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Chapterr 2 

Rule-Basedd Constraint Programming 

Rule-basedd constraint programming means the adoption of a rule-based approach 
too solving constraint satisfaction problems. In this chapter, we first introduce 
constraintt programming and then discuss rule-based programming. We proceed 
byy discussing the application of this paradigm to constraint programming, be-
foree coming to what we regard as its most relevant aspect, namely rule-based 
constraintt propagation. 

2.11 Constraint Programming 

2.1.11 Overview 
» » 

Constraintt programming is an alternative approach to programming in which a 
problemm is first modelled declaratively and then solved by general or domain-
specificc methods. See [Tsang, 1993, Marriot and Stuckey, 1998, Apt, 2003, 
Dechter,, 2003, Priihwirth and Abdennadher, 2003], for instance. 

Wee begin with an overview; the formal framework is introduced in the follow-
ingg sections. 

Modelling.. A problem model in constraint programming consists of require-
mentss — constraints — on variables so that acceptable variable assignments cor-
respondd to solutions to the problem. The variables have domains, i.e. sets of 
possiblee values. A constraint is a relation that specifies which combination of 
domainn values is acceptable; it can be defined extensionally or intensionally. A 
problemm formulated in this way is called a constraint satisfaction problem (CSP). 

Thee CSP framework is expressive; many computationally intractable problems 
cann immediately be formulated as CSPs. In a 3-SAT problem, each clause con-
strainss three propositional variables. In graph colouring, where different colours 
mustt be assigned to connected vertices, the constraints are simple disequalities. 
Combinatoriall  problems often have simple formulations as CSP. A strength of 

7 7 
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modellingg with constraints is its flexibility  due to the compositional nature of 
CSPs:: individual constraints can be changed, added or removed disregarding the 
restt of the problem. 

Furthermore,, problems exist that do not directly correspond to CSPs but 
containn CSPs as subproblems. For instance, optimisation problems can often 
bee naturally decomposed into constraints describing what a solution is, and an 
objectivee function rating the quality of a solution. This leads to the concept of 
aa constraint optimisation problem. In other situations, a problem gives rise to 
aa sequence of CSPs. An example of this is planning. The problem whether a 
plann of a given length exists transforming one state into another can typically be 
representedd as a CSP. Shortest plans can be found by searching for fixed-length 
planss and iteratively increasing the plan length, which means repeatedly trying 
too solve a CSP. 

Solving.. For some specific CSP classes, specialised solution methods exist. A 
systemm of linear equations induces a CSP in which every equation is a constraint, 
andd which can be solved well by Gaussian Elimination, for example. Term uni-
ficationn can be viewed as a CSP in which the variables range over some term 
universe;; a unification algorithm solves such a problem. 

AA general method to find solutions of CSPs is systematic search: splitting the 
problemm into more specific subproblems that are examined separately. Backtrack-
ingg is a commonly used algorithm for this purpose. 

Thee search space can be reduced by constraint propagation. The principle 
off  constraint propagation is the controlled deduction of new constraints. The de-
rivedd constraints are added to the problem so as to make its solutions more explicit 
withoutt changing them. The options for constraint propagation include, on the 
onee hand, which or how many currently explicit constraints to consider at a time, 
andd on the other hand, what constraints to deduce. The identification of the types 
off  constraint propagation that are both useful and have acceptable computational 
costt and the development of corresponding efficient constraint propagation algo-
rithmsrithms are important issues in constraint programming research. 

Thee result of complete constraint propagation is typically characterised by a 
locallocal consistency notion. Generally, a local consistency only approximates global 
consistencyy (concerning the entire CSP), and usually the two are incomparable 
inn the sense that none entails the other. 

