standing assumption on the time-change Q we may conclude that X 
iss a martingale and the diffusion model (3.1) is valid. Hence, S is a semi-
martingale. . 
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Figur ee 3.7. Left the Quantile-Quantile plot of the series 6, and right the scatter-
plott of ($(&t)> $(&i+i)) . Here $ denotes the standard normal distribution function. 

3.44 Dependence between financial t ime and 
thee price process 

Inn this section the dependence structure between Q and B is investigated. 
Sincee in the previous section we have shown that we can not reject the hy-
pothesiss that in financial time the process X is a Brownian motion, it is 
naturall  to define volatility over the interval [s, t] by 

„ MM _ ygSZM. (3.9) 
Soo in our setting the squared volatility measures the speed of financial time 
withh respect to physical time. Volatility is high when the financial clock runs 
fastt and low when the financial clock runs slowly. 

Manyy studies present evidence that there is an asymmetric relation be-
tweenn volatility and the price process, see for example Engle and Ng (1993). 
Ann appealing theoretical foundation of this relation has been provided by 
Blackk (1976) and Christie (1982), who refer to it as the financial leverage 
effect.. They reason that a decline in the stock price increases the com-
pany'ss financial leverage which makes the stock riskier and leads to a higher 
volatilityy level. A different but possibly complementary explanation for this 
asymmetricc relation is the so-called volatility feedback effect proposed by 
Pindyckk (1984) and French, Schwert and Stambaugh (1987). These authors 
arguee that anticipated changes in volatility affect the required return on the 
investmentt which implies an immediate adjustment of the stock price. Al-
thoughh the previously mentioned studies were concerned primarily with the 
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behaviourr of individual stocks, it seems reasonable to assume that similar 
argumentss apply for weighted sums of individual stocks. For an extensive 
studyy and discussion of both effects see Wu (2001). 

Ass indicated in section 3.2.2 a clear indication that B and Q are depen-
dentt would be that the standardized daily observations 

u[d\u[d\ = z[d\/a[d\ (3.10) 

aree not realizations of an i.i.d. N(0,1) sequence. Here a[d\ stands for the 
dailyy volatility, see equations (3.7) and (3.9). Indeed, the mean (—0.053) 
andd the skewness (=0.14) of the series u[d] differ significantly from zero and 
standardd normality has to be rejected. Hence, we conclude that B and Q 
aree dependent. Similar results hold if we would take into account simple 
linearr relations between the conditional mean of z[d\ and a[d\ or log(cr[d]). 
Thesee findings seem to be in contradiction with those reported by Anderson 
ett al. (2000) and Ané and Geman (2000). They present evidence that foreign 
exchangee rates and two individual stock returns respectively, normalized by 
thee daily volatilities, are Gaussian. Concerning the foreign exchange rates 
theree is a priori no reason to assume that standardized returns and volatility 
aree dependent. This is, as pointed out above, not obvious for asset prices. 

So,, if the process X is a continuous martingale then in physical time the 
standardizedd returns of an asset need not be i.i.d. standard normal, while 
scaledd returns in financial time will be i.i.d. normal. This is a clear demon-
strationn of the advantage of the approach propagated in this chapter. 

Lett us now investigate, to some extent, the dependence structure that 
causess the rejection of i.i.d. standard normality for daily standardized re-
turns.. We focus on the relation between the increments b{ and the volatility 
<jx<jx  = o"^,^.!] on the intervals [t», t«_i]. The time points U were derived 
inn section 3.2.3 where r*  = q(U) and r», i = 0,..., 1371, fixed financial time 
points. . 

Wee investigate the relation by considering the regressions of log Oi and 
log(<7j/<7i_i)) on the orthogonal covariates |6j_fc| and sign(6j_jt) for k = 0,1: 

logo**  = ai+A),i|6i|+7o,isign(&<) + /?ul^-il+7i,i sigI1(6i-i) }  ,o i i \ 
l Q g^77 = «2+A>,2|&i| + 7of2sign(6<) + /?i,2|fri-i|+7i,2sign(6i_1). ^'ll} 

Thee estimates of the coefficients may be found in table 3.7. Observe 
thatt both regressions have an identical form and that all 7's have negative 
estimates.. These findings show that on average the speed of financial time 
iss higher for negative increments 6» and/or lower for positive increments. 
Thus,, financial time speeds up when increments are negative. So there is an 
asymmetricc relation between the price process and financial time. Similar 
conclusionss hold for the lagged covariates. 
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Tablee 3.7. Dependence relation 
Thee least squares estimates of the parameters in the regression relations (3.11). 
Betweenn brackets we display the standard errors of the estimates. The LSE's are 
obtainedd from Eviews. 

k k 
l l 

2 2 

or or 
-19.3 3 

(0.0693) ) 

-0.217 7 

(0.0447) ) 

h h 
0.118 8 

(0.0498) ) 

0.136 6 

(0.0346) ) 

Pi* Pi* 
0.241 1 

(0.0498) ) 

0.135 5 

(0.0346) ) 

70,Jb b 

-0.0983 3 

(0.0289) ) 

-0.118 8 

(0.0201) ) 

7? ? 
-0.163 3 

(0.0289) ) 

-0.0696 6 

(0.0201) ) 

3.55 Conclusions 
Thee aim of this chapter was to show that the diffusion model for asset prices 
iss valid over the S&P500 stock index during the period 1988-2001. In the 
diffusionn model the process X associated with the stock index is a contin-
uouss martingale. The time-change for martingales theorem states that any 
continuouss local martingale is a time-changed Brownian motion. The time 
changee is given by the quadratic variation of the process X. Using this 
time-changee we could not reject the hypothesis that in financial time the 
processs X is a standard Brownian motion. More precisely, we could not 
rejectt the hypothesis that the scaled 0.2ft increments of the process X are 
i.i.d.. standard normal. On the other hand, we rejected the hypothesis that 
dailyy standardized increments are i.i.d. standard normal. So there is signif-
icantt dependence between the time-change and the Brownian motion. As 
aa final remark we mention that preliminary analysis indicates that similar 
conclusions,, as reported in this chapter, also hold for other indices. 


