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88Ann ato m interferomete r usin g 
spontaneou ss decay 

Thiss chapter is based on the following paper: 

R.A.. Cornelussen, R.J.C. Spreeuw, and 

H.B.. van Linden van den Heuvell, 

submittedd for publication. 

Inn this chapter we investigate the question of whether Michel-
sonn type interferometry is possible where the role of the beam 
splitterr is played by a spontaneous Raman transition. This 
questionn arises from a detailed inspection of trajectories of 
atomss bouncing inelastically from an EW mirror. Each fi-
nall  velocity can be reached via two possible paths, with the 
Ramann transition occurring either during the ingoing or the 
outgoingg part of the trajectory. 

Att first sight, one might expect that the spontaneous charac-
terr of the Raman transfer would destroy the coherence and 
thuss the interference. We investigated this problem by nu-
mericallyy solving the Schrodinger equation and found that in-
terferencee fringes in velocity space nevertheless are expected, 
evenn when random photon recoils are taken into account. 
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8.11 Introduction 

Throughoutt this thesis we have considered processes where an atom undergoes spon-
taneouss Raman pumping between two internal atomic states that interact differently 
withh the applied evanescent fields. This process has been used as a mechanism to 
efficientlyy load low-dimensional traps. In earlier experiments we studied the behav-
iorr of atoms that reflect from an evanescent-wave mirror while undergoing such a 
spontaneouss Raman transition during their reflection [46]. When the repulsive po-
tentiall  experienced by the final state is lower, the atoms lose kinetic energy during 
thiss process and hence bounce inelastically from the potential. 

Thee final velocity of an atom depends on the position where it made the Raman 
transfer.. Looking at the trajectories in detail we see that two trajectories can end 
upp at the same final velocity. An atom can be transferred to the second state on 
thee ingoing or the outgoing part of its trajectory, as is shown in Fig. 8.1(a). Cognet 
etet al. [131] have performed similar experiments where the transfer to the second 
internall  state was by a stimulated Raman transfer. They observed interference 
patterns,, in the form of Stiickelberg oscillations in the diffraction efficiency of atoms 
fromm polarization gradients in an evanescent-wave mirror. 

Thiss leaves the intriguing question whether interference is possible when the 
transferr is by a spontaneous Raman transition. At first sight one would answer 
thiss question negatively, since the spontaneously emitted photon could in principle 
bee detected, and thus would provide "which way" information. Furthermore, a 
spontaneouss process is generally considered incoherent and not deterministic due 
too the random direction in which the photon is emitted and the resulting random 
recoill  to the atom. Intuitively, both effects would destroy the interference. 

Onn the other hand there are several indications that spontaneous Raman tran-
sitionss are not necessarily incoherent processes. Loudon [132] derives that the 
linewidthh of the spontaneous emission of an atom that is optically driven by a 
weakk field is equal to the linewidth of the driving field and not to the linewidth 
off  the transition that is driven. Eichmann et al. [133] report interference of the 
spontaneouss emission of two well localized trapped ions. The experiments of Cline 
etet al. [134] show that the phase of the atomic wave function is preserved over the 
spontaneouss process. They trapped 85Rb atoms in a far off-resonance dipole trap 
withh a detuning that is much larger than the fine-structure splitting between the 
D\D\ and D2 line. The observed trap life time could only be explained by coherently 
addingg the spontaneous Raman scattering amplitudes of the D\ and D2 lines. The 
posedd question will be answered in this chapter by solving the Schrödinger equation. 

Thiss chapter is structured as follows. We first present a semi-classical picture, 
thatt we use to make qualitative predictions about the behavior of the interference 
effects,, if present. The question whether interference is possible will be answered by 
solvingg the Schrödinger equation in two different ways. The first method will employ 
stationaryy analytical solutions of the time-independent Schrödinger equation, but 
iss limited to monochromatic wave functions. The second method will propagate a 
wavee packet by numerically solving the time-dependent Schrödinger equation. The 
lastt section will focus on the implications and requirements of a future experiment. 
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Figur ee 8.1: (a) An atom that is transferred from state |1) to state |2) can be transferred on the 

ingoingg or the outgoing part of the trajectory. These two paths possibly interfere, (b) Caustic in the 

finall velocity distribution of an inelastic EW mirror for initial velocity v-, = 1 and ratio between the 

potentialss 0 = 0.1. 