Sincee a CSP model of a problem does not prescribe the solution method, 
alternativess to systematic search are possible. Notably, local search turns out 
too perform very well on some types of CSPs. In local search, a total variable 
assignmentt — a solution candidate — is considered. If not all constraints are 
satisfied,, the assignment is modified, and the process is repeated. The changes 
too the assignment are mostly local and controlled by heuristics. For instance, a 
variablee is selected whose assigned value violates a constraint, and the assigned 
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valuee is replaced. 
InIn contrast to systematic search, local search is incomplete: it is not ensured 

thatt all possible assignments (i. e. the complete search space) are visited. Hence, 
locall  search is unusable for proving unsatisfiability, nor is it guaranteed to find a 
solutionn of a satisfiable problem. 

AA brief history. Constraint programming has its roots in the field of con-
straintt satisfaction in Artificial Intelligence in the 1970s; see for example 
[Montanari,, 1974, Kumar, 1992]. In the 1980s, these techniques were connected 
withh the declarative problem solving approach of logic programming, which re-
sultedd in constraint logic programming [Jaffar and Maher, 1994]. More recently 
andd on-going, a fruitful import of techniques notably from Operations Research 
hass broadened the scope of the field. Applications of constraint programming in-
cludee various problems in Artificial Intelligence (temporal reasoning, various forms 
off  spatial reasoning) and Combinatorial Optimisation (scheduling, resource allo-
cation,, configuration, planning). Industrial interest in constraint programming 
techniquess continues to provide a significant impetus. 

2.1.22 Constraint Satisfaction Problems 

Wee now introduce constraint programming formally. 

Constraints s 

Considerr a finite sequence of different variables 

-AA  X\, . . . , 2Jm 

withh respective domains 

D\,...D\,... ,Dm, 

soo each Xi takes its value from the set D{. A constraint C on X is a pair 

(CR,X). (CR,X). 

CCRR is an m-ary relation and a subset of the Cartesian product of the domains, 

CnQDxX-'-xDm. CnQDxX-'-xDm. 

Thee elements of CR are the solutions of the constraint, and m is its arity. Nothing 
moree is stipulated about CR; in particular, it can be defined intensionally and it 
cann be infinite. 

Itt is useful to mention two special cases of constraints. In the true constraint, 
wee find CR — D\ x  x Dm, while CR = 0 in the false constraint. These are the 
onlyy two cases in which we admit m = 0, whereas we generally require m ^ 1. 

Wee sometimes write C(X) for the constraint and often identify C with CR. 
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2.1.1.. EXAMPLE. Here are some constraints and their variables. 

<{(A,B),(C,A),(B,C)} ,, ( ^ J ), :r ,y€{A,B,C} ; 

(( {  (a, 6, c, n) G N4 | an + bn = cn } , (x, y, z,u)), x, y,z,u G N; 

<{(pi,-..,pm>> e { 0 , l } m \3k.pk = 1} , ^ ! , . . . , xm ) ) , Xie {0,1}  foralH. 

NN is the set of natural numbers. D 

Constraintt Satisfaction Problems 

AA  constraint satisfaction problem, in short CSP, consists of a finite sequence 
off  variables X = xi,..., xn with respective domains T> — Di,..., Dn, and a finite 
sett C of constraints, each on a subsequence of X. A CSP can thus be viewed as 
aa triple 

(C,X,V). (C,X,V). 

Wee use also the notational variant {C; x\ G Di,... ,xn G Dn). 

Solutions s 

Considerr some variable sequence X = xi,...,xn and an element d = d\,...,dn 

off  the product of variable domains D\ x  x Dn. By the projection of d on a 
subsequencee Y — x^i),... ,x  ̂ of X, we mean the sequence d^i),..., d  ̂ which 
wee denote by d[Y]. In particular, we have d[xk] — d^. Lifting this notion to 
constraints,, we write C[Y] for the set {  d[Y] \ d 6 CR } where C = (CR,X). 

Byy a solution to the CSP (C,X,V) we mean an element d €  x  x Dn 

suchh that for each constraint C G C on a sequence of variables Y we have d\Y] G C. 
Wee call a CSP consistent if it has a solution. The set of all solutions of a CSP 
VV is denoted by Sol{V). 

