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Chapterr  1 

Introductio n n 

1.11 Computation Is Physical 
Thee last two decades have seen a renewed interest in the relation between 
computationn and physics. In particular, in the early 1980s Feynman [54, 55] 
pointedd out that simulating quantum mechanics appears to be difficult in 
modelss of computation that were then thought to represent the strongest 
feasiblee form of computation. Moreover, he raised the question whether a 
quantum-mechanicall  computer could be more powerful than a "classical" 
computer,, e.g., in analyzing other quantum-mechanical systems. Most physi-
cistss believe that the world is quantum-mechanical, or at least is more ac-
curatelyy described by quantum mechanics than by classical theories. In this 
case,, it should in principle be possible to actually build such quantum com-
puters.. Conversely, quantum computers can also be regarded as experiments 
forr verifying the predictions of quantum mechanics, and principal obstacles 
mayy very well indicate limitations of quantum mechanics. This would be 
off  great interest since to date there is no experimental data contradicting 
quantumm mechanics. 

Initially ,, interest among computer scientists was limited. In part this was 
duee to the similarity of Feynman's proposal to conventional "analog" com-
puters.. Deutsch [47] laid the theoretical groundwork for a "digital" variant 
off  quantum computing, and in the 1980s and in the early 1990s a sequence of 
quantumm algorithms appeared [48, 22, 109] that showed that quantum com-
puterss are in certain aspects significantly more powerful than classical com-
puters.. However, the area really became popular only after Shor presented an 
efficientt quantum algorithm for factoring integers [108], a problem considered 
soo difficult classically that the most important cryptographic systems both 
inn theory and practice rely on its hardness. Further theoretical discoveries 
includedd the feasibility of correcting errors in quantum computation. This 
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answeredd affirmatively the question whether an imperfect real-world quan-
tumm mechanical device could benefit from these theoretical advantages; thus, 
onee could say that quantum error correction is an example of a contribution 
too physics by computer scientists. 

1.22 Quantum Mechanics 

Ann atom is not a soccer ball: the measures and laws of classical physics, 
whichh describe the motion of a soccer ball in space, fail to explain physical 
phenomenaa at the atomic scale. For example, the laws of classical physics do 
nott adequately describe the structure of the atomic nucleus, the wave-particle 
characterr of light, and discrete absorption spectra. These phenomena can be 
explainedd by the physical theory of quantum mechanics. This theory has 
beenn developed from 1925 on chiefly by Heisenberg and Schrödinger. Despite 
somee seemingly "unnatural" model assumptions, quantum mechanics is today 
acceptedd by most physicists as the best tool to describe nature on the very 
small-scalee level or where tiny differences of energy are involved. In the limi t 
off  many particles and great energy differences, quantum mechanical laws 
convergee to their classical counterparts. 

Ass in classical physics, we would like to model the state of our quantum-
mechanicall  system (say, five hydrogen atoms, or a photon, or two electrons) 
att time t. That is, we want to describe the system at time t to the extent 
that,, knowing the dynamics, we can predict the behavior of the system at any 
timee in the future. Hence, our model also must say how the system develops 
inn time. 

Inn classical physics, we have a one-to-one correspondence between the state 
off  a system at time t and the result of a complete measurement of the system 
att time t. This is not the case in quantum mechanics; here the concept of 
statee and measurement differ: in general, the result of a measurement cannot 
bee fully predicted when knowing the state; moreover, the action of measuring 
wil ll  affect the state of system. Figure 1.1 provides a vague sketch of this 
property.. In the following, we are going to present the postulates or axioms 
off  quantum mechanics as far as they are relevant to quantum computing. 

1.2.11 States 
1.2.1.. POSTULATE. The state of a quantum system is a nonzero vector in a 
Hubertt space H, which is called the state space. 

AA Hilbert space is a vector space over the complex numbers with an inner 
product.. In this work we need to consider only Hilbert spaces of finite dimen-
sion,, which suffice for the quantization of classical discrete systems; the term 
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statee (0) statee (0) 

measurement t time e measurement t time e 

Figuree 1.1: Classical (left) vs. quantum physics (right): sketched are trajec-
toriestories in the state space. In quantum mechanics a measurement projects 
thee state at random into one of several outcomes. The outcome is observed 
macroscopicallyy and time evolution resumes from it. 

quantizationn stands for the necessarily informal process of generalizing or em-
beddingg a classical system into quantum mechanics. For infinite-dimensional 
vectorr spaces, there are some additional requirements to be a Hilbert space, 
butt in the finite-dimensional case, all Hilbert spaces are isomorphic to some 
Cnn with n € N and the additional requirements to guarantee a "nice" topol-
ogyy are automatically given. 

Wee regard vectors from the state space H = Cn as n-dimensional column 
vectorss and elements of the dual space 7i* as n-dimensional row vectors. The 
DiracDirac notation defines an elegant shorthand for expressions involving vectors 
andd their duals: 

 Column vectors are enclosed by the ket sign | ). Hence, we write 

IV)) = ; \en . 
W W 

 Row vectors are enclosed by the bra sign ( |. Hence, the dual of \ip) is 

mm = (ri  o eft* 
wheree tpj :=  a — i/3 denotes the complex conjugate of the complex 
numberr  = a + i/3, a, f3 € K. 

Thee matrix product of a bra and a ket is (ijj\  = (ip\<p), which is the inner 
productt of \tjj)  and \ip). The fusion of symbols ( |  | ) = ( | ) is the origin of 
thee names bra-ket = bra(c)ket. 
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Thee most simple nontrivial quantum system is called a qubit and has a 
two-dimensionall  state space. Using the convention 

|«D:-(J)) and |1> := g ) 

thee general state of a qubit can be written as 

<*o|0)) + a i | l) = ("° j with a0,oci € C and |a0|2 4- |« i |2 > 0 . 