8.22 Semi-classical description 

Wee start the description of inelastic bouncing in a (semi) classical way. In the first 
partt we derive the classical velocity distribution of the inelastically bouncing atoms. 
Afterr that we give a semi-classical picture of the phase difference between the two 
possiblee trajectories. Based on this picture we derive how the possible interference 
patternss change on variation of the available experimental parameters. 

8.2.11 Primary rainbow caustic 

Wee consider atoms bouncing inelastically from an evanescent-wave (EW) mirror, 
definedd by a repulsive potential V\ exp(—2KZ). Here «T1 is the decay length of the 
EWW field, as defined by Eq. (2.19). An atom in state |1), with incident velocity — Vi 
(vi(vi > 0) moves, in a classical description, on a trajectory 

z(t)z(t) = zo H— hi (cosh (v[Kt)), 
K K 

withh ZQ the position of the turning point of the atom, given by 

11 1 (2V^ zz00 = — In j 
\mvf \mvf 2K 2K 

Thee atom's trajectory through phase space is given by 

vl(z)vl(z) = vf 
22 V, -2KZ -2KZ 

(8.2) ) 

(8.3) ) 

Whilee moving in the repulsive potential, the atom can make an optical Raman 
transitionn to state |2). The repulsive potential Vr

2exp(—2nz) experienced by this 
latterr state is significantly lower. The ratio V2/V1 depends on the detuning of the 
EWW with respect to the D\ line. For convenience, we define /? = V2/V1, thus (3 < 1. 
Thee transfer leads to a loss of potential energy of the atom so that it wil l leave 
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thee potential with a velocity Vf < v-,. The trajectory through phase space after this 
transferr is given by 

Thee velocity Vf with which an atom in state |2) leaves the potential depends on its 
velocityy vt at the moment of the transfer. By combining Eqs. (8.3) and (8.4) it 
followss that the final velocity t'f depends on the transfer velocity vt as 

Vf(vVf(vtt)) = y/v* + 3(vf-v*). (8.5) 

Thee spontaneous Raman transfer leads to a caustic in the velocity distribution of 
atomss that leave the potential in state |2). There is a large population of the outgoing 
velocityy class around y/Bvi, which corresponds to atoms that are transferred in the 
turningg point, with vt = 0. A transfer in the motional turning point is most likely 
sincee atoms spend a long time there (classically zero velocity) and the scattering rate 
iss highest, because the light intensity is highest. There is a tail to larger velocities, 
upp to a maximum of vin. which corresponds to atoms that are pumped over on their 
wayy in or their way out of the potential. 

Classically,, the caustic, the distribution of final velocities, is proportional to 
dvdvtt/dv{./dv{. This distribution is shown in Fig. 8.1(b). In this description depletion of 
thee initial state |1) is not taken into account, so the results are only valid for a small 
transferr rate. 

Lik ee many processes that occur near the edge of a classically allowed domain, 
thiss caustic maps on the well known description of the rainbow, as was already 
noticedd earlier, and several analogies between the two phenomena are possible [46]. 
Furthermore,, we have successfully observed and characterized this caustic distribu-
tion.. The minimum final velocity \[5v{ is called the rainbow velocity in analogy with 
thee rainbow angle for an optical rainbow caustic. 

8.2.22 Supernumerary rainbows 

Theree is, however, an intriguing question. According to Eq. (8.5) both atoms that 
aree transferred to state |2) at velocities t. i.e. on their way in and out of the 
potential,, end up on the same trajectory through phase space and wil l thus leave 
thee evanescent field with the same final velocity Vf. This is also shown in Fig. 
8.1(a).. This raises the question whether there could be interference between the 
partt of the atomic wave function transferred on the ingoing trajectory and the part, 
describingg the same atom, transferred on the outgoing trajectory. This interference 
wouldd manifest itself in velocity space. Following the rainbow analogy, one could 
calll  these interference patterns supernumerary rainbows. In our case the question 
aboutt interference is highly non-trivial, because a spontaneous Raman process is 
involvedd that may destroy the coherence between the paths. 

Wee wil l give a semi-classical analysis of this problem and a method to determine 
thee phase difference between the two paths. Furthermore two mechanisms wil l be 
discussedd that could destroy the interference. The first is related to the atom's initial 
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phase-spacee distribution, which is an argument that is generally applicable to atom 
interferometers.. The second is more specific for our case and involves the effect of 
thee spontaneous recoil. 