2.1.2.. EXAMPLE. Consider the CSP 

VV — {{fermat(x,y, 2,n),even(y)}; x,y,z,n G N). 

Thee constraint fermat(x,y, z,n) is xn + yn = zn, and even is the set of even 
integers.. V is consistent: the tuple d = (3,4, 5, 2) is a solution. Indeed, we have 

d[x,y,z,n]d[x,y,z,n] = (3,4,5,2) G fermat, 

d[y]d[y]  = 4 € even. 

AA variation of V is V' — {{fermat(a:,y, 2:, 2), even (y)} ; x,y, 2 G {1,...,10}). We 
find d 

Sol{V)Sol{V) = {(3,4,5), (6,8,10), (8,6,10)} 

ass the solution set of V'. D 

Fromm now on, we use the interval expression [a..b] with integers a, 6 to denote 
thee integer set { e | a ^ e ^ 6 } . 



2.1.2.1. Constraint Programming 11 1 

2.1.33 Solving CSPs by Search and Propagation 
Equivalence e 

Wee view the search for solutions to a CSP as a process of transforming CSPs. This 
makesmakes it necessary to relate CSPs to each other disregarding their representation. 
Instead,, we use their solution sets, and accordingly define a notion of equivalence. 

AA natural definition for two CSPs on the same variables is to say that they 
aree equivalent if they have exactly the same solutions. We extend this notion to 
setss of CSPs. 

2.1.3.. DEFINITION. Assume a CSP V and CSPs Qi ; i e [l..m], that are all on 
thee same sequence of variable. If 

Sol(V)=Sol(V)= (J Sol(Qi) 
ie[l..m] ie[l..m] 

thenn we say that V is equivalent to the union of Q i , . . ., Q*. D 

2.1.4.. EXAMPLE. The CSP V = (C; X; V) is equivalent to the union of 

Q ^ C U f e v e n ^ ) };; X; V), 

Q2- {CU{odd(x) ,y<10} ;; X; 27), 

QQ33 = (Cö{oód{x),y>10}; X- V), 

wheree x, y E X and odd has the expected meaning. D 

Solvingg Algorith m Schema 

Wee are now in a position to give a basic algorithm schema for finding solutions of 
CSPss using depth-first search; see Fig. 2.1. Three procedures are used. Solve is 
thee main control procedure, Split generates two sub-CSPs from a given CSP, and 
Propagatee performs constraint propagation. Both Split and Propagate maintain 
equivalence.. This means that Solve is correct and complete in the sense that it 
returnss successfully with a solution if and only if one exists — if the computation 
terminates. . 

Heree are some instances of the Split procedure. We consider the simple case 
off  splitting the CSP V into just two subproblems V\ and P2-

 Domain splitting is a commonly used method. V,V\,V<i differ only in 
thee domain of some variable x. In P, it is Dx. 
DomainDomain partitioning: Dx = Dx  ̂ Ü DX(2 is a partitioning. In V\ the domain 

off  x is DXyi while in V2 it is Ac,2-
EnumerationEnumeration is a special case: we have Dxi = {e}  and Dx>2 — Dx — {e} , 

forr some value e € Dx. 
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Solvee |: CSP V *  (solution sol, Boolean success) 

VV := Propagate(P) 

iff  solution sol detected in V then 
retur nn {50/, true) 

elsee if inconsistency detected in V then 
retur nn (0, false) 

else e 
VSVS := Split(P) 
repeat t 

choosee and remove V from VS 
(sol,(sol, success) := So\\/e(V) 

unti ll  success or  VS — 0 
retur nn (sol, success) 

end d 

Splitt I; C S PP 1—  (CSPs Vh... ,Vn) 

jjjj  V is equivalent to the union oFVi,...,Vn, n ^ 2 

Propagatee |: CSP V 1—>  CSP V' 

jjjj  V' is equivalent to V but possibly "simpler" 

Figuree 2.1: CSP solver schema with depth-first search and propagation 

 Constraint splitting: Some constraints have an obvious disjunctive 
form,, which affords splitting. Suppose |x| = y occurs in V. We can obtain 
thee CSPs V\,Vi by replacing |x| = y in V with x = y and — x — y, resp. 