Thiss is a superposition of the states |0) and |1), whereas a classical bit can 
assumee only the two values 0 and 1. We wil l see further down that collinear 
vectorss represent the same "physical" states and that the amplitudes ao and 
aii  are a measure of how close the qubit is to the classical states 0 and 1. 
Inn particular, |ao|2/(|a:o|2 + l ai |2) is t n e probability for observing 0 in a 
measurementt of the qubit. Therefore it is often useful to normalize the states 
too have &2 norm 1; then |ao|2 is the probability for observing 0 and |a i |2 is 
thee probability for observing 1. 

Whatt is the state space of two qubits? Again we use the "classical" values 
too denote the canonical basis vectors, leading to 

100)) := 

andd again each nontrivial linear combination wil l be a possible state of the 
two-qubitt system. More generally, n qubits have state space C2" ; the state 
spacee grows exponentially with the number of qubits. This is an important 
featuree for quantum computation; however, note that even a joint probability 
distributionn on n bits is a vector in R2 of l\ norm 1 and nonnegative com-
ponents,, so that the power of the computational model derives really from 
thee possible operations on vectors in the state space. 

Thee mathematical construct underlying the combination of the two state 
spacess of two quantum systems into one state space is the tensor product or 
Kroneckerr product: 

WW ® \<P) = (oo|0) + tt!|l» <g> (A)|0) + A | l ) ) 

== a0/3o\00) +Oti0i|Ol) + aiA>|10> +a1/?1 | l l ) . 

Byy convention, |0)<g>|0), |0)|0), and |00) denote the same thing. In general not 
alll  the two-qubit states can be obtained as the tensor product of two qubits. 
Wee wil l see an important example, the EPR pair, in Subsection 1.2.4. Such 
statess are called entangled. 

ff xx\ \ 
0 0 
0 0 

W W 
,, |01):= 

f°\ f°\ 
° ° W W 

,, |10>:= 
(°) (°) 0 0 
1 1 

W W 
,, |H>:= 

f°\ f°\ 
0 0 
0 0 w w 
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1.2.22 Evolution 
Ass a physical model quantum mechanics must explain how the system de-
velopss as time progresses; this we call the dynamics or the evolution of the 
system.. A complete description of the system at an arbitrary but fixed time 
TOTO is given by the Hilbert-space vector |V>(ro)}  representing the system state 
att time TQ. This description should permit us to predict the state of the undis-
turbedd system at all future points in time. Mathematically, this means that 
wee require a function of the time t, the time evolution function, t »-  |^(*))J 
wheree \ip(t)) is the state of the system at time t. 

Knowledgee of a state will also at a later time r be sufficient for the pre-
dictionn of the states |^(£)), t>r;  accordingly, the time derivative at point r, 
^IV'(*))|t= T'' m u s*  De a function H that depends solely on \IP(T)): 

== £(hKr)>) . (1.1) 
t=T t=T 

Att first, there is no reason for this differential equation for \ip(t)) to be any-
thingg but arbitrarily complex. However, an enormous simplification is ob-
tainedd by the following assumption: 

1.2.2.. POSTULATE (SUPERPOSITION PRINCIPLE). Let state \i>)  at time r0 

evolvee according to the time evolution function into |̂ >') at time T\ > To, and 
lett state \tp) at time To evolve into \tp') at time T\. Then linear combinations 
off  \tf}) and \<p) evolve into the corresponding linear combinations of \ip') and 
\<p'),\<p'), i.e., for all w, z e C we have 

\j>)\j>)  ~* |V>') and \<p) ~» \<p') =>  {u \i)) + w \cp)) ~* {u \i}>')  + w \<p')) , 

wheree  ~*  symbolizes the time evolution function from time TQ to time T\. 

Thee superposition principle is a linearity assumption. It implies that the 
functionn H in Eq. (1.1) must be a linear function from the Hilbert space H 
too itself. Such functions we call operators. Hence, H must be an operator on 
thee | ^ (T)) argument. This is a strong constraint, since 

"superposedd systems evolve in total obliviousness of each of the 
others,, quite independently of whether there are any interactions 
involved.. This fact alone might lead us to question the absolute 
truthh of the linearity property. Yet it is very well confirmed for 
phenomenaa that remain entirely at the quantum level." [98, 
p.. 289] 

HH can, however, depend arbitrarily on the time r. We rewrite the differential 
equationn (1.1) for the time evolution, letting TQ = 0, using t instead of r and 

£w» » 
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substitutingg ^H(t) for the linear operator H(t). This way we arrive at the 
followingg assumption, which is essentially a reformulation of the superposition 
principle: : 

1.2.3.. POSTULATE (SCHRÖDINGER EQUATION). Every quantum-mechanical 
systemm has at every time t a uniquely defined self-adjoint operator H(t), the 
Hamiltonian,Hamiltonian, which describes the "total energy" of the system at time t. For 
thee state \ip(t)) of the quantum-mechanical system at time t we have the 
differentiall  equation 

 = H{t)W)) fovt>0 

wheree h := h/(27r) and h is a physical constant. 

Lett us investigate in more detail this postulate for finite-dimensional state 
spaces.. A self-adjoint operator H satisfies H = H* where the adjoint operator 
T*T*  of T is the unique function for which (T*ip\<p) = (if>\T<p)  for all \xp), \tp) € 
H.H. If we represent T as a matrix with respect to a fixed basis then T* is 
thee transposed and componentwise complex conjugated matrix. Why does 
itt make sense to require that the Hamiltonian operator in the Schrödinger 
equationn be self-adjoint? The reason is that we would like the solution of the 
differentiall  equation Ut : |^>(0)) *->  \ip(t)) to preserve the £2 norm of jV'(O))— 
wee mentioned in Subsection 1.2.1 that collinear vectors are the same state and 
thereforee preserving the norm means that we have fewer redundant degrees of 
freedom.freedom. A self-adjoint operator H is diagonalizable and therefore the power 
series s 

VV :=  e-0/W = £ (-(i/ft)g)*  ( 1 > 2) 

iss convergent. Moreover, U is diagonalizable and all its eigenvalues have 
absolutee value 1 as required for preserving the norm of |^(0)). U is a unitary 
operator:: UU* = 1. The same construction implies that for every unitary U 
wee can find a self-adjoint H such that U = é H. 