Phasee difference between trajector ie s A schematic representation of two tra-
jectoriess through phase space of atoms that enter the potential in state |1) and leave 
thee potential in state |2), is shown in Fig. 8.2(a). The phase difference Ay? between 
thee two trajectories is given by 

mm fVt 
AAVV = j l Mv)-Z2{v))dv, (8.6) 

wheree Zi{v) and z2{v) correspond to the inverse of Eqs. (8.3) and (8.4) respectively. 
Thee transfer velocity r t can be derived from Eq. (8.5). This phase difference in 
Eq.. (8.6) is proportional to the area between the two curves, indicated in gray in 
Fig.. 8.2(a). From the evaluation of the integral for various parameters we learn 
thatt the fringe period decreases for increasing initial velocities v-u for increasing final 
velocitiess v(, for smaller 3 and for larger decay length (smaller K). 

Generall  argument for  mat ter-wave interferometers The center-of-mass mo-
tionn and position of an atom can be described by a wave packet which is subject 
too Heisenberg's uncertainty relation AzAvz > h/2m. The distribution of uncer-
taintyy between position z and momentum mvz is determined by the experimental 
preparationn procedure of the atoms. 

Forr a wave packet that initiall y has a large spread in momentum, and a well 
definedd position, it is not possible to unambiguously determine the phase difference 
betweenn the two possible paths, since the wave packet is spread out over several 
classicall  trajectories through phase space. This is indicated by the dashed curves in 
Fig.. 8.2(a). With such a wave packet it is possible to determine whether the atom 
transferredd to state |2) on its ingoing or outgoing path, by observing the timing 
off  the spontaneously emitted photon. The spatial compactness of the wave packet 
enabless this measurement. Therefore, it is not expected that wave packets with this 
shapee show interference. 

Onn the other hand, a minimum uncertainty wave packet with a narrow initial 
momentumm spread, and therefore some extension in the spatial dimension, wil l more 
closelyy follow a classical trajectory through phase space, as defined by Eqs. (8.3) 
andd (8.4). This is indicated by the dotted curve in Fig. 8.2(a). Due to this, 
thee phase difference between the two paths, equivalent to the gray area of phase 
spacee enclosed by the two paths, is well defined. It comes as no surprise that the 
twoo points in phase space where a transition to the final trajectory is possible are 
coveredd simultaneously by the wave packet. This is the reason that no h way" 
informationn can be obtained by observing the spontaneously emitted photon. 

Thuss the initial trade-off between position and momentum uncertainty in a band-
widthh limited wave packet determines whether interference can be a priori excluded 
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Figur ee 8.2: (a) Phase space trajectories of atoms being repelled by an evanescent potential. Atoms 

initiallyy in state |1) can be transferred to state |2) and continue on a different path through phase 

space.. The transfer to such a trajectory can occur either on the ingoing branch of the trajectory, at 

pointt A, or on the outgoing branch, at point A' . The accumulated phase difference between these two 

paths,, indicated by the enclosed gray area, may give rise to interference effects. A wave packet with 

aa large initial velocity spread, indicated by the dashed curve, can not overlap both transfer points at 

thee same time. Therefore "which way" information can be obtained by observing the timing of the 

spontaneouslyy emitted photon. We do not expect that such a wave packet will lead to interference. 

AA wave packet with a small initial velocity spread, as indicated by the dotted curve, can overlap both 

transferr points simultaneously. No "which way" information can be obtained from the emitted photon 

andd we expect that interference is possible in this case, (b) When the transfer is a spontaneous Raman 

process,, the momentum kick due to the stochastic nature of the spontaneous emission process has to 

bee taken into account. For a given z component of the recoil this gives rise to extra phase factors, 

indicatedd by the dark gray areas for a small final velocity and by the light gray areas for a higher final 

velocity. . 

orr not. This requirement is necessary but not sufficient, since in the actual reali-
zationn the incoherent nature of the transfer between states must yet be taken into 
account. . 

Specificc argument for  interferometers wit h spontaneous decay The ran-
domm direction of the spontaneously emitted photon can be taken into account in the 
motionn of the atom by a random momentum jump. This makes the atom propagate 
onn a different trajectory through phase space than it would have without the ran-
domm recoil. Since we treat our atomic bounce as a one-dimensional problem, only 
thee z component of the recoil is of importance to us. The momentum changes are 
indicatedd by horizontal arrows in the phase-space diagram of Fig. 8.2(b). 