Thee choices that are made when splitting generally have great influence on the 
solvingg performance. Consequently, heuristics have been developed to guide the 
splittingg process. In the case of enumeration, one needs to decide which variable 
too enumerate, and in which order the domain values are tried. The general first-
failfail heuristic often performs well: it chooses the variable that is most constrained, 
e.. g., has a smallest domain [Haralick and Elliott, 1980]. Specialised heuristics are 
usedd in many application domains. 

2.1.44 Constraint Propagation and Local Consistency 

Thee Propagate procedure of Fig. 2.1 is the most interesting one for us. Con-
straintt propagation aims at transforming the CSP into an equivalent one that 
cann be solved easier. Constraint propagation can thus be viewed as deduction, 
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andd the task is to control it in such a way that the computational cost is low 
butt the inferred knowledge - in the form of constraints - is useful for subsequent 
propagationn or search. 

Constraintt propagation is generally characterised by the properties of the re-
sultingg CSP. Local consistency notions are used for this purpose. The term 
'local'' reflects the observation that constraint propagation usually does not es-
tablishh global consistency. 

Thee most important local consistency notions in this work are generalised 
arc-consistency,, bounds-consistency, and path-consistency. We define them now. 

Generalisedd Arc-Consistency 

Constraintt propagation takes place for one constraint at a time in this case. The 
aimaim is to obtain the 'smallest possible' variable domains; in other words, to derive 
alll  variable-value disequality constraints. (Throughout this work, we use the term 
"disequality""  for / and "inequality" for >, ^, ^ and <.) 

2.1.5.. DEFINITION. The constraint C(xi,...,xn) is generalised arc-
consistentconsistent (GAC) if 

forr all i j , i € [l..n], and all e € D{ we have e € C[xi\. 

Recalll  that C[xi]  stands for {  d[xi]  j d € C } . A CSP is generalised arc-consistent 
iff  each of its constraints is [Mohr and Masini, 1988].

InIn short, every domain value must participate in a local solution. The atomic 
stepp leading to GAC is: if there is some e € A for some Xi such that e ^ C[xi], 
thenn the domain is reduced by Di := Dj — {e} . 

2.1.6.. EXAMPLE. Consider the CSP 

VV = {{x2 + y2 = z2,even(3/)}; x,y,z e [1-10]). 

VV is not generalised arc-consistent, since for the variable y and 9 G Dy we find 
99 £ evenfj/]. GAC-enforcing propagation of the constraint even must thus infer 
thee constraint y  ̂ 9, or equivalently reduce the domain of y by Dy :— Dy — {9} . 
InIn fact, propagating the constraint even(y) leads to y 6 {2,4,6,8,10}. 

Completee GAC-enforcing constraint propagation in V results in 

V'V' - {{x2 + y2 - z2, even(ï/)}; x € {3,6,8},y £ {4,6,8}, z e {5,10}), 

whichh is equivalent to V but makes the solutions more explicit. D 
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GACC on Conjunctive Constraints. Here is a fact about generalised arc-
consistencyy that is useful in several of the following chapters. 

2.1.7.. LEMMA . Consider two constraints Ci,C2 that share at most one variable. 
IfC\IfC\ andC<i are generalised arc-consistent individually, then the conjunctive con-
straintstraint C = C\ A C2 is generalised arc-consistent. 