Inn case the Hamiltonian H(t) is independent of time i, U as defined in 
Eq.. (1.2) yields a solution of the Schrödinger equation via the time evolution 
function n 

r/A tt  _e-(l/h)HAt 

whichh is U to the power At with At the length of the time that the Hamilto-
niann H acts: 

UUTT>->- TlTl\il>(n))\il>(n))  = \rl>(T 2)) (1.3) 

Inn the following we wil l mostly consider situations where the Hamiltonian is 
constantt for discrete time intervals At and changes arbitrarily in between. 
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Thenn the state J^(fcAt)) after k time steps is 

|lK*At) )) = U£* . 17^*17^*|̂ (0)> 

wheree Uj = e-t*/*)0*  is the unitary operator induced by the Hamiltonian Hj 
actingg at times t with (j — l)At < t < jAt. We choose units so that A*  = 1 
andd h = 1 and usually only talk in terms of unitary operators and "forget" 
aboutt the underlying Hamiltonians. 

Iff  the Hamilton operator H(t) is not time independent, the evolution of 
thee system from time T\ to T% is still unitary1, i.e., for each r\ and TI there 
existss a unitary operator UTltT2 such that 

^ M T O H M T * ) ))  (1.4) 

However,, in general we cannot express the different UTli7> i as powers of a 
singlee unitary operator. 

Eqs.. (1.3) and (1.4) hold even if T2 < TÏ; in other words, the evolution of 
aa quantum mechanical systems is reversible. Knowing the state of the system 
att a given time allows us to determine using the Schrödinger equation the 
statee of the system at any given point in time, future or past. Moreover, 
iff  we can control the Hamiltonian and replace H by -if , the system will 
evolvee backwards in time! Classically, breaking the cup is much easier than 
mendingg it—at this level, quantum mechanics is very far from an ensemble 
theoryy or thermodynamics. Computing with individual quantum systems at 
firstfirst appears to pose difficulties rather than opportunities since we cannot 
evenn reliably set a qubit to 0. 

Postulatee 1.2.3 also states that the Hamiltonian H(t) in the Schrödinger 
equationn describes the total energy of the system. In order to demonstrate 
thiss property, we first need to introduce the quantum mechanical concept of 
whatt information can be obtained when measuring a quantum system. 

1.2.33 Observables 
Att the "atomic" scale, experiments suffer from the fact that every measure-
mentt requires interaction of the system to be measured with the measuring 
apparatuss and this interaction disturbs the very sensitive state. Another phe-
nomenonn at this scale is that repeating an experiment consisting of a given 
preparationn and measurement does not necessarily lead to the same measure-
mentt outcome in every run of the experiment, but to different outcomes that 
appearr to obey some probability distribution specific to the experiment. 

1forr finite-dimensional state spaces or bounded H(t) this is a consequence of the Baker-
Campbell-Hausdorfff  theorem; in the general case the unitarity is a requirement that re-
strictss what choices of H{t) are permitted. 
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Quantumm mechanics models these two phenomena, disturbance and un-
certaintyy about the outcome, by defining the measurement as a process that 
operatess on states and that yields a probabilistic outcome. It is important to 
notee that information about the quantum system can only be obtained via a 
quantumm measurement and that in general, it is not possible to reconstruct 
thee entire state vector with a single measurement. We begin by introducing 
thee most basic kind of measurement and will then give a general postulate 
thatt captures all possible measurements, even those involving interaction with 
otherr quantum systems. 

Probabilitie ss from amplitudes Consider the general state of n qubits 

IV1)) = ^2 a*\ x) w i t n otx eC . 
x€{0,l} " " 

Byy Postulate 1.2.1 we have that \tp) ^ 0 and therefore |||^)||2 = <V#) = 
Sx€{o,i} ""  \ax\2 > 0- Note that here we do not assume that the states have 
normm 1; this permits us to avoid rescaling state vectors after measurements. 
Thee most simple form of measurement specifies that when measuring j^) , we 
observee x with probability 

Pr[observee x] = -£fL (1-5) 
WW) WW) 

andd when obtaining measurement outcome x, the system is afterwards in 
state e 

W)W) = l*>  (1-6) 

Eq.. (1.5) says that the normalized square of the amplitudes induces a prob-
abilityy distribution over the n-bit binary strings x € {0, l } n and measuring 
\ip)\ip) means sampling from this distribution. The outcome is discrete, namely 
aa classical bit string. Eq. (1.6) ensures that when repeating the measure-
mentt on the same system, it will not change the outcome—once x has been 
determined,, it remains fixed. 

Whatt kind of states can we distinguish with such a measurement? Cer-
tainly,, the 1% norm of the state does not matter. At first sight, neither would 
thee argument or phase tix of the complex number ax = \ax\e

iêx, 0 < #x < 2TT. 
However,, in case the system undergoes evolution according to the Schrödinger 
equation,, the phase does have measurable relevance. For example, if we have 
aa single qubit which evolves in one discrete time step according to the unitary 
HadamardHadamard matrix 
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thee qubit (|0) + jl))/\/ 2 evolves in one time step to 

^ ( | 0>> + | l ) ) - i f ^ ( | 0 ) + |l>) = |0> 

whereass (|0) — \l))/y/2, which differs only by the relative phase between |0) 
andd |1), behaves as 

- ^ ( | 0 ) - | l ) ) - i f - ^ ( | 0 ) - | l ))) = |l) . 