Forr a single atom, or a collection of distinguishable atoms, the size and sign 
off  the z component of the spontaneous recoil could be measured by detecting in 
whichh direction the photon was emitted. Due to this possibility there will be a set 
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off  interference patterns, each with a well defined recoil direction. By disregarding 
thee information present in the scattered photons, we probe the incoherent sum of 
alll  these interference patterns [135]. 

Thee transfer moments that contribute to a particular final velocity of one of these 
interferencee patterns are not symmetrical around the moment of closest approach 
anymore,, as indicated by the points A and A' in Fig. 8.2(b). The phase difference 
betweenn the two paths is different with respect to the recoilless case, and it depends 
onn the direction of the recoil. It is indicated by the dark gray areas in Fig. 8.2(b). In 
orderr for the interference to be experimentally observable the difference between the 
interferencee patterns with a certain recoil direction should not be too large. This 
meanss that the phase difference between recoil components in the  directions 
shouldd be less then IT. For larger final velocities these phase corrections get larger 
ass is apparent from the larger area around the points B and B' in Fig. 8.2(b). So 
wee expect the visibility of the interference to decrease for larger final velocities. 

8.33 Time-independent approach 

Thee question whether interference is visible will be answered by considering analyti-
call  stationary solutions of the Schrödinger equation for particles with a total energy 
pl/2m.pl/2m. We show that the interference survives the incoherent nature of the sponta-
neouss Raman transfer to state |2) for various experimental parameters. Furthermore 
thee qualitative predictions of section 8.2 are confirmed. 

8.3.11 Analytical stationary solutions 

Thee time-independent Schrödinger equation 

describess stationary states with a total energy pl/2m on the potential V\ exp(—2KZ). 
Itt thus describes particles with momenta Q in the asymptotic limit of large z. This 
iss one of the few examples where the eigenfunctions of the Schrödinger equation are 
analyticallyy known. The solutions are given by [136] 

wheree Ka((3) is the Bessel-K function of order a evaluated for argument (3 [137]. 
Figuree 8.3 shows \4)i(z)\2 for an evanescent-wave potential with K = fc0/8, with 

kk00 the wave vector of a photon, and for several values of the initial momentum p0. 
Too separate them, for better visibility, they are shown at an offset of their own 
energyy p\j2ra. It is clearly visible that far from the surface, where the exponential 
potentiall  vanishes, the wave function closely resembles that of a free particle. Also 
obviouss is that the higher energy solutions move deeper into the evanescent wave 
potential.. Note that in the classically forbidden region the wave function vanishes 
veryy rapidly, more rapidly than exponential. 
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Figur ee 8.3: Examples of density distribution \tp1(z)\2 with ipi(z) a stationary solution of Schrodinger's 

equationn with an exponentially decaying potential as given by Eq. (8.8). Plots are shown for initial 

momentaa of po = tiko, 2hk0, 2.5hk0, and 3hko, and are shown at an offset of their own energy Po/2m. 

Thee decay length of the evanescent wave is K = ko/8. 

8.3.22 Spontaneous Raman transfer 

Ann atom with initial momentum p0 that is initiall y in state |1) can make a Raman 
transitionn to state |2) by scattering photons from the optical evanescent potential. In 
thiss new state the interaction of the atoms with the evanescent potential is changed 
andd they are now repelled by a lower potential of height V2. The atom can make 
aa transition to several of the eigenfunctions ip2j>{z) with final momentum p in the 
potentiall  V2 exp(—2KZ). 

Thee final wave function in momentum space is given by 

<f><f>kk(p)~(p)~ f™ Mz)e~K*- ikzMz)dz, (8-9) 
Jo Jo 

wheree the recoil due to the spontaneous Raman transition is taken into account by 
projectingg the initial wave function with an extra momentum factor ipi(z) exjp(-ikz) 
ontoo the eigenfunction 4>2,p{z). Here Hk is the momentum component of the recoil 
inn the z direction. The coupling between these two states is determined by the Rabi 
frequency,, which is proportional to the electric field amplitude, and is thus given 
byy exp(-Kz) and not by exp(—2nz) which is proportional to the evanescent-wave 
intensity.. As already discussed in section 8.2.2, there wil l be interference patterns 
\4>k{p)\\4>k{p)\22 f° r every value hk of the recoil. A measurement constitutes of the sum 
off  all these possible interference patterns. In this derivation we wil l assume an 
isotropicc distribution of the recoil momentum Hk. This is not straightforward, since 
thee distribution depends on the polarization of the spontaneously emitted photon. 
Wee wil l come back to this point in section 8.5.3. This leads to 

\4>(P)\\4>(P)\22==  f + ° \0k(p)\2Ak. (8.10) 
J-ko J-ko 



8.33 T ime- independent approach 105 5 

0.. 0-5 1. 1.5 2. 2.5 3. 3.5 

P(ftko) ) 

Figur ee 8.4: The behavior of the interference pattern |</>k(p)|2 versus the final momentum p for various 

valuess of the z component of the photon recoil hk for parameters po = 2hko, K = k0/8, and /? = 0.2. 