PROOF.. Suppose C1(Xll y) and C2(X2, y), sharing only the variable y, are gen-
eralisedd arc-consistent. Clearly, for each value in Dy there is a solution d\ of 
C\C\ and d2 of C2, respectively. We can form a solution d of C by just requiring 
d[X\\d[X\\ = rfi  and d[X2] = d2, since X\ and X2 are disjoint. So every value in Dy 

cann be extended to a solution of C. The remaining cases are straightforward. D 

Generalisedd arc-consistency is a strong local consistency notion. It may also be 
computationallyy expensive: in general, the cost of establishing it on a constraint 
iss exponential in the arity of the constraint. Sometimes computationally cheaper 
constraintt propagation toward a weaker local consistency is more useful. 

Bounds-Consistency y 

Thee following local consistency notion just checks the bounds of a domain, instead 
off  every contained value. 

2.1.8.. DEFINITION. Assume that C(xlj... ,xn) is a constraint such that each of 
itss variables Xi has a totally ordered domain in which min(Dj) and max(Z)i) are 
definedd accordingly. C is bounds-consistent (BC) if 

forr all Xi we have min(Di) £ C[xi]  and max(L>j) € C[a;;]. 

2.1.9.. EXAMPLE. Consider again 

VV = {{x2 + y2 = z2,even(y)}; x,y,zG [LAO]). 

Thee equivalent CSP 

V'V' = ({x2 + y2 = «2,even(y)}; x 6 {3..8},y 6 {4..8},*  € {5..10}), 

iss bounds-consistent. D 

Bounds-consistencyy is entailed by generalised arc-consistency, but is usually 
cheaperr to establish. A significant representational benefit of using BC instead of 
GACC is that interval domains remain intervals: establishing BC cannot result in 
'holes'' in the domains. Intervals require littl e space to be represented, in contrast 
too unrestricted sets. 
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Path-Consistency y 

Finally,, we introduce a local consistency notion considering multiple constraints 
att a time. 

2.1.10.. DEFINITION. A CSP of only binary constraints is path-consistent 
(PC)(PC) [Montanari, 1974] if for every triple of variables x, y, z we have 

C(xC(xtt z) = { (a, c) | b exists s.t. (a, b) e C(x, y) and (b, c) E C(y, z) } . 

Itt is assumed here that a unique constraint C(u, w) for each pair of variables u, w 
exists,, and that C(u,w) — C~l(w,u). By C~l we mean the inverse relation of 
thee binary relation C. D 

Inn contrast to the cases of generalised arc-consistency and bounds-consistency, 
establishingg path-consistency may require modification of the constraints, while 
thee variable domains remain the same. 

2.1.11.. EXAMPLE. Consider a simple graph-colouring problem. The corner 
pointss of a rectangle are to be coloured in red or green; connected corners must 
havee different colours. In our CSP formulation we have a variable for each vertex, 
rangingg over the colours, and disequality constraints for connected vertices: 

VV = {C; vu...,v4eD), 

DD = {red, green}, 

CC = {vi^ v2, v2  ̂ v3, v3  ̂ u4, t>4  ̂ Vi}. 

Wee kept implicit the true constraints between the two unconnected vertices, 
namelyy <D2, (vuv3)) and (D2, {v2  V is not path-consistent. Replacing C 
inn V by 

CC,, = CU{v1=v3, v2 = v4}, 

wee obtain a CSP V' that is equivalent to V and path-consistent. D 

Path-consistencyy plays a central role in the view on qualitative temporal and 
spatiall  reasoning in which binary qualitative relations are represented as con-
straints. . 

2.22 Rule-Based Programming 

Whenn a program is a set of rules and the computation process consists of a 
repeatedd application of the rules, we speak of rule-based programming. By a rule 
wee understand a premise-conclusion pair. 
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Ruless can be found in various places in computer science. Automata in the-
oreticall  computer science are based on transition functions, which we can view 
ass sets of rules in the form si,a —> 52 where Si,S2 are states and a is an input 
symbol.. Reasoning systems in computational logic are quite naturally rule-based, 
beingg based on logical calculi that consist of rules over logic formulas. In the field 
off  term rewriting, rules are used to implement directed equational reasoning. 