Hence,, the two states that were initially indistinguishable by our simple mea-
surementt became perfectly distinguishable. Applying a unitary operator can 
bee regarded as a basis change from the orthonormal basis {\x) : x € {0, l} n} 
too some other orthonormal basis {\<px) ' x € {0, l } n} . Incorporating this 
basiss change in the measurement, we say that measuring \iff) in the basis 
{\<Px}{\<Px} :: x € {0,1}" }  we observe x with probability 

andd when obtaining outcome x, the system is afterwards in state 

W)W) = \Vs)  (1.8) 

Inn our example, a measurement of (|0) + jl))/\/ 2 in the basis {(|0) + |l))/\/2, 
(|0)) - |l))/\/2}  would yield 0 with probability 1. 

Inn Eq. (1.7), the probability of outcome x is determined by the length of 
thee projection of \ip) onto \<px). We define Px to be the projection onto the 
linearr subspace spanned by \ipx). Using the Dirac notation we can express Px 

succinctlyy as the matrix product of \(fx) with its dual: Px := |v?x)(<Px|- Then 
wee can rewrite (1.7) as 

Prïobserve*!!  = <* '*" > = < ^ * > < ^ > (1 9) 
rrioDservexj-- ^ ^ - ^ ^ {l.») 

andd (1.8) as 

m=p,w),m=p,w), (MO) 
respectively.. Hence, this kind of measurement amounts to a decomposition 
off  the state space H into orthogonal subspaces that are labeled by the bit 
stringss x. Expressing this fact in terms of operators, we say the measurement 
projectorss Px have the property 

PPxxPyPy = SXtVPx and V Px = 1 . (1.11) 
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Projectivee measurements Our third generalization is to allow as mea-
surementt any set of operators {Px} that satisfy (1.11), with the probabilities 
ass defined by Eq. (1.9) and the state after the measurement given by (1.10). 
Inn particular, we gain the option of performing partial measurements: the 
subspacess onto which we project may have dimension greater than one. The 
importantt fact is that the uncertainty about the state is conserved to the 
greatestt extent that is compatible with the measurement outcome. For ex-
ample,, consider the measurement 

P00 = |00)<00| + |11)<11| 

Pii  = |01)(01| + |10)(10| 

appliedd to a two-qubit system. Outcome 0 means that the two qubits are in 
thee same state, whereas outcome 1 indicates that the two qubits have opposite 
value.. In either case the concrete values are not determined. Applying this 
measurementt to the state 

l̂ >> = ^( |00) + |01)-v/2|10)) 

wee obtain outcome 0 with probability 1/4 and outcome 1 with probability 
3/4.. If the outcome is 0, the state becomes |̂ >') = |00)/2; if the outcome is 
1,, the state becomes \ij/)  = (J01) - v^|10))/2. 

Observabless If the labels of the measurement operators Px are real num-
bers,, i.e., x € R, there is a succinct way to represent the entire measurement 
byy a single operator, called an observable: 

AA = J2xPx  (1.12) 
X X 

Ann observable A is self-adjoint, its eigenvalues are the labels x and the pro-
jectorss to its eigenspaces the operators Px. Moreover, 

<V#)) *? <y#> 

iss the expected value of the measurement. Since every self-adjoint opera-
torr A can be decomposed as in Eq. (1.12), every self-adjoint operator is an 
observable. . 

Hamiltonia nn as observable Postulate 1.2.3 on page 6 stated that the 
Hamiltoniann H(t) in the Schrödinger equation represents the total energy of 
thee system. Indeed, since H(t) is self-adjoint, it is a valid observable and 
eigenvectorss of H(t) evolve by the Schrödinger equation to eigenvectors of 
thee same eigenvalue, thus conserving the eigenvalue. 
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Generall  measurements The measurements so far can be reduced to par-
tiall  measurements in a canonical basis if we can apply arbitrary unitary op-
erations.. However, more powerful measurements are possible if we can let the 
quantumm system under consideration interact with another quantum system 
inn a known initial state. Such a helper quantum system is often referred to 
ass an ancilla. This leads to the most general quantum measurement: 

1.2.4.. POSTULATE. A quantum measurement is a family {Mx : x € X} of 
operatorss on the Hilbert space H such that 

^M;M^M;M XX = I. (i.i3) 

xx e X are the labels that are output by the measurement process. The 
probabilityy of obtaining outcome x when measuring state | }̂  is 

P r [ o u t c x ) m e x ] J ^̂ ^ (1.14) 

andd if the outcome x was obtained, the system after the measurement is in 
state e 

W)W) - Mx\4>) . (1.15) 

Thiss postulate encompasses our previous measurements: a projective mea-
surementt has Mx = Px and the complete measurement in the canonical basis 
hass Mx = |x){x|. Conversely, we can implement a general measurement by a 
projectivee measurement on a larger state space: the mapping 

|o>|#~£lx>M*W W 
X X 

preservess the inner product and therefore can be extended to a unitary map-
pingg U. According to Eq. (1.9), the projective measurement {Px} with 
PPxx — U*(\x){x\ ® 1)U will yield on |0)| )̂ the same probabilities as {Ms} 
onn IV') by Eq. (1.14); furthermore, by Eq. (1.10), if outcome x was obtained 
inn the projective measurement, the system is afterwards in the state 

W')W') - U*(\x)M x\4>)) 

soo that an application of U will yield |x)Mx|^>), from which Mx\ij))  can be 
recoveredd by discarding the first quantum subsystem. Thus our simulation 
alsoo obtains the final state from Eq. (1.15). 
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POVMM  The operators Ex := M*MX are sufficient to compute the proba-
bilityy of outcome a; in a general measurement: 

Pr[outcomee * ] = < # # > . 