Thee dotted lines indicate the initial momentum and the rainbow momentum. 

8.3.33 Results and discussion 

Fig.. 8.4 shows the behavior of the momentum distribution for various values of the 
zz component of the photon recoil hk. It is calculated using Eq. (8.9), with an initial 
momentumm p0 = 2hko, a potential steepness K = k0/8, and potential reduction 
PP = 0.2. Some points are immediately apparent from this graph. First of all, as 
expected,, the main part of the momentum distribution extends between the initial 
momentumm p0 and the rainbow momentum y/j3p0, both indicated by vertical dotted 
lines.. The distributions "peak" near the rainbow velocity, resembling the caustic 
distribution.. Secondly, for every recoil direction there are supernumerary rainbows 
visible.. Although the interference washes out for larger values of the recoil, the 
remainingg interference fringes are present at more or less the same final momenta. 
Theyy only shift slightly to lower final momenta for larger values of the recoil. This 
alreadyy indicates that the spontaneous recoil does not completely wash out the 
interference.. The behavior of the interference is independent of the direction of the 
recoil.. This makes sense if one realizes that a photon emitted on the ingoing part of 
thee trajectory has the same effect on the momentum distribution as a photon that 
iss emitted in the opposite direction on the outgoing part of the trajectory. 

Fig.. 8.5 shows the results of calculations of Eq. (8.10) for different experimental 
parameters.. The dashed lines are calculations of |e!>n(p)|2, without a spontaneous 
recoil,, so the expected interference patterns for a coherent splitting process. The 
solidd lines are calculations of |^(p)|2 in which the effect of the recoil has been in-
corporated.. Indeed the summation over the spontaneous recoil does not destroy the 
interferencee pattern, even for these extremely low initial momenta. The small parts 
off  the distribution |^0(p)|2 at momenta smaller than the rainbow momentum and 
largerr than the incident momentum are evanescent matter waves that extend into 
thee classically forbidden regions. 

Severall  of our predictions that were made for the general case of a coherent 
interferometerr are noticeable in these graphs. Indeed the fringe spacing decreases 
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Figur ee 8.5: Interference patterns calculated for different parameters. Solid lines: \cj>(p)\2, with the 

effectt of a spontaneous recoil, and dashed lines: \<f>0(p)\2, without the effect of a spontaneous recoil. 

Thee dotted lines indicate the initial momentum and the rainbow momentum. 

forr larger initial and final momenta, for longer decay lengths «T1 of the evanescent 
field,, and for smaller values of /3. Furthermore, as predicted for the case of an 
incoherentt interferometer, the visibility of the graphs in which the effect of the 
recoill has been taken into account decreases for larger final momenta. 

8.44 Time-dependent approach 

Inn the previous section we have shown that the incoherent nature of the spontaneous 
Ramann transfer does not prevent us to observe interference. In this section we will 
showw that the interference phenomena will also be visible for a wave packet with 
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Figur ee 8.6: Evolution of (a) the density distribution \ipi(z, r ) |2 and (b) the real part of the wave 

packett ipi(z, t), calculated for an evanescent wave with K = ko/8, and a wave packet with initial height 

ZQZQ = 75/ko, initial width az = 7/ko, and initial momentum po = 2hko-

aa finite momentum spread. In the analysis we wil l closely follow the Monte-Carlo 
wave-functionn approach [138, 139]. 

8.4.11 Transfer-free evolution 

Wee consider the evolution of a diffraction limited wave packet in state |1) 

^ i (« ,**  = 0) 
(27T) ) 

eeikzZikzZe e .11) ) 

withh initial height ZQ, initial width az, and initial momentum po = hkz. It is normal-
izedd such that ƒ |-0(2,O)|2dz = 1 and ƒ (z — z0)

2\tp(z,0)\2dz = a2. The evolution of 
thee wave packet is calculated by numerically solving the time-dependent Schrödinger 
equation n 

ih-jgh(z,ih-jgh(z, t) = - — —^(z, t) + Vxe-2KZ^{z, t), (8.12) 

whenn it reflects from the evanescent-wave potential with a potential height V\ at 
zz = 0 using the Quantum kernel [141] package in Mathematica [140]. This results in 
aa wave packet il>i(z, t) at time t. 