Ass a concrete programming paradigm, the rule-based approach received much 
attentionn in the 1970s with the rise of production systems in Artificial Intel-
ligence.. A production rule operates on the elements of the working memory of a 
productionn system and describes how they are changed. This development led to 
thee general-purpose language OPS5 [Forgy, 1981] used for programming expert 
systems. . 

Logicc Programming is a second rule-based formalism from that time (see e. g. 
[Lloyd,, 1987]). It is realised in the Prolog language. A rule (clause) in a logic 
programm relates an atomic formula in the conclusion (the clause head) with a 
sequencee of atomic formulas in the premise (the clause body). The rules in a pro-
gramm are used to prove a goal, and compute a result in the form of a substitution 
inn the process. 

Interestingly,, term unification, which is at the core of logic programming 
systems,, is itself amenable to a rule-based view. The Martelli-Montanari unifi-
cationn algorithm comprises six rules that can be used to decide whether a set of 
termm equations has a unifying substitution. In the affirmative case, the algorithm 
yieldss a most general such substitution [Martelli and Montanari, 1982], 

Itt is instructive to note the classification of rule-based systems with respect to 
forwardforward chaining and backward chaining approaches. In a forward chain-
ingg system, of which production systems are an instance, inference adds derived 
informationn to simplify the problem. In a backward chaining system, such as 
Prolog,, the reasoning starts from the goal and, via the rules, attempts to find 
factss supporting a proof. The rules embody a case distinction, and backtracking 
iss used to explore the cases. 

2.2.11 Rule-Based Constraint Programming 

ConstraintConstraint logic programming (CLP) originated from logic programming 
inn the 1980s [Jaffar and Maher, 1994]. Hence, also CLP languages as such are 
rule-based.. The observation that the unification operation in logic program-
mingg is just a special case of constraint solving led to the CLP(X) scheme 
[Jaffarr and Lassez, 1987], in which X represents the domain of constraint solv-
ingg (term equalities, arithmetic constraints over reals, finite domain constraints, 
ect.).. In this light, the Martelli-Montanari unification algorithm which solves 
termm equations is the first rule-based constraint solving method. 

Anotherr path to rule-based constraint programming originated in the area 
off  term rewriting. The language ELAN [Borovansky et al., 1998] implements an 
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approachh to computation and deduction based on conditional rewrite rules and 
controlledd by strategies. Its application to constraint programming is described 
inn [Kirchner and Ringeissen, 1998] and [Castro, 1998]. 

Thee hybrid language CLAIRE integrates rules and search into an imperative 
(resp.. object-oriented) language [Caseau et al., 2002]. Its use of logic rules enables 
declarativee programming of the type useful for constraint propagation. 

Inn this context, we also mention [Apt, 1998] in which an account of constraint 
programmingg from a proof-theoretic perspective is given. Two classes of proof 
ruless are distinguished, 'deterministic' rules formalising constraint propagation, 
andd 'splitting' rules, which correspond precisely to the procedures Propagate and 
Split,, resp., of the general CSP solution algorithm in Fig. 2.1. In this proof-
theoreticc view, solving a CSP is regarded as proving it from its solutions. 

ConcurrentConcurrent constraint programming (CCP) situates the interaction 
andd synchronisation of agents in constraint logic programming [Saraswat, 1993]. 
Agentss use Ask and Tell operations to publish and query partial information in 
thee form of constraints on shared variables. The constraints are managed in the 
constraintconstraint store, which is a set of constraints. AKL [Carlson et al., 1995] and 
subsequentlyy the Oz language [Smolka, 1995] and the associated Mozart system 
embodyy this approach. 