Assumingg there are no redundant Mx = 0, the operators Ex are positive 
andd by Eq. (1.13), Y,x

Ex = **  Conversely, every family {Ex} of positive 
operatorss summing to 1 gives rise to a general measurement because for every 
positivee T there exists an operator S so that T = S*S. (In fact, in general 
theree are many such "square roots" of T.) Such families are called positive 
operatoroperator valued measures (POVM). They are useful because they characterize 
alll  possible probability distributions Pr [outcome x | state 1̂ )] from general 
quantumm measurements. The state after the measurement is "factored out" 
fromfrom this representation. 

1.2.44 Entanglement 

EPRR pairs Consider the following state of two qubits 

\i>)\i>)  = J00) + |11) . (1.16) 

Notee that the first 0 and the first 1 form the first qubit and the second 0 and 
thee second 1 form the second qubit. This state is called an EPR pair after 
itss inventors Einstein, Podolsky, and Rosen [49]. The purpose of this state 
wass to devise a thought experiment to show the paradoxical implications of 
quantumm mechanics. Imagine that we have this EPR state and that Alice 
hass the first qubit somewhere on Mars and that Bob has the second, say, 
heree on earth. If Alice measures her qubit she will see a 0 or a 1 with equal 
probabilityy and the state will have collapsed to either |00), if she saw a 0 or 
111)) in case it was a 1. The same is true for Bob. This leads to the following 
situation.. Suppose that the first qubit, on Mars, was measured first and that 
Alicee saw a 1. This now means that when Bob measures his qubit he will also 
measuree a 1. It appears that some information, i.e., the outcome of Alice's 
measurement,, has somehow traveled to earth instantaneously. This appears 
too be in contradiction to the common belief that nothing can travel faster 
thann the speed of light. 

Itt turns out that EPR pairs cannot be used directly for communication. 
Hence,, they do not violate relativistic causality and the notion that "no in-
formationn can be transmitted faster than the speed of light." To show this, 
wee introduce some tools from linear algebra that will be of use later on as 
well. . 
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Densityy matrices Suppose we are given an ensemble of quantum states, 
i.e.,, a mixture of quantum states where state Ify) occurs with probability 
pj.pj. For notational simplicity, we assume that {i>j\ipj)  = 1 for all  j . For a 
fixedfixed general measurement {M x} , the probability to obtain outcome x on the 
ensemblee is 

Pr[outcomee x] = J]pj<^j|M*M x|Vj) = tr I Mx I ^Pil^><V>jl I Mx 

(1.17) ) 
wheree tr A = Ylk ^kk denotes the trace of matrix A, which has the property 
thatt tr(AB) = tr(BA) for every n x m matrix A and every m x n matrix 
S.. If thee measurement outcome is x, the state after the measurement will be 
MrlV'j )) with probability pj. It is convenient to express the situation before 
thee measurement by the density matrix p, 

i i 

Thenn the probability for outcome x on ensemble p is 

Pr[outcomee x] = tr (MxpM*) 

andd the density matrix after obtaining x is 

^^ MxPM* 
pp tr (MxPM*)  ' 

Itt is easy to see that density matrices are exactly the self-adjoint matrices 
thatt have trace 1. Observe that different mixtures can give rise to the same 
densityy matrix: the completely mixed state of one qubit, 

PP = \\0 l ) ' 

iss induced by the mixture |0> with probability 1/2 and |1) with probability 
1/2,, as well as by the mixture |0) + |1) with probability 1/2 and |0) - |1> 
withh probability 1/2. In fact, any orthogonal basis of the state space with 
thee uniform distribution gives rise to this completely mixed state. Remark-
ably,, Eq. (1.17) implies that for a given measurement {Afar} , the measurement 
probabilitiess are independent on the particular way of obtaining p and this 
alsoo holds for any subsequent operation on the ensemble state after the mea-
surement.. Therefore we call p a mixed state of the quantum system; this is 
inn contrast to the pure states [V»), which have density matrix |V,){0|-
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Reducedd density matrices The joint state space of two quantum systems 
withh state spaces A and B is H — A <g> B. Suppose Alice has the first part, 
withh state space A, and Bob has the second part, with state space B. What 
cann they locally find out about the global state? A pure state \ip) e H has 
thee general form 

ww = E£^'ii>ij>' 
33 3' 

wheree the j range over a basis of A and the ƒ range over a basis of B. By the 
SchmidtSchmidt decomposition theorem, there exist for |̂ >) two orthonormal families 
ii'Aj}ii'Aj}  C A and {tpB,j} C B so that 

3 3 

wheree otj € R and otj > 0 for all j . The corresponding density matrix is 

| ^ ) ^ || = 5Zaja;,|VA, j ){^A,i' | ® H>BJ){1>BS\  (1.18) 
34' 34' 

Wee define the reduced density matrix of part A by "tracing out" the subsystem 
B,B, i.e., we replace in Eq. (1.18) each operator \i>B,j){i)B,j'\  by the complex 
numberr tT(\i/)B,j)(rf>B,j'\)'-

3,3' 3,3' 

tXBtXB is called the partial trace function, pA is a density matrix over .4; pA con-
tainss all the information that Alice can obtain about the global state without 
communicatingg with Bob. More precisely, every measurement {Mx} of Alice 
correspondss to the global measurement {Mx <£> Ig} , which has probabilities 

Pr[outcomee x] = tr((Mx <g> l s) \ij>){i/>\  (M* <8> 1B)) 

==  t r *52<X3a*j> Mx\i>A,j){i>AJ'\MZ  ® I^BjX^Bj' l 
\3,3' \3,3' 

== tr  [ Y,aia*ï tr (iïB,j)(ii>B,ï\)M x\tl>Aij)(4>Atr\M; 
\3J' \3J' 

==  ti{MxpAMZ) . 