Ann example of such an evolution is shown in Fig. 8.6, where the density dis-
tributionn and the real part of the wave function are plotted versus position z and 
timee t. This graph is calculated for an evanescent wave with n = k0/8, and a wave 
packett with initial height ZQ = 75/ko, initial width az = 7/ko, a nd initial momen-
tumm po — 2ftfco- The spatial width leads to a width of the momentum distribution 
off  av = hk0/7. 
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Inn these graphs several characteristics of the wave packet are visible. In Fig. 
8.6(b)) the difference between the phase velocity and the group velocity is apparent. 
Furthermoree the dispersion of the wave packet is observable: its initial width is 
smallerr than its final width. Also the slight til t of the interference fringes during the 
reflectionn is due to dispersion. Atoms that arrive later in their turning point are the 
slowerr atoms that move less deep into the evanescent potential. 

8.4.22 Spontaneous Raman transfer 

Att a time r a transition to state |2) occurs, and the evolution abruptly continues 
onn a potential that is a factor 3 lower. This corresponds to a Raman transition of 
ann atom to another internal state that has a weaker interaction with the evanescent 
wave. . 

Immediatelyy after the transfer the wave function in state |2) is described by 

L>L> TT.k(z.T).k(z.T) = 7tv1(z.T)e-'"e-ik*, (8.13) 

wheree N denotes a normalization factor. The first exponent represents the mode 
functionn of the absorbed evanescent photon, and the second exponent the mode 
functionn of the spontaneously emitted photon. The evolution of this wave function 
cann now be continued up to a time /.end. leading to a wave function vT.k(z. tend). When 
fendd is large enough the entire wave packet effectively propagates in free space, so 
thatt the momentum distribution remains constant. The Fourier transform 

0T.fc(p)~3r(ïV.fc(^ei.d))) (8.14) 

off  the wave packet at this time is the wave function in momentum space that endured 
aa momentum kick hk at its transfer time r. 

Everyy atom of the sample that is transferred to state |2) is transferred at a ran-
domm transfer time r and undergoes a random recoil kick hk due to the spontaneously 
emittedd photon. The transfer rate T(r) at a certain time r is given by 

r ( r ) ~~ r u t ( c . r ) V i ( ~ ) v , ( ~ . r ) d .̂ (8.15) 
Jo Jo 

Wee again assume an isotropic distribution of the recoil momentum hk. We have to 
addd contributions with different r and k in an incoherent way. In contrast to the 
originall  description of the Monte-Carlo wave-function method we do not evaluate 
thee momentum distribution for a discrete number of random transfer moments r and 
recoill  momenta hk. but integrate numerically over these values. For the momentum 
distributionn as a function of the wave vector of the spontaneously emitted photon 
wee get 

\MP)\\MP)\22^  ̂ [ ™d T(T)\<pT.k(p)\2dT. (8.16) 
Jo Jo 

AA subsequent integration over this wave vector yields 

\<t>(p)f\<t>(p)f  = f° \Mp)\2dk (8.17) 

forr the momentum distribution of a sample of atoms. 
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Figur ee 8.7: (a) density distribution \éT.Q(z, tend)|2, (b) real part of the wave packet ipT.o{z> ^nd). (c) 

momentumm distribution |<TVO(P)|2, and (d) real part of the momentum distribution èr$(p)- All these 

graphss are calculations without recoil, thus for k = 0. The data for a certain value of transfer time 

rr represent the wave function at the final time te„a if the evanescent field had been switched on for 

aa very short time at time r. These results are given at a large tend = IQm/hkl, so that the wave 

packett effectively evolves in free space, as is visible in Fig. 8.6. The graphs are calculated for an 

evanescentt wave with K = k0 /8 and 8 = 0.2, and a wave packet with initial height z0 = 75/k0, initial 

widthh cr2 = 7/k0, and initial momentum po = 2hk0. The dotted lines indicate the initial momentum 

andd the rainbow momentum. 