Anotherr realisation of the CCP paradigm is the Constraint Handling 
RulesRules (CHR) language. CHR is a declarative high-level language specifically de-
signedd for rule-based constraint programming [Frühwirth, 1998]. It is imple-
mentedd as a language extension that is compiled to the underlying host lan-
guage;; implementations exist in different systems, including the Prolog-based 
SICStuss [M. Carlsson et al, 2004] and Java [Abdennadher et al., 2002]. CHR uses 
aa committed-choice, forward-chaining approach and is intended for constraint 
propagation.. It relies on the host language to provide the search mechanism 
neededd for full constraint solving. In the logic programming approach to con-
straintt programming, CHR is the language of choice to write constraint solvers. 

Ass CHR is closest to our view of rule-based constraint programming, we present 
itt in some detail. CHR supports two principal types of rules: 

propagationn rules Hu...,Hk => Gi , . . . ,Gj \ Bx,...,Bm, 

andd simplification rules i/i,...,Hfc <5> Gi,...,Gi \ Bi,...,Bm. 

Alll  atomic rule elements can be viewed as constraints, but a distinction is made 
betweenn defined and primitive constraints: 

 the atoms Hi,...,Hk {k ^ 1) of the rule head are defined constraints, 

 the atoms G\,..., Gi (/ ^ 0) of the rule guard are built-in constraints, 

 the atoms Bi,..., Bm (m ^ 1) of the rule body are arbitrary constraints. 
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Built-i nn constraints are provided by the host language (and can also be procedure 
calls).. Defined constraints are managed by the CHR runtime system in the CHR 
constraintt store. Their definition is, in fact, given by the rules. 

AA CHR rule is executed by first matching its head atoms against constraints in 
thee constraint store. If a match is found, the guard atoms are tested. In case of 
success,, the body atoms are imposed as constraints. If the rule is a simplification 
rule,, additionally the head atoms are removed from the CHR constraint store. This 
processs is repeated until no rule matches with successful guards. 

Thee availability of simplification rules makes CHR very expressive. Propagation 
ruless just add implied constraints to the constraint store, while simplification rules 
facilitatee non-monotonic updating, so the constraint store can be freely managed. 
This,, and the additionally available host language, makes CHR very suitable for 
high-levell  design and prototyping of constraint propagation algorithms. 

Ann important issue entailed by the non-monotonicity of simplification rules is 
thatt the user must pay attention to confluence and termination of the induced 
rewritingg system. 

2.2.22 Rule-Based Constraint Propagation 

Wee now formally introduce our notion of constraint propagation rule. 

2.2.1.. DEFINITION. Assume that A and B are sequences of constraints such that 
thee constraints in A and B are on the variables X with domains V. The expression 

AA -> B 

iss a constraint propagation rule. We call A the condition and 5 the body 
off  the rule. Rules act as functions on CSPs. The application of a rule to a CSP 
withh the variables X is given by 

Thee rule A —» B is correct if 

Sol({A,X,V))Sol({A,X,V)) C Sol((B,X,V)). 

Inn words, a solution of A is always one of B as well. D 

Wee capture constraint propagation by such rules. It is easy to verify that the 
applicationn of a correct rule to a CSP yields an equivalent CSP. The aim is to 
findd useful rules, that is, those whose body makes the solutions of a CSP more 
explicit. . 
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2.2.2.. EXAMPLE. 

xx < y, y < z —* x < z 

iss a constraint propagation rule. Since all solutions of ({x < y, y < z}, (x, y, z), X>) 
aree solutions of {{x < z}, {x, y, z), T>) as well, the rule is correct. D 

Locall  Consistency by Rules 

Thee result of constraint propagation is typically characterised by the established 
locall  consistency. We now take the inverse view and give simple rule-based charac-
terisationss of some local consistency notions, notably generalised arc-consistency 
andd bounds-consistency. 