Thee state after the measurement is {Mx <g> ls))^), which has the reduced 
densityy matrix tfA = MxpAM*/ti(M xpAM*). 
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Cann we expect that new physical theories will allow computers that are 
evenn more powerful than quantum computers? While this cannot be ruled 
out,, we note that on one hand, there is to date no convincing experimental 
dataa that contradicts quantum mechanics and that indicates directions in 
whichh it needs amending. On the other hand, quantum mechanics and general 
relativityy are incompatible, but no single theory that merges them has yet 
gainedd widespread acceptance. Hence considering the computing power of 
suchh theories is regarded as premature or esoteric. 

1.33 Quantum Computation and Informatio n 

1.3.11 Quantum circuit s 

Inn theoretical computer science, the most common models of computation for 
computabilityy and complexity analysis are the Turing machine and circuits. 
Thee corresponding models of computation motivated by quantum mechanics 
aree the quantum Turing machine and quantum circuits. Here we focus on 
quantumm circuits since they have a simple description in terms of small unitary 
matricess and they are closer to implementation. 

Classicall  circuits A classical Boolean circuit is a directed acyclic graph 
whosee vertices are called gates and the edges are the wires transmitting bits. 
AA gate has zero or more labeled input bits and zero or more output bits. 
Thee logical connectives A (and), V (or), and © (exclusive or) are represented 
byy AND, OR, and XOR gates, respectively, with k > 2 inputs and 1 output; 
thee logical not -> is represented by a gate with one input and one output. 
Designatedd gates with one input and no output are output gates; input gates 
aree labeled with a Boolean variable Xj 6 {0,1} , have no input and one output. 
Iff  there is a single output gate, the circuit computes a Boolean function of 
thee input variables xi,...,xn', if there are more output gates, the circuit 
simultaneouslyy computes several Boolean functions. See Figure 1.2 for an 
example.. Further details about classical circuits can be found in textbooks 
onn complexity theory, e.g., in the book by Papadimitriou [96]. 

Circui tt  complexity A circuit computes a Boolean function ƒ : {0, l } n —
{0,, l } m . When we fix a set of permissible gates, we can ask how many gates 
aree needed to realize a given Boolean function. Thus we obtain a notion 
off  complexity of ƒ under the given gate constraints. Gate families such as 
{AND ,, NOT}  and {NAND }  are universal in the sense that every Boolean func-
tionn has a circuit using only gates from those families. 
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Xi Xi 

\ \ 
V V 

— i i 

V V 

— 1 1 2/1 1 

xx2 2 

\ \ 
A A 

\ \ 2/2 2 

Figuree 1.2: A classical circuit. Using the input gates xi and x2, FANOUT, 

AND ,, OR, and N OT gates, this circuit computes outputs yi = xi ® X2 and 
y%y% = X\ A X2- Al l edges are assumed to be oriented from the left to right. 

Xl Xl 

0 0 
0 0 
0 0 
0 0 
1 1 
1 1 
1 1 
1 1 

X2 X2 

0 0 
0 0 
1 1 
1 1 
0 0 
0 0 
1 1 
1 1 

X3 X3 

0 0 
1 1 
0 0 
1 1 
0 0 
1 1 
0 0 
1 1 

2/i i 
0 0 
0 0 
0 0 
0 0 
1 1 
1 1 
1 1 
1 1 

2/2 2 
0 0 
0 0 
1 1 
1 1 
0 0 
0 0 
1 1 
1 1 

2/3 3 
0 0 
1 1 
0 0 
1 1 
0 0 
1 1 
1 1 
0 0 

Figuree 1.3: The C C N OT gate maps the inputs x\, x2, and x3 to yi — Xi , 
2/22 = x2) and y3 = x3 © (a?i A x2). 

Reversiblee gates Quantum evolution is unitary and therefore reversible. 
Ourr first step towards quantum circuits are classical reversible circuits. Here 
gatess have as many outputs as they have inputs and they are one-to-one 
functions.. This precludes the use of FANOUT, AND , and OR gates. While 
thiss may appear prohibitive, there are well-known constructions to convert 
eachh classical circuit into a reversible classical circuit at littl e overhead. One 
wayy is to use the C C N OT or Toffoli gate [60], which has the three inputs 
andd three outputs with the truth table in Figure 1.3. Taking X\ and x2 as 
controll  lines, this is a N OT operation on the third input conditional on the 
twoo first inputs being one, hence the name C C N OT for "controlled controlled 
not.""  Since y3 = x3 © (xi A x2) the C C N OT computes the AN D of x\ and x2 

iff  x3 = 0; so each AN D gate can be simulated using a zero bit and a C C N OT 

gate.. Fanout can be implemented similarly: if x2 = 1 and x3 = 0, then for 
everyy value of x\, C C N OT outputs 2/i = 2/3 = x\ and y2 = 1. In both cases, 
thee constant bits can be "recycled" so that only a constant factor in overhead 
iss incurred. 
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Quantumm gates A naturall  way to define quantum gates is to let them be 
unitaryy transformations. Then every classical reversible gate is a quantum 
gate.. Bounds on fanin and fanout translate to bounds on the number of 
qubitss on which these unitary transformations may act. 

Universalityy In classical circuits, we call a set of gates universal if there are 
circuitss using only those gates for every Boolean function. Similarly, there 
aree sets of quantum gates that approximate every unitary transformation 
arbitrarilyy well. 