8.4.33 Results and discussion 

Fig.. 8.7 shows examples of the density and momentum distributions as a function 
off the transfer time T in the absence of recoil, thus for k = 0. The data for a 
certainn value of time r represents the final wave function if the evanescent field 
hadd been switched on for a very short time at time r . The plots are calculated for 
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Figur ee 8.8: Interference patterns calculated for different parameters. Solid lines: \4>{p)\2, with the 

effectt of a spontaneous recoil, and dashed lines: |<jf>0(p)|2, without the effect of a spontaneous recoil. 

Thee dotted lines indicate the initial momentum and the rainbow momentum. 

ann evanescent wave with a decay length «T1 = 8//c0, a ratio of the two potentials 
PP = 0.2 and a wave packet with initial height z0 = 75/fc0, initial width az = 7/k0 

andd initial momentum p0 = 2hk0. The momentum spread due to the finite size of 
thee wave packet is ap = hk0/7. Both the density distribution \i> Tfi(z, tend)\

2 and the 
reall  part of the wave function Vv,o(-Mend), and the momentum distribution |< T̂,o(p)|2 

andd the real part of the wave function in momentum space 4>r,o(p) are shown. 

Figs.. 8.7(a) shows a line with high density that we interpret as atoms that are 
transferredd in their turning point. It is extended in time due to the finite width 
off  the wave packet and it is slanted because atoms that are transferred later have 
lesss time to fly away from the potential. We interpret the less intense area at larger 
distancess and larger transfer times as atoms that are transferred on the outgoing 
partt of their trajectory and thus leave the potential with a large velocity. In Figs. 
8.7(c,, d) is visible that atoms which are transferred either very early or very late, 
indeedd leave the potential with unchanged momentum. Fig. 8.7(c) also shows that 
aroundd the motional turning point, for r approximately between 30 m/hkl and 
455 m/hkl, a l a rSe population near the rainbow momentum y^0po is created. It is 
furthermoree visible that the supernumerary rainbow contributions that are created 
att different transfer times r have the same final momentum. The phase fluctuations 
inn momentum space, that are visible in Fig. 8.7(d), are of no importance since the 
variouss r contributions add incoherently. 

Fig.. 8.8 shows graphs of \4>(p)\2 for some parameters. Fig. 8.8(a) must be 
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comparedd with Fig. 8.5(a), Figs. 8.8(b)-{d) must be compared with Fig. 8.5(c). It 
iss obvious that even for a wave packet with a finite momentum spread the interference 
effectss are still present. The parameters for Figs. 8.8(b)-(d) are equal except for 
thee initial width az of the wave packet and thus the momentum spread ap = h/az. 
Itt is clear that the interference fringes are more apparent for a wave packet with a 
smallerr momentum spread. 

8.55 Experimental considerations 

Thiss section discusses the implications of the results of the calculations that are 
presentedd in this chapter for an actual experiment. Several aspects are considered. 
Firstlyy the implication of the low initial velocity that is used in the calculations. 
Secondlyy proper physical levels of  87Rb atoms are chosen to fulfil l the role of states |1) 
andd 12). Subsequently we consider the implications of a real probability distribution 
off  directions in which the spontaneously emitted photon is emitted. This distribution 
hass been taken isotropic throughout this chapter. Finally we consider a method to 
detectt the resulting final momentum distribution. 

8.5.11 Computational limitations - experimental implications 

Thee calculations presented in this chapter are for unrealistically low initial veloc-
itiess V\. This is because both calculation procedures turned out to be limited by 
computationall  resources. The calculation time becomes inconveniently long to eval-
uatee the procedure for experimentally realistic incident velocities of ~ 30 cm/s [46], 
whichh corresponds to ~ 50iw, with t>rec the recoil velocity of the atom due to the 
scatteringg of a photon. 

Forr the time-independent approach the evaluation in Mathematica [140] of the 
Bessel-KK functions of high imaginary order becomes very slow, even though these 
functionss are analytically known. For the time-dependent approach the number of 
samplingg points, necessary for the numerical evaluation, becomes too large due to 
thee highly oscillatory character of the incident wave packet. However, we expect 
evenn better signals for realistic values for the initial velocity vu so the calculation 
representss a worst case. 

8.5.22 Rb levels and optical pumping 

Soo far we have considered levels |1) and |2) without discussing which physical level 
theyy correspond to. In reality we usually deal with multi-level atoms, that moreover 
includee sub-structure. Each of these (sub-)levels has a different interaction with 
thee evanescent field. If more (sub-)levels contribute to the signal the predicted 
interferencee can be washed out. 