Lett us from now on understand y ^ a with the variable y and the constant a as 
aa unary constraint and equally as the domain reduction operation Dy :— Dy \ {a}. 
Thatt is, we assume that node consistency is maintained. Node consistency 
[Mackworth,, 1977] is the local consistency requiring for a unary constraint {CR, x) 
withh x € Dx that CR = Dx, whereas generally we only have CRC. DX. 

2.2.3.. FACT. Suppose C is a constraint on X — Xi,..., xn. 

 Generalised arc-consistency (Def. 2.1.5) on the constraint C is established 
iff  all correct rules of the form 

C(X)C(X) -> Xi / e 

aree applied exhaustively. A rule of this form is correct exactly if e £ C[XJ]. 

 Bounds-consistency (Def. 2.1.8) on the constraint C is established if all 
correctt rules of the form 

C(X)C(X) —> Xi / e where e € {min(Z)a.i),max(Z)Xt)} 

aree applied exhaustively. A rule of this form is correct exactly if e ^ C[:ri]. 

Alternativelyy we can formulate that bounds-consistency on C is established 
iff  all correct rules of the form 

C(X)C(X) —  Xi < e or 

C{X)C{X) -* Xi > e 

aree applied exhaustively. 

Itt is not difficult to see how these characterisations follow directly from the re-
spectivee definitions. 

Itt is instructive to point out here how constraint propagation can be viewed in 
termss of the constraint language used in the rules: G AC is obtained by stating all 
variable-valuee disequalities, while BC is enforced by variable-value inequalities. 
[Maher,, 2002b] studies this topic in detail. 
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Membershipp Rules 

AA specific class of constraint propagation rules are the membership rules, in-
troducedd in [Apt and Monfroy, 2001]. These propagation rules have the form 

C{xC{xuu.... .,xn,yu...,ym), xx e Si,... ,xn G Sn -> yx  ̂ au... ,ym ^ om, 

wheree each Si is a set of constants, and each a*  is a constant. An expression xt € Si 
iss a unary constraint on Xi, but in the presence of node consistency it can also 
bee viewed as the simple check Di C Si on the current domain of Xi. We require 
SiSi -£ 0 for all i £ [l..n\. We also assume that the variables x i , . .. ,xn,yi,  ,ym 

aree pairwise distinct. We call C the constraint associated with the rule. 
Inn the following, the constraint associated with a rule is usually clear from 

thee context or irrelevant; we then omit it from the notation. If an Si is equal to 
thee variable base domain, then the (always satisfied) condition Xi € Si is often 
omittedd as well. When each set Si in a membership rule is a singleton set, we call 
thee rule an equality rule. 

2.2.4.. EXAMPLE. Consider the constraint C = {(0,0), (0,1), (1,1)}  on the vari-
abless x, y with the base domain D = {0,1} . The rules 

ye{0}ye{0} -» x^l, 

^ e { l }}  - y / 0 , 

associatedd with C, are correct. D 

Thee relevance of membership rules for constraint satisfaction problems with 
finitefinite domains stems from the following observations [Apt and Monfroy, 2001]: 

 constraint propagation can be achieved naturally by repeated application 
off  membership rules; 

 in particular, the notion of generalised arc-consistency can be characterised 
inn terms of membership rules; 

 for constraints explicitly defined on small finite domains, all correct mem-
bershipp rules can be automatically generated; 

 many rules used in specific constraint solvers written in the CHR (Constraint 
Handlingg Rules) language are in fact membership rules. 

2.2.5.. EXAMPLE. Reconsider the constraint and the rules of Example 2.2.4. The 
twoo rules establish GAC on their associated constraint. D 

Membershipp rules and the template of a GAC-enforcing rule stated in 
Factt 2.2.3 are clearly connected. Namely, the correctness condition in Fact 2.2.3 
iss inserted into the condition of the rule. Moreover, the form of this correctness 
conditionn changes from a test on the constraint into tests on the variable domains. 
Thiss has practical benefits since the constraint definition is irrelevant. 