Turingg machines are universal: there are Turing machines that take as 
inputt a Turing-machine program p and an input x and that simulate with 
polynomiall  overhead the operation of p on x. The strong Church-Turing thesis 
statess that every "realistic" model of computation is polynomially equivalent 
too probabilistic Turing machines, i.e., it can be simulated with polynomial 
overhead.. Here "realistic" is a vague term alluding to the possibility to phys-
icallyy implement an arbitrarily long but finite computation in a model of 
computationn in real time proportional to the time complexity of the compu-
tationn in the model. The vagueness of this formulation leads to the belief 
thatt the strong Church-Turing thesis cannot be proved formally. 

AA circuit only operates on inputs of a fixed length. To compare the com-
putationall  power of circuits to Turing machines, we have to consider families 
off  circuits that contain one circuit for each input length. Moreover, we need 
too require that these circuits do not differ too much. Uniform circuit families 
aree those for which there exists a Turing machine that on input n produces as 
outputt the circuit for input length n in time polynomial in n. It is not hard 
too see that such uniform families of classical circuits are polynomially equiva-
lentt to Turing machines. Since a reversible classical circuit is also a quantum 
circuit,, uniform quantum circuits are polynomially at least as powerful as 
Turingg machines and by the strong Church-Turing thesis Turing complete. 
However,, one of the motivations for quantum computing is the conjecture 
thatt the strong Church-Turing thesis does not hold for quantum computers 
inn the sense that quantum computers may be a realistic computational model 
thatt cannot be simulated efficiently with classical computers. 

1.3.22 Quantum black-box algorithms 
Thee c^rwhelming majority of results about the complexity of problems on 
quantumm computers are in the black-box model, where the input gates are 
replacedd by oracle gates giving random access to bits of the input. Instead of 
time,, depth of the circuit, or total number of gates, the complexity measure 
iss the number of queries to bits of the input. A large part of the power of 
quantumm computing is captured by this simple model of query complexity; 
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thee existing quantum algorithms all make far fewer such input queries than 
classicall  algorithms for the same problems. 

Quantumm query For N = 2n, a quantum query or quantum oracle gate for 
aa Boolean function ƒ : {0, l } n —• {0,1} is a unitary operator Uf on C^ ® C2 

thatt operates on basis states like a reversible classical gate for computing ƒ. 
Inn particular, 

UUff:\j)\0)~\j)\f(j)) :\j)\0)~\j)\f(j)) 
putss the value of ƒ (j) into the second register. By requiring 

Uf\3)\l)»\J)\l-fU)) Uf\3)\l)»\J)\l-fU)) 
wee turn Uf into a reversible classical gate on states in the computational 
basis.. From linear algebra it follows that a linear function is uniquely defined 
byy its values on a basis, so this fixes Uf. 

Inn the computational basis, Uf is a permutation matrix, i.e., it has exactly 
onee 1 in each row and column and 0s elsewhere. This may not appear to be a 
veryy exciting operation, but since we can run it on a superposition of indices, 
^y»» Sj=i li)|0)> w e c a n actually query all entries of the database at once! 
Unfortunately,, measuring the resulting state 

^|X>">|o>]=£iwo-) > > 
\J=11 / 3=1 

givess us each \j)\f(J)) with probability 1/iV, hardly an improvement over the 
classicall case. It takes a little more effort to uncover the quantum advantage. 

Thee Deutsch-Jozsa algorithm Consider the following toy problem: given 
ƒƒ : {1 , . . . , N} —• {0,1} where ƒ is either constant or balanced in the sense that 
itt takes the value f(j) = 0 for exactly as many indices j as it does for ƒ (j) = 1; 
findfind out whether ƒ is constant or balanced. This problem was thought up 
byy Deutsch and Jozsa in 1992 [48] and they gave an ingenuous solution using 
aa quantum computer, which foreshadowed many future quantum algorithms. 
Thee quantum circuit depicted in Figure 1.4 operates for N = 2n as follows: 
thee initial state jV'o) '•= |0n)|l) is mapped by Hadamard transformations on 
eachh of the n + 1 qubits to 

|Vi>> := •ff®"+1|Vo> = H®»*1 (|0")|1)) 

L > >> + |1» 
®nn . 

a^10)-!1»» (i.i9) 

^^  E M M - I D ) . 
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|0>> — 

|o>> — 

H H 

H H 

:: : 

|o>> — 

|1>> — 

H H 

H H 

Uf Uf 

H H 

H H 

• • 

H H 

H H 

%Jl %Jl 

Figuree 1.4: The Deutsch-Jozsa algorithm 

Forr the next step, observe that 

UUff (\x) (|0) - |1») = Uf (\x)\0)) - Uf (\x)\l)) 

== \x)\f{x))-\x)\l-f{x)) 

== ( - l ) ^ ) | x ) ( | 0 ) - | l ) ) , 

i.e.,, applying a quantum query to ƒ on state \x) (|0) — |1)) leaves the state 
unchangedd except for a phase factor (—l)^x) that depends on f(x). Hence, 
thee next step of the circuit in Figure 1.4 maps |̂ >i) to 

l ^ > : = 7 = P TT £ (-1) / WI*>( |0>- |1» . 
VZVZ *6{0,1}" 

Thee final state before the measurement is 

|V>3>:=i?®n+1M M 

== 7=L= £ (-i)/(x)^ n+1(k>(io)-ii» ) . 