Forr 87Rb atoms a convenient choice for state |1) would be the \Fm) — |1,0) 
groundd state and the \Fm) = |2, ) ground states for the |2) state. The evanescent 
fieldfield needs to be linearly polarized and blue detuned with respect to the F — 1 —> 
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F'F' = 2 transition of either the D\ or D2 line. For this choice of parameters, atoms 
inn state |1) can only make transitions to state |2). Transitions via the F' = 0 
excitedd state can not decay to state |2). and hence do not contribute to the signal. 
Transitionss via the \F'm') — |1.0) or F' = 3 excited stated are forbidden due to 
selectionn rules. Only a transition over the \F'm') — |2.0) excited state contributes 
too the transition from state |1) to state |2). This excited state can decay to either of 
thee ) ground states. Since these states interact identically with the evanescent 
field,, their interference patterns will overlap. 

Wee performed experiments to observe the interference effects that are described 
inn this chapter. Our attempts were hampered by the fact that the incident atoms 
weree not optically pumped [90]. If interference was present it was obscured by the 
superpositionn of several of these interference patterns. Moreover the velocity spread 
off  the sample of atoms might have been too large to observe interference. 

8.5.33 Distribution of the spontaneously emitted photons 

Thee distribution of wave vectors of the spontaneously emitted photon has been 
assumedd isotropic throughout this chapter. In reality the polarization of the photon 
iss either linear or circular, each having a corresponding wave-vector distribution. 

Thee intensity distribution of a linearly polarized photon is given by 1(0) = 
-r-- sin2 9. with 6 the angle with the z axis. This leads to a distribution of the z 
componentt of the wave vector of | (1 - (k/k0)

2). For a a  circularly polarized 
photonn the intensity distribution is given by 1(9) = y ^ ( l + cos2 9). which leads to 
aa distribution of the z component of the wave vector of | (1 + (k/ko)2). For the 
intensityy distributions, see e.g. [47]. 

Fromm these distributions it is clear that a linearly polarized spontaneously emit-
tedd photon is advantageous in order to maximize the visibilit y of the interference 
pattern,, since the components for small \k\ contribute more than the components 
forr larger \k\. However, as discussed in the previous sub-section, for 87Rb atoms the 
spontaneouslyy emitted photon needs to be either a+ or a~ polarized. This wil l lead 
too a decrease of the interference visibility as compared to the graphs calculated in 
thee previous two sections. However, it wil l still be possible to observe interference. 

8.5.44 Detection 

Inn an actual experiment the momentum distribution eventually maps on the position 
distributionn since the decay length of the evanescent wave K _ 1 is short with respect 
too the height, of the motional turning point due to gravity. One way to perform 
thiss experiment is similar to the inelastic bouncing experiments [46]. The velocity 
distributionn can be determined from e.g. an absorption image of the sample of atoms 
att a sufficiently long time after the reflection. 

Anotherr possibility is to perform a beam experiment with an atomic beam inci-
dentt at a grazing angle with respect to the dielectric surface that is used to create 
thee evanescent wave. The velocity component of the atoms parallel to the surface 
wil ll  not be altered, while the velocity component perpendicular to the surface wil l 
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showw the interference as discussed in this chapter. A spatially resolving detector 
downn the path of the atomic beam wil l show the interference patterns. This setup 
hass the advantage of being a continuous experiment, which wil l enhance the signal 
too noise ratio. 

8.66 Discussion and conclusions 

Byy solving the Schrödinger equation numerically we have been able to answer the 
questionn "Is it possible to have an atom interferometer on basis of beam splitters 
thatt involve spontaneous emission?" with an unambiguous yes. 

Thee intuitive objections to whether this is possible have been refuted. The semi-
classicall  arguments that were presented in section 8.2 have been confirmed by the 
fulll  quantum-mechanical calculations. "Which way" information due to the possi-
bilit yy of detecting the spontaneously emitted photon can be prevented by choosing 
aa sufficiently narrow velocity uncertainty. A wave packet can cover both transfer 
pointss in phase space simultaneously if its velocity is denned accurately enough. The 
incoherentt nature of a spontaneous emission process due to the random recoil direc-
tionn of the atom is visible in all the calculated interference curves, but does not lead 
too a complete scrambling of the interference. For larger final velocities, for which the 
transferr points are separated more and the acquired random phase is consequently 
larger,, the visibilit y of the interference fringes indeed decreases. Furthermore the 
fringee period indeed qualitatively shows the behavior that was predicted on the basis 
off  the semi-classical calculations. 
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