Inn order to analyze this expression, note that for x € {0, l } n 

H®H®nn\x)\x) = H\x ) ® H\x2) ® • • • <g> H\xn) 

(|0)) + (- l )«Ml))®-®(|0> + ( - l ) - | l ) ) 

where e 

ye{0, i } f f 

n n 

x-x- y := VjXjyj mod 2 
3=1 3=1 

(1.20) ) 

(1.21) ) 
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denotess the inner product modulo 2 of the binary vectors x,y G ZJ. Substi
tutingg this into Eq. (1.21) yields 

l^>> = ^ E E (-l)/(*)+I'%>|l> • (1-22) 
*G{0,1}"" y€{0, i} n 

Thiss expression may appear unwieldy, but now we can bring the special struc
turee of ƒ into play. Let us consider the terms of the above sum where y ~ 0". 
Then n 

v""  (_i)/(*)+*-y = y* (-i)fw 
x€{0 , l} nn a;€{0,l}" 

== \{x e {0,1}» : f(x) = 0}| - \{x e {0,1}» : f(x) = 1}\ . 

Hence,, if ƒ is balanced, measuring ^3) will never yield outcome 0nl. Con
versely,, if ƒ is constant, the amplitude of |0n)|l) in ^3) is 1 or - 1 and since 
ourr analysis started with a state of norm 1 and we applied only unitary trans
formations,, all \y)\l) with y^0n must have amplitude 0 so \rfa) = n |l). 
Inn other words, if ƒ is constant, then measuring ^3) will yield outcome 0nl 
withh certainty, whereas if ƒ is balanced, this outcome has probability 0. 

Onee quantum query thus suffices to distinguish the balanced from the 
constantt case with certainty. Classically, a deterministic algorithm will need 
N/2N/2 + 1 = 2 n - 1 + 1 queries in the worst case: for any sequence of fewer 
queryy positions, there exist both constant and balanced functions that are 
consistentt with all queries having answer, say, 0. 

Separationss Probabilistically, however, the Deutsch-Jozsa problem can be 
solvedd classically with great efficiency merely by sampling ƒ in a constant 
numberr of places. Stronger separations between classical and quantum query 
complexityy were obtained by Bernstein and Vazirani [22] and Simon [109]. In 
termss of the domain size N of the input function ƒ, they give separations of 
0(1)) versus fi(logJV) and, as strengthened in [26], O(logiV) versus ^ ( v ^ ) , 
respectively,, for classical randomized versus quantum exact query complex
ity.. Since these problems serve us in Chapter 3 as a point of departure for 
separationss in property testing, we will present them in detail there. The 
bestt separations to date are 1 versus Q(y/N) [16]. 

Alll exponential separations are for partial problems—the input functions 
ƒƒ are constrained by a promise such as "ƒ is constant or balanced" for the 
Deutsch-Jozsaa problem. This is no accident; Beals, Buhrman, Cleve, Mosca, 
andd de Wolf [15] proved that for toted problems, the gap between classical and 
quantumm bound-error complexity is at most polynomial. Our considerations 
aboutt quantum property testing in Chapter 3 can be seen as investigations 
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intoo what kind of generic promises still yield strong separations between the 
classicall and quantum mechanical models of computation. 

1.3.33 Hallmark results 

Factoringg Quantum computing first got widespread attention with Shor's 
19944 discovery of a polynomial-time quantum algorithm for factoring large 
integers.. This was the first arguably useful2 task where quantum computing 
appearss to beat classical computers. Today's public-key cryptography like 
RSAA [101] relies on the assumption that factoring or related problems such as 
thee discrete logarithm cannot be performed efficiently. This belief is founded 
onn the fact that after many years of intense research, the best published algo
rithmss for these problems have superpolynomial running time in the length 
nn of the input, e.g., 2 ,og"a for some constant a [81, 82]. 

Shor'ss approach was to use a classical reduction from factoring to find
ingg the period of a certain class of functions. Using the efficient quantum 
FourierFourier transform algorithm, he then devised a way to obtain the period. 
Thee quantum query complexity of the period-finding subproblem is provably 
exponentiallyy smaller than the classical query complexity [42]. However, fac
toringg itself is a problem whose time complexity is in the gray zone between 
NP-hardnesss and P. Other families of problems that have so far eluded effi
cientt quantum algorithms are the class SZK = "statistical zero-knowledge," 
notablyy graph nonisomorphism, and the problem of constructing solutions to 
problemss where each instance is guaranteed to have a solution; this is the 
classs TFNP = "total function NP." 

Quantumm search Who answers the phone at 736-5000? Telephone directo
riess are ordered alphabetically by name, therefore using a telephone directory 
too find a number from a name amounts to going through the names one by 
one.. For N entries, looking up a phone number for a given name can be 
donee in 0(log N) steps using binary search whereas search in an unordered 
listt takes ft(N) lookups on average, even with randomization. 

Surprisingly,, one can do much better on a quantum computer. This was 
shownn by Grover [69] who in 1996 gave a quantum algorithm for unordered 
searchsearch that finds the solution with high probability using 0(y/N) quantum 
queries.. Moreover, this algorithm can be generalized to an amplification pro
ceduree for quantum algorithms that can be represented as a unitary trans
formation.. In Chapter 2 we will review the basic search algorithm and its 

2Althoughh one might reason that the existence of any factoring device would lead to 
instantt  abolishment of any scheme that assumes that factoring is infeasible. Hence, a single 
quantumm computer  would suffice and it would not even be necessary to operate it. 
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generalizationn to amplitude amplification before we present applications and 
modificationss of the quantum-search paradigm. 

Thee power  of quantum computing As introduced in this chapter, quan
tumm computers are a physically plausible computational model with the same 
notionn of computability as classical computers but with potentially greater 
efficiency.. This is in line with the Church-Turing thesis—that all power
full but realistic computational models are equivalent in terms of what can 
bee computed—but possibly contradicts the so-called strong Church-Turing 
thesis,thesis, namely that even what is efficiently computable is the same in all 
sensiblee computational models. Here the complexity measure is general time 
complexityy and efficient means within a polynomial time bound. We saw 
thatt in restricted models like the black-box model, sharp separations can 
bee proved but those separations lead at best to indirect implications for the 
generall question. 


